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Outline of the lecture

Motivation: Vortex Lines for 3D Euler

3D Euler and connections with SQG
Vortex Lines (Euler) - Sharp fronts (SQG)
Evolution equation for a sharp front
Almost Sharp Fronts

Limit of Almost Sharp Fronts (Stability)
The Spine of an Almost Sharp Front

O0Oo0o0oo-Qdgdd

Construction of almost sharp fronts
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MOTIVATION: VORTEX LINES FOR 3D EULER

[0 3D Euler in vorticity form (w = curlu)

wt +u- Vw = (Vu)w

1 ]
= — [ _=—9 d
U(LE) A7 ||$_yH3 X w(y) Y

[1 Solution of 3D Euler with w supported on a curve vy

w=|w|ér T

[J Vortex lines are advected by the fluid.
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MOTIVATION: VORTEX LINES FOR 3D EULER

[0 3D Euler in vorticity form (w = curlu)

wt +u- Vw = (Vu)w

1 ]
= — [ _=—9 d
U(‘T) A7 ||$_yH3 X w(y) Y

[1 Solution of 3D Euler with w supported on a curve vy
w=|w|ér T

[J Vortex lines are advected by the fluid.

[0 Velocity expression is singular if w = |w]| o T

u(z)

R — = u¢ L?
distance to the curve ¢

[1 Known approximation - da Rios equation:

= k - Curvature of v
B - Binormal
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THE SURFACE QUASI-GEOSTROPHIC EQUATION

O Active Scalar equation (2-dimensional model).
[J Incompressible model for weather prediction.

O Later realized to be a model for 3D Euler (Constantin-Majda-Tabak).

Do o9
- e 0 —
D T T V=0

u=(-A)"2V+g

[J Fractional Laplacian defined via the Fourier Transform

(—A)af = e f o)y 2f={ fl)
R2 |z —yl

[0 Expression for u is a singular integral (orthogonal Riesz transform)

u(x) = /( Byo (y 0y1(y))‘ y|dyf/R29(y)(_xz—y2’m1—y1)dy

lz —y|® |z —yl?
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Do 00

3D EULER AND SQG oo YY)

3D EULER SQG

5 .

= = (Vu)w Dv=6) _ (Vu)V*6
Dt Dt
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Do 00

3D EULER AND SQG DT a YY)

3D EULER SQG /

5 .

=% = (Vu)w b(v=e) _ (Vu)V*o
Dt Dt

[J The velocity is recovered via the integrals ( K4 homogeneous of degree 1 — d)

w(z)=[ Ks(y)w(z —y)dy, u(z)=[ Ka2(y)V'0(z —y)dy.

R3 R2

[ The strain matrix can be recovered via SIO. § = Yut¥ v

0 |w| and V6] evolve according to the same type of equation.
[1 Both systems have conserved energy.
[J Beale-Kato-Majda condition for a break down (at time 7).

T T
/ [lw||Lee (s)ds — oo, / [[V40)| Lo (s)ds — oo.
0 * T—Tx 0 = T—T,

[J Integral curves of w (vortex lines) and of V6 move with the fluid.
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EVOLUTION OF SHARP FRONTS

6=0

(€]

1
(=]

N
NS
Nl
Nl
N~

We want to study the evolution of

0z, y,t) =1y = po(z)
a(xayvt) =0 y < 900(1')5
where ¢o(x) is a smooth periodic function.

MAIN GOAL

Find an evolution equation for a periodic sharp front for SQG using tools
available in 3D Euler.
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FORMAL DERIVATION OF THE EQUATION

(—A)"2F = [ﬁ} « F

Since u = (fA)*%vie and V40(z,y,t) = (=1, —¢ (z,1)d(y — ¢(x, 1))
we obtain (for (z,y) not on the front)

u(w,y,t) = — Ly (1)) —XE =8y =e@D) g5
(#%%) //( i ))[(w—i)2+(y—s0(i,t))2]

=
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FORMAL DERIVATION OF THE EQUATION

abpo [ x@y) ]
e [(xuy?)%} "
Since u = (fA)*%vie and V40(z,y,t) = (=1, —¢ (z,1)d(y — ¢(x, 1))

we obtain (for (z,y) not on the front)

u(z,y,t) = —/R/Z (1,4,0'(53,15)) T Xz=2y=e@1) 4z

& —8)°+ (y - ¢(,1))2]2

The integral is divergent as we approach the front. We loose one dimension and the
kernel is not integrable in one dimension. Since 6 is advected by the fluid

(O +u-V)0=0= (8 +[u+hV" 6 V)§=0.

We modify u by adding the following terms

17 /1‘, X(xf‘%vyfgo(‘%vt)) dz |.
( # t)>[/me/z (@ —2)2 + (y — (@, 1))%]2
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FORMAL DERIVATION OF THE EQUATION II

We redefine u to be

u(x —— "F.1) — o (2 x(x =&,y — p(&,1)) 5
ot /R/Z<0,<p( el 7t)> [(x — %)% + (y — p(Z,1))?] 4

=

Since u is purely vertical and the front is advected by the fluid we have

—Z(x,t) = — P(2,t) — &' (x,1) ~x(z — Z,o(z,t) — p(Z,t))dZ,
or ") /R/Z @27 + (oo t) — p@yp T B P @)

with initial data ¢(z,0) = @o(z).

The equation is a nonlinear version of

vt =1iDlog|Dlep.
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ALMOST-SHARP FRONTS

1
Weak solutions of the equation with large gradient (~ =, where 2 is the thickness of

the transition layer for 6).

)

0=1
S O(xt)+5
6 bounded oxt)
T~ T~ ——
N 0(x) -3
06=0
I
We consider 0 of the following form
0=1if y>pxt)+4
6 bounded if |p(z,t) —y| < I
0=0if y<oz,t)—9~
where ¢ is a smooth periodic function and 0 < § < %
Remark
(z,t) can be any curve, not necessarily the solution of the sharp front equation. J
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DERIVATION

Theorem (D. Cérdoba - C. Fefferman - J. R.)

If 6 is an almost-sharp front and is a weak solution of SQG, then any curve ¢ in the
almost-sharp front satisfies the equation (in the weak formulation)

o A = @' (z,t) — &' (T, 1) - - -
—(x,t) = —x(x — Z,¢(z,t) — ¢(2,1))dT +
ot 0 /R/Z [(z — %) + (¢(x,1) — B(Z,1))°]2 . (1) = o@0)

+[ error]

with |Error| < Cé|log §| where C depends only on ||6||r and ||V ree.

Remark

Note that an almost sharp front specifies the function ¢ up to an error of order 5. The
above theorem provides an evolution equation for the function ¢ up to an error of order
d|log d).
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A SPINE FOR ALMOST SHARP FRONTS

Observation

[1 Given an almost sharp front that changes from 0 to 1 in a strip of thickness §
there exists a “unique” curve that improves the previous result.

[1 For every time slice we choose it using an intrinsic measure-theoretical approach.
(No evolution equation!)

Lemma (Choosing the spine)
Given 6 € C?, satisfying |0°0| < 671! |a| < 2, and

1 z2 > g(z1) + 6
0 z2 < g(z1) — 0

9(1‘1, :L‘Q) = {

there exists a “unique” curve o = ¢(x1) such that the difference between the following
two vector-valued measures is O(5?)

V+0dzidzs — (1, ¢ (x1))dse arc length on curve ¢

[1 6 does not have to solve any equation.
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ABOUT THE SPINE

p is the “centre of mass” of 0

/ Ozs (x1,22)(z2 — ¢(z1))dz2 =0 for every x;.

—o0

We are choosing ¢ such that

¢(x1)+6 e}
h(z1) = / 0(x1,z2)dze = —/ Ouo (71, 22) (2 — P(21))dx2 = 0.
—¢(x1)—0 —o0
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ABOUT THE SPINE

p is the “centre of mass” of 0

/ Ozs (x1,22)(z2 — ¢(z1))dz2 =0 for every x;.

—o0

We are choosing ¢ such that

¢(x1)+6 e}
h(z1) = / 0(x1,z2)dze = —/ Ouo (71, 22) (2 — P(21))dx2 = 0.
—¢(x1)—0 —o0

For every T'(x1, z2) with |V?T'| < M we have

// I‘(zl,zg,t)VLQ(zl,xg,t)dxldxg = —/ F($1,$2)(1,¢l($1,t))d$1 +O(M52)

R/ xR 2=¢(x1,t)
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ABOUT THE SPINE

p is the “centre of mass” of 0

/ Ozs (x1,22)(z2 — ¢(z1))dz2 =0 for every x;.

We are choosing ¢ such that

¢(x1)+6 e}
h(z1) = / 0(x1,z2)dze = —/ Ouo (71, 22) (2 — P(21))dx2 = 0.
—¢(x1)—0 —o0

For every T'(x1, z2) with |V?T'| < M we have
// F(l’l,l‘g,t)vle(Il,l‘z,t)d.’Eld:EQ = —/ F((El,.’EQ)(l,(f)l(xl,t))d:Ih +O(M52)
zo=¢p(w1,t)
R/7 xR

In the applications I' arises from the velocity field (among other things), which
unfortunately does not satisfy |V2T'| < M.
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EVOLUTION OF THE SPINE

Theorem (C. Fefferman - K. Luli - J.R.)

Let 0 is an almost sharp front of thickness ¢. Define x2 = ¢(x1,t) to be the spine for
every time t. Then  satisfies the equation (in the weak formulation)

aixt = ' (2,8) — ¢'(3,1) x—I,0(z,t) — o(Z,t))dz +
55 =, T3 + (ot - pla TN~ 00 ~9E0)

+[errr)

with |Error| < C §%|log §| where C' depends only on estimates for 9°6.

Remark

Note that an almost sharp front specifies the function ¢ up to an error of order §. The
above theorem provides an evolution equation for the function ¢ up to an error of order
52|log é|.

José Luis Rodrigo  (Warwick) Sharp fronts for SQG 13 /24



TECHNICAL ISSUES

0 In our case I arises from u. We need the weaker version: if |V2I'| < M|log§| or
F($17 3’32) = F(Z‘l, ¢($1)) + FxQ (331, ¢($1))($2 — (b(ml)) + O(M(52| 10g6|) whenever
|z — ¢p(x1)] < CS we have

D(z1,22)V10(z1, o, t)dz das = ,/ T(x1,22)(1, &' (21, ))da1 +O(M6%|log §]).

xo=p(x1,t
R/7 xR 2=¢(x1,t)
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TECHNICAL ISSUES

0 In our case I arises from u. We need the weaker version: if |V2I'| < M|log§| or
D(z1,z2) = (21, d(x1)) + Ty (21, p(#1)) (z2 — d(21)) + O(M62|log §|) whenever
|z — ¢p(x1)] < CS we have

T(x1,22)V10(z1, x2,t)dz1dre = f/ T(x1,22)(1, ¢ (z1,t))de1 +O(M6?|log §)).

xo=p(x1,t
Ry xR 2=p(w1,t)

[0 We only need to use test functions y(z1,x2,t) which are functions of z; for |z2| < C.
We start by considering a weak solution of SQG

/G(xl,xg,t) Oy (71, xg,t)da:gdacldt—l—/ 0 (z1,z2,t)u(z1, x2,t) Vv (21, 2, t)drodz1dt = 0
We want to show that the above equation leads to

// 7(m1,t){ Left Hand Side of Sharp Front Equation = O}d:cldt = 0(82|1log d))
R/7 XR

where y(z1,t) is a test function (now in one space dimension).
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CONSTRUCTING ALMOST-SHARP FRONTS

[J Given a curve and a transition profile we want to construct solutions with
initial data the rescaled (to have thickness ¢) profile, that exist for some
positive time independent of 4.

[J Want to study the family of solutions on a FIXED DOMAIN. We look for
solutions of the form (FIRST SET OF NEW COORDINATES)

— t
Os,0,0) = O, LD gy
—_————
3
where € is smooth and satisfies
Qx, &) =1 &E>1,
Oz, &,t) smooth €] <1,
Qz,&,t) =0 &< —1.

[J Goal Prove that for § < §, the solutions 65 exist for at least time T,
independent of §.
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NoO LIMIT: SECOND SINGULARITY

The velocity is given by (from now own x = 1)

—05(%,9),05(2,9) .. -
u(zx,y, —dzd
t // (@ —2)2 + (y — §)2] !

Strategy: write SQG in terms of Q,z,£. Recall 6(z,y,t) = Q(x,&,t). We expect

1
E(Sharp Front Equation for ) + terms of order 1 in terms of Q,z, &

e 3 (&, §)0z(x,y) + 0z(Z, z?)fy(:v,y)did~
// [(z—2)2+ (y—19)%]2 !
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NoO LIMIT: SECOND SINGULARITY

The velocity is given by (from now own x = 1)

—05(%,9),05(2,9) .. -
u(z,y, —dzd
vt // @2+ —0F

Strategy: write SQG in terms of Q,z,£. Recall 6(z,y,t) = Q(x,&,t). We expect

1
E(Sharp Front Equation for ) + terms of order 1 in terms of Q,z, &

e 3 (&, §)0z(x,y) + 0z(Z, ﬂ)fy(x,y)did~
// [(z—2)2+ (y—19)%]2 !

Problem: There is no formal limit!!

Since £ = 6(x t we have y = ¢(x,t) + 6¢

Qé(f,é,t)Qx(l?,E,t) _Qi(j7£7t)ﬂﬁ(xa£7t) oz
/ / 2> 4zdé
[(z — )% + (o(z,t) — 9(F,1) +6(§ — £))?]2
WHEN § = 0 THE KERNEL LOOSES THE DEPENDENCE ON E MAKING THE INTEGRAL SINGULAR.

It is not possible to compute a formal limit.
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VERTICAL INTEGRATION REGULARIZES THE EQUATION

For this special kind of solution

[ocw g =1

The singular term (in the limit) becomes

// xft m&) Qa (2, &,1)Q (gt)d:idfz
(& — £)2 + (p(z,t) — p(,1)2]?

:/ o2, & t) — [ Q(E édwg(f)di,~
[(x — &)2 + (p(z,t) — p(&,1))?]2
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VERTICAL INTEGRATION REGULARIZES THE EQUATION

For this special kind of solution

[ocw g =1

The singular term (in the limit) becomes

// (%, €,1) (2, €,1) — (3, €, 1) (2, &, 1)
(& — £)2 + (p(z,t) — p(,1)2]?
:/ l’ft fQ ( é d£ Qg(x7€7t)di’.

[(w = 2)2 + (@, 1) — (3,1))2] 2
Formal integration of the equation with respect to &

dzdé =

[ Qu(z, &, t)de — [ Qa (7, dédj.
(2 — )2 + (p(x, 1) — (2, 1))2)2

Now the integral is convergent!!

O CLAIM [Q(z,€,t)d€ =: h(z,t) satisfies a much better equation.
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ASYMPTOTICS OF u. LACK OF LIMIT.
The velocity can be writen in terms of h alone. For § > 0 it looks like
u(z,&,t) = logd (1,p(x,t)) + dlogd term + ...

u(z, &, t) = log da(z,t)(1, p(x,t))

“5log 5{% (2, )€+ o (1) oz, ) he(z, t)}(o, 1)t

a fully determined by .
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ASYMPTOTICS OF u. LACK OF LIMIT.
The velocity can be writen in terms of h alone. For § > 0 it looks like
u(z,&,t) = logd (1,p(x,t)) + dlogd term + ...

u(z, &, t) = log da(z,t)(1, p(x,t))

“5log 5{% (2, )€+ o (1) oz, ) he(z, t)}(o, 1)t

a fully determined by .

And the gradient of 6
1
VO = Qu(2,&,1)(1,0) + (—p(w, 1), 1) 5 Qe(, &, ).
And so
u-Vo = logé{an — [axg—&— azh + ahgc]Qg} 4.

The term with the logarithmic divergence disappears

/an — [0 & + azh + ahs | Qed€ = 0.
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EQUATION FOR h. CONNECTIONS WITH THE SPINE.

Since
/an - [ozgC £+ azh 4 ahy|Qedé = 0.
We find a “simple” equation for h(z,t) = [ Q(z,&,t)dE (IN THE LIMIT)
ht(m7t)+
Frila) [ BB R0 gy [HEDHED g,
|z — z| |z — Z|

+Fs3(x,t)he(x,t) + Fa(z, t)h(z, t)+

+/hi(f,t)Ql(x,i,t)diJr/h(i:,t)Qg(at,i:,t)d:T::0.
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EQUATION FOR h. CONNECTIONS WITH THE SPINE.

Since
/Ole - [ozgC £+ azh 4 ahy|Qedé = 0.
We find a “simple” equation for h(z,t) = [ Q(z,&,t)dE (IN THE LIMIT)
ht(m7t)+
Frila) [ BB R0 gy [HEDHED g,
|z — z| |z — Z|

+Fs3(x,t)he(x,t) + Fa(z, t)h(z, t)+
+ / hz(Z,t)Q1(z, Z, t)dT + / h(Z,t)Q2(z, z,t)dz = 0.

h SATISFIES A “LINEARIZED” SHARP FRONT EQUATION, WHICH

IS HOMOGENEOUS!

If h(z,0) = 0, that is ¢(z,0) is the spine, it remains 0, which implies ¢(z,t) remains as

the spine, while solving the sharp front equation (in the limit).
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Recast () as a transport-like equation.

We use its solution in the original equation for Q2

O +log<5{an - [azf—f—azh_yahm]gé} 4.

which is now a transport-like equation (now h is KNOWN!! - and = 0 if ¢ is the spine).

dz

1
R R (PR ey
d¢ 2 (2, ) oz (T, 1) 1
a = 21%5[[5 e g I T T ey )

WE NEED TO STUDY {2 AND h IN DIFFERENT COORDINATE SYSTEMS!

The system can be easily integrated if we write the equation using as coordinates
arc-length and distance to the curve.

ds 2
dp

2
ar = Zhs(s, 7)logé
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MODEL PROBLEM

Model Problem
ft - loyéf:p =0

Using as new coordinates (x + logd t, t) the equation becomes

Df
Dr =
To solve the equation, all we need to do is integrate a vector field.
The whole process corresponds to unwinding the logarithmic divergence
that appears in u - V0, before considering the map

0

Yy— ‘10(‘7:7 t)

(z,y,t) — (=, 5

)

Main Difficulty: Unwinding depends on h.

In the limit & and Q uncouple, but not for § > 0.
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UNWOUND LIMIT EQUATION

Abuse of notation (use x, & again for the unwound coordinates)
Qt(ﬂ?, gv t)

1
€ — €

+W (z,t)Qe(z, €, 1) /Qz(x & t)In

+Wi(z, &, )Qa (2, &, t) + Wa(=, £, )Q¢(x, €, 1)+

_ 1 _
W06 006,60 [ Qg £ 00 - dE

_ _ 1 _
FWila )2 (. 6.0) [ Qe(e, &0 Em e

3

_ _ 1 _
W (2, 02 (2, 6,0) [ Q@& 0 & In ——af =0

€ —¢l

Theorem (C. Fefferman & J.R.)

The above equation has a unique solution in the analytic case (in several flavours).
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EXISTENCE OF ASF

Theorem (C. Fefferman & J.R.)

In the analytic case almost-sharp fronts can be constructed for a time independent of
the thickness.

[ Either for functions that convergence asymptotically to the contants 0 and 1
(redoing the whole theory for “almost-constant” patches

[ or for analytic functions in the interior of the strip that match the constant values
to any fixed “contact order
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ANALYTIC CONSTRUCTION

[0 Study a system with 4 unknowns , h, top boundary, bottom boundary.
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ANALYTIC CONSTRUCTION

[0 Study a system with 4 unknowns , h, top boundary, bottom boundary.

[J Separate coordinate systems need to be constructed for each unknown.
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ANALYTIC CONSTRUCTION

[0 Study a system with 4 unknowns , h, top boundary, bottom boundary.
[J Separate coordinate systems need to be constructed for each unknown.

[J The coordinate system for h is intrinsic to the curve. The others depend on h.
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ANALYTIC CONSTRUCTION

Study a system with 4 unknowns €2, h, top boundary, bottom boundary.
Separate coordinate systems need to be constructed for each unknown.

The coordinate system for h is intrinsic to the curve. The others depend on h.

0 B o [ |

The h equation (now it does not uncouple as in the limit) does not contain
divergent terms, and the coordinate system in which it is studied does not
breakdown as ¢ goes to 0. All other coordinate systems do.
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ANALYTIC CONSTRUCTION

Study a system with 4 unknowns €2, h, top boundary, bottom boundary.
Separate coordinate systems need to be constructed for each unknown.

The coordinate system for h is intrinsic to the curve. The others depend on h.

0 B o [ |

The h equation (now it does not uncouple as in the limit) does not contain
divergent terms, and the coordinate system in which it is studied does not
breakdown as ¢ goes to 0. All other coordinate systems do.

[J The system of equation contains operators of order higher than 1, but it is possible
to construct coordinate systems in which this operators act only on h, and appear
in a linear form.
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ANALYTIC CONSTRUCTION

0 B o [ |

Study a system with 4 unknowns €2, h, top boundary, bottom boundary.
Separate coordinate systems need to be constructed for each unknown.
The coordinate system for h is intrinsic to the curve. The others depend on h.

The h equation (now it does not uncouple as in the limit) does not contain
divergent terms, and the coordinate system in which it is studied does not
breakdown as ¢ goes to 0. All other coordinate systems do.

The system of equation contains operators of order higher than 1, but it is possible
to construct coordinate systems in which this operators act only on h, and appear
in a linear form.

DELICATE POINT: The construction of the coordinate system cannot be done by
simply integrating he ODEs described. Approximate unwindings of the singularity
are needed (add terms o(1) to the RHS of the ODE).
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