J. Math. Pures Appl79, 8 (2000) 741-808
0 2000 Editions scientifiques et médicales Elsevier SAS. All rights reserved

NULL CONTROLLABILITY OF THE HEAT EQUATION AS
SINGULAR LIMIT OF THE EXACT CONTROLLABILITY
OF DISSIPATIVE WAVE EQUATIONS

Antonio LOPEZ 21 Xu ZHANG -2 Enrique ZUAZUA 23

2 Departamento de Matematica Aplicada, Universidad Complutense, 28040 Madrid, Spain
b College of Mathematics, Sichuan University, Chengdu, 610064, Sichuan, China

Received in 10 July 1999

ABSTRACT. — In this paper we prove that the null controllability property of the heat equation may be
obtained as limit of the exact controllability properties of singularly perturbed damped wave equations.
We impose Dirichlet, homogeneous boundary conditions. The control is supported in a neighborhood of
a subset of the boundary that satisfies the classical requirements to apply multiplier techniques. The proof
needs an iterative argument that allows to treat separately the low and high frequencies and to make use of
the dissipativity of the systems under consideration. This is combined with sharp observability estimates on
the eigenfunctions of the Laplacian due to G. Lebeau and L. Robbiano, and global Carleman estimates.

This proof applies in any space dimension.

As a consequence of the uniform controllability we derive uniform observability estimates which can
not be proved by classical methods due to the singular character of the perturbations we deaP@@d.
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RESUME. — Dans cet article on montre que la propriété de la contrélabilité a zéro de I'équation de la
chaleur peut étre obtenue comme limite singuliére des propriétés de contrdle exact des équations d’'ondes
dissipatives. On considere des conditions aux limites de Dirichlet. Le controle est distribué dans un
voisinage d’'une partie du bord qui satisfait les conditions classiques requises pour appliquer les techniques
de multiplicateurs. La preuve utilise un argument itératif qui permet de traiter séparément les basses et les
hautes fréquences et d'utiliser la dissipativité des systemes considérés. Cet argument est combiné avec des
estimations d’observabilité fines sur les fonctions propres du laplacien dues a G. Lebeau et L. Robbiano et
aux inégalités globales de Carleman.

Cette démonstration est valable en toute dimension d’espace.

Comme conséquence de la contrélabilité uniforme nous obtenons des estimations d’observabilité
uniformes qui ne peuvent pas étre obtenues par des méthodes classiques a cause du caractere singulier
des perturbations que nous considérang000 Editions scientifiques et médicales Elsevier SAS
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1. Introduction and main results

This paper is devoted to analyze the controllability of the following damped, singularly
perturbed wave equation:
euy — Au—+uy = f1, in2 x(0,7),
(1.1 u=0 ondas2 x (0, 7),

u(x,0)=u’x), u;(x,0)=ut(x) in.

In (1.1), £2 is a bounded domain of clag¥™® of R", u = u(x, r) is the state to be controlled,
f = f(x,1) is the control and J denotes the characteristic function of the open subsut 2
where the control is supported. The parameter0 is devoted to tend to zero. The formal limit
ase — 0 of (1.1) is the controlled heat equation:

u,—Au= f1l, in2x(0,7),
(1.2) u=0 onaR x (0, T),

u(x,0) = uO(x) in 2.

Given anyT > 0 fixed, system (1.1) is known to be exactly controllablesfor O sufficiently
small whenw satisfies suitable geometric conditions. The most typical example is whem
neighborhood in2 of a subset of the boundary of the foif(x?) (see J.L. Lions [8], Tome 1).
More precisely, given any® € R” we introduce the following subset of the boundaryaf

(1.3) F(xo) = {x €082: (x - xo) “v(x) > O},

wherev(x) denotes the outward unit normal @ atx € 952 and- denotes the scalar product in
R”. We then seb» = 2 N ©, where® is a neighborhood of (x°) in R” (see Fig. 1). All along
this paper we shall work in this geometric setting.

As we said above, givehi > 0 fixed system (1.1) is exactly controllable for- 0 sufficiently
small. More precisely, for any” > 0 there exists(7) > 0 such that system (1.1) is exactly

[Q)

Mo

Fig. 1.
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controllable forany O< & < &(T) intime T, i.e., for any{u®, ul} € H}(£2) x L?(£2) there exists
f. € L%(w x (0, T)) such that the solution of (1.1) satisfies

(1.4) ux, T)=u,(x,T)=0 ing.
Moreover, there exists a positive constérit, 7) > 0 such that
(15) ”fé‘HLZ(wX(O,T)) < C(‘?’ T)” {uO’ \/gul} H H(:)I'(Q)XLZ(Q)’ V{uov ul} € H(:)L(“Q) X LZ(Q)

Note thatC (e, T) may be viewed as a measure of the cost of controllability. We refer to [8],
Tome 1 for the proof of this result in the absence of damping and to R. Triggiani [12] for the case
where the equation is damped but the control acts on the boundary. For the sake of completeness
we give a sketch of the proof of this result in an Appendix at the end of the paper.

As far as we know, there are no estimates in the literature on how the coagtarft) in
(1.5) depends on— 0. More precisely, there is no result guaranteeing that the corGtant’)
remains bounded above as> 0. However, it is natural to expect this to be true.

As D.L. Russell in [10] pointed out, whenever the undamped wave equation is exactly
controllable, the heat equation is null controllable in an arbitrarily short time. This argument
applies in this geometric setting. Thus, we deduce that foramy0 andu® € L2(£2) there
exists a controlf € L%(w x (0, T)) such that the solution of (1.5) satisfies

(1.6) u(x,T)=0 inS.
Moreover, there exist§ (T) > 0 such that
(1.7) 17 z2x 0.1 < CD %] 12y Vu® € L2(2).

In these circumstances it is natural to expect the constant in (1.5) to be uniformly bounded
and, even more, to be able to build the null-contfadf the heat Eq. (1.2) as limit when— 0
of the controls of the wave equations (1.1).

This is precisely the main result of this paper:

THEOREM 1.1. — Assume thaf2 andw are in the above geometric setting. l7et- 0. Then,
there existe(T) > 0 such that for any < ¢ < ¢(T') systen(1.1)is exactly controllable in time
T and moreover the constagt(e, T') in (1.5)remains bounded as— 0.

Furthermore, for anyu®, u'} € H}(£2) x L?(£2) fixed the controls; of (1.1)may be chosen
such that

(1.8) fo— f inL?%w x (0, T)) ase — 0,
f being a null control for the limit heat equatid.2) with initial datuma©.

Remark1.1. — (a) Note that we assunizto be of classC*>. This is only due to the fact that
we are using the sharp observability estimates on the eigenfunctions of the Laplacian proved in
[6] and [7]. As it was communicated to us by L. Escauriaza [2], this observability estimate (see
Section 3 below) also holds when the domain is simply of ctadsand can be proved using
multipliers and the classical doubling properties of harmonic functions but, as far as we know,
this proof was never published.

(b) As we mentioned above, the method developed in [10] allows to prove the null-
controllability of the heat equation as a consequence of the exact controllability of the wave
equation. This method applies to the moment problem formulation of the control problems and
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is based on the fact that, given a biorthogonal family for the wave equation, one can transform
it into a biorthogonal family for the heat equation. It would be interesting to see if the methods
in [10] allow to get a result similar to the one in Theorem 1.1. In other words, it would be
interesting to see if the methods in [10] allow to continuously transform the biorthogonal family
for the wave equation into the biorthogonal family for the heat equation passing through the
biorthogonal families of equations of the form (1.1).

(c) The method we develop here allows to analyze the limit behavior of the controls when the
initial data in (1.1) depend on the parameters well.

(d) The one-dimensional case is studied in [9] where the same result is obtained for any open
subset of £2.

(e) Note that Theorem 1.1 provides the null-control of the limit heat equation only when
up € H(}(Q). However, as we mentioned above, the null-controllabilty of the heat equation holds
for a larger class of initial data. It holds for instance for agye L2(£2). Note however that, due
to the regularizing effect of the heat equation, as soon as we let the heat equation to evolve freely
(without control) during an arbitrarily short time interval, even if the initial datum lies302)
the solution enterﬂ(}(fz) and then the result above applies.

The proof of Theorem 1.1 follows the main steps developed in [9] in the one-dimensional
context. Roughly, the proof s as follows. We divide the time intef9al’] in three subintervals:
Ih=1[0,T/3], I=[T/3,2T/3) and I3 = [2T /3, T]. In the time intervall; we control to zero
the parabolic projection of the solution. This can be done uniformly with respect-+$00
following the methods in [6]. In the time interv& we let the Eq. (1.1) to evolve freely without
control. In this way the parabolic components remains at rest and, due to the strong dissipativity
of system (1.1) in its hyperbolic components, the size of the solution atrt#n27 /3 becomes
exponentially small, i.e., of the order of€/¢ ase — 0 for a suitable constait > 0. Finally, in
the intervallz we apply a control driving the whole solution to zero. When doing this we need
the following observability estimate for the solutions of the adjoint system:

e — Ap — @ =0 in2 x (0, 7),
(1.9 =0 onas2 x (0, 7),

o(x,T)=¢%x), ¢;(x,T) =¢*(x) in .

THEOREM 1.2. — In the geometric setting above, for affy> 0O there exists(7) > 0 and
positive constant€'1(7), C2(T) > 0 such that

T
(1.10) 10122y + 16y s < LD [ [ Ravan
0 w

forall 0 < & < &(T) and every solution fL.9).

According to this estimate, the control needed in the intefyak exponentially large (of
the order of £2(7)/v%) with respect to the data of the solution at time= 27/3. However,
since, in view of the analysis made in the interval these data are exponentially small,
these two phenomena compensate and the control turns out to be uniformly bounded, and even
exponentially small.

The proof of Theorem 1.2 is performed using global Carleman inequalities and it constitutes
the main novelty of this paper with respect to the proof presented in [9] in the one-dimensional
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case. Indeed, in one space dimension the estimate (1.10) can be easily proved by sidewise energy
estimates.

As an immediate consequence of the uniform bound on the congtéant¥), the following
uniform observability inequality holds for the solutions of the adjoint system (1.9).

THEOREM 1.3. - Let 2 andw be as above. Lel > 0. Then, there exists(T) > 0 and a
constantC(T) > 0 such that

T
(1.12) e 320, + 600 = @O -1, < C(T) / / ¢? dx dt
0 w

for every solution of1.9)and even0 < ¢ < &(T).

Remark1.2. — Observe that the constant arising in (1.11) is independentlbfprovides
a uniform bound of the size of the solution at time- 0 which, due to the strong dissipative
character of Eqg. (1.9) in the backwards sense of time, is much smaller than the norm of the
solutiong at time 7. Thus, one does not expect (1.11) to hold, with a constant independent of
if we considerp(T) in the place ofp(0).

Itis easy to see that (1.11) implies (1.10). Indeed, as a consequence of (1.11) one gets

T
e 320, + 30 O] 51 1) < CT) / / ¢? dx dt
0

and then (1.10) holds a consequence of the energy dissipation law (see (2.19) below).

It is also interesting to observe that the uniform inequality (1.11) is not obtained directly but
rather as a consequence of the controllability result of Theorem 1.1. We do not know of any
method giving directly (1.11).

Itis also interesting to observe that, as a consequence of (1.11), ketting one deduces that
the following observability inequality

T
(1.12) lo @2 1, < C / / o2 ds
0 w

holds for every solution of the adjoint heat equation:

o+ Ap=0 in2 x (0, 7),
(1.13) =0 onaf2 x (0, T),

o(x,T)=¢%x) in .

The observability inequality (1.12) provides the null controllability property of the heat
equation (1.2).

The rest of this paper is organized as follows. In Section 2 we describe in detail the iterative
method we use to prove the uniform boundedness of the congtant¥’) of (1.5). In Section
3 we prove the uniform boundedness of the controls of the parabolic component of solutions.
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In Section 4 we analyze the dissipativity of the system over the solutions whose parabolic
component vanishes. In Section 5 we prove Theorem 1.2. Section 6 is devoted to complete
the proof of the uniform boundedness of the constdahts 7') in (1.5) and of Theorem 1.3.

In Section 7 we develop the limit process and complete the proof of Theorem 1.1. Finally, in
Section 8 we comment on some possible extensions of the results of this paper.

It is by now well known (see for instance [3] and [6]) that the heat equation (1.2) is null
controllable for anyT” > 0 and any open non-empty subsetof 2. However, according to
the results in [1], some geometric conditions are needed,dhe so calledyeometric control
conditions to guarantee the controllability of (1.1). Therefore we may not expect the results of
this paper to hold for angy. However, it is very likely that all the results described above remain
valid provided the open subsetof §2 is such that it satisfies the geometric control condition for
the wave operatai? — A in some finite time. This is by now an open problem.

For any open subseb of £2, the methods of this paper allow to prove the uniform
controllability of the parabolic component of the solutions of (1.1) making simultaneously its
hyperbolic component to be exponentially small (with respee)tdn this sense, one can view
again the null controllability property of the solutions of (1.2) as a limit whes 0 of partial
controllability properties of the solutions of (1.1). In fact this result is an immediate consequence
of the analysis made in the intervdisand/> in the three steps method we have briefly described
above. We shall discuss this question in Section 8.

We close this paper with some Appendixes devoted to prove some technical results.

2. Description of the “three-steps” controllability method

In this section we describe in the detail the “three-steps” method outlined in the introduction
allowing to prove the null controllability of (1.1) in such a way that, with a further careful
analysis, the controls may be shown to be uniformly bounded.

To develop this method we need to decompose the spectrum of the dissipative wave equation
into its parabolic and hyperbolic components.

2.1. Spectral analysis

We consider the wave equation (1.1) without control (i.e., wits 0):

cuyr —Au+u; =0 in2x(0,7),
(2.2)
u=~0 onoas2 x (0, 7).
We also introduce the spectrum of the Laplacian:

—Aex = ek in £,
(2.2)
e, =0 onos2.

We know that (2.2) admits an increasing sequence of positive eigenvalues of finite multiplicity

O<pr<po< - <pp <

tending to infinity. The eigenfunctioris; },>1 may be chosen to constitute an orthonormal basis
of L2(£2).
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We now analyze the spectrum of (2.1). Setting- "¢, (x) we get the following algebraic
equation for.:

(2.3) e+ up +1=0
whose solutions are given by:
-1+J/1-4
(2.4 ap, = TiEVI-do
+ 2¢
We observe that, for
(2.5) Aepp <1< g <1/4¢

the corresponding eigenvalues are real. We shall call fhemaibolic eigenvalue®bviously the
number of parabolic eigenvalues increases as 0.
When

(2.6) i > 1/4¢

the corresponding eigenvalues have a non trivial imaginary part. These will tg/pleebolic
eigenvalues
The following properties are easy to check:

(a) for anyk > O fixed:
2.7) s!iinok’22+ - THE eliinoki* -
(b) Foranye € (0, 1/4u4) the parabolic eigenvalueg, satisfy
(2.8) A < )L,i+ < — k.

This property is a consequence of the fact bt)“&tdecreases asincreases.
(c) For any hyperbolic eigenvalue, we have:

(2.9) Re((f,) = Ref(f ) =~

In Fig. 2 below we describe the behavior of the eigenvalues-as0™.
Note that, in view of (2.7), the limit of\,sc+ ase — 0 is the eigenvalue-u; corresponding to
the heat equation:

u,—Au=0 in2x(0,7),
(2.10)
u=~0 onos2 x (0, 7).

On the other handy; — —oo ase — 0. This indicates that, as— 0, the only contribution

of the parabolic eigenvalues, is the one thaL,i+ produces which, in the limit, coincides with
—uk- Thisis in agreement with the fact that the corresponding solution of the limit heat equation
is simply e #f ey (x).

According to (2.8) we also know that the parabolic component of the solution of the damped
wave equation (2.1) decays even faster as time increases than the corresponding solution of the
heat equation.

In view of (2.9) all the hyperbolic components are uniformly damped. More precisely, they
decay in time exponentially uniformly with an exponential ratk/2¢.
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Fig. 2.

Solutions of (2.1) may now be easily developed in Fourier series.
Given initial data{u®, u'} € H}(2) x L?(£2) such that:

(2.11) W) =) arer),  ut(0) =) brer(x),

k>1 k>1
the solutioru of (1.1) with
(2.12) ux,00=ux),  wx,0=ul(x) in2
can be developed in Fourier series as follows:
(2.13) ue(x,1) =" [Oj\kji_;s—bk il 4 7T€_fk;i+ ekf'ti|ek (x).
k=1t Tk ki k- kt
This formula is valid fore > 0 when

(2.14) M #2 . Vkel.

This is the generic situation since it holds for any>- 0 not belonging to the sequence
{1/4uii>1. Whene is one of these exceptional values (say 1/4wu,) we have

1
(2.15) My =, = o
and the corresponding expression in (2.13) has to be slightly changed.
However, the analysis we do in this paper remains essentially unchanged. For brevity we shall
not discuss these exceptional cases in detail. Therefore all along the paper we will implicitly
assume that £ 1/4u forall k > 1.
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In the sequel, when dealing with the damped wave equation (2.1) the energy Bpace
H(£2) x L?(£2) will be endowed with the norm:

2 _ 2 2
(2.16) |, v Hi @)« L2y = Ul Hi) T V172

where, obviously,
(2.17) ||u||i,&(9)=/|w2dx, ||v||iz(m=/|v|2dx.
2 2

We shall denote the norm (2.16) s || g to make explicit its dependence enThe spaced
endowed with this norm will be denoted B¥.
We also consider the energg of solutions of (2.1):

(2.18) Es(t):%/[lvu|2+8|ut|2]dx'
2

Obviously,E, = || (u, u;)||% /2.
Itis easy to check that, along the solutions of (2.1) we have

dE.(¢
(2.19) %:—/Izmzdx.
2

In our analysis we shall use the following subspaces of the sfateat, according to the
definition of the norm (2.16), will be denoted y* to make explicit the fact that its norm is
related to the wave equation (2.1) we are analyzing:

° H;:{U:(M,U)EHS: u,v e span(ek)}.
1<k<n

It is simply the subspace off¢ generated by the first eigenfunctions. Obviously its
dimension s 2.

° HEZ[U:(u,v)eHs: u,v € span (€k)}
1<k<k(e)

wherek(¢) is such that
1 1
<e< .
Aag (o)1 diag(e)

H, is the subspace off® generated by the parabolic eigenfrequencies. Obviouglyis
also finite-dimensional. Its dimension increases decreases. Note also that,sas> 0, H,,
eventually covers the whole spagé.

. H,f:[U:(u,v)eng w,ve span (ek)}
k>k(e)+1

wherek(¢) is as above. Itis the space generated by the hyperbolic eigenfunctions.
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The real part of the hyperbolic eigenvaluesi$/2¢ and therefore, as we shall show below,
the energy of solutions i/, decays exponentially as— oo and more and more rapidly as
e— 0.

We shall also introduce the dual spdé#c] = L2(£2) x H~1($2) endowed with the dual
norm associated to (2.16):

a0} ey = Lol + 10121 ]

As above we define the corresponding finite-dimensional, parabolic and hyperbolic subspaces
[H,f]’, [H;]’ and[H;f]’.
Given (u,v) € H* we also denote its orthogonal projections ovéf, H; and H;
respectively byr; (u, v), n;(u, v) andr, (u, v).
2.2. The control strategy

We are now in conditions to describe our control strategy.

GivenT > 0, foregg > 0 small enough we divide the time intenj@l 7'] in three subintervals
[0, T]=11U L UIlzwith Iy =[0,T/3), I, =[T/3,2T /3] andI3 = [2T/3, T].

Given an initial datunu®, u') € H}(£2) x L?(£2) to be controlled we proceed as follows:

First step. In the first time intervall; we control the parabolic component of the solutions.
In other words, for any € (0, eg) we build a controlf . € L?%(w x (0, T/3)) such that the
solution of

ey — Au+u; = f1.1, in £2 x (0, T/3),
(2.20) u=0 onas2 x (0,T7/3),
u(x,0)=u’x), u;(x,00=u(x) inQ
satisfies
(2.21) 70, (e (T/3), ue (T/3)) =0.

As we shall see, this can be done uniformly or:@ < 9. More precisely, we will prove
the existence of a positive constant- 0, independent of & ¢ < &g, such that the controfy .
satisfies

(222)  frelizwxor/ < Cl@ut) . V@l u?) e B, YO <& <eo.
As we mentioned in the introduction, this will be done using the iterative method introduced
in [6] to prove the null controllability of the heat equation.
In view of the uniform bound (2.22) of the control we shall also show that
(2.23) |[(ue(T/3),ueci(T/3)| 4 < C| @ ut)| e V(O u') € HE, YO <& < £0.
In other words, after the time interval, attimer = 7'/3, the parabolic projection of the solutions

vanishes, the hyperbolic one being uniformly bounded.
We denote byw?, vl) the solution obtained at the final tinfe/3, i.e.,

v = u(T/3), vl =u.(T/3).
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Second step. In the time intervall; we let the equation to evolve freely. In other words we
solve
euyp — Au+u;, =0 in2 x (T/3,2T/3),
(2.24) u=~0 onas2 x (T/3,2T/3),
w(x, T/3) =2, u;(x,T/3) =0} ing.
Taking into account thaztrf,(vg, v}) = 0 and using the development of solutions of (2.24) in
Fourier series we deduce that:
(2.25) 7wy (ue (), ue (1)) =0, VT/3<t<2T/3.
On the other hand, taking into account that the real part of the hyperbolic eigenvakigRis
we deduce that there exigts> 0 such that:

t=1/3
— 2

(2.26) || (ue (), ue ()] e < Ce |02, v} e ¥T/3<1<2T/3, YO <& < &0,

for every solution of (2.24).
In particular, at the final time= 27 /3 we deduce that:

| (e @T/3), ue 12T /)| e < €742 (v, v7) | e

which, according to (2.23), implies that:

(2.27) | (ue2T/3), ue i (2T/3))| e < CET12|| (U0, u?) VO < & < €.

[ e [

Therefore, at the end of this second step, i.e., at tim&T /3, we obtain a purely hyperbolic
solution with exponentially small (as— 0) total energy.
We denote byw?, wl) the trace of the solution at time= 27/3, i.e.,

Third step. In this last step we control the whole solution to zero. In other words, we prove
the existence of> . € L%(w x (2T /3, T)) such that the solution of:
ey — Au—+u; = fo.1, in 2 x (2T/3,T),
(2.28) u=20 onas2 x (21/3,T),

u(x,2T/3)=wg, u,(x,ZT/C-}):wl in 2

8’
satisfies
(2.29) us(T)=u.,(T)=0.

As we shall prove in Section 5 using Carleman estimates, there exist positive constants
C1, C2 > 0 such that:

(2.30) 1 f2.ell 2aryary < C16SVE| (wl, wl)]| yer YO <& <eo.
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The constant€’1, C2 in (2.30) depend off but they are independent of
Combining (2.27) and (2.30), we get

CeCZ/\/ge_T/]-ZE || (MO’ ul) VO0<e < €0,

(2.31) I f2,ellL2(wx 27/3, 1) < ”Hs’

for all initial data(u®, u') € H®.
Note that the multiplicative constant in (2.31) tends to zero exponentially-a$.

Conclusion. Putting all these results together we conclude that the control

fre In[0,T/el,
(2.32) fe=40 in[T/3,27/3],

f2.e IN[2T/3,T]

is such that:

(2.33) 1fell2@xio.ry < Cl@ ut) yer V(. u) € HE,

with a constant independent of & ¢ < g and moreover the solution of (1.1) satisfies (1.4), as
we wanted to prove.

Note also that the contrgf, is concentrated on the intervdly 7/3] U [2T/3, T] and that its
restriction to[27 /3, T1, i.e., f2.«, IS exponentially small with respect to— 0.

The following three sections are devoted to rigorously prove the results stated in each of these
three steps.

3. Uniform controllability of the parabolic projection

The main result of this section is as follows:

THEOREM 3.1. — Let £2 be a bounded domain 6" of classC*. Letw be any open non-
empty subset a®. Then, there exist two positive constasnt®, w) andC (§2, w) such that for all
O<e<e(R,w), T>C(2,w)/c andu®, ul) € H there exists a controf, € L?(w x (0, T))
such that the solution, of:

suy — Au+u; = f:1, in 2 x (0, 7),
(3.1) u=0 onaR x (0, 7),

u(x,0) = u(x), u(x,0 =u(x) in g,
satisfies

(3.2 rr; (us(T), us,,(T)) =0.

Moreover, there exists a constant > 0, depending onT" but independent 00 < ¢ <
min(e(£2, ), T2/ C%($2, w)) such that

3-3) 1 fellz@x 0.y < € @ u?) | gor V(. u) € HE.
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Remark3.1. — The result above holds for every non-empty open subsaft 2, without
any geometric restriction. However, it only provides the null-controllability of the parabolic
component of the system.

Proof. —We decompose the time intenj&l, 7] as follows. We fix two constantse (0, 7/2)
andp € (0, 1/n), n being the space dimension. For ahy 1 we set:

(3.4) op =2, Ty =A2"' = Ao, ”,

whereA > 0 is chosen such that

(3.5) 2% ;=T —25.
=1

Taking into account that for aryy> 0, k(¢) is such that

(3.6) [4Mk(a)+1]71 <e< [4#«1((8)]71,

we chooség € N such that

(3.7) ogy < k(e) < Olotq-
We also set
(3.8) ap=34, a1 =38+2T1, ..., ag =ae-1+ 2Ty.

Given (u°, ul) € H® we proceed as follows. In the time intervil §] we let the system to
evolve freely without control, i.e., we sgt = 0 in [0, §]. To simplify the notation we denote
the initial data(u®, u') by the vector valued functiot’® and by{S: ()},>0 the semigroup of
contractions generated by system (3.1) without control (i.e., Witk 0). We denote by/! the
state attime =6, i.e.,U' = S.(8)U°.

We now proceed as follows. The second time intefeal a1] = [8, § + 2T1] is split into two
parts. In the first ongag, ag + T1] = [8, 8 + T1] we control to zero the |orojecti01rt|j;‘1 of the
solution, using Lemma 3.2 below, which turns out to be a direct consequence of the observability
estimate of Lemma C.1 in Appendix C. In the second &kl Ty, § + 271] we let the system
to evolve freely. We iterate this argument for afig= 2. In this way we obtain the following
sequence of states:

Ut =5.(5)(U°),
(3.9) Ut = 5.t (Wh), €=1,..., ¢,

We=Le(Te: U K7, (UF)). €=1.....0,

whereK% (U*) denotes a control acting in the time interyal_1, a;—1 + T¢] that drives the
l,op

solutionU*, obtained in the previous steps at time a,_1, to the statév‘ attimer = a,_1+ T}
with 7z, (W) = 0. The mapC, transforms the datur’* with control K5, | (U*) in the datum
W¢. In other words, by the variation of constants formula,

Ty

Wt =S.(T)U" + / Se(Te —)K5, . (U")(ag-1+5) ds,
0



754 A.LOPEZ ET AL./ J. Math. Pures Appl. 79 (2000) 741-808

whereKal (U*%) denotes the vector valued function with compongarK W(U@)).
The controlfs of Theorem 3.1 is then as follows:
o If oy =k(e) we set:

0, 0<t <ao,

ki o (UY), a1 <t <apr+ Ty, YE< Lo,
(3.10) =T (U7 h h

0, a1+ Ty <t <ap—1+ 2T = ay,

0, agg<t<T.

By construction
LE(ag; U, ) = UL, we< e
and, in particular,
L8 (agy; UC, fo) = Uttt
Then
o[£ (g U, £2)] = mf o[£ aegs U, £)] =6, [ aegs U, £)] =6, U0+ =0,

Taking into account that in the last time interyal,, T'] the controlf, vanishes we deduce
that

wa[e (s 00, £.)] =

as we wanted to prove.
e Whenoy, < k(¢) we also set

W€o+1 — »Cg(Téo+l; UZO+1’ K%O_HJ((S) (Uio+l)).

In this case we introduce the control:

0, 0 <1 <ao,
K%,ag(U[)’ ap—1 <t <ap—1+ Ty, V€< o,
(3.11) fe=40 Q1+ Ty <t <api+ 2Ty =ap. Y0 < Lo,
LS (U1),  agy <t < agy+ Tygst,
0, ag+ Trpr1 <t <T.

It is easy to check, as above, that
ms[L5(T; U°, f.)]=0.
We also observe that the lendth of the time intervals in which the control acts satisfies:

A _ A . A
(069,1)"  2P(0¢y)? ~ 2°(k(e))P

(3.12) T1>Tp>---> Ty, =
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Taking into account that & p < 1/n, (3.6)—(3.7) and the fact that, by Weyl's formula,
wr ~ C(82)k?" ask — oo, we deduce that

T; > CeP2 5> CJe, Vj=1,...,80+1(ase — 0).

This will be essential when applying Lemma 3.2 to get bounds on the size of the controls.
Therefore, the controlg. have been found so that the controllability condition (3.2) holds.
Thus, it is sufficient to prove the uniform bound (3.3) on the controls.

To do this we need some technical lemmas:

LEmMMA 3.1. - There exist positive constanty, C2 > 0 such that

(3.13) || Se (t)(uo, ul) Hys < Cre Catirt H (uo, ul) vVt >0,

[ e

forall 0 < e < 1and everyu®, u') € H¢ such thatr{ (u°, u') = 0, and for everyl < k < k(e).

We refer to Appendix B at the end of the paper for the proof of this lemma.

The decay rate (3.13) stated in Lemma 3.1 is natural to expect since the solutions of the
uncontrolled system such thaf (u°, u®) = 0 satisfy={ (u(t), u;(t)) =0 for all t > 0. Then,
in the Fourier expansion of the solution only the eigenfrequencies associated to the indexes
Jj =2k + 1 enter and, among them, the one of maximum real part is precigely . Taking
into account thaﬁ < —uj, the decay rate in (3.13) is natural to expect.

Applying (3. 13) we deduce that:

(3.14) | U e < Crem2Tere Wl

Moreover, using classical energy estimates for (3.1) we deduce that:

(3.15) [W e < U] e + || Ko (U 2o viar a1y
We now need an estimate on tiié-norm of K%W (UY). This is provided by the following

lemma:
LEmMA 3.2.— Under the conditions above, there exist positive constait3) and
C1,C2 > 0suchthatforalld <& < ¢(£2) and1 < ¢ < £o we have

1

2
(316) K5 0 (U) |2 2o 1+T1))\C1max{ . \/—n} ENAam

We refer to Appendix C at the end of this paper for the proof of this result.
Assuming for the moment that Lemma 3.2 holds, let us go back to the estimates (3.14)—(3.15).
According to (3.15)—(3.16) we have

Wil < |1+ e o

~[1+ A~ ope g ][],

[ e

for a suitableC > 0.
The function:

L crlpefcv"”l



756 A.LOPEZ ET AL./ J. Math. Pures Appl. 79 (2000) 741-808

is bounded above for any € (0,1) and C > 0. To see this it is sufficient to observe that,
according to Weyl's formulayu,, ~ C(£2)(o¢)?/".

Consequently
(3.17) [WE] e < (1 Creevma) [0 .
for suitable positive constan&, C> > 0.
Combining (3.14) and (3.17) we deduce that:
(3.18) [T e < Caem2Tkon (14 Cae™VFer) [Ut])

for suitable positive constants;, j =1,...,4.
Taking into account thal, = A27°¢, o, = 2¢ and using Weyl’s formula again we deduce that:

U3 < o e (1 o) U1,

The function
CoA n— n
g(Z) _ 67%24(2/ 0) (1+ C3ec42/é/ ), =1,
is positive and bounded above for amy (0, 1/n). Therefore,
(3.19) U e < Cre 2| UYL, VE=1,... o,

for suitable positive constantg;, C2, ande =2/n — p.
Applying (3.19) in an iterative way we deduce that:
|02 e < Cre P Ut

< C%efazwf g C222¢ P I yt-i H e

<Cle P (142 4 2O U,
(3.20) <cle @ Ul .

for suitable positive constan, Ca.
On the other hand, the function:

C
h) =Cle %2 1>1,
is positive and bounded above. Therefore

(3.21) U e < C2e7 S22 U,

for suitable positive constan&, C> > 0. Moreover,
UM e <NV e

Consequently

(3.22) |0, < Cre= 2 |U°) ..
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We can now estimate the controfs built in (3.10) and (3.11). To fix ideas we consider the
case (3.10). We have

Lo

(3-23) el z2@x0.m) < D 1K 700 (U) | Lo va sty
(=1

We now apply Lemma 3.2. We assume that17; < +/T¢/2 for all ¢ =1, ..., £o. Note that
when /1Ty > +/T¢/2 for a finite number of values dfthe same estimates apply with a larger
multiplicative constant on the upper bound.

Applying Lemma 3.2 and (3.22) we get

Lo
(3.24) I fell L2(wx0,1)) < Cl[ZT LeC2ito g™ C32M] I UOH He-
=1

Let us now analyze the sum on the right hand side of this inequality; we have:

Z T, leCoVTre Ca2¢t

(3.25) =A" 122“ €22 g=Ca2" _ 12 2“ C22" g - Fa ]e 2 2t
The series on the rlght hand side of (3.25) convergés as oo since the function
pe) =2tec2 )" g 32

is bounded above because of the fact that 2/n — p > 1/n in view of the choice of
p(p € (0,1/n)).

This completes the proof of Theorem 3.1

4. Decay rates for purely hyperbolic solutions

This section is devoted to prove the estimate (2.26) on the decay of the solutions with data

in HE.
h
More precisely, we prove the following result:
THEOREM 4.1. — Letu be a solution of1.1)with f = Owith initial data (u®, u') € Hf. Then

(4.1) (@), s 0) ] e < 232774 (O, uh) | e

Proof. —We decompose the initial dat&® = (12, u1) in Fourier series:

(4.2) U= )" (aj.bje;().

J>k(e)+1

Then the solutiom of (1.1) with f = 0 and these initial data may be written as:

aj)i —b; 26 bj—aj\s 1o
(4.3) u(x,t) = Z < - J_ A’S e/+’+ o _)\s] e- t)ej(x).
jzk(e)+1 N Jjt+ J— jt+
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To simplify the notation, from now on, we shall writg.. instead ofkj.i. We also introduce the
notation:

(4.4) pr— e 1

J 2¢
and, again, we shall omit in the notation the dependence ®hen

1 .
)»j:tz—z—:tlﬂj, Vj>k(e)+ 1
&
Moreover,

ajrj— — je)\pr +b —ajr it it

(4.5) “”(t)”f{g(sz): Z Kj

jokee | M T - A
B €t — et gt gt |
- Z Kjaj i — A bj i — A
JZke)+1 Jm Jm

—1/€ . . . . :
< € 5 Z M—é[aﬂk]‘,e‘ﬂﬂ — )Lj+eflﬂ1f|2 + b12-|e”ﬂf’ _ dPit |2]
jzke)+1 "

eft/s Wi
= 2 Z ? a
JZk(e)+1 7

. ) 2
<o S wfa(Lper) v (T

j>k(e)+1 J

SII"I(,BJ )

+ 2B cogB;t)

+4b smz(ﬂ]t)i|

We claim that

smz(ﬁ,t) 2o,

4.6
(4.6) Hj——5— 3,3]2 282

Note that combining (4.5) and (4.6) we get

||u(t)||2&(9)<2<22+2> Y [t o)

j=k(e)+1
—1/2 2 2
(4.7 <4e!l? Z [1jaf + ebF).
J=k(e)+1
Let us now prove (4.6). When.Z e > 1 we have

B smz(ﬁ,t) e <5
J 8/32 8’32 4€Mj—1\

since the function 2/(2x — 1) is decreasing fox > 1. On the other hand, wher2; <1 we
have

SinP(B;in) _ wjt? _ 2

! 8/3]2 Toe 2e2°

This completes the proof of (4.6).
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Now we shall get an upper bound ¢m; ()| .2
We have

airi— — b ail
wen= 3 () o GE) o
J=k(e)+1 J= A j= T

Therefore, taking into accountthiaf_i; = /e,

2 et — gt et — e )P
Jus 2y = D [amw\j— = +bj e

Jj=k(e)+1
e R )
skl T ETN A A hjm = At
2.2 . 2
oy asus /sin(g;t) o[ SIP(B;1)
<eet Y [ 221(7) +2bj< ez +co(B;1)
Jj=k(e)+1
In view of (4.6) we deduce that
(4.8) | (0) ]2, ) < 267% " Yoo 2B 2.
: ! L2(2) 2¢2 e
J>k(e)+1
Then
(4.9) SHut(Z)HLZ(.Q) <det/ Z [ajz'ﬂj+b12‘8]'
J>k(e)+1
Combining (4.7) and (4.9) we deduce that
(4.10) )1 0) [ = 14 30, + e 020
< 8e /% Z [Cljz-Mj‘f‘é‘bjz-]
J>k(e)+1
= 812 (i) .

This completes the proof of Theorem 4.1

5. Proof of Theorem 1.2

This section is devoted to prove Theorem 1.2 which guarantees an observability estimate for
all solutionsof the adjoint system (1.9) with a constant of the order‘6f&

The proof is based on the use of Carleman’s inequalities.

Before getting into the proof of Theorem 1.2 let us state and prove an immediate consequence
of this result on the controllability of system (1.1).

PrROPOSITION 5.1. — In the geometric setting above systéiril)is exactly controllable.
Moreover, the constart (e, T') in (1.5)measuring the cost of controlling exacfly.1)may be
bounded above as follows

(5.1) C(e, T) < C1(T)eC2D/VE
for suitable positive constants; (T) and C(T).
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Proof. —Given («°, ul) € H?, we claim that the controf € L%(w x (0, T)) such that the
solution of (1.1) satisfies (1.2) may be built as follows. We tgke ¢ whereg is the solution of
(1.9) associated with the initial data®, ¢1) e (H#)’ that minimize the functional:

T

(5.2) T (% o) = :—;//goz dx dr + / (u® + eu)p(0) dx — £(u®, ¢ (0)),
0 w 2

overL2(2) x H1(£2).
Indeed, the functional is continuous, convex and coercive(if®)’, the coercivity being a
consequence of (1.10) which implies

T
(5.3) |72 + &l 0151y < Ca(T)2DIVE / / p?dx dr
0 w

for every solution of (1.9) and @ ¢ < 1, since the energy

1
F) = 3[le0 |2 + el -1g)]

increases along the solutions of (1.9). Thusachieves its minimum at some?, ¢1) €
L%(£2) x H~1(£2). The fact that the differential of vanishes at the minimizef?, ¢1) is
equivalent to the fact that solutianof (1.1) with control f = ¢, ¢ being the solution of (1.9)
associated to the minimizer, satisfies (1.4).

In order to estimate the norm of the control we observe that®, ¢1) < J(0,0) = 0.
Therefore, according to (5.3):

1 T
5//¢2dxdt<
0

< [””0 + 8”1HL2(9) + \/g||”0HH(}(9)][||§0(O) HLZ(Q) + «/EH% ©) HH*l(.Q)]

/ (u®+ eul)p(0) dx — £(u°, ¢, (0))
2

T 1/2
< [Huo + eul”Lz(m + \/EHMOH Hol(ﬂ)] |:C1(T)eC2(T)/‘/E//¢2dx dt]
0 w

which implies the upper bound (1.5) on the control with a consfant 7') satisfying (5.1).
This completes the proof of Proposition 5.1

We now prove Theorem 1.2.
We first observe that by the change of the time variable t = (T —1)//¢, system (1.9)
becomes:

1 . ~
(prr_AQD‘f‘ﬁ(pr:O in2 x (0, T),
(5.4) ¢=0 ondfR x (0, 7),

9(x,0) = ¢°(x), ¢r(x,0)=—ep (x) inQ,
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whereT = T/,/z. To simplify the notation we rewrite it as:

Y — Ay +ky; =0 in2 x (0, 7),
(5.5) v=0 ondas2 x (0, 7),
¥ (x,0 =¢°0), ¥y (x,00 =y (x) ing.

The following holds:

THEOREM 5.1. — Let £2 be a bounded domain d®" with boundary of classC? and »
a neighborhood of a subset of the boundary of the farx®) in 2. Then, there exists
To = To(£2; w) > O such that for allT” > Ty there exist positive constantg, C»> > 0 such that

T
(5:6) ||‘/’0Hiz(9) + ||1//1||271(9) <C1‘9C2|k|//*s020|x dt
0 w

for every solution of5.5)and all k € R.

Remark5.1. — The proof of Theorem 5.1 provides an explicit estimate on the minimal time
To = To($2, ). However, it is not the minimal time that is needed to apply the multiplier
technique to the wave equation with= 0 which isTo = 2||x — xoll > (2—-w)-

Proof of Theorem 5.1. We shall use the following notations. First, for ahy 0 and any set
S e R", we denote

05(S) 2 {x eR"; |x —y| <5 forsomey € S}.
Next, forx? € R" and for smallsg > 0, we set:
(5.7) Foé{xeaﬂ; (x—xo)-v>0}, wOéQﬂOSO(FO).

Now, in the casa® € £2, it is easy to see that one can find another point R” \ {x°} (which
is very close tor9), such that

(5.8) ot E 2N (’)50/2(1"1) co®, wherer? E {x €082; (x — xl) SV > 0}.

Finally, we put:

Roémifr;‘x—xol, ifxoeR”\(_Z; Rozfxo—xll/S, if x%¢ 2,
xe

A . -
Rlzmax|x—x0|, if xoeR”\.Q;
xXes

0 1

A
5.9 R1 = max{ max|x —
( ) 1 (XEQ ’X .

, max|x — x ) if x0¢ 0,
xXeNR

wherex! was given in (5.8). It is easy to see th&g > 0. Thus one can choose a sufficiently
smalla € (0, 1) such that:

2,2 _ ~3) _
(5.10) Toé\/(l—i-&)l)ol + (1 +30)3+a—ad) (1+3(¥)05R0>t0é2\/?R1
a(l+ 3a)



762 A.LOPEZ ET AL./ J. Math. Pures Appl. 79 (2000) 741-808
and

R2
(5.11) at®Rg < gl.
We now distinguish two different cases.

Casel. x%eR"\ Q2.

We divide the proof into several steps.

Step 1. Let us make some reductions. According to the result of Appendix A it is sufficient
to prove that the result holds férsufficiently large. We define the energy:

1
E@) = 5(” ¥ () HEZ(Q) A0 ”i]-l(g))

that satisfies
dE(1) 2
a —k | (’)HH—l(.Q)'
Observe that the left hand side of (5.6) coincides wit(@®.

If Kk >0, E(0) may be replaced b¥(T) in (5.6) because the difference between these two
energies is a multiplicative facto”d that may be incorporated in the observability constant.
Finally, according to the previous comment and reversing the sense of time in Eq. (5.5) one
can reduce the cage< O to the casd = —k > 0. So we may assunie> 0 in what follows.

On the other hand, the enerd¥(¢) is decreasing whenevér> 0. Thus it suffices to prove
inequality (5.6) under the assumption

(5.12) T =1
Step 2. We set:

0=0x(0T); Q20x(0T), X=02x(0T), S2Xx(07T),
T2T/2—&T, T 2T/2+4eT
(5.13) Qi =2 x (.. 1)) x (T.. T)).
82092 x (T 1)) x (1., T)).

Si0= I x (1. 1)) x (1. T)).

wherei =0,1,2,3,4,and O< g < €1 < €2 < €3 < g4 < 1/2 will be given later.
We now proceed as in [13, pp. 35-36]. We introduce the following simple transformation,
which will play a crucial role in the sequel. We set:

t
(5.14) u(x,t,s)é/w(x,z)dz, Vx,1,s) € O,

wherey (+) is the weak solution of system (5.5). Theq) satisfies

Uy +ugs — Au+k(u; +ug) =0, inQ,
(5.15)

u=0, onsS.
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Step 3. We need the following technical result:
LEMMA 5.1.—Letu, £ € C%(Q). Let¥ be a real constant. Let = €’ andv = 6u. Let
(5.16) Lkuéun—}—um — Au+k(us + uy).
Then it holds

0% Liu|* > [(k - 2z,><|v,|2 — s+ |v,~|2) +2(k — 2€,)vyvs
J

+4 (jvv)) + 20 v + (k= 26)(A+ Ll/)|v|2}
j

+ [(k - 21zs><|vs|2 — P+ |v,-|2> + 2(k — 2€,) v vy
J

t

4 (€,0) + 20 v+ (k— 26,) (A + lI/)IvIZ}
J

-2 [22(@,»:),»0,-) — €5 ) il + (k= 2)v,v) + (k — 25)v,v;
J i i

N

+ v+ £ (Jo 2+ vsl?) — (A + q/)ej|v|2}
j

+2(— W+Zzﬁ + L —zss)|vt|2+2(— wzzﬁ + s —zn)wsﬁ

+8l;5viv5 — SZ(KUU,UJ + Lsjvsv)) +4Z(£,]v,v1)

J ij
(5.17) +2(W—Z£ii+£n+ﬁss>2|vj|2+3|v|2,
i j
where
(5.18) A (02— t) + (2 —ty) )= D (€5 —tj5) =¥ =kl + £5)
J
and

B224A <t1/ — Zzi,) + 200y + L) (A 4+ W) — (k —20) A, — (k — 2¢5) Ay
i
(5.19) =23 (A + W20 .
i i
Proof of Lemma 5.1. We proceed as in [5, p. 124]. Recall that:

(5.20) v(x,t,s)=0(0x,t,5)u(x,t,s), (x,t,5)€Q.
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Then
-1 -1 _ -1, 2
ur=0""(v; — Lv), us =0""(vs — £sv), uy =10 [Utt 260 + (ﬁt Ktt)v]a
(5.21) Uss = 9_1[Uss — 26505 + (Ksz - Kss)U]v

ujj=0"uj; =260+ (6 = ¢j)v], j=1....n.

Therefore
02| Liul® = |[vie — 2¢,0; + (€2 — €11 )v] + [vgs — 26505 + (€2 — £45) ]
2
=Y [vjs —265v; + (€5 — £55)v] + k(v — €v) + k(vs — £4v)
(5.22) =i+ L+ B2,
where
A
I = <v,, + Vg5 — ZUjj) + Av,
j
A
(5.23) I = (k= 2€)v + (k= 26w +2) (¢jv)),
j
I3 e Y.
Then
02| Liul? = |12 + |12 + | 3|? + 2(I112 + T2 13 + T 13)
(5.24) > |12+ 2111 + DIz + 11 13).
However

2111 = Z(U,, + vgg — Z vjj+ Av) [(k —20)v; + (k — 285)vg + ZZ(Ejvj):|
J j
(k 2€[)(|Ul - ZZ (k ZEI)U[U]]

J

k=20 Z ;1?), - 4Z(z,jutuj) + (k= 2e)A(vP?),

+4Z(£ v — 22 (Iorf?),] =4 (v
j
+ (k — 2¢5)(Jvs1?) 5—22 (k = 2¢)vyv;]
J
k=26 (1vj17), =4 (Ugjvevy) + (k — 26) A(jv]?),
j j

4y (usv)s =2 [ (1), 4Z(zsjusv,)
j

J
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+ 2w (k = 2€5)vs ], — (k = 26) (Jor %) + 2[vs (k = 2¢)v,]
— (k= 2¢,)(1vs1?), + 8Lrsvyvy

—4) [vivy); — o] +2) [6(jv; )] +24 ) [e(vf?),]
iy iy j

= [(k — 2£;)(|Ut|2 _ |Us|2—‘r Z |U]|2+ A|U|2) =+ 2(k — ZKS)U;US +4Z(€jv,v1):|

J J

+ |:(k - Zﬁs)<|vs|2 _ |Ut|2 + Z |Uj|2 + A|v|2) + 2(k — 2¢;) v, v +4Z(€jvsvj)i|

J J

-23" [ZZ(Zivivj) — 05> Jvil+ (k= 2,0 + (k — 2€5)v5v;
j i i

J

t

N

+Zj(|vt|2+ |Us|2) _ AZj|v|2:| . + 80;5v,v5 — SZ(Z,]'U;UJ' + Lsjv5v5)

J J

+2<Zeﬁ + &y —zss>|v,|2+ 2(2&,» + s — e,,)|vs|2
i i
+4Z(szvivj) - Z(Zzii — Ly —Ess> Z v;|?
i

) J
(5.25) - {22(%)[ + [k —2)A], + [k — ZES)A]S}IU|2.
Further (recall¥ is a constant),

21113 = 2(1}” + v — Zvjj + AU)‘I/U
J

= 2@ v); — 2| v, |2 + 2P vgv)s

(5.26) —20W(u, [P =2 (i) + 20 Y v+ 24w ]2
J J
Moreover,

213 = 2|:(k — 20 v + (k — 285)vs + ZZ(Zjvj)i|lI/v
J

= (k =2t (Jv?), + (k = 2¢)¥ (0I?) + 29 Y [¢; (1), ]

J
= [tk = 2t ], + [k — 2t)w v]?] +2) (wj|v|2)j
j

(5.27) +2(fz”+zss —Zz,-j)gp|v|2.
J
Combining (5.24)—(5.27), we obtain (5.17). So the proof of Lemma 5.1 is completed.

As a consequence of Lemma 5.1 the following holds:
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COROLLARY 5.1.—-LetA >0, @ €(0,1), and
P(x.1,5)= %Hx —x%P —at = T/2)2 — (s — T/2)3],
(5.28) =)\, U=mn-14+a.
Letu € C?(Q), v=~0u withd =€’. Then
92‘un +ugs — Au~+ k(u; + us)’2
> [(k - 2£t)(|v,|2 — s+ |v,-|2) +2(k — 2€5)v,v;

J

+4 (Cjvv) + 2% v+ (k — 26,)(A + Ll/)|v|21|
j

+ [(k - 2z5>(|vs|2 — P+ |v,-|2) + 20k — 2¢,)v,vy

J

t

+4 (€jv0)) + 20 v + (k — 2£) (A + lI/)|v|2i|

j s

-2 [2Z(eiu,~u,-) — €5 ) " |vilP+ (k= 2)v) + (k — 2£5)v,v;
J i i

+lI/UjU +ZJ(|Ut|2+ |Us|2) - (A + lI/)ZJI‘U|21|
J

(5.29) +2(l—o¢)k(|v,|2+|v5|2+2|vj|2>+B|v|2,
J
where

A=22[a?(t — T/2)? +a?(s — T/2)% — |x —x°)7]
(5.30) +ark(t+s—T)+ A+a)A
and
B =23+ a)23|x —x°|* = 202231 4 3w)[(t — T/2)% + (s — T/2)?]
(5.31) — 200k? — 2022k (1+3a) (t + 5 — T) — [n® + dan + 1+ 20 + 5a?]22.

Proof. —Using Lemma 5.1 witlt and¥ given by (5.28), Corollary 5.1 follows immediately
from a direct calculation. O

Step 4. Let us use Corollary 5.1. Here we use an argument from [4]. First of all, take
a €(0,1) asin (5.10)—(5.11). Then, by (5.28), (5.9), (5.10) and (5.12), we get:

1 T2
$(x,0,8)=¢(x,T,s) < §<R%_QT)
0y2 2
(5.32) :%(Rg_o«;) >=_%<o, V.1 € 0.

Thus, one can find; in (0, 1/2) sufficiently close to 12, i.e., such that

(5.33) 1/2— &1 is sufficiently small
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and a constant

RZ
(5.34) ro= 71 (> 0)

such that (recall (5.13) faF; andTy)

(5.35) ¢(x,t,8) <—rg, V(x,t,5)€ R x ((0, T1) U (T, T)) x (0, T).
Similarly,
(5.36) ¢(x,s,1) <—ro, V(x,s,1)€82x((0,T)U(T{,T)) x (0, 7).

Next, sincex® e R" \ £2, we see thaRg > 0. Thus, one can find a sufficiently small
(5.37) eo€ (0, e1)

such that (recall (5.13))

(5.38) ¢(x,t,5) =0, V(x,t, )€ Qo.
Further, we take
k
5.39 A= —o,
(5.39) oRo

wherex € (0, 1) was given in (5.10)—(5.11Ro was defined in (5.9). Then, by (5.31) and (5.39),
we get:

B =23+ a)23|x —x%% — 262231+ 30)[(t — T/2)>+ (s — T/2)?]
— 2a0k? — 20A2k(1+ 3a)(t +5 — T) — [n? + dan + 1+ 20 + 5a?]A?
> [2(3+a — &®)RE — 20*(1+ 3a) RoT — &*(1+ 3a) T?]23
(5.40) — [n® + dan + 1+ 20 + 52|22,
Note that

s V430202 + 20+ 3B e —od) + 1+ 3w
= o(1+ 3a) °
and

2 V/(A+3022+2(1+30)B+a - — 1 +30a
2= a(1+ 3a) 0
are the two solutions of the following equation:

2(3+ o — &®) R — 20*(1+ 3w) Rox — &*(1+ 3a)x? = 0.
On the other hand, by (5.10), it is easy to see that
x1<t0<T0<xz.
Thus by (5.12), it is elementary to see that:

(5.41) 2(3+a — ap?)R3 — 20(1+ 3a) BRoT — a?(1+ 32)T? > 0,
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since the quadratic function above is positive in the intetval x2). Thus, by (5.40)—(5.41),
there exist two constantg > 0 andcg > 0, such that for any

(5.42) A> A1,

it holds

(5.43) B( = B(x,1t, s)) > coks, Y(x,t,s) € Q.
Further, we take (recall (5.33))

(5.44) &2 € (e1,1/2).

Now, let us use Corollary 5.1 withky, « and 1 given by (5.14), (5.10)—(5.11) and (5.42)
respectively. For any givene (T2, T1) andt’ € (T}, T,) (recall (5.13)), denote

(5.45) Q(r, 7)) L20x (r, 7)) x (7, 7).

Integrating (5.29) oQ(z, t’), using integration by parts, by (5.30)—(5.31) and taking (5.15) into
account, we arrive at (recall (5.13))

A / (|vt|2—|—|vs|2+2|vi|2>dxdtds+ / B|u|2dxdrds<o\/
Qr,7) i Q7)) S20

Y.
+A3|:// (’U(X,‘E,S)‘Z—{— ’Ut(X,‘E’S)‘Z_}_ ‘US(x’Tvs)yz"‘z‘vi()c,‘[,s)‘z
T> $2 i

2

d
0 dS2o

+ ’v(x, T/,S)’2+ ’v,(x, ‘L'/,S)’2+ ’vs(x, r’,s)’z—i- Z ‘vi(x, r’,s)’2> dx ds
i

T
+//<‘v(x,t,r)]2+]v,(x,t,r)]z—i—‘vs(x,t, xau)]z—l—zyvi(x,t,t)‘z
o i

Iy
(5.46) + |v(x, t, r’)|2 + |vt(x, t, ‘L'/)|2 + |vs(x, t, ‘L'/)|2 + Z |vi(x, t, r’)|2> dxdt:|.
i

Now taking into account that = 8u with 6 = €, by (5.28) and (5.15), we get

J
(5.47) / ’—”
v
Sao

Further, by (5.28) and (5.35)—(5.36), we get

2 u 2
d820<CeCA/‘—‘ dSoo.
av
S20

T
// (|v(x, r,s)|2—i— |v,(x, r,s)|2+ |vs(x, ‘L',S)|2+ Z |vi(x, r,s)|2
o i

)

o 7 )+ o )|+ oGt 9 P+ Y [uie, f””|2) decs

1
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T3
+//(’v(x,t,t)‘z—f—’v,(x,t,r)’z—}—‘vs(x,t, xau)‘z—i—Z’vi(x,t,r)’Z
o i

Ip)

+ ’v(x, t, T/)’2+ ‘vt(x, t, t/)‘z—f— ‘vs(x,t, r’)’z—i— Z ‘vi(x, t, ‘L'/)‘Z) dx dr
i

7
<C)Lze_2r°}‘|://<‘u(x,r,s)‘2+‘u;(x,t,s)’z—i—’us(x,t,s)’z—i—Z‘ui(x,t,s)’z
5 i

Iy
+ ]u(x, t’,s)‘z—i- ‘ut(x, t’,s)]z—i- ]us(x, t’,s)]z—i- Z ‘ui(x, T/,S)’2> dx ds
i

T/

2
+ // (’u(x,t,r)]z—i— }ut(x,t,r)]2+ }us(x,t, xau)]z—i—Z}ui(x,t,r)]Z
o i

Ip)
(5.48) + ’u(x, t, r’)’2 + ‘ut(x, t, ‘L'/)‘Z + ‘us(x, t, ‘L'/)‘Z + Z ’u,'(x, t, ‘L'/)yz) dx dtj|.
i
On the other hand, by (5.43), for any> A1, we have:

A / (|vt|2+|vs|2+2|vi|2>dxdtds+ / B|v|dx dr ds
i

Q(z,7) Q(r,7))
(5.49) >A/ (|vt|2+|vS|2+Z|vi|2>dxdtds+COA3/|v|2dxdtds.
Qo ! Qo

Thus, combining (5.46)—(5.49), we conclude that:

/(lv,|2+|v5|2+2|vi|2) dxdtds+k2/92|v|2dxdtds
i

Qo Qo

T

ou 12

<CeCA/‘8—u’ dSzo—l—Ck“ezrok[//(|u(x,t,s)|2+|uz(x,r,s)|2

V
320 T, 2

+ |us(x, T, s)|2 + Z |ui(x, T, s)|2
i

+ Ju(x, r’,s)‘z—i- HES t/,s)yz—i- |us (x, T/,S)‘Z-i-z |ui (x, t/,s)‘z) dx ds

1

T,
+//(!u(x,t,r)ler]u,(x,t,r)lzﬂus(x,t, xau)!2+2\ui(x,t,f)!2
i

T, 2

(5.50) + |u(x, t, ‘L'/)|2 + |ut(x, t, r’)|2 + |u5(x, t, ‘L'/)|2 + Z |ui(x, t, ‘L'/)|2) dx dtj|.
i
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Integrating (5.50) with respect toandz’ from 7> to 71 and from7] to T, respectively, we get

/<|U,|2+|v5|2+2|v,'|2) dxdtds+x2/|u|2dxdtds
i Qo

Qo

9
(5.51) <Ce“/ ‘—“
ov

S0

2
dSo0 + c,\“e—%l/ <|u|2+|u,|2+|u5|2+2|ui|2>dxdtds.
i

2

So, by (5.28) and (5.38), recalling that= v with = €, and using (5.51), we see that for
anyi > A1, it holds

/<|uz|2+|us|2+2|ui|2> dx dr ds
Qo i
</92(|Mt|2+|14s|2+2|u,‘|2) dx dr ds

Qo

<C|:/<|v,|2—|—Ivslz—i—ZIvilz)dxdtds+k2/|v|2dxdtds]
i

Qo Qo

2
dSo0+ cx“e*Z’Ok/ <|u|2+|u,|2+|u5|2+Z|ui|2> dx dr dis.
i

2

d
(5.52) <Ce“/’—”
ov

S20

Step 5. We now estimate
/ ou
av
S20

For this purpose, we need the following identity from [13]:

2
dSy and /Z|u,~|2dxdtds.
Q) i

LEMMA 5.2.—Leth = (hl,... h"):R" x R x R — R" be a vector field of clas§®. Then
foranyz € C3(R" x R x R), we have

V. {2(h~Vz)(Vz)—l—h[z,z—sz—Zz?“

i

= =22 + 255 — ADh - Vz 4 (2z:h - V) + (225h - V)i

ah’

(5.53) —2z;h - Vz — 2z5hg - V24 (V- h) [zf 422 — Zz?} +2)° <¥Zi1j).
.. 1

LJ

i

Now let us return to the proof of Theorem 5.1. Choasge= h1(x) € C1(£2; R") such that
h1=v onas (cf.[8]), and choosé; = h;(x) € C'(£2; [0, 1]) (i =2, 3) such that:

0<hi(x)<1, xe®,
(5.54) hix)=1, x€wi-1,

/’l,’(x)EO, er\wi,
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wherew; C wy C w3 = w(C £2) are all intersections of some neighborhood¥fands2.
Let us fixez andes such thats < e3 < g4 < 1/2. Now, we apply identity (5.53) with

(5.55) h=(t — Ta)(T} — 1)(s — T3) (T — s)h1h2.

Integrating (5.53) (withz(-) replaced byu(-)) on Qz, using (5.15) and (5.54)—(5.55), and
integrating by parts, we obtain

9 2
/ (t — T3) (T} — 1)(s — T3)(T} — ) 8—“ dSa0
S30
T3 Ty
(5.56) C(l—i—k)///(lu,l + us| +Z|u, )dxdtds.
T3 T3 w2
On the other hand, denote:
(5.57) n=n(x.t,5) = (t — Ta)(Tf — £)(s — Ta) (T} — 5)h3(x),

wherehs is given in (5.54). By (5.15) we get

- / nuk(u; + uy) dx dr ds
Q4
= / nu(us + ugy — Au) dx de ds
Q4

=- / [Mt(UtM + nug) + ug(nsu + T’IMs)] dx dr ds
Qs

+/r/|Vu|2dxdtds+/(Vu)-(Vn)udxdtds
Q4 Q4

>— / [0 (e + nuy) + ug(gu + nuy) | dx dr ds
(o)
T/ T/

/nIVuI dxdrds — C ///Iul dx dr ds

Ty Ta o0

>— / [ (ewe + mus) + g (nsu + nuy) | dx dr ds
Qs
T4 T4 T} T}

(5.58) —///Zm dedrds — C ///M dx dr ds,

T3 T3 @2 Ty Ty o0
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providedVn/./n is bounded. Obviously can be chosen so that this holds. Thus

T T4 T, T,
(5.59) ///Zm dx dr ds < C(l—i—k)/// (lue + lus | + u|?) dx de ds.
T3 T3 @2 Ty Ty o0
Similarly,
(5.60) /Z|ui|2dxdtds<C(l+k)/(Iu,lz—i-luslz—i-lulz) dx dr ds.
(] i (o)

So by (5.52), (5.56) and (5.59)—(5.60), we conclude that forasyhg, it holds

/(|u,|2+ |us|?) dx dr ds

Qo
T T
<C(1+k2)eCA///(Iu;|2+|u5|2+|u|2)dxdtds
0 0 o0
(5.61) +C(l+k)k4e_2’°*/ (lur)? + |us|? 4 [u]?) dx dr ds.
Q
Step 6. Let us return to the original functiogi. By (5.14) and (5.61), we get:
Ty T T t 2
//w dvdr < C(1+K? eCA///(|W|2+ /w(z)dz )dxdtds
Ty 2 0 0 40 s
t 2
+C(l+k)k4ezr(’k/<|1/f|2+ /I/I(z)dz )dxdtds
Q s
T
(5.62) <C(1+k2)[e“//|w|2dxdz+,\4e—2’0A/|1//|2dxdt].
0 o0

On the other hand, it is easy to see that for ary & < S2 < 7> < Ty < T, there is a constant
C > 0, which is independent df, such that

(5.63) /|1//z( f)|H @) C(1+k%) /W( t)|L2(.Q)

S2 $1

for everyyr(-) solution of system (5.5).
Further, using the usual energy estimate and noting the time reversibility of Eq. (5.5), one also
has

(5.64) E(t) <E(s)é®T, Vi,s€[0,T].
Now, chooseSp € (To, T/2) and Sy € (T/2, Ty). By (5.62)—(5.63) we obtain that:
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8
J A 2o e L
So
T
(5.65) <C(1+k% [e“//wnzdxdtﬂ“e2r0k/|¢|2dxdr}.
0 oo 0
Thus
Sh T T
(5.66) /E(t) dt<c(1+k4)[e“//|¢|2dxdt+)\4eW/E(r) dt].
So 0 0 0
Finally, by (5.66) and (5.64) and noting that
(5.67) E(t) > E(T), Vte[0,T],
we obtain
T
(5.68) E(T)<c(1+k4)e”//|w|2dxdz+cx4e—2roke2Tk(1+k4)E(T).
0 o0

However, by (5.11), (5.12), (5.34) and (5.39), we have
R? )
(5.69) e 2rorg2Tk _ eXp{Z)L <Ott0Ro — f)} < e MR3/8.

Thus, by (5.68)—(5.69), (5.64) and (5.39), we can find a constant 0 and a sufficiently large
constankg > 0, such that for any > ko, it holds

T
(5.70) E(T)gcleclk//h/fﬁdxd;, v, vl e L2(2) x H ().

0 0

Step 7. Finally, as a consequence of Appendix A we know that (5.6) for agyk0< kg as
well. This concludes the proof of Theorem 5.1 in Case 1.

Case2. x%e .

As in the first case, we divide the proof into several steps.

Step I. Asin Step 1 of the previous case we reduce the problem to analyze the case where
k> 0and

(5.71) T =14°.

Step Z. We first introduce some notation. First, for any fixed R" ands > 0, we set

(5.72) Bs(x) = {y e R |y —x| <8}
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Next, we set:

(5.73) 2% 2.2\ Bjyo_,1/5— ;) (x9), QUL g\ Bjo_ys-p@h), j=0,12,
wherex!is as in (5.8). So, we have

(5.74) 4c2?c " 2°c23c et

Finally, denote:

QjéQjX(O,T)X(OvT)’ j:0,1,2,3,4,5,
TAT/2—eT, T/ 2T/2+6T,
(5.75) Q] £/ x (I T)) x (T,.T)), j=0.1.2.3,4,5,
S 2092 x (T, T)) x (T;, T)),

SIErTxO.T)x (0.7).  Sh=I'x(T.T)x (T;. 1), j=0.1,
wherer® and "t were given in (5.7) and (5.8) respectively= 0, 1, 2, 3,4, and O< gg < g1 <
g2 < g3 < €4 < 1/2 will be given later.

We introduce: as in (5.14). ' o

Obviously one can find two functiong € C'(£2; [0, 1]) ( =0, 1) such that

(5.76) gd=1 xeQ/t4 ¢ x)=0, xef\ N/
We set
(5.77) w =glu, j=0,1

Thenu/ satisfies { =0, 1)

=—ulAg/ —2vVg/ - Vu in 9/,
(5.78) ‘ _
ul (x) =0, xe.Q\.QH'Z,
wl =0, ons’.

Step 3. We shall use Lemma 5.1 and Corollary 5.1 without change.
Step 4. Asin Step 4, we use Corollary 5.1. First of all, we take (0, 1) as in (5.10), and
we introduce:
. 1 .
o7 (c. 1) = S[|x —xT* —at = T/27 —a(s — 7/27]
(5.79) U=mn-1+a),
v = ewjuj,
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wherej =0, 1. By (5.79), (5.9), (5.10) and (5.71), as in (5.32), we get

2
(5.80) ¢/ (x,0,5) = ¢/ (x,T,s)= —% <0, V(x,s)eO.

Thus, one can findy in (0, 1/2) close enough to/2, or, in other words,

(5.81) 1/2—¢1 small enough
and a constant
R2
(5.82) ro = 71 (> 0)
such that:
(5.83) ¢/ (x,1,5) <—ro, V(x,t,5) €82 x ((0,T1) U(T{,T)) x (0, T).
Similarly,
(5.84) @' (x,1,8) <—ro, V(x,s,1) €2 x ((0,T)U(T{,T)) x (0, T).

Next, recalling (5.73) and (5.75), it is easy to see that one can find a sufficiently small

(5.85) €0 € (0, 1)
such that
(5.86) ¢7(x.1.5) >0, V¥(x.1.5)€Qf(j=0.1).
Further, we take
k
5.87 A= —or,
(5.87) oRo

wherea € (0, 1) was given in (5.10)—(5.11). Then, as in (5.40)—(5.43), we conclude that there
exist two constants; > 0 andcg > 0, such that for any. > A1, it holds

(5.88) B/ (=B (x,1,9)) > cor®, V(x,t,5)€Q (j=0,1),

whereB/ was given by (5.31) (wittB andx? replaced byB’ andx/ respectively).

Further, we choose € (g1, 1/2). _ _ _

Now, we use Corollary 5.1 with/, «, ¢/ andv’/ given by (5.77), (5.10)—(5.11) and (5.79)
respectively. For any givene (T2, T1) andt’ € (T, T) denote
(5.89) Qi(r, V227 x (1,7) x (r,7) (j=0,1).

Integrating (5.29) (withy andv replaced byu/ andv/ (j =0, 1) respectively) orQ/(z, ),
using integration by parts, and by (5.78) and (5.88), we arrive at:

/ <‘(vj)t]2+](vj)slz—i—z‘(vj)l.]2>dxdtds+k2 [ bifad

Qi(r,1) Qi(r,1)

, v/
gc{,\—l / e2)‘¢"<|u|2+2i:|ui|2>dxdtds+/‘a—v‘j

Qi(r.7)) Sho

2 .
dSjo
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T
J”\Z[// (’vj(x’ ©. )2 +](7), @ 7 )P+ | (), (7o)

T>

+ D), 0w ) [F 4 o e 7 )P | (07), 7 ) P (o) o)

1

T,
+Z|(vj)i(x,t’,s)|2)dxds—i—//(|vj(x,t,r)|2

T> QJ

+] (7)ot 0 | (07), e o)+ 0] (0),

1

ot O |07), O | (0) e e

(5.90) + Z|(vj)i(x,t,r/)|2> dxdt:”,

whereg/ was given in (5.79)y was given in (5.14). However, by (5.79) and (5.76)—(5.78), it is
easy to see that
u
Y

2
5.91 ds; <Ce“/
(5.91) /8\) 20 RE
S0 So

Further, by (5.83)—(5.84), (5.79) and (5.77), we get

v/ 2
- dsd,

/
T2

// (|vj(x, T,S)|2+ |(vj)t(x, T,S)|2+ |(vj)s(x, T,S)|2+ Z |(vj)l.(x, T, s)|2

T> Q1
Tt 9 4 (07), 07 P |00, 6,7 P D07, 0 e

1

T
+//(|vj(x,t,r)|2+|(vj)t(x,t,t)|2+|(vj)s(x,t,t)|2+2|(vj)i(x,t,t)|2

Ty Qi i
+|vj(x,t,t/)|2+|(vj)t(x,t,r’)|2+|(vj)s(x,t,t/)|2+z|(vj)i(x,t,r’)|2>dxdt

1

T
< C)»Ze_zro’\|:/‘/ <|u(x,r,s)|2+|ut(x,t,s)|2+|u5(x,t,s)|2+Z|u,~(x,t,s)|2
i

To QJ

+ ’u(x, r’,s)‘z—f— ‘ut(x, ‘L'/,S)’2+ ’us(x, ‘L'/,S)’2+ Z ‘ui(x, t/,s)‘z) dx ds
i

T,
+//(!u(x,t,r)ler\m(x,t,r)!er\us(x,t,f)\2+Z\ui(x,t,f)!2
i

T QJ
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(5.92) + |u(x, t, t’)|2+ |ut(x, t, t’)|2 + |us(x, t, t’)|2 + Z |ui(x, t, t’)|2) dx dt:|.

1

Thus, combining (5.90)—(5.92), we conclude that:

/ <|(vj)t|2+|(vj)s|2+Z|(vj)i|2>dxdtds+)»2 / |v/ 2 dx dr ds

Qi(r,7) Qi(r,v)
. 0 2 .
<c{r1 / e2k¢"(|u|2+2|u,~|2) dxdtds—f-em/ a—z dsy,
Qi(r.7) : Sho

T3
+>»4ezrok[//(!u(x,t,S)ler]u,(x,r,S)\er\us(x,T,S)\2+Z!ui(x,f,S)\2
i

To 2
+ ‘u(x, r/,s)yz—i- ]u,(x, r/,s)‘z—i- ‘us(x, r/,s)‘z—i- Z ]ui(x, r/,s)‘z) dx ds
i

T/

2
+//<|u(x,t,r)|2+|u,(x,t,r)|2+|us(x,t,f)|2+2|ui(x,t,f)|2
i

T> QI
(5.93) + ‘u(x, t, ‘L'/)‘Z + ‘ut(x, t, r’)’2 + ’us(x, t, r’)‘z + Z ‘ui(x, t, ‘L'/)‘2> dxdtj| }
i
Integrating (5.93) with respect toandz’ from 7> to 71, and fromT7 to T, respectively, we get:
/<|(vj)t|2+|(vj)s|2+z|(vj)i|2>dxdtds+sz v/ |? e die dis

Q] : Q]
< c[x—lfeﬂ¢’(|u|2+2|u,-|z) dx dtds+e“/
of i ko

(5.94) +x4e—2r0A/ (|u|2+ lug)? + |us|2+Z|ui|2) dx dtds}.
o)) :
So, by (5.80) and (5.78), and in view of (5.94), we see that forxanyi1, it holds
/e2A¢-/ <|(uj)t|2 + |(uj)s|2 + Z |(uj)i|2> dx dr ds _’_)\zfezw-/ |uj|2dxdtds
i

Q] i}

<c /(\(uf),hy(vf)s\hz\(uf)i\z)dxdtdsHZ/\vfyzdxdtds]

o Q]

ul?
P dSy

1
2 .
dSs,

I i ou
<clat | ¢ u)? %) dxdrd e“/ -
C / |u| +ZZ|M| s + -

-9 So
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(5.95) +,\4e*2r0*/ (|u|2+ lur|? + Ius|2+Z|ui|2) dtdsdx:|,
o)) i

wherej =0, 1.
However, by (5.75) and (5.76)—(5.77), and taking into account that

(5.96) Q1U Q3D 0y,
whereQ; was defined in (5.13), we get:

Xl:[/em’< )12+ ()7 +Z| )dxdtds+k2/e2)‘¢j|u1| dxdzds]

j=0 Q/

Z[ / ewﬂ(( N+ | |+Z| )dxdtds

j=0 Q/+4

+22 / e2k¢j|uj|2dxdtds:|

Q{”
|:/ez}‘¢j(’u,]2+]us‘z—f-Z]u,"Z)dxdtds
ot i
122 / ez}‘d’j|u|2dxdtdsj|

Q{H

> /eZAmax(¢°,¢1)(|ut|2+ lug|? + Z |ui|2) dx dr ds
Q1 i

+22 / e M%) 1, 2 dx it dls
A

1
%Z[/e2A¢'/<|uz|2+|Ms|2+Z|ui|2) dx dr ds
=Ly -
(5.97) +)»2/62M’j|u|2dxdtds:|.
o

o8

j=0

Now, combining (5.95) and (5.97), we conclude that for any 11, the following holds:

Zl:[/ez“”’(ml + lus| +Z|u, )drdsdxHZ/eW lul dxdtds]

=0t g ol
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/

1
ch[)\l/eW”(WJFZWZ) dx dr ds 4 %
j=0 i i .
%

J
820

ul®
™ dSy,

(5.98) +A4e*2’0*/ (|u|2+ lug|? + |us|2+Z|ui|2) dtdsdx].
9] :
However, by (5.75) and (5.83)—(5.84), we have:

1
> / ¢’ (|u|2 +y° |u,»|2) dx dr ds
j=0Q£ i

=Zl: (/+ / ><e2A¢"<|u|2+Zi:|m|2)) dxdtds]

—oL\"Y S
! o] o)l

/ ¢! (|u|2 + Z Iui|2> dx dr ds
-5 i

(5.99) +e—2rokf <|u|2+Z|u,~|2> dxdtds].

P 1
J
%

So, combining (5.98)—(5.99), we see that there exists a congtapt A1) such that whenever
A > A2, it holds

[/ezw"<|u,|2+|us|2+Z|ui|2) dtdsdx—i—?»z/ezmjlulzdxwds]

1

~J ,
o o]
<C ci [ |2u Zde
< 2 e 5| Sk
= Sho
(5.100) +,\4e*2r0*/ (|u|2+Iut|2+Ius|2+2|ui|2)dxdtds:|.
o)) i

However, by (5.75) and (5.86), and taking into account that

(5.101) 0SuU Q> Qo,

we get

1 _ .
[/e2A¢’<|u,|2+|us|2+2|ui|2) dtdsdx+x2/em’|u|2dxdtds]

= i

o]} o]}

j=0
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>Z|:/(|ut|2+|u3|2+2|ui|2> dxdtds+k2/|u|2dxdtds:|

—0

~

Q4 Q4
1
(5.102) >§|:/(|ut|2+|us|2+2|ui|2) dxdtds+x2/|u|2dxdtds].
Qo i Qo

Thus, by (5.100) and (5.102), we get

/<|MI|2+|MS|2+Z|M,‘|2> dx dr ds

Qo i
1

<c[e“z/

=/

sl

(5.103) +)»4e—2r0)‘/(|u|2+|u,|2+|u5|2+2|ui|2> dxdtds:|,
] i

whereu was defined in (5.14), an@2 was defined in (5.13).
Step 5. Proceeding as in Steps 5-7 of the previous case the proof may be completed
easily. O

u 2 ;
j
35| 9520

6. Proof of the main controllability and observability results

This section is devoted to complete the proofs of the uniform controllability result of Theorem
1.1 and its consequence in the context of the observability inequalities. Note that the proof of
the convergence of the controls stated in Theorem 1.1 is left to Section 7. We divide it in two
subsections.

6.1. Proof of the uniform controllability results of Theorem 1.1

We follow the control stategy presented in Section 2.2.

We fix a control timeT > 0. We then choose(T') such that Theorem 3.1 on the uniform
controllability of the parabolic projections holds in the time interM@&l7 /3] for any O< ¢ <
e(T).

We now divide the control time in three subintervaéjs= [0, T/3], I> =[T/3,2T/3] and
I3=[2T/3,T].

In the first time interval; we apply Theorem 3.1. We deduce that, for &3, u') € H¢ there
exists a controf . € L?(w x (0, T/3)) such that the solution of (2.20) satisfies (2.21). Moreover,
according to Theorem 3.1, we deduce the existence of a positive co@sta@twhich depends,
in particular, onT" but is independent of @ ¢ < ¢(T'), such that:

0.1
(6.1) I f1ell L2 0,7/3) < Cl ()] e
forall 0 < e < ¢(T) and everyu®, ul) € H.

In the second time intervdp = [T'/3, 2T /3] we let the system evolve freely. In other words,
we solve the uncontrolled system (2.24) with datd, v}) = (u(7/3), u,(T/3)), u being the
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solution of (2.20) obtained in the first time interval According to (2.21), i.e., to the fact that

(6.2) w8 (2, v}) =76 (u(T/3), us(T/3)).
we have
(6.3) (2, v}) = (u(T/3), u:(T/3)) € Hf .

Therefore, in the time intervdb we may apply Theorem 4.1. We obtain

(6.4) | (), us ()| e < 2327749 (0, v}) VT/3 <t <2T/3, YO <e <e(T).

[ e

Moreover,
(6.5) (u(t), us(t)) € Hf, VT/3<1t<2T/3,
since the condition
(6.6) nf,(u(t), ui (1)) =0, VT/3<t<2T/3,
is kept along the trajectory.

We set
(6.7) (w2, wl) = (u(2T/3), u;(27/3)).

We have
(6.8) [l wi) e < 2%2€7 72 (02, 0) [ -

On the other hand, taking into account that. is bounded inL?(w x (0, T/3)) (see (6.1)) we
have, by classical energy estimates:

6.9 2 v e <Ll @ u) e + 1 el 20x0.7/30] < €l @0 ut) | e

Combining (6.8)—(6.9) we deduce that:

(6.10) [ we) e < C&TE WO, ) | e

In the last time intervals = [27/3, T] we control to zero the data?, w?) obtained in the
previous two steps. In order words, we solve (2.28) with the confrele L?(w x (2T/3, T))
obtained as a consequence of Proposition 5.1. We then have

(6.11) u(M=u;(T)y=0 Inf
as we wanted to prove and, on the other hand,

||f2,€||L2(w><(2T/3,T)) < Cl(T)eCZ(T)/ﬁ” (wg, wi) H He < Cl(T)ECZ(T)/‘/EeiT/lz€ ” (140, Ml)
(6.12)
This shows that the control:

[ e

f1,€5 Ogth/37
(6.13) fe=10,  T/3<t<2T/3,

fZ,aa 2T/3<t< T



782 A.LOPEZ ET AL./ J. Math. Pures Appl. 79 (2000) 741-808
is such that the null controllability condition (6.11) holds and, according to (6.1) and (6.12),

(6.14) I fell 207y < CJl (% ub)] 4e-

This completes the proof of the uniform controllability result of Theorem 111.

Remark6.1. — In view of the developments of the proof we see that the coyifrohcting on
the last time interval2T /3, T'1, is exponentially small with respect to

6.2. Proof of Theorem 1.3

In this section we prove Theorem 1.3 as a direct consequence of Theorem 1.1.
First of all we observe that, multiplying in (1.1) lpysolution of (1.9) and integrating by parts

the following holds:
T T
—8/u<ptdx —}—/ugodx
0 0

T
//fgodxdt:s/utgodx
0 w

2 ko) 2

T

0

Now, if f € L%(w x (0, T)) is the control of (1.1) such that the solutiensatisfies (1.4) we
deduce that

T
(6.15) //f(p dx dr 28/ [u0<pt(0) — u1<p(0)] dx —/uocp(O) dx.

0 o Q 2

We now observe that, in view of the uniform bound (6.14) we have obtained on the control, it
follows that

8/ (uofp,(O) — ulfp(O)) dx — / uogo(O) dx

2 2

T 12
(6.16) < CH (uo, ul) H e |://(p2dx dt:| , V(uo, ul) € H¢, V(cpo, (pl) e (HS)/.
0 w

Taking into account that

2 2 1/2
@ e e = g + et 7o

and rewriting the left hand side of (6.16) as

[ 10600~ 9(0) s~ vE [ utvep©ds
2

2

we deduce that:

T 1/2
0 o



A.LOPEZ ET AL./ J. Math. Pures Appl. 79 (2000) 741-808 783

or, in other words,

’

T
eHw(O)Hiz(Q)JrHwt(O)—w(O)Hf,_l(Q)<C//<p2dxdt, v(¢% o) € (HF)',
0 w

with a constantC > 0 which is independent of & ¢ < ¢(T). This completes the proof of
Theorem 1.3.

7. The limit process

This section is devoted to prove the convergence of the controls stated in Theorem 1.1.

We fix T > 0. We then consider @ ¢ < ¢(T) so that the uniform bound on the controls stated
in Theorem 1.1 holds, as proved in Section 6.1.

We also fixu® € H}(£2) andut € L?(£2).

For any O< ¢ < ¢(T) we consider the controf, € L2(w x (0, T')) such that the solution of
(1.1) satisfies (1.4). Note that

(7.1) 1 fell 2wy < Cl 0 ut) | e YO <& <e(D),

with C independent of & ¢ < &(T).
Moreover, according to the construction of the control of Section 5, we know that we may
choose a control of minimal norm of the form

(7.2) c=@: INwx(0,T),

wheregs is the solution of (1.9) with initial datép?, 1) € (H?) minimizing the functional

T
(7.3) Te (0%, 91) = %//gozdxdt+/(u0+sul)<p(0) dx — e(u®, ¢ (0))
0 @ 2

in (H?)'. Obviously, the control in (7.2) is not the one we built in the three steps control method
but we keep the same notation since it has the same essential properties: for instance, the bound
(7.1) is kept.

In view of the uniform observability inequality of Theorem 1.3 it is easy to see that the
minimizers are such that

T
(7.4) //<p§dxdr<c, V0 < ¢ < &(T),
0 w
and consequently
2 2
(75) 8“ ¢8 (O) HLZ(.Q) + Hg(pé‘,l‘(o) - (pé‘ (0) ||H_1(.Q) g Ca
as well.

Note however that we may not deduce a uniform bound of the form (7.5) for the initial data
(@2 ¢1).
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According to (7.2) and (7.4) the controfs = ¢, are uniformly bounded iL2(w x (0, T)).
By extracting subsequences (that we still denote by the iajlese deduce that

(7.6) @ — ¢ weaklyinL?(w x (0, T)).

Let us now observe that the Euler equation satisfied by the miniraifep?) € (H®)' of the
functional J, may also be written as:

T

//%ws dxdt+/ (1 + eu) ¥ (0) dx — e{u®, ¥, (0)) =0,
(7.7) J

0 Q2
V. solution of (1.9)

Given(y°, y1) e L2(22) x H~1(2) fixed, we denote by, the solution of (1.9) with those data
attimer =T. Itis then easy to see that

(7.8) (¥:(0), Ve (0)) — (¥(0),0) strongly inL?(2) x H™1(£2).
wherey is the solution of (1.13) with datum® at times = T'. Moreover
(7.9) Ye — ¢ strongly inL?(£2 x (0, T)).

We refer to Appendix D for a proof of these convergence results.
Using (7.6), (7.8) and (7.9) and passing to the limitin (7.7) we deduce that:

T

(7.10) //(pl//dxdt—i—/uow(O) dx =0.

0 2

But then the solutiom of the controlled heat equation (1.2) with contyok ¢ is such that
(7.11) w(T)=0 ing.

Indeed, multipling in (1.2) by solution of (1.13) and integrating by parts we deduce that

T

//f&dxdt:/mﬂdx

0 2

T

0

which combined with (7.10) implies that

/M(T)I//O dr =0, Vvy®eL?(R),
2
and this implies (7.11).

Consequently, the weak limjt in (7.6) is a null control for the limit heat equation (1.2).
We are now going to prove the following two facts to complete the proof of Theorem 1.1:
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(&) The limity is uniquely determined, i.e., independently of the subsequence;
(b) The convergence (7.6) holds in the strong topologg &y x (0, T)).

To prove (a) we first observe that, according to Theorem 1.3, the uniform observability
inequality (1.11) holds for any" > 0. In particular it also applies in any interval of the form
(r,T)withO <t < T.

Then, we deduce that

2 2

le@es (@) = 0e(@) |10, + €0 (D] 720, <CT —1)
with C(T — ) that becomes singular when= T'. Nevertheless, we get that
(7.12) ¢e —ege, isboundedin.®(0,v; H(£2))

(7.13) JVeg: is boundedinL>®(0, t; L?(£2))

foranyO<t < T.
Combining (7.12) and (7.13) we deduce that

(7.14) e is bounded i ~%(0,7; H~1(2))

foranyO<t <T.
Then, in addition to the convergence in (7.6), we may guarantee that:

(7.15) 9. — ¢ weaklyinH (0, 7; H1(£2)).
In fact
(7.16) Qe — Qe — @ Weakly inHﬁl(O, T; Hfl(.Q))

as well since, in view of (7.13}p..; — 0 weakly inH~1(0, r; H1(2)).
Combining (7.16) and the boundedness condition (7.12) we deduce that

(7.17) Qe — Qe — ¢ Weakly-x in LOO(O, T; Hﬁl(.Q)),

forallO<t <T.
Consequently € C([0, t]; H1(£2)), but since it is a weak solution of:

o+ Ap=0 in2x(0,7),
(7.18)
¢=0 onas2 x (0, T)

by the classical regularizing effect we deduce that
(7.19) 9 eC([0,7]; H3(2)), YO<t<T.

In order to identify the limitp we define the following Hilbert space:
(7.20) F={feL?wx(0,T)): f=g¢luxor forsome
solutiong of (7.18) withy € L%.(0, T; Hy(52))},
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endowed with the norm

T 1/2
(7.21) ||f||F=( / / wzdxdr) .
0 w

We define the following quadratic functional ¢h

T
(7.22) J(f):%//gozdxdt—i—/uow(O)dx.
0 w

2

We now make use of the following observability inequality that solutions of (7.18) satisfy:

T
(7.23) [o©@[? 1 < C / / o2,
0 w

with C independent of the solutiap of (7.18).

This inequality is well-known to hold for any open non-empty sulbsef £2 (see [3] and [6]).
But in the present geometric setting it can also be derived as limit wher0 of the uniform
inequalities (1.11).

In view of (7.23) it is easy to see thdtachieves its minimum at a single poifit= ¢ which
is characterized by the Euler equation:

T

(7.24) //fw dx dt—i—/uol//(O) dr =0, Vv solution of (7.18)

0 2

Taking into account that the limit of the sequence, also satisfies (7.10), we deduce that the
limit ¢ is precisely the minimizer of in F. Consequently, the limitin (7.6) holds for the whole
sequence.

Let us finally prove that the convergence in (7.6) holds in the strong topolody @$ x
0, 1)).

The solutionsy,, since they minimize the functionals, satisfy

T
(7.25) // | e |2 dxdt:—/(u0+8u1)<p8(0)+£/<p87;(0)u0.
0 o 2 2
Passing to the limit in (7.25) we deduce that:
T T
(7.26) //gozdxdtglimigf//koslzdxdt
e—
0 w 0 w
= Iimo[—/(uo—i-sul)(pg(O)+8/§05,t(0)u0j|
e—
2 2
:—/uow(O) dx,

2
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since one can easily check that(0) — ¢, ,(0) — ¢(0) weakly in H1(£2), ass — 0.
But

T
(7.27) //(pzdxdt+/u0<p(0) dx = 0.
0 w 2

Combining (7.26) and (7.27) we deduce that

T T
//I%Izdxdtﬁ//gozdxdt
0 o 0 o

which, combined with the weak convergence (7.6), implies that> ¢ strongly inL2(w x
0, 7).

8. Further comments and results

In this section we discuss some variants and extensions of the results of this paper and also
present an open problem.

8.1. Sharp geometric conditions ore

Let w be an open non-empty subset @f Suppose thatr does not satisfy the geometric
conditions imposed in this paper. This is for instance the case Whisnconvex ando C £2. In
this situation one does not expect, in general, the results of this paper to hold. In fact, one can not
even guarantee the exact controllability of system (1.1) withO fixed.

However, Theorem 3.1 on the uniform controllability of the parabolic projections does apply.
Moreover, if we apply the control strategy described in Section 2 but taging= 0, i.e., letting
the equation evolve freely in the intervalu I3 = [T /3, T], at timer = T we get

(8.1) 75 (ue(T), ue (T)) =0
and also
(8.2) (e (D), u, (D)) e < Cre” 2T (O, ub)| ..

More precisely the following holds:

THEOREM 8.1. — Let £2 be a bounded domain 6" of classC*. Letw be any open non-
empty subse®. Let T > 0. Then, for all0 < ¢ < min(e(2, ), T?/C2(2, )) and u°, ul) €
HE there exists a controf; € L%(w x (0, T)) such that the solution ¢fl..1) satisfie8.1).

Moreover, there exist positive constantg C2, C3 > 0 such that(8.2) holds and

(8.3) I fell L2 0.7y) < C3 (u ut) | g7e

for all (u°, ul) € H¢ ande as above.

The constants($2, w) andC (2, w) in this statement are those of Theorem 3.1. This theorem
provides a partial and uniform controllability result in which the parabolic component of the
solutions is driven to zero and the hyperbolic one is exponentially smal-a®9.
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Obviously, the null controllability of the heat equation from an arbitrary open non-empty
subsetw of £2 may also be viewed as the limit as— 0 of this partial controllability property.

However, it makes sense to analyze whether (8.1)—(8.2) may be replaced by the stronger
condition

u(f)=u,(T)=0

keeping the uniform boundedness condition (8.3) on the control.

For this to hold$2 andw have to satisfy the geometric control condition introduced in [1].
Roughly, this condition asserts that every ray of geometric optics has to enter the subdomain
in time T'. Indeed, this is a sharp sufficient condition for the controllability of system (1.1) for
anye > 0 fixed. Note that the velocity of propagation of the rays of geometric optics depends
on ¢. Thus, if this geometric control condition is satisfied for soime O it also holds for all
O<é& <e.

This paper provides a positive answer in the particular case whée neighborhood of a
subset of the boundary of the forf(x?).

One may expect the results of this paper to hold under the sharp geometric control condition
of [1] on w and$2. But this is by now an open problem.

8.2. Variable coefficients

The three steps control strategy we have used along this paper may be applied to more
general variable coefficients wave equations admiting Fourier series decompositions. It would
be interesting to see what are the minimal regularity conditions on the coeffigiéntsand
a;;j(x) so that the results of this paper apply to the more general equation:

(8.4) ep (g — j(aij (x)oju) + p(x)u; =0
with
O<po<px)<p1<oo, Vxes,
alé? <aij(x)EE < AE)P, Vx e, VEeR"
with 0 <o < A < oo and
ajj =dji.
8.3. Initial data depending one

In Theorem 1.1 we have stated the strong convergence of the coyitrofy1.1) towards a
null control for the limit heat equation when the initial d&td, u®) € H3 (£22) x L?(2) are fixed.
The result may be easily extended to initial data depending oa., (u?, ug) € H¥® provided

(8.5) |2 up)] e < C
and

(8.6) ul - u® in H3(2),
(8.7) Veul -0 inL?(2).

Weak convergence results may also be established when the initial data converge weakly.
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8.4. Boundary control

The same problems arise in the context of boundary control. In that case the most natural
functional framework is wherftuo, u1) € L2(2) x H~1($2) and the boundary control lies in
L? and is supported on a subset of the boundary of the fortn®) x (0, 7). Most of the
developments of this paper apply in this context too. However, the strategy to uniformly control
the low frequencies has to be slightly modified. This will be done in a future paper.

Appendix A. Proof of the exact controllability of the damped wave equation

In the geometric setting we are working in, the exact controllability of (1.1) can be easily
obtained as a combination of HUM (Hilbert Uniqueness Method) (see J.L. Lions [8]) and
multiplier techniques.

Indeed, applying HUM one easily sees that system (1.1) is exactly controllable if and only if
there exists a consta@t(e, 7') such that the following observability estimate holds:

T
() 161 22 + ell o 10 < Ce.T) [ [ o2tvar
0 w

for any solution of the adjoint wave equation

e —Ap—@, =0 in2 x (0, 7),
(A.2) =0 ondas2 x (0, 7),
9, T) =), r(x, T) =t (x) in L.

The following holds:
LEMMA A.1. —In the geometric setting of Theoreld, for anye such that

(A.3) O<e< [T/(ZHX - XOHLOO(.Q\w))]Z

there exists a positive constafite, 7') such that(A.1) holds for any solution ofA.2).

RemarkA.1. — Note that this result does not provide any information on how the constant in
(A.1) depends oa.

Proof. —We perform the change of variables

(A.4) T =t/
Then Eq. (A.2) reads as
A ! 0 in2 x (0, 7)
TT - —F=¢r = X (Y, ,
Pzt 2 \/590
(A.5) ¢=0 ona x (0, T),

o, T) = %), ¢ (x, T) = Vept(x) ing,
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with T = T/ /z.
The problem is then reduced to show that for any

(A.6) T >2|x - x0ll L% (2\w)

there exists a constadit(e, 7) > 0 such that (A.1) holds for any solution of (A.5).
As proved in [8], Tome 1, when

(A7) T > 2||x — xoll L>(2)

the estimate

T
(#8) 1o ey el sy < € [ [ oParas
0 w

holds for the solutions of

¢rr —Ap=0 1IN x (0,7‘\),
(A.9)

¢=0 onaR x (0, 7).

By a slight change in the proof of [8], Tome 1, it can be seen that (A.5) actually holds for the
solutions of (A.8) under the weaker restriction (A.6) on the control fifne

We prove (A.1) for the solutions of (A.5) as a consequence of the fact that (A.8) holds for the
solutions of the purely conservative wave equation.

We make the following change of variables

(A.10) v =e ey,

Theng satisfies (A.5) if and only i) solves:

wn—Aw—iwzo in2 x (0,7),
(A.11) 4e

v=0 ond x (0, 7).

In view of the nature of the change of variables (A.10) we deduce that (A.1) holds for the
solutionsy of (A.5) if and only if

T
(r12) 90 iy + 92 20y < €D [ [ w2avas
0 w

holds for every solutions of (A.11) (with possibly a different constant).

We finally claim that (A.12) holds for the solutions of (A.11) as a consequence of the estimate
(A.8) that we know is valid for the solutions of (A.9). To see this it is sufficient to apply the
“compacteness-uniqueness” method described in Appendix | of [8], Tome 1.

Note however that this method does not provide an explicit bound on the observability constant
C(e, T). The proof we develop in Section 5 using global Carleman estimates shove(that)
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grows as &/v% ase — 0 for a suitableC > 0. Note however that, as a consequence of Theorem
1.2 the observability constant ends up being uniformly bounded above provided the dissipativity
of the systems under consideration is suitably taken into account.

Appendix B. Proof of Lemma 3.1

Assume thatu®, u1) € H¢ is such thatr; (u°, 1) = 0 with k < k(¢). Then we decompose
U% = (u°, ub) into its parabolic and hyperbolic components:

(B.1) v'=u+ 0P, Ud=nE(U°). U =i (U°).

Obviously bothUg and U,? depend also on but we do not make this dependence explicit in the
notation to simplify it.

Then

(B.2) [Se@ OO e <ISe@ (U)o + 1S (UR) | -
We claim that:

(8.3) [Se (U] e < Cae™ [ U],

and

(B.4) [5: U] e < Cre™ [0 e

Obviously combining (B.2)—(B.4) we deduce that the inequality (3.10) of Lemma 3.1 holds.

Note that (B.4) states that the hyperbolic component of the solution decays at an exponential
rate of the order of As. This is in agreement with the fact that the real part of all the hyperbolic
eigenvaluesis-1/2¢.

The estimate (B.4) on the decay of the hyperbolic components was proved in Section 4. The
decay rate (B.3) of the parabolic components is proved in the following lemma.

LEMMA B.1.-There exist positive constanfg, C2 > 0 such that
(B.5) |S: ) (UO)] e < Cre” 21 |U°] .., V>0,

for every0 < & < 1,k < k(¢) andU° € Hf such thatrf (U°) =0.

Proof. —The solution(u,, us ;) = S¢ (1)(U®) may be decomposed in Fourier series as follows:

K& rajrs_—b; bj—b)
Jj— J AE J J i+ AE
w 0= 3 [ﬁe’+t+ﬁe’t}ef(")’
j=k+1bt "I J+ J= J+

where{a;, b;} are the Fourier coefficients of the initial data, i.e.,
k(e)
(uo, ul) = Z (aj,bjlej(x).

j=k+1

Using the orthogonality of the eigenfunctiofes} in L2(£2) andHc-}(Q) we deduce that:
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k(e) ai\i_ —b; .. bi—aire . 12
s = 3 M[ﬁemw HGA’J]
-

Jj=k+1 J+ J— J+
k(e) aiA’ b aii 2
) J A J VLA RS AE t
+& Z [)ﬁ o) /\j+e e Y e, /\j_ef }
jekra b =T - %
k(e) ) A?,ekj+t . )\.3:+e)\j’t 2 , e)‘jft _ e)‘i'th 2
<2 Z i1a Iy v D —
N Hil%i A —AE i\ e
j=k+1 j= i+ i j+
k(e) AE Lt e)f,_; 2 2E e)\j+t _e e)‘j*t 2
2 ejtt — @i o Mg i
(B.6) +2¢ Z {aj[X§A§+W +b? - )
j=k+1 j= it j- "M+

Let us assume that there exist positive constdntsA, > 0 such that:

A8 ehi a8 ei-1q2 &+ _ @112
Jj— Jj+ ’ ’ 2, —2Aou;
(B.7) y,j[ TG i| +e|:)hj-k§-+7)\s — :| <pjAfe 2Mjt
j— j+ j— Jj+
and
AL A A2 e QMisl _ye grita2
ei-" — g+ AL € — A% @
(B.8) M,-[i} +s[ thx / } < g A2 2A2ust
PR L PR —
j— j+ j= j+
forall j=k+1,...,k(e).
Then by (B.6) we deduce that:
) k(e)
H Sg(t)(UO) ”H€ <2 Z [ujajz-A%e_ZAzuﬂ + 8b]2-A%e_2A2th]
j=k+1
k(e)
=242 Z [ujajz-+8bjz-]e*2’42"f’
j=k+1
k(e)
< 2A%g2A2mil Z [Hja]2'+8b]2-]
j=k+1
_ , 2
(B.9) = 2A%e 24211 | U0 %,..

Thus, Lemma B.1 will be proved if we are able to prove (B.7) and (B.8). Obviously, (B.7) and
(B.8) will hold provided the following four inequalities hold:

)\‘g )\g-+l _ )\‘g )\g-il 2
(B.10) ic 27 1 pze2aany
A — A St ’
J= J+
et — =72 .
(Bll) 28 |:)\.§)\.j+ W} S A%Mje—ZAzlL/t’
=i+
Aot Aot 2
€/ —€Jt _ .
(BlZ) 2[,Lj [W} < SA%e 2A2M/t’
J= J+
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AE Lt ALt
€ J+ = \E -
AHe /\er

e ¢
Ajo = Ay

2
:| SA%eszz,u_/t,

(B.13) 2[

forall j=k+1,...,n(e)
We now prove these inequalities.

Inequality (B.10).
Itis equivalent to

)\‘;_e()ui-Jr-l—AZﬂj)t _ )\‘;+e()»§-7+A2uj)T 2 A%
(B.14) i A
Jj= j+
We set
(B.15) o )Lj’._e()‘§++"‘2/4i)f _ )»j’-+e()”§—+A2”")t
. t —

My =Mt
This functionf satisfies the following properties:
e f(O)=1andf(t) >0forallz > 0;indeed

e L (A5 . ,
Ft) = e()\j++A2:u_/)tﬁ — ey HAaupi >0.
j= "+

e Obviously, f(t) - 0 ast — oo whenevemj.+ + Azuj < 0. According to (2.8) this
condition holds withA; = 1.
e f achieves its maximum at the point

AL (M5 4 Aopj)
B.16 =1 It ) AEL —AE ),
(8.16) 01003 Gy /05— 350)
so that
(B.17) f@®) < fto) <2/(2— A2).

Assuming for the moment that (B.16) and (B.17) hold we deduce that a sufficient condition
for (B.14) to hold is to takel, = 1, as above, and1 > 24/2.

Let us now check (B.16) and (B.17).

It is easy to see thag as in (B.16) is the unique critical point gf. On the other hand:

€ € N Aot )/ —2E
flto)=(A5_ =25 )1{ e [)‘j+o‘j—+A2ﬂj)i|( Gt A2 /(05 A5
—\%j- j+

L5085, + Ao
. [k§-+(k§-_ + Azu,-)}“i—“‘zwﬂ/@‘nk.‘;—>}
j+
PS5+ Aap))

AL 05 +Aou))\ 1
e e e & __ 1€ J+"0 J
B |:Aj:+(/\j: + A2Mj)}“j++A2M)/(Aj+—Aj) |:)‘j ’\j+(xj7(xj.7+A2uj)) }

RERE TR
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We have, in view of (2.8),
()“§+ + AZ“J')/()“§+ - Xj-,) <0

and
k§+(k§_ + A2 ) . Xj_(ijr + Aouj) _
> =1
Ay 4 Azug) T A (A + A2u)
Therefore
. e (MO8 _+Au) | —1
o )‘j— - )‘j+(xjf(x§++A2uj))
f(t0) < TG
Jj— J+
j_?»§-+(?»§-_ + Aguj) — )\§+X§-_(k§+ + Aouj)
(A =28 DA% GF + Agp)
&€ & & & &
_ A iyt S
A S Ao (WS- =A%) AS + Ao
Taking into account tha?tj_)&j.Jr = 1t; /¢ we deduce that
A 1 2 2

f(@) < f(to) <

= = g .
A+ Azt S 1+ Aedt,  2— A+ A2 /I—4ep; 2- Az

This completes the proof of (B.10).

Inequality (B.11).
Taking into account tha?tj.fx\jJr = 1 j/e we deduce that (B.11) is equivalent to

il _ @it q2
2| a8, —————— | <Ale ol
J=TIETAE T
J Jjt

or, equivalently,

e()\§++A2/l,j)t _ e()\i_+A2/tj)t

(B.18) P o < A1/V2.

We now define the function

(KA )t _ 05+ Az

e
OEN/N T
Jj+ Jj—

It satisfies the following properties:

e f(0)=0, f(r)>0forallt >0,
e f(t)— 0asr — +oo,
e f achieves it maximum value at

(B.19) to=log((25_ + Azu;) /(A5 + Azpsj)) / (A5, —25_) >0
and
(B.20) f(0) < f(to) <2/(2— Az).
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Once (B.19)—(B.20) are proved (B.18) can be obtained immediately by a suitable choice of the

constantsi; and A».
Let us now check (B.19) and (B.20). The fact that the maximum is achiewgdmin (B.19)
is a simple computation. Moreover we have:

[he 2, [<X§_ i Azﬂj)(ki++Azu_,‘)/(kj‘-+Aj‘-)

f(to) =
Mg =25 L\AG + Azu
(X‘;_ + Ao )(k§+A2M_/)/(k§+K§)i|
)»j-Jr + Ao
VAI-Ais ()\3— + Agp; )“?ﬁf‘wﬂ/@%ﬁ—) [1 A+ Azm}
Ao = A5 \A%, + Ao AS+ Agu ’
We also have
A§-++A2/Lj<o )\37+A2;,Lj>1 _)\j’-Jr—}-Aszj: )»?-7—)»?-+.
Ao =25 ’ AL+ Aoy T A+ Aguy A5+ Ao
Therefore
A8 A8 e
=i+ [A5_]
fto) < — /!

< )
A+ Aoy M| — Aop

Taking into account that
1+ /1—4ep;
2¢
and since du ; < 1 for the parabolic eigenvalues we are considering, we deduce that:

1+ /1—4ep; o 1+ /1—4ep;
1+ JT—dep; —2eAou; 1+ JT—4dep; — Az/2’

Taking into account that the functidi{r) =7 /(r — @) is nonincreasing for > 0 provided: > 0,
we deduce that

& —
05| =

fto) <

1+ /1—4ep; < 1 _ 2
1+ /T—dep; —Az/2  1—Az/2 2— Az

This completes the proof of (B.20) and therefore the proof of (B.11) as well.

fto) <

Inequality (B.12).
Taking into account thatj_kj.+ = /e, inequality (B.12) is equivalent to

AS Lt

: AS
e X€+e j+ — @ < A1 o Aoujt
— & & :
Vi )"j+ _ )»j, ﬁ

This inequality is equivalent to (B.18).
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Inequality (B.13).
This inequality is equivalent to

)\‘6‘-+e()\.jv++A2Mj)t _3E e()nj_+A2/tj)t
J J—

(B.21) < A1/V2.

& &
Aj+ — )\j7
We define the function

ae @Mt Azt _5e (O HAaupt
-

f)y=-L*

e ¢
My T hj-

ProvidedA; < 1, this function satisfies the following properties:
e f(0)=1, f vanishes at

n=1log(x5_/A5,) /(A5 —252),

andf > 01in (0, 1) U (t1, 00),
e f(t) > 0ast — +oo,
e Finally,

(B.22) f()<2/(2—A2), Vt>0.

Obviously, once (B.22) is proved (B.21) holds by a suitable choice of the constargad
Az. Thus, let us focus on the proof of (B.22).
It is easy to check that’ vanishes only at the point:

A_(A5_ 4+ Aou )
(B.23) tozlog[ ] d }/(/\j+ —25).
Ay G+ Azj)

The maximum off is achieved at this poing. We also have:

& & . c c c & € .
)Ljf()\ijrAz/t,)](A;++A2M_/)/()Lj-+f)hj.7) Y [Aj,()nj7+A2M_/)](A§7+Azltj)/(kj+fkj,)
.

& —
B Aj+[;x_€,+(xj++Amj) O T AiL)
f(to) = e
jt+ Jj—=
. [/\j-(/\j + Azuj)}(A.s/ﬁf‘mf)/(’\?f*?—)[1 — (W + Ao )/ (A5 + AzMj)}
=AM+ e : ) 2 2 :
THLAE 05+ Agpy) Mg = A
(B.24)

We also have

A5 (W5 + Agpuj) PGt A2m)/ (G =25 )
[ J J :| < 1.
)»j’-+(?»‘;-+ + Ao )
Therefore
5 1— /1 dep;
Flio) < |—2—| = A S S—
Aj—+ Aopj 14+ /1—4ep; —2eAopuj  1—2eAou;
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and taking into account thag4e < 1 we deduce that

. 2
l—A2/2_ 2— Ay

fto) <

This concludes the proof of (B.22). Consequently (B.13) and Lemma B.1 are proved.

Appendix C. Proof of Lemma 3.2

This Appendix is devoted to prove Lemma 3.2 which provides an upper bound on the cost of
controlling a finite number of parabolic components of the system.

To simplify the notation we replack, U¢, o, and the intervala;_1, ag—1+ 1) by T, U°, k
and(0, T) respectively.

We claim that Lemma 3.2 is consequence of the following observability inequality for the
solutions of the adjoint system (1.9).

LEmMMA C.1.-Under the assumptions of Theor&1, there exist positive constantss?),
C(£2) andC1, C2 > Osuch that for all0 < ¢ < ¢(£22) andT > C(£2)+/¢ the inequality

T
}eczm//(pzdxdt
0 w

holds for every solutiop of (1.9)with initial data (¢°, 1) € (Hf) and1< k < k(e).

2 2 4 1
€1 o0z + el O aiq < ima 7.

RemarkC.1. — (C.1) provides an observability estimate for the solutions of (1.9) with only
a finite number(k) of parabolic components and null hyperbolic component. This estimate is
uniform on O< ¢ < 1. However, the observability constant grows exponentially with

Before getting into the proof of Lemma C.1, let us show that it implies Lemma 3.2. To do this
we indicate how we may build the contrgl € L?(w x (0, T)) such that the solution of (3.1)
with initial datumU9 = (40, u1) satisfies

(C.2) n,f(ug(T),uw(T)) =0.

To build the control we consider the quadratic, convex and continuous funciionalH,)) —
R defined as:

T
(C.3) Jex(#° o) = %//(pzdx dr + / (u® + eut)p(0) dx — e{u®, ¢, (0)),
0 w 2

where(-, -) denotes the duality pairing betweéig}(fz) and H~1(£2), andg is the solution of
(1.9) corresponding to the dat@®, ¢?) € (Hf)'.

According to (C.1), the functional,  is also coercive. Thereforg ; achieves its minimum
at some point(@?, g1) € (H;)'. It is easy to check that the contrg} = @., whereg; is the
solution of (1.9) with the minimize(@g, ag) as data, is the control we are looking for.

On the other hand, taking into account that:

Tex@%9h) = min Jox(¢% ¢1) < Jex(0,00=0
k(@2 Pe) i e (" 97) < Je
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and using the bound (C.1) we obtain:

T
12 - ~
//‘908‘ dthgz[\/g”uO”H&(Q)J’_”uo+81'{1”L2(.Q)][H¢5(0)”Lz(ﬂ)+\/EH¢S”(O)”H—1(.Q)]
0 w
4 1 ; vz
(C.4) <C||U°||Hg[max(7,m)e“”//@ﬁdxdt] .
0 w

From (C.4) we get

4 1/2 PR
Iilizoxon < €1 max( 7)) e o],
for suitable positive constan€, andCs.

Therefore the proof of Lemma 3.2 is reduced to prove Lemma C.1.

Proof of Lemma C.1. Fhe proof of (C.1) uses in an essential way the following result due to
G. Lebeau and L. Robbiano [6] (see also [7])1

PrROPOSITION C.1. —Let £2 be a bounded domain &" of classC*. Letw be an open non-
empty subset a2. Let {y;};>1 be the eigenvalues ef A with Dirichlet boundary conditions
and{e;};>1 the corresponding eigenfunctions, constituting an orthonormal badig@®).

Then, there exist two positive constafts C> > 0 such that

(C.5) > IajI2<C1eC2ﬁ/ Y ajej(x)

wj<y w MY

2
dx

for every finitey > 0 and every choice of the coefficiefits },,; <, -

This inequality has to be combined with the following result on the time-independent
exponentials arising in the development of the solutions of (1.9) in Fourier series.

LEMMA C.2.-There exist two positive constands(£2), C(£2) such that for all0 < ¢ <
c0(2) andT > C(2)./z,
& & l & &
e e T I VL
i+

&
)»];
T
4 1 W (T—1) A (T—1)|2
(C.6) <2maxi —, — |Ae"+ 0 4 Be = 0| % dr
p1
0

forall j=1,...,k(¢) andA, B eR.

Assuming for the moment that Lemma C.2 holds let us complete the proof of (C.1) and
therefore of Lemma C.1 as well. We shall return later to the proof of Lemma C.2.
Recall that
e ,e _ M
Mo =—

Therefore, for any X k < k(¢) it follows that:
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2 [\Ajekw + BT P A, T g e‘f—Tﬂ
j=1 J

T
k
(C.7) 2max{T TZ}/Z|AjeA§+(T—r)+BjeA§(T—r)|2dt
Mn1 =i

forallA;,B; eR,j=1,... k.
Combining (C.5) and (C.7) we deduce that:

k
Z[|A &’ 4 By |2+§|Aj)‘j+e)\j+t+3j)»j‘—ekjt|2:|
J

e ]

2
dx dr

(C.8) <21 max{

k
> (45850 4 BT en)
j=1
forallA;,BjeR, j=1,...,k

Applying (C.8) with

ajk;:-_—i-bj '_—bJ aj)\.]_,’_

J T 5 e J T "o se¢
Mjo = Ay hj- = hjr

and taking into account that the solutigrof (1.9) with initial data

k k
0 1
=3 ajej, ¢'=Y) bje;
j=1 k=1
may be developed in Fourier series as

)f +0b; & bi+a;)\k
C L (T—1) J I+ A (T—1)
E - ei(x
¢= |: —AS )\'j’*_)\?ﬁ’ ]]()

we deduce that (C.1) holds.
Therefore, the proof of Lemma C.1 is reduced to prove Lemma C.2.

Proof of Lemma C.2. We proceed in several steps.

Step 1. First of all we prove the following inequality:
(C9) |Ae)‘/+ _i_Be)L T 2 /|Ae H(T ’)—i—Be (T— t)| dr.

which holds for allT > 0.
To prove (C.9) we consider the function

(C.10) Fa=12"
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Then, (C.9) is equivalent to
|ae " + ei-T|?
(C.11) SA[A%F(— 205, T) + B2f(—225_T)+2ABf(— (A, +2°_)T)].

From now on, to simplify the notation, we den01§e+ andkj._ by A4 andx_ respectively.
Obviously, (C.11) is equivalent to

A[41 (=24 ) — T | 4+ B[4S (-20.T) — 7]
(C.12) +2AB[4f( — (g + )»_)T) _ e(A++A_)T] >0.

To analyze (C.12) we introduce the function
glx)=4f(x)—e".

Obviouslyg(x) > 0 for all x > 0.
Then, inequality (C.12) may be rewritten as:

(C.13) A%g(=204.T) + B?g(—=20_T) + 2ABg(— (A4 +2_)T) > 0.

For anyn > 0 we have:

A% (g(=204.T) = ng(— (hy +2)T)) + BX(g(=20-T) — g(— (k- + 24T /n)
(C.14) < A%g(—20,T)+ B?g(—2\_T) + 2ABg(— (A4 + A_)T).

Thus, in order to show (C.13) it is sufficient to prove the existence of a positive constadit
such thatg(=2A+T) — ng(—=(A— + A4)T) > 0 andg(=21_T) — g(—=(A- +24)T)/n = 0, or,
in other words,

gy +21)T) g(=20,T)
C.15 -  {pgL<———.
(€15) 2o T) 'S e +anD)

Thus, the problem is reduced to show that
(C.16) (8( = Gor +2)T))* < g(=204.T)g(~20_T),
or, equivalently,
(C.17) 2log(g(— (A+ +A)T)) <log(g(—214T)) + log (g(—2Ar_T)).

Clearly, in order to show that (C.17) holds it is sufficient to prove that the functiogy ()
is convex.

Step 2. We now prove the convexity of lag(x)).
We have

o _ 80)g" () — (¢'(x)?

@(IOQ (g(x))) gZ(X)

Therefore, the problem is reduced to prove that:

(C.18) g(0)g" () — (g')° = 0.
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Moreover:

2

, x“+4dx+4 _ 4

f =" =
8 34 4x2+8x+8

g”(x)=—3_<x + 4x ;— X+ >ex.
X X

Therefore

(3 +22+2x +8) a2 @Y

16
80" () = (g/(x))z AT 4e* 4 4

X X

and it is sufficient to check that
(C.19) 16— 4e ™ (x> +2x2 + 2x +8) + 4 ¥ (2x +4) > 0.
Inequality (C.19) holds since

4e " [4[e" —x? —24+ e+ [ —x3+ 207 — 2v + 2ve ]
=4 [4(2coshx — (x? +2)) + (— x>+ 267 — 2x + 2ve )]

PR P N SN SIS S TP WP N
=4ae Z 2)! -4 —8—x"+ - + Z(_ )—'
iz j=0

2j ix/
_ _x X . JX
=4e [8 E (2j)!+2x§ ( 1)—,! }20, Vx> 0.
jz3 jz4

This completes the proof of the convexity of l@gx)) and that of (C.9).

Step 3. We now prove the inequality:
1 1 ;
(€.20) |Anie T +Br_€ TP <opromax( =, —— / | A€+ + B dr,
T u1T?
0

providedT > C(£2)/¢ forall 0 < & < (£2).
Obviously, (C.6) is a consequence of (C.9) and (C.20).
Using the functiong andg introduced in Step 1 above, (C.20) may be rewritten as

A2 (Thghe (=204 T) — ()24 T) + B2 (thgho f(—20-T) — (1) T)
(C.21)  +2AB(thih_f(— Oy +2)T) — Apr_e?+T4T) >0,
with ¢ =max(1, 1/(u17)). Taking into account that, A_ = /e, this is equivalent to

A2<ff(—2k+T) - i—+e2*+T> - BZ(Tf(_Z)\_T) - i—‘eZA—T)
- +

(C.22) +2AB(tf(— vy +2)T) — X+ H20T) > 0,

We now check that the numbers multiplying, B2 and AB in (C.22) are all positive. More
precisely:

A
(C.23) Tf(=20,T) — k—+e2A+T >0;
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(C.24) tf(=2A_T)— =T >0
At

(C.25) tf (= g +2)T) — e+ > 0,

Proof of (C.23). -Obviously
A
f (-2 T) = T > 0f (20, T) — 4 = g (- 204 T)

with g;(x) = tf(x) — € *. It is easy to check thag,(x) > 0 for all x > 0 andt > 1. This
completes the proof of (C.23).
The same argument shows that (C.25) is also true.

Proof of (C.24). 4nequality (C.24) is equivalent to

Ao | a_ | Te-T

(C.26) o=

According to (2.8)—A1 > u; > n1. Consequently the following is a sufficient condition for
(C.26) to hold:

2A_T)2 T 1
(C.27) T > o A_&T) = Em(—ZX,T)
with
x2 e*
(C.28) m(x) = PR

The functionm in (C.28) is bounded above by 1 for all> 0.
Thus, it is sufficient to guarantee that

1 1

(C.29) T2 — 12—
J251 w1T

’

but this is obviously true by the choice efwe have donet = max(l, /(u17)).
This completes the proof of (C.24).
Let us go back now to (C.22).
We set:

Observe that_, §+ > 0. With this notation, the quantity in (C.22) may be rewritten and bounded
below as follows:

A% (g (=204 T) + 84€+T) + B?(g: (—2A_T) — 6_€”-T) + 2ABg, (— (h— +2)T)
> A%[ge (204 T) + 8+ —ge (= Gy +2)T))]

+BZ|:gr(—2A_T) —5 e T — %gr(— Ay + )»_)T):|

foranyn > 0.
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Thus, it is sufficient to check whether

ge(=Oy +A)T)  _ ge(=204T) +8,+7
g(=20_T) =51 = g (=(Ay +2)T)

(C.30)

In view of (C.23)—(C.24) and taking into account tlzggix) > O for all x > 0, we deduce that
each of the four quantities involved in (C.20) are nonnegative.
Therefore, (C.30) is equivalent to

[8(— s + 2T P < ge (=204 T)ge (—24_T) — 8_8, 0++4-)T
(C.31) —5 e Tg (=20, T)+ 68, T g (—21_T).
The same proof as for (C.16) shows that

(C.32) [¢(— G +20T) P < g(~20, T)g(~21_T)

foranyzr > 1. Then, in order to prove (C.31) it is sufficient to show that the following holds:
(C.33) s 4T g (—2A_T) — 6_5,€?*+TIT _s_e?Tg (—24,T)>0.

The left hand side in (C.33) may be rewritten as:

(C.34) 18, T f(—20_T)+ M+ IT[s_ —5, —5_5,]— 16T f(—=20,T).

The second term on the right hand side of (C.34) vanishes 8inees. — §_&, = 0. Therefore,
(C.33) is equivalent to

(C.35) 8,41 f(—oa_T) —5_e?-T f(—=20,T) > 0.

Inequality (C.35) may be rewritten as

(C.36) h(—=2A_T) — h(—=2)..T) >0
where
(C.37) h(x) = ——

X

It is easy to check thédt satisfies the following properties:

e h is strictly convex forx > 0,

e /1 achieves its minimum on a single poirg > 0, it is strictly decreasing (resp. increasing)
in (0, xo) (resp.(xo, o0)),

e h(x) > x for x > x1 with x1 > xg large enough.

Let us also recall that the eigenvalu€s. are ordered in the following way:

1
(C.38) 1 < <A < —5 < Moy, < <M.

Consequently

T
(C.39) -2 T>--> —Z)Li(g)_T > > — 2k T > > —Z)L‘LT.
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According to this and the properties @ mentioned above we see that (C.36) holds
immediately forallj =1, ..., k(g) provided—ZALT > x0.
Let us now analyze the case where

(C.40) =21, T <xo.

We shall suppose that

T
(C.41) — >x1,
&

or, in other wordsg < T/x1.
In view of (C.39), (C.41) and taking into account thais increasing in(xg, co) it is then
sufficient to prove that

(C.42) h(z) >h(—2)1,T).

&

Indeed, once (C.42) holds, (C.36) holds as well since
h(=205 T)>h(T/e), Vj=1,... k(e),

and
h( =205 T) <max(h( =211, T), i(T/e)), Vj=1,...,k(e).

Let us now check (C.42). Taking into account thaf/e) > T /e (since, by assumption,
T/e > x1) and—ki+ > 1 and therefore (=21 T) < h(2u1T), itis sufficient to prove that

(C.43) T/e = h2uaT),

which is equivalent to

2
(C.44) LS (

el _ 1
=25 (T )

2u1T

But, recall, we are dealing with the case where
—Z)L‘LT <x0&T < —)co/Z)L“i+ < x0/2u1.

Thus, taking into account that the functi¢ef — 1)/x is increasing forc > 0, it is sufficient to
prove that

1 [e0—1
(C.45) T?/s > —( )
2u1\  Xxo

Thus, inequality (C.20) is proved under the condition (C.45). Note that, o0 fixed, (C.45)
may be viewed as a lower bound on the control tih®bviously (C.45) implies (C.41) provided
e > 0 is taken sufficiently small. Note that (C.45) provides the value of the conStany in the
statement of Lemma C.1 and C.2.

This completes the proof of Lemma C.2 and therefore that of Lemma 3.2 as well, which was
the goal of this Appendix. O
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Appendix D. Convergence on the uncontrolled system

The goal of this section is to prove a convergence result of the solutions of:

ey — A — ;=0 in2 x (0, 7),
(D.1) ¢=0 onas2 x (0,T),
o(1)=¢°% @(T)=¢* inQ
towards the solutions of:
o+ Ap=0 iIn2x(0,T),
(D.2) ¢=0 ondR x (0, T),
o(T)=¢° in2

that has been used in Section 7.
The following holds:

LEMMA D.1.-Let¢® e L2(2) and ¢t € H~1(£2) be fixed. Then the solutiogs of (D.1)
satisfy, ag — O:

(D.3) ge — ¢ strongly inL?(2 x (0, 7)),
(D.4) 9:(0) = @(0) strongly inL2(£2),
(D.5) Vepe(0) — 0 strongly inH ~1(£2),

whereg is the solution ofD.2).

Proof. —The energy

1
(D.6) o) = 5100510, + 51001 20,
satisfies
dFe(1) 2
(D?) (;f = H(pt(t)HH—l(_Q)'
Therefore
T
(D.8) Fe(t) = Fo(T) — / 0] —
1
Taking into account that
& 2 1 2 1 2
(D.9) Fo(T) = 2 “901” 12 T §||¢0||Lz(m - §||(pOHL2(.Q)

we deduce that
(D.10) F. is bounded inL*>°(0, T).
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Consequently

(D.11) @e (1) is bounded inL> (0, T; L3(£2))
and

(D.12) Ve (1) is bounded inL>(0, T; H~1(£2)).

In view of (D.8) we also have

T

(D.13) / qus,fmui,_l(m dr = Fo(T) — Fe(0) < Fo(T).
0

Therefore

(D.14) @, is bounded in.?(0, T; H~1(£2)).

By extracting subsequences (that we still denote by the inflaxe deduce that

(D.15) g —¢ weaklyinL?(22 x (0,T)),

(D.16) 9er— ¢ weaklyinL?(0,T; H1(£2)).

Itis easy to check that is a weak solution of (D.2). In view of the uniqueness of the solution of
(D.2) we deduce that the convergencesin (D.15)—(D.16) hold for the whole sequence

In view of the boundedness dip(0), \/z¢..(0)) in L?(22) x H1(2), by extracting
subsequences we also have that, for a suitable subsequence,

(D.17) (@:(0), V@ (0) = (£,7) weakly inL?(2) x HX(£2).

Combining (D.10) and (D.13) and Aubin-Lions’ compactness lemma (see for instance
Corollary 4 in J. Simon [11]) we have:

(D.18) g — ¢ inC([0,T]; H(52)) strongly.
As a consequence of (D.17)—(D.18) we deduce that
(D.19) §=9¢(0).

Passing to the limit in the identity (D.13), using (D.9), (D.14), (D.17) and (D.19) and the lower
weak semicontinuity of the norms we deduce that:

T

1 2 2 1 2
(0.20) ez, + [ 10Ol si0, 0 < 5160 20y
0

and, also:
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T

T

2 o 2

(D.22) / Jor (1 0 < limint / [ O] 2,0,

0 0
The energy law for the limit system (D.2) guarantees that

T
1 2 2 1 2
(0.23) SN0 aa,+ [ 10Ol 1008 = 51010y
0

Then, in view of (D.20)—(D.23) we deduce that:

T T
(D.-24) [ ey 08— [ Lol 10,
0 0
(D.26) ¢]|@e..(0) ||2,1(Q) )

Combining (D.16), (D.17), (D.19), (D.24)—(D.26), we immediately deduce the strong
convergences (D.4)—(D.5).
The same argument shows that

(D.27) @e (1) = @(t) strongly inL?(£2) ase — 0

forall0<r < T.
To conclude the proof of (D.3) it is sufficient to show that

T

T
//(pfdxdt—)//wzdxdt
Q2 0 Q

0

but this is an immediate consequence of (D.27), of the Dominated Convergence Theorem and of
the fact that

1 2

forall0<t < T ande > 0.
This completes the proof of Lemma D.10
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