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Universidad Autónoma de Madrid

Frontiers of Mathematics and Applications IV
Summer Course, UIMP Santander

July 20-24, 2015.



Outline

1 Introduction

2 Heat equations on Riemannian manifolds
Hyperbolic space

3 The Hyperbolic PME
An explicit typical example of finite propagation

4 Equivalent radial problem in weighted spaces
Nonlinear diffusion with weights
Asymptotic behaviour



Outline

1 Introduction

2 Heat equations on Riemannian manifolds
Hyperbolic space

3 The Hyperbolic PME
An explicit typical example of finite propagation

4 Equivalent radial problem in weighted spaces
Nonlinear diffusion with weights
Asymptotic behaviour



4

Introduction

We study the simplest example of nonlinear diffusion, the Porous
Medium Equation, on a Riemannian manifold (Mn, g). The most
interesting Riemannian manifold that does not look Euclidean and has
good symmetry properties is the hyperbolic space Hn.

The work I present here is mainly devoted to explain the ideas and
results of the paper
Fundamental solution and long time behaviour of the PME in
Hyperbolic Space. By J. L. Vázquez,
Journal Math. Pures Appl., online 2015. Also on arXiv.

This work was done at the Isaac Newton Institute, Cambridge, in the
spring of 2014. Previous work on similar topics was developed in
recent years in works with Bonforte, Gazzola, and Grillo, but it is not
related to this talk.

We construct the fundamental solution of the Porous Medium Equation
ut = ∆M(um), m > 1, posed in the hyperbolic space Hn, and we
specially describe its asymptotic behaviour as t→∞.
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Introduction

The fundamental solution is no explicit and not self-similar, but for
t� 1 it behaves like

t U(r, t)m−1 ∼ a (γ log t − r + b)+

where
a =

1
m(n− 1)

, γ =
1

(m− 1)(n− 1)
, (1)

and b(n,m) is fixed by the mass of the solution. Here ξ = r − γ log(t),
and r is the geodesic distance to the origin point O ∈ Hn.
Notice that we give the expression for Um−1 (usually called pressure)
and not for U. It is less m dependent (though the limit m→ 1 is not
easy!).

We also show that it describes the long time behaviour of integrable
nonnegative solutions, and very accurately if the solutions are also
radial and compactly supported. Radial means depending on the space
variable only through the geodesic distance r from a fixed given point
O ∈ Hn.
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Introduction. Results

We show that the location of the free boundary of compactly supported
solutions grows logarithmically for large times,

r(t) ∼ γ log(t), γ =
1

(m− 1)(n− 1)

in contrast with the well-known power-like growth of the PME in the
Euclidean space,

r(t) ∼ ctβ , β = 1/(m− 1 + 2/n) .

Very slow propagation at long distances is a feature of porous medium
flow in hyperbolic space. But of course we may also compare the
volume of the balls, once we learn how to compute volumes in
hyperbolic space. Result: They are similar, but hyperbolic wins.

Peculiarities of Hyperbolic PME. We also present a non-uniqueness
example for the Cauchy Problem based on the construction of an exact
generalized traveling wave solution that originates from one point of
the infinite horizon. This explicit solutions gives a clue to the
asymptotic properties of the fundamental solutions.
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Preliminaries. Laplacian on manifolds

We work on a Riemannian manifold M modeled on Rn with metric
g = (gij). This means that the distance element on the manifold in
given by

ds2 =
∑

i,j

gijdxidxj

Here g is symmetric and positive definite tensor field (it depends on the
point). We assume that M is oriented.
We now consider the concepts of differential and integral calculus. We
may use smooth functions for the definitions and then weak solutions
for the general theory.
Given a function f on M we defined the gradient of f as the vector field
∇Mf = gradM f that satisfiers for all v ∈ TxM,

〈∇Mf (x), v〉 = df (x)(v) .

so that its components are

∂if (x) =
∑

j

gij∂jdf (x) , (gij) = g−1.
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Preliminares

Weak concepts need the definition of the Lebesque spaces. This in turn
needs the concept of volume element, basic for integration theory

vol n :=
√

det(g) dx1 ∧ . . . ∧ dxn

We also write vol n = dµn(x). We can now define the divergence and
the Laplacian.
Assuming that all is differentiable, the divergence of a v.f. X is a scalar
function given by

DivMX vol n = (∇ · X) vol n := LX vol n

where LX is the Lie derivative. This reads in coordinates

DivMX = ∇ · X =:
1√

det g
∂i(
√

det g Xi)

The Laplacian of a C2 function is given by the natural combination
∆ = divM ◦ gradM , hence:

∆Mf = ∇2f =
1√

det g
∂i

(√
det g gij∂jf

)
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Adjoint Operators

We do not like Lie derivatives and we like integration by parts, so we
look for a natural definition of Divergence in that direction. The given
formula for the divergence is the only one that makes the operators d
(differentiation) and −Div formally adjoint, i. e.,∫

M
df (X) dµn = −

∫
M

f∇ · X dµn

for all f smooth and compactly supported.
We then have ∫

M
f∇2h dµn = −

∫
M
〈df , dh〉 dµn.

Consequence: The Laplace-Beltrami operator ∆M is negative and
formally self-adjoint, i. e.,∫

M
f∇2h dµn = −

∫
M
〈df , dh〉 vol n =

∫
M

h∇2f dµn
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Hyperbolic space

We recall that several models can be used to describe Hn in an explicit
coordinate system. For instance, one may realize Hn as an embedded
hyperboloid in Rn+1, endowed with the inherited Minkowski metric.
It is also possible to use one of the two Poincaré models, in the sense
that topologically one can identify Hn with the unit ball in Rn or with
the upper half-space, each of which endowed with an appropriate
metric with the property that the Riemannian distance from any given
point to points approaching the topological boundary tends to +∞.
Another possible realization is the Klein model.
Because of the structure of the isometry group of Hn it is often
convenient to describe the hyperbolic space as a model manifold. On
such a manifold, a pole O is given and the Riemannian metric has the
form

ds2 = dr2 + f (r)2dσ2,

for an appropriate function f , where r is the geodesic distance from the
pole O and dσ2 denotes the canonical metric on the unit sphere Sn−1.
The hyperbolic space Hn is then the choice f (r) = sinh r.
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Hyperbolic space

The theory can be addressed more easily in the setting of radial
functions (in the sense we have mentioned above), and this is sufficient
for many purposes, like the properties of fundamental solutions.
It is known that the radial part of the Laplace-Beltrami operator in
hyperbolic space has the explicit expression (i. e., acting on radial
functions u(r))

∆g,radu(r) = u′′(r)+(n−1) coth(r)u′(r) =
1

(sinh r)n−1 ((sinh r)n−1u′(r))′ .

(2)
Recall that in such coordinates the volume element is

dµn = (sinh r)n−1drdωn−1 ,

where dωn−1 is the volume element on the unit sphere Sn−1.
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Hyperbolic space

Actually, The differential expression of the Laplace-Beltrami operator
∆g in the hyperbolic space with curvature κ < 0 is

∆gu = (sinh(r/R))1−n ∂

∂r

(
(sinh(r/R))n−1 ∂u

∂r

)
+

1
R2 sinh(r/R)2 ∆Sn−1 u ,

where R2 = −1/κ. Reviewing our analysis below will easily convince
the reader that there is no essential influence of the particular value of R
so that we take without loss of generality κ = −1,R = 1.

We will use the model manifold representation as the preferred one.
But the main example has been produced by using the Poncaré
upper-half plane. Restricting yourself to a use only one representation
is not good in hyperbolic theory. Here culture pays off.
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Hyperbolic space. The Poincaré ball model

We want to re-parametrize the hyperbolic space with a chart in the unit
ball of Rn. We start from the (r, ω) parametrization of the hyperboloid
model and use the formula

ρ = ‖x‖ = tanh(r/2), r ≥ 0,

to pass from the the former parameter r to the radius ρ from the origin
to a point x in the unit ball, 0 ≤ ρ < 1. Recall that sinh r is the
Euclidean distance to the origin in the previous chart representation,
where r is the geodesic distance from the origin in that model. It is then
easy to find that the metric transforms into formula

(3) ds2 =
4‖dx‖2

(1− ‖x‖2)2

which is the usual way of defining the so-called Poincaré ball
representation of the hyperbolic space. The sphere |x| = 1 is called the
infinite horizon in this representation, in other words the “set of points
at infinity”.
We now how to derive the formulas for all the differential operators.
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Poincaré half-plane model

It is named after Henri Poincaré, but originated with Eugenio Beltrami,
who used it, along with the Klein model and the Poincaré disk model
(due to Riemann), to show that hyperbolic geometry was
equi-consistent with Euclidean geometry. The disk model and the
half-plane model are isomorphic under a conformal mapping.
Metric. The metric of the model on the half-plane {〈x, y〉|y > 0} is
given by

(ds)2 =
(dx)2 + (dy)2

y2

where s measures length along a possibly curved line. The
Laplace-Beltrami operator on the hyperbolic upper half-plane is given
by

∆hu = y2
(
∂2u
∂x2 +

∂2u
∂y2

)
.

If we work in dimension n + 1 we get

dV =
dxdy
yn+1 , ∆hu = y2

(
∂2u
∂y2 +

∑
i

∂2u
∂x2

i

)
− (n− 1)y

∂u
∂y

.
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Fundamental solution of the linear heat equation

The explicit heat kernel in hyperbolic space, i. e., the solution with
initial data U0(x) = δ(x), is known (see Grigor’yan-Noguchi, 1998)
in odd dimensions n = 2m + 1 it has the formula

Un(r, t) =
(−1)m

2mπm

1
(4πt)1/2

(
1

sinh r
∂

∂r

)m

e−m2t−r2/4t

while for even n, n = 2m + 2, we have

Un =
(−1)m

2m+5/2πm+3/2 t−3/2e−
(2m+1)2

4 t
(

1
sinh r

∂

∂r

)m ∫ ∞
r

se−s2/4t

(cosh s− cosh r)1/2 dr .

Here, r is the geodesic distance to O.
Of course, for n = 1 we recover the Euclidean solution. For n = 3 we
have

U3(r, t) =
1

(4πt)3/2

r
sinh r

e−t−r2/4t

Note that for r ∼ 0 it looks like the Gaussian kernel but there is a factor
e−t that makes for enormous extra decay.
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Fundamental solution. Comments

The reader may want to use these formulae to compare with the results
of the porous medium case derived in this paper, which are not so
explicit but surprisingly simpler in some sense. For instance, it is
interesting to compare, say for n = 3, the decay we prove for the
HPME, U(0, t) ∼ (log(t)/t)1/2, with the exponential decay for the
HHE: U(0, t) ∼ e−tt−3/2, that follows from formula above. The
alternative between power decay for PME versus exponential decay for
the linear HE occurs also in Dirichlet problems posed in bounded
domains of Euclidean space.

Moreover, it is easy to see that formula for the HE predicts an
approximate separate variables behaviour at all instances r = o(t),
while this is false for the HPME where the term (γ log t− r + b)+ in the
PME formula breaks this behaviour at distances of the order of γ log t.
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Comment

The description of asymptotic behaviour in terms of special solutions of the
separate-variables type or the self-similar type is a main fact in the theory of
PDEs. It happens for the standard examples of linear and nonlinear diffusion
in the Euclidean setting.

It does not happen, at least in a way we know of, in the problems we are
considering in hyperbolic space. This adds complication to the study and
interest to the mathematical analysis.
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The Hyperbolic PME

The basic theory of existence and uniqueness of solutions of the HPME
is not a big novelty. If we moreover assume that the initial data are
bounded and have compact support, then it ooks like a variation of the
PME with nice variable coefficients. The paper gives references to
literature. Many basic properties have natural equivalents. In particular,
the Lp norms of the solutions, 1 ≤ p ≤ ∞, are non-increasing in time,
the solutions form a family of L1-contractions, the Maximum Principle
works, and that the mass conservation law holds∫

Hn
u(x, t) dµ(x) =

∫
Hn

u(x, 0) dµ(x).

L∞ ESTIMATES. (i) In order to obtain a sup bound from above, by
compariosn with the PME, since a radially decreasing solutions are
subsolutions of Euclidean PME

U(x, t) ≤ Ct−αe , αe =
1

m− 1 + (2/n)

This estimate should be very good for small times, but it is not good
later when the curvature of the space begins to have a strong influence,
as we will show.
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The Hyperbolic PME

(ii) To get a bound from below, we compare with the Dirichlet Problem
posed in a ball of radius R and we get

U(r, t) ≥ F(r)t−1/(m−1) ,

for 0 < r < R and t > 0, which means that the fundamental solution
decreases no more than the power-rate that we are familiar with as the
worst case in the Euclidean theory (i. e., the bound that holds for all
dimensions). The proof uses the method of subsolutions and it is easy.
The question is now to find the correct decay, that amounts to

‖U(x, t)‖∞ ≤ C(log(t)/t)1/(m−1) .

We will prove that this holds for the fundamental solution and then
extend it to the class of bounded solutions with compact support. In
fact, the exponent is exact.
We will also find the correct profile that goes with that size.
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Explicit example of finite propagation

The construction of explicit solutions plays an enormous role in
nonlinear theories. Sometimes the explicit solutions that we can
construct do not belong to the classes of solutions that we are interested
in for physical or mathematical reasons, but nevertheless they usually
offer valuable intuitions of qualitative or quantitative aspects of the
theory, since much of the mathematical analysis is based on local
behaviour.
In the case of the PME in Euclidean space this occurs with the traveling
wave solutions given by the formula p(x, t) = c(ct − x1)+, c > 0 (p is
the pressure). They exhibit many of the properties of the actual
solutions, mainly concerning the propagation front of solutions with
compactly supported and integrable data. Even if the global properties
are different from the class of integrable solutions, they are good
models at the local level.
We wondered what could be a similar construction in hyperbolic space.
We propose here a solution to that question. This solution was a key to
understand the general problem.
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Explicit example of finite propagation

Let us examine first the simplest case, m = 2 and n = 2, for clarity.
The preferred representation of the hyperbolic space will be Poincaré’s
upper half-plane representation where H2 is identified with
{(x, y) : x ∈ R, y > 0} ⊂ R2, the metric is given by

ds2 = y−2(dx2 + dy2) ,

and the Laplacian operator has the fantastic expression

∆H2 u = y2
(
∂2u
∂x2 +

∂2u
∂y2

)
.

It is then easy to see that for every c > 0 the function

U(x, y, t) =
(log(cty))+

2t
(3)

is a weak solution of the HPME, in the class of self-similar solutions,
since it has the form U(x, t) = t−α1 F(xt−α2), where x = (x, y). Here
α = 1 and α2 = −1. The equation for F(ξ) with ξ = yt is then

−F + ξF′ = ξ2(F2)′′ .
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Explicit example

Indeed, a simple calculation shows that the equation is satisfied
everywhere in the positivity set {(x, y, t) : U > 0}. On the other hand,
in order to obtain a global weak solution we have to check the
conditions at the free boundary, which is the set

Γ = {(x, y, t) : y =
1
ct
} (4)

and is planar front in the Euclidean graph of this space representation.
It is well known in the PME theory that a condition like the continuity
of U plus the space differentiability of Um at the free boundary (FB for
short) implies that the weak formulation is satisfied
Moreover, we can obtain a sharper condition which is Darcy’s law. Let
us review that important point: using (4) the normal speed of
propagation of the free boundary is

ds(t)
dt

=

∣∣∣∣ds
dy

dy(t)
dt

∣∣∣∣ =
1

y(t)
1

ct2 =
1
t
,

where s(t) measures geodesic distance from some given origin located
at y = 1. We immediately see that Darcy’s law holds.
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Explicit example

The example is a close equivalent to the usual traveling waves of the
PME which have however the standard traveling wave form. Like them,
our TW has a plane front lines. Here these lines, y = constant, are part
of the family of the special curves called horocycles in hyperbolic
plane. Horocycles are important, but they are not geodesics.
What is the picture in the Poincaré’s disk? the level lines are a family of
(Euclidean) circles tangent to the unit circle ‖x‖ = 1 at any horizon
point, say (−1, 0), so that the solution can be seen as a wave advancing
with the farthest tip on the x1 axis and tending to (1, 0) with rate
x1(t) = ct/(ct + 1). Using the formulas for the geodesic distance from
the origin we get s(t) ∼ log(t) + b, where b = log c. This is also in
perfect agreement with point (iv) of our Theorem 1.
Explicit example. Comments. (1) The formula produces a unique
special solution of that form for n = 2 and m = 2. Passing from the
half-plane representation to the Poincaré disk representation we
immediately see that the formula not only leads to one solution but to a
family of solutions, more precisely, one solution starting from every
horizon point. The same happens for n ≥ 3 and all m > 1.
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Explicit example. Comments

(2) The problem is posed whether there are more special solutions of a
similar kind and what they look like. For instance we can start special
solutions from two horizon points A1 and A2: as long as they have
disjoint supports the sum of the two is still a solution of the HPME.
(3) By considering in this representation for n = 2 more general
solutions that still are x-independent, we are faced with the 1-D
equation: y−2ut = (um)yy, which leads us to the theory of nonlinear
diffusion in inhomogeneous media with inverse square weights, a
remarkable limit case in diffusion theory. This idea will lead to the
main idea to prove the asymptotic behaviour of the fundamental
solution (and many other solutions with it).
General parameters. The calculation for general m > 1, n ≥ 2 gives

U(x, y, t)m−1 = a
(log(ctγy))+

t
(5)

with a = 1/m(n− 1) and γ = 1/(m− 1)(n− 1).
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Main result

We arrive now at the crux of the paper. We will change y into the
geodesic distance and try the formula (for a radial solution) to see if it
gives an exact or approximate solutions for large times. It is not exact,
we did not expect that. But is is approximate for t� 1, and the method
of super and sub-solutions allows to get a rough version of the main
result

Theorem

Let n ≥ 3. (i) Given an origin of radial coordinates O there exists a unique
radial and nonnegative weak solution U(r, t) of the PME in Hn with initial
data a unit delta function located at O. It is bounded and continuous for
t > 0, monotone nonincreasing in r for fixed t > 0, and it has compact
support in a ball of geodesic radius R(t) around O, that expands with time.

(ii) For small times it behaves like the Barenblatt solution of the Euclidean
PME.
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Main result

Theorem
(continued) (iii) For t� 1 the behaviour of the fundamental solution is
approximately given by the formula: t U(r, t)m−1 ∼ a (γ log t − r + b)+ ,
where

a =
1

m(n− 1)
, γ =

1
(m− 1)(n− 1)

, (6)

and b(n,m) is fixed by the mass of the solution. More precisely, we have
convergence along curves r = γ log(t) + ξ in the sense that

t Um−1(γ log(t) + ξ, t)→ a (b− ξ)+ (7)

as t→∞ with fixed ξ. The convergence is uniform for ξ ≥ k.
(iv) Moreover, there is a free boundary r = R(t) that grows for large times
like R(t) ≈ γ log(t) + b. More precisely, eR(t)−b ≈ tγ .
(v) Finally, we have the long-time sup estimate:

‖U(·, t)‖∞ ∼ (log(t)/t)1/(m−1)
. (8)
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Change into Euclidean diffusion with weight

The key to the precise proofs of asymptotic behaviour is a surprising
transformation of the radial version of the HPME into a weighted PME
equation in radial variables with underlying Euclidean metric. The
resulting weight looks like 1/r2 as r →∞, which is a critical power for
that theory.
The equation for u = u(r, t) in Hn is ∂tu = ∆rad(um) , where

∆rad u(r) =
1

(sinh r)N−1 ((sinh r)N−1u′(r))′ . (9)

and 0 < r <∞. We take dimension n ≥ 3.
We want to transform the equation by a change of variable s = s(r) into
an equation for û(s, t) = u(r, t) of the form

ρ(s) ∂tû = ∆sûm (10)

Here ∆s is the Euclidean Laplacian in n dimensions (and radial
coordinate s = |x|).
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Change into Euclidean diffusion with weight

Using the differential expressions, we get the change rule

ds
sn−1 =

dr
(sinh r)n−1 (11)

that performs the transformation. Integrating, we see that for r ∼ 0 we
have s(r) ≈ r, while for r � 1 we get s(r) ∼ (sinh r)(n−1)/(n−2) and
more precisely

s(r) ≈ c(n) e(n−1)r/(n−2)

In particular for n = 3 we get 2s(r) ∼ e2r.

After some easy computations we pass from the original equation in Hn

to the Euclidean equation with a precise weight ρ(s).

What is ρ ? it holds the key to the quantitative behavior !
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Change into Euclidean diffusion with weight

ρ(s) =
(sinh r)2(n−1)

s2(n−1) . (12)

We conclude that ρ(s) ≈ 1 for small s, while ρ(s) ≈ c1(n)s−2 for large
s. Note that

(sinh r)n−1dr = ρ(s)sn−1ds ,

as needed by the conservation of mass laws of both equations. It is
important to realize that we get a weight that is not a pure power
function.

Comment. If we perform the same transformation starting from the
approximate solution

∂tu = (um)rr + (n− 1)(um)r = e(1−n)t(e(n−1)t(um)r)r ,

we get the transformation ds/sn−1 = dr/e(n−1)t, so that in this case

ρ(s) =
e2(n−1)

s2(n−1) = c(n)s−2 .
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Weighted nonlinear diffusion

The study of radial solutions of the PME in hyperbolic space is thus
reduced to the study of the weighted nonlinear diffusion equation (10)
with a special type of weight that has a regular behaviour at s = 0 but
degenerates as s→∞ with an inverse quadratic rate. Complicated non
self-similar expressions are to be expected from the analysis of the
transformed problem in view of the already complicated expressions for
the fundamental solution of the linear heat equation in Hn.
The mathematical study of equations of the form

ρ(x) ∂tû = ∆xûm , m > 1, (13)

was initiated by Kamin and Rosenau in two seminal papers in 1981, 82,
and continued by a number of authors; no assumption of radial
symmetry was used in those studies.
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Weighted nonlinear diffusion

The properties and long-time behaviour of the solutions in the presence
of weights that decay in a slower way than |x|−n have been investigated
in particular by G. Reyes and the author in a series of papers (2006,
2008, 2009) and one with S. Kamin (2010). Two classes appear we
consider the long-term behaviour of solutions with nonnegative initial
data in the natural physical space

û(x, 0) = û0(x) ∈ L1
ρ(RN) (14)

where L1
ρ(RN) = L1

ρ(x)(RN , ρ(x)dx).
(i) weight functions that degenerate mildly infinity, like ρ(s) ∼ s−γ

with 0 ≤ γ < 2,
(ii) weight functions that go to zero faster, γ > 2. Both cases were
treated and the results differ greatly, the simpler case being γ < 2.
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Asymptotics

The case we need to study after the transformation is precisely γ = 2
according to formula (12), which is a critical case that had not been
considered before. Fortunately it was studied by my students Reyes and
Nieto (paper of 2013). This was prior to any idea of this application.
Their results fit perfectly what we need for the main theorem.

Let us introduce a preliminary. Indeed, the Cauchy problem admits the
following family of “Barenblatt solutions” with a logarithmic
singularity at the origin as approximate solutions

ÛA(x, t) =

[
log(A tβ/|x|)

m(n− 2)t

]1/(m−1)

+

(15)

where
β =

1
(n− 2)(m− 1)

.

They are “solutions” of a limit problem with very singular weight
ρ(s) = cs−2.
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Asymptotics

Theorem

Let n ≥ 3 and assume that assumptions (H) on ρ hold. Let
û0 ∈ L1

ρ(Rn), û0 ≥ 0 with E = ||u0||L1
ρ
, and let û be the unique weak

solution to the Cauchy problem for the weighted PME. Let ÛA the
self-similar solution with limit energy E = k(n,m)An−2. Then,

lim
t→∞

tα(p)||û(·, t)− ÛA(·, t)||Lp
ρ(Rn) = 0 (16)

for each p with 1 ≤ p <∞. Here α(p) = (p− 1)/(p(m− 1)). When p =∞
such convergence fails near x = 0 and we have for any d > 0,

lim
t→∞

t1/(m−1)||û(·, t)− ÛA(·, t)||L∞({|x|≥dtβ}) = 0. (17)

This is what was needed as basic result. ¡
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End of proof

In order to be used for our main theorem on HPME is had to be
sharpened concerning the behaviour for s ∼ 0 and the behaviour of the
finite front (free boundary). The improvement of this theorem, and the
translation to the HPME is done in the JMPA paper. After some
cumbersome calculations , we concludes the proof of the main theorem.
The transformation does not give the desired results for n = 2. A
delicate analysis for radial solutions in non-integer dimension
2 < n < 3 is needed.
The asymptotic result applies to radial solutions with compact support,
like the fundamental solution. A further comparison step extends to
result to nonradial solutions, but the sharp constants are lost (the
exponents are kept).
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Extensions and Other directions

The fast diffusion equation on Hn. Works reported by G. Grillo here.

Same problems on other manifolds with negative curvature. Mostly
open. Some works reported by G. Grillo here.

The p-Laplacian equation on Hn. Basic results in a section of the JLV
JMPA paper.

The accurate behaviour in dimension n = 2. Open problem.

More general nonlinear diffusion equations. Open problem.

...
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The End
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