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Abstract
We prove the equivalence of the minimal time and minimal norm control problems for heat equations on bounded smooth domains of the euclidean space with
homogeneous Dirichlet boundary conditions and controls distributed internally on
an open subset of the domain where the equation evolves. We consider the problem
of null controllability whose aim is to drive solutions to rest in a ﬁnite ﬁnal time. As
a consequence of this equivalence, using the well-known variational characterization
of minimal norm controls, we establish necessary and suﬃcient conditions for the
minimal time and the corresponding control.
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Introduction

Let Ω ⊆ Rd be a bounded domain with a smooth boundary ∂Ω, and ω be an open and
non-empty subset of Ω. Denote by χω the characteristic function of the set ω. Let T be
a positive number and write R+ ≡ (0, +∞).
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We consider the following two controlled heat

 yt − △y = χω u in
y=0
on

y(x, 0) = y0 (x) in
and

equations:
Ω × R+ ,
∂Ω × R+ ,
Ω

(1.1)


 yt − △y = χω f in Ω × (0, T ),
y=0
on ∂Ω × (0, T ),

y(x, 0) = y0 (x) in Ω.

(1.2)

The two systems under consideration are actually the same but in the ﬁrst one the
time horizon is inﬁnite while in the second one it is ﬁnite and coincides with the interval
(0, T ). The initial state y0 is assumed to be a non-trivial function in L2 (Ω), and u and f
are the controls taken accordingly from the spaces L∞ (R+ ; L2 (Ω)) and L∞ (0, T ; L2 (Ω)).
Controls in the above two systems are active only on a subset ω of Ω. Such a control
strategy, compared with the global one in which the control is applied over the whole
domain Ω, is of bigger interest in applications because it is easier to be implemented and
less expensive. On the other hand, this internal control strategy makes the problem much
more challenging. There is in fact a wide literature on the control of heat processes and
research in this topic is still ongoing.
The solutions of (1.1) and (1.2), denoted by y(·; u) and y(·; f ), are considered to be
functions of the time variable t, from [0, +∞) and [0, T ] to the space L2 (Ω). By ∥ · ∥ and
< ·, · > we denote the usual norm and inner product of L2 (Ω) respectively, while ∥ · ∥ω
and < ·, · >ω stand for the usual norm and inner products of the space L2 (ω) respectively.
By B(0, r) we denote the closed ball in L2 (Ω), centered at the origin and of radius r > 0.
For each T > 0 and each M > 0, we deﬁne the following two admissible sets of controls:
• FT = {f ∈ L∞ (0, T ; L2 (Ω)) : y(T ; f ) = 0};
• UM = {u ∈ L∞ (R+ ; L2 (Ω)) : u(·) ∈ B(0, M ) over R+ and ∃ t > 0 s.t. y(t; u) = 0}.
For each admissible control u ∈ UM of the inﬁnite horizon control problem, we deﬁne
e
t(u) = inf {t > 0; y(t; u) = 0} .
The two control problems under consideration are as follows:
{
}
• Minimal norm control problem, (NOCP)T : inf f ∈FT ∥f ∥L∞ (0,T ;L2 (Ω)) ;
{
}
• Minimal time control problem, (TOCP)M : inf u∈UM e
t(u) .
These two problems provide the following two values:
{
}
{
}
α(T ) ≡ inf ∥f ∥L∞ (0,T ;L2 (Ω))
and τ (M ) ≡ inf e
t(u) ,
f ∈FT

u∈UM
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the minimal (or optimal) norm and the minimal (or optimal) time for (NOCP)T and
(TOCP)M respectively.
The optimal controls for these two problems are deﬁned as follows:
• (i) f ∗ is a norm optimal control (or a minimal norm control) to (NOCP)T , if
y(T ; f ∗ ) = 0 and ∥f ∗ ∥L∞ (0,T ;L2 (Ω)) = α(T );
• (ii) u∗ is a time optimal control (or a minimal time control) to (TOCP)M , if u∗ ∈ UM
and y(τ (M ); u∗ ) = 0.
Problem (TOCP)M is a special instance of free terminal time-problems (see, for instance, [30], [17] and [16]).
The admissible set FT is well known to be non empty as a consequence of the null
controllability property of the heat equation for any T > 0 and from any open subset ω
of Ω. This is also true when the controlled heat equation has added lower order terms
(see, for instance, [1], [6], [9], [12], [13], [33], [37] and the references therein). However,
the issue of whether the admissible set UM is non empty for all M > 0 is more subtle.
This holds for the heat equation under consideration (see [29] and also [35]) since the cost
of control is well-known to tend to zero as T → ∞, but not necessarily for heat equations
with lower order terms (see [29]).
In the present context of the pure heat equation, as a consequence of the non-emptiness
of the admissible set FT and UM , one can easily derive the existence of both norm optimal
and time optimal controls (see, for instance, [37] and [29]).
Clearly, M → τ (M ) deﬁnes a non-increasing function α(·) over R+ . The same can
be said about T → α(T ). This is so since we are dealing with the null control problem.
Indeed, since the null target is an equilibrium of the system, once the solution y(·; u)
reaches it at time t1 , the solution y(·; χ(0,t1 ) u) stays at the null state for each time t ≥ t1 .
This implies that the minimal time diminishes as the constraint on the size of control
increases and vice versa.
The ﬁrst main result of this paper ensures that these two functions are strictly monotonically decreasing and continuous, and they are inverse one of each other. More precisely, the following holds:
Theorem 1.1. For each T > 0, the norm optimal control to (NOCP)T , when extended
by zero to (T, +∞), is the time optimal control to (TOCP)α(T ) . Conversely, for each
M > 0, the time optimal control to (TOCP)M , when restricted over (0, τ (M )), is the
norm optimal control to (NOCP)τ (M ) .
It is worth mentioning that the above equivalence theorem still holds when ω is a
subset of positive measure (see Remark 2.3).
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This equivalence property allows to use the techniques normally employed to deal with
the norm optimal controls, to analyze the time optimal ones. More precisely, with the
aid of Theorem 1.1, we use the variational characterization of minimal norm controls to
establish a suﬃcient and necessary condition for the optimal time and the time optimal
control to the problem (TOCP)M .
To present this variational approach, for each T > 0 we introduce the following functional J T :
∫
)2
1( T
T
(1.3)
J (φT ) =
∥φ(t; φT )∥ω dt + < φ(0; φT ), y0 >, φT ∈ L2 (Ω),
2 0
where, φ(·; φT ) denotes the solution of the

 φt + △φ = 0
φ=0

φ(T ) = φT

adjoint heat equation:
in Ω × (0, T ),
on ∂Ω × (0, T ),
on Ω,

(1.4)

with φT as datum at t = T .
This functional can be extended over a normed space XT (which is constructed in
Section 3 and consists roughly on the completion of L2 (Ω) with respect to the norm
∫T
∥φ(t; φT )∥ω dt) so that the extended functional, still denoted by J T , has a minimizer
0
in XT . The coercivity of J T is by now a well known consequence of the observability
inequalities for the adjoint heat equation that can be derived by means of Carleman
inequalities (see [37]). Using standard arguments, one can see that, for each T ∈ (0, ∞)
and each minimizer φ̂T of J T , the control
(∫ T
) φ(t; φ̂ )
T
∗
f (t) =
∥φ(t; φ̂T )∥ω dt
for a.e. t ∈ (0, T ),
(1.5)
||φ(t; φ̂T )||ω
0
is the minimal norm control to (NOCP)T .
The uniqueness of the minimizer for J T is not obvious since J T is not strictly convex
(the L1 (0, T ; L2 (ω))-norm is not strictly convex). We use (1.5) and the uniqueness of the
minimal norm control of (NOCP)T , as well as the strong unique continuation result for
the heat equation, established in [20], to derive the uniqueness of the minimizer for J T .
The uniqueness of the minimal norm control follows from Theorem 1.1 and the bang-bang
property for (TOCP)M built up in [33] (see Remark 2.2).
In view of these we can derive the next relevant result of this paper as follows:
Theorem 1.2. Let M > 0. Then τ (M ), the optimal time for (TOCP)M , is characterized
by the fact that
∫ τ (M )
M=
∥φ̂(t)∥ω dt,
(1.6)
0
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where φ̂ solves the equation:

in Ω × (0, τ (M )),
 φ̂t + △φ̂ = 0
φ̂ = 0
on ∂Ω × (0, τ (M )),

φ̂(τ (M )) = φ̂τ (M ) in Ω,

(1.7)

with φ̂τ (M ) the minimizer of J τ (M ) .
Furthermore, the time optimal control u∗ ∈ L∞ (R+ ; L2 (Ω)), under the norm constraint
M , is characterized by the condition
< u∗ (t), χω φ̂(t) >=

max

v 0 ∈B(0,M )

< v 0 , χω φ̂(t) > for a.e. t ∈ [0, τ (M )),

(1.8)

or, equivalently,
u∗ (t) = M χω

φ̂(t)
for a.e. t ∈ [0, τ (M )).
∥φ̂(t)∥ω

(1.9)

Several remarks are in order:
• The main results in Theorem 1.1, as well as Theorem 1.2, can also be used to build
algorithms to compute the optimal time (see Remark 3.3).
• The necessary and suﬃcient condition presented in Theorem 1.2 seems to be new.
It provides the following valuable information: (i) The equality (1.6), together with
(1.7) gives a formula for the optimal time; (ii) The initial value φ̂(τ (M )) of the
dual equation is exactly a minimizer of J τ (M ) . Such an initial value plays the role of
a multiplier from the perspective of the calculus of variations, while it is a normal
vector of a hyperplane separating the target set and the attainable set, from a
geometric point of view, in the context of the Pontryagin maximal principle for
time optimal control problems. In the previous related literature (see, for instance,
[10] and [19]), it is only guaranteed that there exists a non-trivial initial value for
the dual system such that the maximal condition (i.e., the analog of (1.8) in our
paper) is fulﬁlled.
• In the context of time optimal control problems for ordinary diﬀerential equations,
y ′ (t) = Ay(t) + Bu(t) where A ∈ Rn×n and B ∈ Rn×m , the control constraint set
of the ball type, {u ∈ L∞ (R+ ; Rm ) : ∥u(t)∥Rm ≤ M for a.e. t ∈ R+ }, is one of
the most important ones. Problem (TOCP)M is a natural and simple extension to
parabolic equations (see, for instance, [10]). This is why we consider controls in
the spaces L∞ (R+ ; L2 (Ω)) and L∞ (0, T ; L2 (Ω)). Of course, the study of analogue
problems with control spaces Lp (R+ ; Lq (Ω)) and Lp (0, T ; Lq (Ω)) (where 1 ≤ p ≤ ∞
and 1 ≤ q < ∞) is also interesting and can be done with similar techniques as the
ones considered here.
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• The connections between minimal time and minimal norm controls is not new and
there is plenty that has been done in this context. This issue was addressed in F.
Gozzi and P. Loreti ([14]) for abstract equations in Hilbert spaces obtaining the
equality M = Mτ (M ) for each M > 0 (see Theorem 4.1 in [14]). From this equality,
it follows that any minimal time control to (TOCP)M is a minimal norm control
to (NOCP)τ (M ) . The novelty in our Theorem 1.1 is that we prove the equivalence
between these two optimal control problems, based on the identities T = τ (α(T )) for
each T > 0, and M = α(τ (M )) for each M > 0 (which are proved in Theorem 2.1
below). The book by H. O. Fattorini [10] is also worth mentioning. There the
equivalence of time optimal control and norm optimal controls was established for
abstract equations in Banach spaces. But in the context of the distributed control of
the heat equation these results only apply for the very special case where the control
is distributed everywhere in the domain, i.e. ω = Ω. Earlier, the relationship
between time and norm optimal controls was studied for the heat equation with
scalar controls, i.e., controls depending only on the time variable (see [18]). The
dependence of the minimal time function with respect to the initial data has also
been analyzed in a number of papers: [3], [4] and [32].
The rest of the paper is organized as follows: Section 2 presents some properties of
the function τ (·), followed by the proof of Theorem 1.1. Section 3 gives the variational
characterization for minimal norm controls and the proof of Theorem 1.2. In the last
section, some further comments and open problems are provided.

2

Equivalence between minimal time and minimal
norm controls
We begin by studying the properties of the function τ (·).

Theorem 2.1. The function τ (·) is strictly monotonically decreasing and continuous from
R+ onto R+ . Moreover, it holds that
τ (α(T )) = T for all T > 0 and α(τ (M )) = M for all M > 0.

(2.1)

Consequently, the inverse of α(·) is τ (·).
Proof. The proof is organized in several steps as follows: Step 1. The function τ (·) is
strictly monotonically decreasing.
Let M1 > M2 > 0. It suﬃces to show that τ (M1 ) < τ (M2 ). Seeking for a contradiction,
suppose that τ (M1 ) ≥ τ (M2 ). Then the optimal control u2 to the problem (TOCP)M2
would verify that
∥χ(0,τ (M2 )) u2 ∥L∞ (R+ ;L2 (Ω)) ≤ M2 < M1
6

and
y(τ (M1 ); χ(0,τ (M2 )) u2 ) = y(τ (M2 ); u2 ) = 0.
(The existence of optimal controls to this problem is provided by, for instance, Theorem
3.3 in [29].) These imply that χ(0,τ (M2 )) u2 is an optimal control to (TOCP)M1 . By the
bang-bang property of (TOCP)M1 (established in [33], see also [24]), we ﬁnd that
∥χ(0,τ (M2 )) (t)u2 (t)∥ = M1 over (0, τ (M1 )).
This leads to a contradiction, since M1 > M2 .
Step 2. When {Mn } is such that
M1 ≥ M2 ≥ · · · ≥ Mn → M ∈ (0, ∞),
it holds that
lim τ (Mn ) = τ (M ).

n→∞

Consequently, the function τ (·) is right-continuous.
If it did not hold, then, by the monotonicity of τ (·), we would have
τ (Mn ) ↗ (τ (M ) − δ) for some δ > 0.
On the other hand, the optimal controls un for (TOCP)Mn , n = 1, 2, · · · , satisfy
y(τ (Mn ); un ) = 0
and
∥un ∥L∞ (R+ ;L2 (Ω)) ≤ Mn ≤ M1 for all n.
Hence, there is a subsequence of {un }, still denoted in the same way, such that
χ(0,τ (Mn )) un → u
e weakly star in L∞ (R+ ; L2 (Ω))
and
0 = y(τ (Mn ); un ) = y(τ (M ) − δ; χ(0,τ (Mn )) un ) → y(τ (M ) − δ; u
e) strongly in L2 (Ω),
from which, it follows that
∥e
u∥L∞ (R+ ;L2 (Ω)) ≤ lim inf ∥un ∥L∞ (R+ ;L2 (Ω)) ≤ lim inf Mn = M
n→∞

n→∞

and
y(τ (M ) − δ; u
e) = 0.
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This contradicts the optimality of τ (M ) for (TOCP)M .
Step 3. When {Mn } is such that
M1 ≤ M2 ≤ · · · ≤ Mn → M ∈ (0, ∞),
it holds that
lim τ (Mn ) = τ (M ).

n→∞

Consequently, the function τ (·) is left-continuous.
If it did not hold, then by the monotonicity of the function τ (·), we would have
τ (Mn ) ↘ (τ (M ) + δ) for some δ > 0,
from which, it follows that
τ (Mn ) > τ (M ) + δ for all n.

(2.2)

Let u be the optimal control for (TOCP)M and write y(·) for the solution y(·; u). Set
wn (·) =
It is clear that

Mn
Mn
y(·) and vn (·) =
χ(0,τ (M )) u(·), n = 1, 2, · · · .
M
M


in Ω × R+ ,
 (wn )t − △wn = χω vn
wn = 0
on ∂Ω × R+ ,

n
wn (0) = M
y , wn (τ (M )) = 0 in Ω.
M 0

Since vn = 0 over (τ (M ), ∞), it follows that
wn (τ (M ) + δ) = 0 for all n.

(2.3)

Besides, one can easily check that
∥vn ∥L∞ (R+ ;L2 (Ω)) ≤ Mn for all n.

(2.4)

Consider the equation:

 (zn )t − △zn = χω χ(τ (M ),τ (M )+δ) fn in Ω × R+ ,
zn = 0
on ∂Ω × R+ ,

Mn
in Ω.
zn (0) = (1 − M )y0
According to the well-known null controllability properties for heat equations (see, for
instance, [12]), there are a positive constant C(δ, τ (M )) independent of n, and a control
fn with
(
Mn )
∥fn ∥L∞ (R+ ;L2 (Ω)) ≤ C(δ, τ (M ))∥y0 ∥ 1 −
,
(2.5)
M
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such that

(
)
zn τ (M ) + δ = 0.

(2.6)

Since Mn ↗ M , we can ﬁx a natural number n0 such that
(
Mn0 )
C(δ, τ (M ))∥y0 ∥ 1 −
≤ Mn0 .
M

(2.7)

Now we construct another control gn0 by setting
gn0 (t) = vn0 (t) + χ(τ (M ),τ (M )+δ) (t)fn0 (t) for a.e. t ∈ (0, ∞).
Then it follows from (2.4), (2.5) and (2.7), that
∥gn0 ∥L∞ (R+ ;L2 (Ω)) ≤ Mn0 .

(2.8)

On the other hand, one can easily check that
y(·; gn0 ) = wn0 (·) + zn0 (·) over [0, ∞).
Along with (2.3) and (2.6), this yields that
(
)
y τ (M ) + δ; gn0 = 0.

(2.9)

Now it follows from (2.8) and (2.9) that gn0 ∈ UMn . Then, by the optimality of τ (Mn0 )
for (TOCP)Mn and by (2.9), we obtain that τ (Mn0 ) ≤ τ (M ) + δ, which contradicts (2.2).
0
Step 4. limM →0 τ (M ) = ∞.
If it did not hold, then there would be a sequence {Mn }, with M1 ≥ M2 ≥ · · · ≥
Mn → 0, such that
lim τ (Mn ) = T < ∞.

(2.10)

n→∞

Write un for the optimal control to (TOCP)Mn . Then, it holds that
∥un ∥L∞ (R+ ;L2 (Ω)) ≤ Mn ≤ M1 for all n.
Thus, there is a subsequence of {un }, still denoted in this way, such that
un → u
e weakly star in L∞ (R+ ; L2 (Ω)).
On one hand, it follows from (2.11) that
∥e
u∥L∞ (R+ ;L2 (Ω)) ≤ lim inf ∥un ∥L∞ (R+ ;L2 (Ω)) ≤ lim inf Mn = 0,
n→∞

n→∞
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(2.11)

from which, we derive that u
e = 0. On the other hand, by making use of (2.11) again, we
deduce that, along a subsequence,
y(·; un ) → y(·; u
e) in C([0, T ]; L2 (Ω)).
This, together with (2.10) and the fact that y(τ (Mn ); un ) = 0, indicates that y(T ; u
e) = 0,
namely, y(T ; 0) = 0. But this is in contradiction with the fact that y0 is not trivial by
backward uniqueness. Indeed, from the backward uniqueness of the heat equation (see
[22]) the solution y(·; 0) (to the heat equation with the initial value y0 and without control)
cannot vanish at any time t > 0.
Step 5. limM →∞ τ (M ) = 0.
If it did not stand, then we could make use of the monotonicity of the function τ (·) to
get a sequence {Mn }, with M1 ≤ M2 ≤ · · · ≤ Mn → ∞, such that
lim τ (Mn ) = 2T > 0.

n→∞

Then it would hold that
τ (Mn ) > T > 0 for all n.

(2.12)

By the null controllability for heat equations (see, for instance, [12]), there are a positive constant C(T ), independent of n, and a control u, with ∥u∥L∞ (R+ ;L2 (Ω)) ≤ C(T )∥y0 ∥,
such that y(T ; u) = 0. Since Mn → ∞, we can ﬁx n that C(T )∥y0 ∥ ≤ Mn , from which,
it follows that u ∈ UMn . Then by the optimality of τ (Mn ) for (TOCP)Mn , we see that
τ (Mn ) ≤ T. This contradicts (2.12).
Step 6. The proof of (2.1)
We begin by proving the ﬁrst equality in (2.1). Fix a T > 0. By the null controllability
for the heat equation, one can easily check that (NOCP)T has an optimal control fˆ. We
extend this control by setting it to be zero over (T, ∞). Clearly, the extended control,
still denoted by fˆ, satisﬁes that
∥fˆ∥L∞ (R+ ;L2 (Ω)) = α(T ) and y(T ; fˆ) = 0,

(2.13)

from which, it follows that fˆ ∈ Uα(T ) . By the optimality of τ (α(T )) for (TOCP)α(T ) ,
together with the second equality of (2.13), we deduce that τ (α(T )) ≤ T.
Seeking a contradiction, suppose that τ (α(T )) < T . Since τ (·) is continuous and
strictly monotonically decreasing, we could ﬁnd M1 < α(T ) with τ (M1 ) = T . Clearly, the
optimal control u1 to (TOCP)M1 satisﬁes that
∥χ(0,T ) u1 ∥L∞ (0,T ;L2 (Ω)) = ∥u1 ∥L∞ (0,τ (M1 );L2 (Ω)) ≤ M1 < α(T )
10

(2.14)

and
y(T ; χ(0,T ) u1 ) = y(τ (M1 ); u1 ) = 0,
from which it follows that χ(0,T ) u1 ∈ FT . This, along with the optimality of α(T ) to
(NOCP)T , yields that ∥u1 ∥L∞ (0,T ;L2 (Ω)) ≥ α(T ), which contradicts (2.14), since M1 <
α(T ). Therefore, the ﬁrst equality in (2.1) stands.
Next, by the ﬁrst equality in (2.1), we see that τ (α(τ (M ))) = τ (M ) for all M > 0,
which, along with the strict monotonicity of τ (·), gives the second equality in (2.1).
The proof is now complete.
Proof of Theorem 1.1. If fˆ is an optimal control to (NOCP)T , then by the deﬁnition of the norm optimal control, together with the ﬁrst equality in (2.1), we ﬁnd that
y(τ (α(T )); fˆ) = 0 and ∥fˆ∥L∞ (0,T ;L2 (Ω)) = α(T ), from which, it follows that fˆ is the optimal
control to (TOCP)α(T ) .
Conversely, if u∗ is the optimal control to (TOCP)M , then it follows from the deﬁnition
of the time optimal control and the second equality in (2.1) that
y(τ (M ); u∗ ) = 0 and ∥u∗ ∥L∞ (R+ ;L2 (Ω)) ≤ α(τ (M )).
Consequently, u∗ is the optimal control to (NOCP)τ (M ) . This completes the proof. 
Remark 2.2. Note that the above results can be used to show that, for each T > 0, the
optimal control to the problem (NOCP)T is unique.
Indeed, according to Theorem 1.1 and the bang-bang property for the time optimal
control problem (TOCP)α(T ) (see [33]), Problem (NOCP)T has the bang-bang property,
i.e., any norm optimal control f ∗ to this problem satisﬁes that ∥f ∗ (t)∥ = M for a.e.
t ∈ (0, T ). Seeking for a contradiction, suppose that there were two diﬀerent optimal
controls f1 and f2 to Problem (NOCP)T . Then we would ﬁnd an ε > 0 and a subset
Eε ⊂ (0, T ) with a positive measure such that ∥(f1 (t) − f2 (t))/2∥ ≥ ε for each t ∈ Eε .
Write f = (f1 +f2 )/2 and g = (f1 −f2 )/2. Clearly, f is still an optimal control to Problem
(NOCP)T . Now, it follows from the bang-bang property and the parallelogram law that
1
α(t)2 = ∥f (t)∥2 = −∥g(t)∥2 + (∥f1 (t)∥2 + ∥f2 (t)∥2 ) ≤ α(t)2 − ε2 for each t ∈ Eε ,
2
which leads to a contradiction and completes the proof.
Remark 2.3. Recently, the null controllability property for the heat equation, with controls
supported in a subset of positive measure ω, has been established (see [1]) . This, together
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with the argument in the proof of Theorem 3.1, as well as Theorem 3.3 in [29], shows the
existence of optimal controls for (TOCP)M for any subset ω of positive measure. On the
other hand, this null controllability property, together with the argument in the proof of
Theorem 1.1, and Theorem 1.2 in [33], gives the bang-bang property for (TOCP)M for
any ω of positive measure. As a consequence of this, Theorem 1.1 above still holds when
ω is a subset of positive measure.
Remark 2.4. The essential ingredients to prove Theorem 1.1 are follows: (1) The bangbang property for time optimal controls, i.e., any optimal control u∗ to (TOCP)M veriﬁes
that ∥u∗ (t)∥ = M for a.e. t ∈ (0, τ (M )); (2) The null-controllability in arbitrary short
time. These two requirements also makes it impossible to use the similar way to get the
corresponding equivalence theorem for the wave equation.
The bang-bang property was ﬁrst built up for global controlled operational diﬀerential
equations in [11]. The pointwise bang-bang property: |u∗ (x, t)| = M for a.e. (x, t), was
obtained for global boundary controlled heat equations in [31]. The bang-bang property for
the internally controlled heat equation was proved in [33] (see also [24] and [28]). Recently,
the pointwise bang-bang property was established for the heat equation where controls are
active on an open subset of ∂Ω with Ω a rectangular domain. More recently, the pointwise
bang-bang property was built up for the heat equation with controls restricted over either
a subset of positive surface measure on the boundary or a subset of positive measure in
Ω (see [2]). The null-controllability of heat equations has been analyzed quite extensively,
see, for instance, [13], [37] and the references therein.

3

Proof of Theorem 1.2

The aim of this section is to prove Theorem 1.2. For this purpose, we ﬁrst derive
necessary and suﬃcient conditions for the minimal norm and the minimal norm control
to (NOCP)T by the variational methods described in the introduction. Then with the
help of Theorem 1.1 we prove Theorem 1.2.
Throughout this section, we denote by φ(·; φT ) the solution of the adjoint heat equation
(1.4) with the initial condition φ(T ) = φT at time t = T . It follows from [12] that there
is a positive function C(·) ∈ C ∞ ([0, T )), with C(t) → +∞ as t → T , such that
∫
∥φ(t; φT )∥ ≤ C(t)

T

∥φ(s; φT )∥ω ds, t ∈ [0, T ), for each φT ∈ L2 (Ω).
t

Write
(
) {
(
)}
L1C 0, T ; L2 (Ω) = ψ(·) : C −1 (·)ψ(·) ∈ L1 0, T ; L2 (Ω) ,
12

(3.1)

with

∥ψ(·)∥L1C (0,T ;L2 (Ω)) = C −1 (·)ψ(·)

L1 (0,T ;L2 (Ω))

.

Let XT be the closure of L2 (Ω) under the norm:
∥φT ∥XT = ∥φ(·; φT )∥L1C (0,T ;L2 (Ω)) + ∥φ(·; φT )∥L1 (0,T ;L2 (ω)) , φT ∈ XT .

(3.2)

Then, by standard density arguments, one can easily check that (3.1) holds for all φT ∈
XT , i.e.,
∫ T
∥φ(s; φT )∥ω ds, t ∈ [0, T ), for each φT ∈ XT .
(3.3)
∥φ(t; φT )∥ ≤ C(t)
t

Now, consider the functional J T over XT as in (1.3).
Lemma 3.1. The functional J T has a minimizer over XT .
Proof. Clearly, the functional J T is continuous, coercive and convex over XT . Let {φnT } ⊂
XT be a minimizing sequence. Write φn (·) for the solution φ(·; φnT ). Then, one can easily
derive
∫ T
∥φn (t)∥ω dt ≤ C for all n
(3.4)
0

and
C

−1

∫
(t)∥φ (t)∥ ≤

T

∥φn (s)∥ω ds for all t ∈ [0, T ).

n

t

Thus

∫

T

C
0

−1

∫

T

∫

(t)∥φ (t)∥dt ≤

T

∥φn (s)∥ω dsdt ≤ T C.

n

0

t

This, together with (3.4), indicates that {φ (·)} is bounded in both M (0, T ; L2 (ω)) (the
dual of the space C([0, T ]; L2 (ω)) and MC (0, T ; L2 (Ω)), where
(
) {
}
MC 0, T ; L2 (Ω) = ψ(·) : C −1 (·)ψ(·) ∈ M (0, T ; L2 (Ω)) ,
n

with

∥ψ(·)∥MC (0,T ;L2 (Ω)) = C −1 (·)ψ(·)

M (0,T ;L2 (Ω))

.

According to Alaoglu’s Theorem, there are a subsequence of {φn (·)} (still denoted in this
way) and an element φ(·) ∈ Mc (0, T ; L2 (Ω)) ∩ M (0, T ; L2 (ω)) such that
φn → φ weak* in MC (0, T ; L2 (Ω))
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(3.5)

and
φn → φ weak* M (0, T ; L2 (ω)).

(3.6)

Since φn solves the heat equation, one can easily verify that φ(·) is a solution of the heat
equation (1.4) in the sense of distributions. Then, one can use the smoothing eﬀect of the
heat equation to deduce that
(
)
(
)
(
)
φ(·) ∈ L1C 0, T ; L2 (Ω) ∩ C [0, T ); L2 (Ω) ∩ L1 0, T ; L2 (ω)
(3.7)
and
φ(T ) ∈ XT .

(3.8)

(For the sake of the completeness of the paper, we will provide the proof of (3.7) and (3.8)
in an Appendix in the end of the paper.)
Furthermore
∫ T
∫ T
∥φ(t)∥ω dt ≤ lim inf
∥φn (·)∥ω dt.
(3.9)
n→∞

0

0

We claim that
φn (0) → φ(0) strongly in L2 (Ω).

(3.10)

In fact, by (3.5), we see that
φn → φ weak* in M (0, T /2; L2 (Ω)).

(3.11)

On the other hand, it follows from (3.3) that
∫

T

∥φ (T /2)∥ ≤ C(T /2)

∥φn (s)∥ω ds ≤ C.

n

T /2

Hence, on a subsequence,
φn (T /2) → ψT /2 weakly in L2 (Ω).
Let ψ satisfy the equation:

 ∂t ψ + △ψ = 0 in Ω × (0, T /2),
ψ=0
on ∂Ω × (0, T /2),

ψ(T /2) = ψT /2 in Ω.
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(3.12)

Then it holds that
φn → ψ weakly in L2 (0, T /2; L2 (Ω)).
This, together with (3.11), yields that
φ = ψ over (0, T /2).

(3.13)

By (3.12) and (3.13), we ﬁnd that
φn (T /2) → φ(T /2) weakly in L2 (Ω),
from which, (3.10) follows at once.
Finally, by (3.9) and (3.10), it follows that φT ≡ φ(T ) is a minimizer of J T . This
completes the proof.
Theorem 3.2. The functional J T has a unique minimizer φ̂T . Furthermore, the function
(∫ T
)
χω φ(t; φ̂T )
∗
f (t) =
∥φ(s; φ̂T )∥ω ds
, t ∈ [0, T ),
(3.14)
∥φ(t; φ̂T )∥ω
0
is the optimal control to (NOCP)T . Consequently, it holds that
∫

T

∥φ(s; φ̂T )∥ω ds.

α(T ) =
0

Proof. From Lemma 3.1, J T has minimizers. By a very similar argument as that in [9],
one can verify that
0 is not a minimizer of J T .
(3.15)
In fact, if 0 was a minimizer of J T , then we would have
J T (εφT )
J T (0)
lim+
≥ lim+
= 0 for all φT ∈ L2 (Ω).
ε→0
ε→0
ε
ε
Since φ(·; εφT ) = εφ(·; φT ), the above implies
0 ≤< φ(0; φT ), y0 >=< e∆T φT , y0 >=< φT , e∆T y0 > for all φT ∈ L2 (Ω),
from which, e∆T y0 = 0. Then, by the backward uniqueness of the heat equation (see
[22]), we would have y0 = 0, which contradicts the assumption that y0 ̸= 0. Hence, (3.15)
holds.
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Next, we claim that for each minimizer φ
eT , the function
(∫ T
)
χω φ(t; φ
eT )
, t ∈ [0, T ),
fe(t) ,
∥(φ(s; φ
eT )∥ω ds
∥φ(t; φ
eT )∥ω
0
is the optimal control to (NOCP)T , and
∫
α(T ) =

(3.16)

T

∥φ(s; φ
eT )∥ω ds.

(3.17)

0

The proof of this claim is carried out by the following two steps:
Step 1. The control fe(·) belongs to FT .
Simply write φ(·)
e for the solution φ(·; φ
eT ). To show that fe is well deﬁned, we ﬁrst
2
notice that φ(T
e − δ) ∈ L (Ω) for each δ ∈ (0, T ) (see (3.3)). Then, we prove
φ(T
e − δ) ̸= 0 in L2 (Ω) for each δ ∈ (0, T ).

(3.18)

Indeed, if there was a δ0 ∈ (0, T ) such that φ(T
e − δ0 ) = 0 in L2 (Ω), then by the backward
uniqueness of the heat equation (see [22]) and the fact that φ(T
e − δ) ∈ L2 (Ω) for each
δ > 0, we would have that for each t ∈ [0, T ), φ(t)
e = 0 over Ω. This, along with (3.2),
indicates that φ
eT = 0 in XT , which contradicts (3.15). Hence, (3.18) stands. Next, by
(3.18) and the strong unique continuation property of the heat equation (see [20]), we see
that for each δ ∈ (0, T ),
∥φ(t)∥
e
ω ̸= 0 for each t ∈ [0, T − δ).
e
Thus, ∥φ(t)∥
e
ω ̸= 0 for each t ∈ [0, T ), and f is well deﬁned.
Next, from (3.16), we ﬁnd
∫
∞
2
fe ∈ L (0, T ; L (Ω)) and ∥fe∥L∞ (0,T ;L2 (Ω)) =

T

∥φ(s)∥
e
ω ds.

(3.19)

0

The remainder is to show that y(T ; fe) = 0. Clearly, this will be done if the following
holds:
∫ T
< y0 , φ(0; φT ) > +
< fe(t), χω φ(t; φT ) > dt = 0 for all φT ∈ XT .
(3.20)
0

Fortunately, (3.20) is exactly the Euler equation associated with the minimizer φ
eT of J T .
Step 2. The control fe veriﬁes that ∥fe∥L∞ (0,T ;L2 (ω)) ≤ ∥g∥L∞ (0,T ;L2 (ω)) for all g ∈ FT .
Let {φT,n } ⊂ L2 (Ω) be such that φT,n → φ
eT in XT . Write φn (·) = φ(·; φT,n ). Then,
it holds that
φn (·) → φ(·)
e
strongly in L1 (0, T ; L2 (ω)).
(3.21)
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By (3.3), we ﬁnd that
∫

T

∥φn (0) − φ(0)∥
e
≤ C(0)

∥φn (s) − φ(s)∥
e
ω ds → 0.

(3.22)

0

Let g ∈ FT . Then, y(T ; g) = 0. Since φn (T ) ∈ L2 (Ω), we can easily derive
∫

T

< g(t), χω φn (t) > dt = 0 for all n.

< y0 , φn (0) > +
0

This, together with (3.21) and (3.22), indicates that
∫

T

< y0 , φ(0)
e >+

< g(t), χω φ(t)
e > dt = 0.

(3.23)

0

Now it follows from (3.20) and (3.23) that
∫

T

< fe(t), χω φ(t)
e > dt =

0

∫

T

< g(t), χω φ(t)
e > dt.
0

From this, (3.19) and the Hölder inequality, we get
∥fe∥2L∞ (0,T ;L2 (ω)) ≤ ∥g∥L∞ (0,T ;L2 (ω))

∫

T

e
∥φ(t)∥
e
ω dt = ∥g∥L∞ (0,T ;L2 (ω)) ∥f ∥L∞ (0,T ;L2 (ω)) .

0

Hence,

∥fe∥L∞ (0,T ;L2 (ω)) ≤ ∥g∥L∞ (0,T ;L2 (ω)) .

Combining the conclusions in Step 1 and Step 2 leads to the previous claim.
Finally, we will prove that the minimizer of J T is unique. Suppose that φ̂T and ψ̂T are
two minimizers of J T . Simply write φ̂(·) and ψ̂(·) for the solutions φ(·; φ̂T ) and φ(·; ψ̂T )
respectively. By the previous claim (see (3.16) and (3.17)) and the uniqueness of the
optimal control to (NOCP)T (see Remark 2.2), we see that
χω ψ̂(t)
χω φ̂(t)
for each t ∈ [0, T )
=
∥φ̂(t)∥ω
∥ψ̂(t)∥ω
and

∫

∫

T

T

∥φ̂(s)∥ω ds =
0

(3.24)

∥ψ̂(s)∥ω ds = α(T ).
0
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(3.25)

Since both ∥φ̂(·)∥ω and ∥ψ̂(·)∥ω are continuous over (0, T ) (see (3.7)), one can easily derive
from (3.25) that there is a t0 ∈ (0, T ) such that
∥φ̂(t0 )∥ω = ∥ψ̂(t0 )∥ω .

(3.26)

From (3.24) and (3.26), it follows that
φ̂(t0 ) = ψ̂(t0 ) over ω.

(3.27)

Set p(·) = φ̂(·) − ψ̂(·). Clearly, p(·) = φ(·; φ̂T − ψ̂T ), i.e., p(·) solves the adjoint equation
(1.4) with the initial condition p(T ) = φ̂T − ψ̂T ∈ XT . Let δ ∈ (0, T − t0 ). Then,
p(T − δ) ∈ L2 (Ω) (see (3.3)). Hence, p(·) veriﬁes

in Ω × (0, T − δ),
 pt + △p = 0
p=0
on ∂Ω × (0, T − δ),

p(T − δ) ∈ L2 (Ω),
Then, by (3.27) and the strong unique continuation of the heat equation (see [20]),
p = 0 over Ω × [0, T − δ].
Since the above holds for all δ ∈ (0, T − t0 ), we ﬁnd that
p = 0 over Ω × [0, T ).
This, along with (3.2), yields that
0 = ∥p(0)∥XT = ∥φ̂T − ψ̂T ∥XT
from which, it follows that
φ̂T = ψ̂T in XT .
This completes the proof.
As a consequence of Theorem 3.2, we deduce that M and f ∗ are the minimal norm
and the optimal control to (NOCP)T if and only if M > 0 and f ∗ ∈ L∞ (0, T ; L2 (Ω))
satisfy that
< f ∗ (t), χω φ̂(t) >=

max

v 0 ∈B(0,α(T ))

and

∫

< v 0 , χω φ̂(t) > for a.e. t ∈ [0, T )

T

∥φ̂(t)∥ω dt,

M=

(3.28)

0
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(3.29)

where φ̂(·) solves the adjoint heat equation with the minimizer φ̂T of J T as datum at time
t = T.
We end this section with the proof of Theorem 1.2.
Proof of Theorem 1.2. Let τ (M ) and u∗ be accordingly the optimal time and the
optimal control to (TOCP)M . Clearly, τ (M ) > 0 since y0 ̸= 0. It follows from Theorem 1.1
that u∗ and α(τ (M )) are the norm optimal control and the minimal norm to (NOCP)τ (M ) .
We have also shown (see (3.28) and (3.29)) that
< u∗ (t), χω φ̂(t) >=

< v 0 , χω φ̂(t) > for all t ∈ [0, τ (M ))

max

v 0 ∈B(0,α(τ (M )))

(3.30)

and
∫

τ (M )

∥φ̂(t)∥ω dt,

α(τ (M )) =

(3.31)

0

where φ̂ satisﬁes (1.7) with φ̂τ (M ) the minimizer of J τ (M ) . By the second equality in (2.1),
α(τ (M )) = M . Along with this, (3.30) and (3.31) imply (1.8) and (1.6), respectively.
Conversely, suppose that Te > 0 and u
e ∈ L∞ (R+ ; L2 (Ω)) satisfy that
∫

Te

∥φ̂(t)∥ω dt,

M=

(3.32)

0

and
u
e(t) = M χω

φ̂(t)
for a.e. t ∈ [0, Te),
∥φ̂(t)∥ω

where φ̂ solves the equation:


 φ̂t + △φ̂ = 0 in Ω × (0, Te),
φ̂ = 0
on ∂Ω × (0, Te),

 φ̂(Te) = φ̂
in Ω,
Te

(3.33)

(3.34)

e
with φ̂Te the minimizer of J T . We ﬁrst show that Te is the optimal time to (TOCP)M . In
e
fact, since φ̂Te is the minimizer of J T , it follows from Theorem 3.2 that

( )
α Te =

∫

Te

∥φ̂(t)∥ω dt.
0

19

( )
This, together with (3.32), yields that α Te = M . From this and the second equality in
(2.1), we ﬁnd that
( )
α Te = α(τ (M )).
Then, by the strict monotonicity of the function α(·) (see Theorem 2.1), we see that
Te = τ (M ), namely, Te is the optimal time to (TOCP)M .
We next prove that u
e is the optimal control to (TOCP)M . Indeed, since Te = τ (M ),
from (3.32), (3.33), (3.34) and Theorem 3.2, we see that u
e is the optimal control to
(NOCP)τ (M ) . Then, according to Theorem 1.1, it is the optimal control to (TOCP)α(τ (M )) .
Because M = α(τ (M )) (see (2.1)), u
e is the optimal control to (TOCP)M . This completes
the proof.
Remark 3.3. Since the function α(·) is continuous and strictly decreasing, the well-known
bisection algorithm (see, for instance, [5]), as well as Theorem 1.2 (More precisely, (1.6)),
can be used for the computation of the optimal time to (TOCP)M . This algorithm requires
computing the minimal norm control for a sequence of approximated time instances tn .
Note however that, as described in [27], this is an ill-posed and challenging issue. Our
result shows that the minimal time can be interpreted as the root of a continuous optimal
valued function. For the case of vibrating systems, an approach of this type has been
studied in [15].

4

Further comments and open problems

A number of interesting issues could be considered in connection with the results and
methods developed in this paper. Here we brieﬂy describe some of them.
• Heat equations with time dependent potentials: The extension of the results
of this paper to heat equations with lower order potentials depending on space and
time is an open problem. The null controllability results in (see [28]) from time
measurable sets when Ω is convex could be of use in this context.
• Semilinear heat equations: The same questions of this paper can be addressed
in the semilinear setting in which there are already a number of positive null controllability results (see [37]). This is however to be done.
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• L∞ -control constraints: The same problems of this paper can be extended to the
case where the control spaces are L∞ (Ω × (0, T )) and L∞ (R+ × Ω). In this setting,
the bang-bang property for (TOCP)M is as follows: any time optimal control u
satisﬁes that |u(x, t)| = M for a.e. (x, t) ∈ ω × (0, T ). This bang-bang property
follows from the null controllability of the heat equation with controls restricted to
subsets D of positive measure in Ω × (0, T ) (see [2]).
• Boundary controlled heat equation: It could be interesting to extend the results
of this paper to the boundary controlled heat equation with L∞ -control constraint.
The corresponding bang-bang property established in [2] could be used.
• Rectangular-control constraints: It would be interesting to study the equivalence problem for heat equations with control constraints of the rectangular type
(see [25]). The corresponding equivalence for ODEs with control constraints of this
type was proved in [36].
• Approximate controllability: In problems (NOCP)T and (TOCP)M , if the target set is B(zd , r) (the ball in L2 (Ω) centered at zd and of radius r > 0), where
zd is arbitrarily taken from the state space L2 (Ω), then the bang-bang property
follows from the Pontryagin maximum principle and the unique continuation property. However, the function τ (·) is no longer necessarily monotonically decreasing
and then whether the equivalence theorem holds or not in this context is an open
problem.
• Other equations: It would be interesting to study the corresponding equivalence
theorem for the wave and Schrödinger like equations. We refer to [23] for a very
interesting recent result on the bang-bang property of the time-optimal controls for
the Schrödinger equations.
• Abstract semigroup setting: It would be interesting to extend the results of
this paper to the abstract semigroup setting considering systems of the form y ′ (t) +
Ay(t) = Bu(t) where A is a generator of a C0 −semigroup over a Hilbert or Banach
space.
• Boundary control as limit of the internal one: It would also be interesting to
analyze if the time optimal control of the boundary controlled heat equation is the
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limit of the time optimal control of the heat equation with control on a thin neighborhood ω of the boundary. In [7] (see also [8]) this continuity result was proved in
the context of the L2 -norm optimal exact controllability of the wave equation. It
would be interesting to analyze if the same techniques of proof apply in the context
of the heat equation as well.
• Numerical analysis issues: It would also be interesting to analyze numerically the
minimal time (or norm) function τ (·) (or α(·)) through making use of Theorem 1.1,
as well as Theorem 2.1. Note however that, in the context of the heat equation,
the diﬃculty of passing to the limit from norm optimal controls of semi-discrete
or fully-discrete approximations of heat equations towards those of the continuous
one, is by now well known because of the ill-posedness of the backward problem.
This was explained in detail in [27] where, using the Kannai transform, a diﬀerent
family of controls, not obeying a direct optimality condition, was developed. This
approach, based on the exact controllability property of the wave equation, requires
also the control subset ω to fulﬁll the so-called Geometric Control Condition (GCC).
Therefore, the issue of passing to the limit from numerical controls to the true
continuous ones and its consequences in the context of the issues addressed in this
paper is still a widely open subject.

5

Appendix

Proof of (3.7). Let τ ∈ (0, T ) be arbitrarily given and n ∈ N be suﬃciently large.
According to the interpolation theorem (see, for instance, Theorem 1.1 on Page 102,
[21]),
H01 (0, T − τ /n; L2 (Ω)) ⊂ H 1 (0, T − τ /n; L2 (Ω)) ⊂ C([0, T − τ /n]; L2 (Ω)).
Hence,

M (0, T − τ /n; L2 (Ω)) ⊂ H −1 (0, T − τ /n; L2 (Ω)).

Since φ(·) ∈ MC (0, T ; L2 (Ω)), it holds that
(
)
(
)
φ(·) ∈ M 0, T − τ /n; L2 (Ω) ⊂ H −1 0, T − τ /n; L2 (Ω) for all n ≥ 1.
Let χn (·) be a C0∞ (R)−function such that
{
1, t ∈ [ 0, T − τ /(n − 1)) ,
χn (t) =
0, t ∈ [ T − τ /n, ∞) .
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Set ψn (·) = χn (·)φ(·). Then it holds that

 ∂t ψn + △ψn = χ′n φ in Ω × (0, T − τ /n),
ψn = 0
on ∂Ω × (0, T − τ /n),

ψn (T − τ /n) = 0
in Ω.
Because χ′n (·)φ(·) ∈ H −1 (0, T − τ /n; L2 (Ω)) , it holds that
(
)
ψn (·) ∈ L2 0, T − τ /n; L2 (Ω) ,
from which it follows that φ(·) ∈ L2 (0, T − τ /(n − 1); L2 (Ω)) . Since χ′n−1 (·)φ(·) is in
L2 (0, T − τ /(n − 1); L2 (Ω)) , we can use the same argument to deduce that
(
)
φ(·) ∈ H 1 0, T − τ /(n − 2); L2 (Ω) .
Hence,

(
)
φ(·) ∈ H 1 0, T − τ ; L2 (Ω) .

By using the interpolation theorem again, we see that φ(·) ∈ C([0, T − τ ]; L2 (Ω)). Since
τ ∈ (0, T ) is arbitrary, it holds that φ(·) ∈ C([0, T ); L2 (Ω)).
Next, ﬁx some τ ∈ (0, T ). Since φ(·) ∈ C([0, T ); L2 (Ω)), it follows that φ(·) ∈ L1 (0, T −
τ ; L2 (Ω)). This, along with that φ(·) ∈ MC (0, T ; L2 (Ω)), indicates that
∥φ(·)∥L1C (0,T −τ ;L2 (Ω)) = ∥φ(·)∥MC (0,T −τ ;L2 (Ω)) ≤ ∥φ(·)∥MC (0,T ;L2 (Ω)) < +∞.
Consequently, φ(·) ∈ L1C (0, T ; L2 (Ω)).
Finally, given δ ∈ (0, T ) we have
φ(·) ∈ L1 ((0, T − δ); L2 (Ω)) ∩ M (0, T ; L2 (ω)).
Thus, it stands that
∫ T −δ
∥φ(t)∥ω dt = ∥φ(·)∥M (0,T −δ;L2 (ω)) ≤ ∥φ(·)∥M (0,T ;L2 (ω)) < +∞,
0

from which, it follows that φ(·) ∈ L1 (0, T ; L2 (ω)). This completes the proof (3.7).
Proof of (3.8). Write φT = φ(T ). We extend φ(·) to be the solution of the equation
(1.4) over (−T, T ), and denote this extension by φ(·) again. Let {Tn } ∈ (0, T ) be such
that Tn ↗ T as n → ∞. Then it holds that {φ(Tn )} ⊆ L2 (Ω). Write φn (·) for the
solution φ(·; φ(Tn )). One can easily check that
φn (t) = φ(t − T + Tn ), t ∈ (0, T ).
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(5.1)

By the energy decay property of the heat equation, we see that
∥φn (t)∥ = ∥φ(t − T + Tn )∥ ≤ ∥φ(t)∥ for all t ∈ (0, T ).

(5.2)

To ﬁnish the proof, it suﬃces to show that there is a subsequence of {φ(Tn )} converging
to φT in the norm ∥ · ∥XT . The proof will be organized in two steps as follows:
Step 1. On a subsequence, φn (·) converges to φ(·) in L1C (0, T ; L2 (Ω)).
Let {σm } be a sequence of positive numbers such that σm ↗ T as m → ∞. Write
Am = maxt∈[0,σm ] C −1 (t), m ≥ 1. It is obvious that
∫ σm
∫ σm
−1
C (t)∥φn (t) − φ(t)∥dt ≤ Am
∥φ(t − T + Tn ) − φ(t)∥dt for each m ∈ N.
0

0

Since for each m, φ(·): [0, σm ] → L2 (Ω) is uniformly continuous, and because Tn ↗ T ,
it follows from the above estimate that there is a sequence {nm } ⊂ N, with nm+1 > nm ,
such that
∫ σm
1
C −1 (t)∥φnm (t) − φ(t)∥dt <
for all m.
(5.3)
m
0
On the other hand, since C −1 (·)∥φ(·)∥ ∈ L1 (0, T ), it follows from (5.2) and the absolute
continuity of the integral that
∫ T
∫ T
−1
C (t)∥φnm (t) − φ(t)∥dt ≤
2C −1 (t)∥φ(t)∥dt → 0 as m → ∞.
σm

σm

This, along with (5.3), indicates that
∫

T

C −1 (t)∥φnm (t) − φ(t)∥dt → 0 as m → ∞.

0

Hence, there is a subsequence of {φn (·)}, still denoted in the same way, such that
φn (·) → φ(·) strongly in L1C (0, T ; L2 (Ω)) as n → ∞.

(5.4)

Step 2. There is a subsequence of the subsequence {φn (·)} (which satisﬁes (5.4)) converging to φ(·) in L1 (0, T ; L2 (ω)).
By the similar argument as that used to prove (5.3), we can ﬁnd two sequences {δk }
and {nk }, with δk ↗ T and nk ↗ +∞, respectively, such that
∫

δk

∥φnk (t) − φ(t)∥ω dt <

0
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1
for all k.
k

(5.5)

Now, we claim that
∫

T

∥φnk (t) − φ(t)∥ω dt → 0 as k → +∞.

(5.6)

δk

In fact, if (5.6) did not stand, then we could ﬁnd a C0 > 0 such that for any natural
number N , there is a natural number k(N ) > N satisfying
∫

T

∥φnk(N ) (t) − φ(t)∥ω dt ≥ C0 ,
δk(N )

from which, it follows that
∫
∫ T
∥φnk(N ) (t)∥ω dt +
δk(N )

T

∥φ(t)∥ω dt ≥ C0 for all N.

(5.7)

δk(N )

′
On the other hand, we write δk(N
) = δk(N ) + Tnk(N ) − T. Clearly, there is a natural number
′
N0 such that 0 < δk(N ) < δk(N ) for all N ≥ N0 . Then it follows from (5.1) that when
N ≥ N0 ,
∫ T
∫ T
∫ Tn
∫ T
k(N )
∥φnk(N ) (t)∥ω dt =
∥φ(t−T +Tnk(N ) )∥ω dt =
∥φ(t)∥ω dt ≤
∥φ(t)∥ω dt.
δk(N )

′
δk(N
)

δk(N )

′
δk(N
)

Along with (5.7), this indicates that
∫

∫

T

′
δk(N
)

T

∥φ(t)∥ω dt +

∥φ(t)∥ω dt ≥ C0 for all N ≥ N0 .
δk(N )

Letting N → +∞ (which implies that k(N ) → +∞), we get a contradiction, since
φ(·) ∈ L1 (0, T ; L2 (ω)). Thus, (5.6) holds. Then, by (5.5) and (5.6), we see that
φnk (·) → φ(·) strongly in L1 (0, T ; L2 (ω)) as k → +∞.
Together with (5.4), this yields that
φnk (·) → φ(·) strongly in L1 (0, T ; L2 (ω)) ∩ L1C (0, T ; L2 (Ω)).
In summary, we complete the proof of (3.8).
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