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Fractional filtration equation

u+ (—A)7(p(u)) =0, xeRY, 1>0

u(vO) =f

> EXPONENTS: 0<o <2
> INITIAL DATA:  f € LY(RN), f>0

» NON-LINEARITIES: ¢ continuous, non-decreasing, ¢(0) =0

u™, m>0
e Examples: ¢(u) =
log(l4+u), N=o=1
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Aoz

Fernando Quirés

A non-negative, self-adjoint, linear operator

A%u(x) = F(ia) /o (eftAu(x) — u(x)) %

TN di
[ — 1
° A I'(—a) /0 (e ) tta’ A>0
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Motivation

Non-linear generalization of the fractional heat equation

u + (=AY ?u=0

Non-local generalization of the filtration equation
ur — A(p(u) = 0

(Other possible generalizations [Caffarelli-Vazquez, 2009])

Hydrodynamic limit of zero range processes [Jara, 2009]

o(u) =log(1 + u) ~» Nonlocal “critical” viscous transport equation
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Mild solution

» THEOREM [Crandall-Pierre, 1982]: A linear operator such that

u; + Au = 0,

3 mild solution (ITD): { w0) =f € I

_|_
conditions on ¢

4

u + Ap(u) =0,

3 mild solution: { w(0) =f e L

» Abstract construction =

¢ Not enough information to prove that mild = weak.
¢ No estimates = No further properties.
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Integration by parts / Functional space

—A)/2 — Tl /2.5 1¢10/2,)
> [ artow = [ lerod= [ 1Pl

= [ CarFearty
RN
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Integration by parts / Functional space

>/]RN(_A)U/2SDw = / €79 = /|)g|<f/2 €]°/%)

= [ CarFearty
RN

1/2
lellaor = ([ leFlePas) = 1-2)ols

> 1/2
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Weak/strong solutions

Weak (L'-energy) solution
o u€ C([0,00) : L'(RY)), p(u) € L}, ((0,00) : H7/*(RM))

/ /RN”dxds— / /R A) (o)) (—A)7 4 dxds = 0

Vi € CLRN x (0, 00)

e u(-,0)=f ae.

Fernando Quirés Frontiers of Mathematics and Applications Ill. UIMP, Santander, Spain, August 13-17, 2012



Weak/strong solutions

Weak (L'-energy) solution
u € C([0,00) : L'(RY)), p(u) € L3,.((0,00) : H7/2(RY))

./ /RNudxds—/ /RN A) 4 (p(u)) (=AY *4 dxds = 0

Vi € CLRN x (0, 00)

e u(-,0)=f ae.

Strong solution (uniqueness)

Weak (L'-energy) solution

Ou € L (RY x (0,00)) + ...

Fernando Quirés Frontiers of Mathematics and Applications Ill. UIMP, Santander, Spain, August 13-17, 2012



Difficulties

> (~2)7 () = ?

> (~A) T (pou) =7

> (—A)?/* not compactly supported even when 1 is

e (—A)?/* non-local operator
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______ o-harmonic extension [Caffarelli-Silvestre, 2007] _____

Lyyv=divy' o) =0, R{*'={xeR" y>0}
v=E(g):
v(x,0) = g(x), xeRY

> v(x,y) = /]RN P(.X'— E,y)g(f) d£5 P(X,y) = dN#T(‘x‘z 4 |)):|2)(N+O')/2

v(x,y) — v(x,0)

> i 1-c 9V _ i
e R S
. P('x_gay) UdNo’ 2
—0o 1 TV ae) — g(x)) dE = — NI (_A)o/
o tim [ OS2 () - ) de = 0 (-0) s
ov Y

0
= =, lim y' 77— = —(=A)7/?
oy° a y_l)r(§1+y dy (=A)""¢
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An equivalent local problem

Low =0, (x,y) € RYF 1> 0,
ow  Op~t(w)

— =T RV y=0,t>0
aya- at Y xe 7y 9y >7
w = p(f), x€RN.y=0,1r=0.

» Some proofs (e.g. existence) may be easier in this formulation!

» Dynamical boundary conditions (Amann, Escher, Fila, Vitillaro, ...
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Weak solution (local problem)

Weak (L!-energy) solution

o ue C([0,00) : L'(RY)), w € L2,((0,00) : X* (RNT1);

/ / u— dxds — ug/ / 7(Vw, V) dxdyds = 0,
RN RN+‘

Vi € C (R’i“ (0, oo)),

e u(-,0)=fa.e.

1/2
> vllxe = <ua / NHyl—”erdedy)

+
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Extension / trace operators

> E: H7/2(RY) — X7 (R isometry [Caffarelli-Silvestre, 2007]
> o [V IVE).VEW) = [ (- (-a)T
RYH! RV

> TI‘(\Ifl) = TI‘(\Ilz)

-0 _ -0
Lo (OB ) = [ VR, V)
+ +
> Tr: X (R ™) — H/2(RV) surjective and continuous

> TRACE EMBEDDING: [ ®||xc > || E(Tr(®))||xs = || Tr(®)|| 102
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Steps towards regularity

» Mild = weak

e Energy estimates for associated elliptic problem

» Weak + bounded = strong

e Steklov averages

» Weak + conditions on the initial data = bounded fort >+ > 0

e Approximation by bounded strong solutions

» Weak + bounded =- C* for some « € (0, 1)

e [Athanasopoulos-Caffarelli, 2009] + positivity

» C>forsome a € (0,1) = Cc'Pforall e (0,1) = Further regularity

classical
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C* = C"% (0 =1, N = 1) [dPQRY, preprint]
uy = u(xg,tp), ¢ (up)>0

O+ ¢ (o) (=) 2u = —(=2)"? (p(u) — ¢/ (uo)u)

= —(=8)"2 (p(w) = (i2(u0) + & (uo) (u — up)))

F(u)
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C* = C"% (0 =1, N = 1) [dPQRY, preprint]
uy = u(xg,tp), ¢ (up)>0

O+ ¢ (o) (=) 2u = —(=2)"? (p(u) — ¢/ (uo)u)

= —(=8)"2 (p(w) = (i2(u0) + & (uo) (u — up)))

F(u)

u(x, 1) = / P(x — x1, ¢ (uo)t)f (x1) dxy

/ / —x1,¢ (o) (t — 1)) (—A) 2 F(u(xy, 1)) dxydiy
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C* = C"% (0 =1, N = 1) [dPQRY, preprint]
uy = u(xg,tp), ¢ (up)>0

O+ ¢ (o) (=) 2u = —(=2)"? (p(u) — ¢/ (uo)u)

= —(=8)"2 (p(w) = (i2(u0) + & (uo) (u — up)))

F(u)

u(x, 1) :/RP(x—xl,cpl(uo)t)f(xl)dxl

- i /0 ' AP 1, )~ 1) Flaa, )

g(x,t)
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C* = C"% (0 =1, N = 1) [dPQRY, preprint]
uy = u(xg,tp), ¢ (up)>0

O+ ¢ (o) (=) 2u = —(=2)"? (p(u) — ¢/ (uo)u)

= —(=8)"2 (p(w) = (i2(u0) + & (uo) (u — up)))

F(u)

u(x, 1) :/RP(x—xl,cpl(uo)t)f(xl)dxl

1 t
— i [ )R =)o = 1) P, 1)
©'(uo) Jo Jr
8(x1)
1 t 1 x2—p
P(x,t) = L (—A)2P(x, 1) = Py = A(x,1)
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Doubling Holder [Caffarelli-Vasseur, 2010]

» Step 1:  C*fora € (0,1/2) = C*

o Flup) = F'(ug) =0

o |[F'(u)| = |¢"(u)] <C for 0<d<u<K + positivity

o |F(ux,0)] = E5 u(x, 1) = ulxo, 10)> < Cl(x,1) = (x0, 10) P
> Step2: Ceforallac (0,1)= C"forall g€ (0,1)

e Same ideas for second increments
» Examples:  o(u) =u", (14+u)", m>0, o(u) =log(1 + u)
» Extensions: N>1, 0<o<?2
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Smoothing effect PME

u 4 (—=A)72(um) =0,
> m>0
u(-,0)=f¢€ L (RN) QLP(RN)a

THEOREM: p > max{l, (1 —m)N/c} >)

I
sup [u(x, 1)] < C N/ N n=1+op)||f|jop/(N(m—1)top)

x€RV

e Functional inequalities + Moser iteration
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_ Stroock-Varopoulos inequality, 0 < o < 2 [S, 1984], [V, 1985]

2

Thu: o = (02 = [ w0 W%>4Nvmwww

W(— U/Zv — 0'/4 0'/4
JRGIEN L artue-a)

- (@Ml b)), VEW)

‘/Mllaw (VE(W). VE())
- '/Mll<wvw Ol
> [
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_ Stroock-Varopoulos inequality, 0 < o < 2 [S, 1984], [V, 1985]

2

Thu: o = (1) = [ w)(-A)"v> /R ST

Loearte = [ ayitue ey
- /RNH 7(VU(EN). VEW))
/le (VE(W). VE())

- /Nﬂ“’rw Ol
> [
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_ Stroock-Varopoulos inequality, 0 < o < 2 [S, 1984], [V, 1985]

2

Thu: o = (02 = [ w0 W%>4Nvmwww

W(— U/Zv — 0'/4 0'/4
JRGIEN L artue-a)

- (@Ml E(), VE())

‘/Mllaw (VE(), VE())
- '/Mll<wvw W)
> [
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_ Stroock-Varopoulos inequality, 0 < o < 2 [S, 1984], [V, 1985]

2

Thu: o = (1) = [ w)(-A)"v> /R ST

W (= 0'/2v _ 0'/4 0'/4
JIRGIEN JRESERTOIEN

— s [ VHEW), TEW)
]R
VE(®), VE(v))

/Nﬂ
- /Nﬂ“’rw Ol
> [

Fernando Quirés Frontiers of Mathematics and Applications Il. UIMP, Santander, Spain, August 13-17, 2012 18

(~ayu)|




Hardy-Littlewood-Sobolev’s inequality

THEOREM [H-L, 1928], [S, 1938]: 0 < 0 < min{2,N}
)
[l v < Cl(=A)"la,  (HPRY) — L= (RY))

1=N<o<2?
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Classical Nash inequality [Nash, 1958]

THEOREM: 0 <o <2, ¢ LY(RN)nH/2(RY)
il
1+% o/N
6l < ClgllT™ 1 ll 02

. / B de <p° / 18P de < p 61 s
|€]>p

[£1>p

. / 3O de < wns I
[€]<p

2 ) o) 4112 2
o [l = 16115 < P~ 1611502 +wnp"ll i
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. A Nash-Gagliardo-Nirenberg inequality [dPQRYV, to appear] .

THEOREM: 0 <o <2, ¢ € IP(RY)nHI?(RN)

!
145
18]l g2z < ClONE 1l or2
2N—o

D g o P 2
>Stroock—Varopoqus:/ ¢3(—A)4¢zc/ (—A)?(pl#
RN RN
2N—o
o 2 W
> Hardy-Littlewood-Sobolev: / SINIT ( / ¢”2‘N"f?> &
RN RN

> Holder: / 65 (—=A)5 ¢ < A1 1602
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______ Smoothing effect PME: proof (Moser’s iteration)

» Multiply by «”~!, integrate on RN x (f, t511), tx = (1 —27%)z:

Tkt1 5 1
/ W (- 1) = px / / U/ MY / W (-, teir)
RN RN
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______ Smoothing effect PME: proof (Moser’s iteration)

» Multiply by «”~!, integrate on RN x (f, t511), tx = (1 —27%)z:

Tkt1 5 1
/ W (- 1) = px / / U/ MY / W (-, teir)
RN RN

Tt1 et
ZC/ 1(—A)7*u ( )5 dr (SV inequality)

Tk
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______ Smoothing effect PME: proof (Moser’s iteration)

» Multiply by «”~!, integrate on RN x (f, t511), tx = (1 —27%)z:

Tkt1 5 1
/ W (- 1) = px / / U/ MY / W (-, teir)
RN RN

Tk+1 »
2C/ (=AY ™5 () B dr

Tk

C Tit1 . o
> W/ [Ju(e, T)[IPE[(=A) My (L n)|Rdr (LP-decay)
’ Pk J 1
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______ Smoothing effect PME: proof (Moser’s iteration)

» Multiply by «”~!, integrate on RN x (f, t511), tx = (1 —27%)z:

Tkt1 5 1
/ W (- 1) = px / / U/ MY / W (-, teir)
RN RN

Tk+1 »
2C/ (=AY ™5 () B dr

Tk

C Tk+1 pgtm—1
> s [ I A )
? Pk J ity

¢ flet 2pr+m—1 . .
2 T (e )| sy 7 (NGN inequality)
(- 1)l it
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______ Smoothing effect PME: proof (Moser’s iteration)

» Multiply by «”~!, integrate on RN x (f, t511), tx = (1 —27%)z:

Tkt1 5 1
/ W (- 1) = px / / U/ MY / W (-, teir)
RN RN

Tk+1 »
zc/ (=AY ™5 () B dr

Tk

C Tk+1 pgtm—1
> s [ I A )
? Pk J ity

C fit1 2pptm—1
= ||”(‘fk)||fak/t (e, TV @
) k ©

2N—o
S €27 (k1) rtm—1
||( ol oGt )3ty (L"-decay)
2N—o
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______ Smoothing effect PME: proof (Moser’s iteration)

1 2pg

C\ 3 k1 -
> st megnn < ()77 2B )
2N—o

NQ2pr+m—1)

> P = N — o

. 1
>p ifpp=p>-—-"
g

» |teration

Fernando Quirés Frontiers of Mathematics and Applications Il. UIMP, Santander, Spain, August 13-17, 2012 23



Smoothing effect LFDE

g+ (—A)log(1 4 1) =0,
>

(0 =rexi={r=0: [1pioetin < ocf

>»LLR)NLP(R)C X CLL(R), p>1
> x log(1+u), x O(log(l+u)):

o u(-,1)e Xforallzr>0

o [ 1A logl + )P dx < ¢ [ (141 logl1 +) —f)
R

2E(t)

THEOREM: fe X = u(,t)eL*(R)forallz>0
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A Trudinger type inequality [Strichartz, 1972] _

. . 1+2
NGN inequality:  [|¢]| yo20y < CPIIE 1970/
2N—o
>o <N M ey
>o>N= N > Net2) 5 00
- 2N—o = 2N
e 0 >N ¢ € L*(R)

THEOREM: ||¢llgiomy <1 = /(ea¢2(x) —1)dx <1
R
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Step 1:

Step 2:

Fernando Quirés

Smoothing effect LFED: proof

P —L>* p>1

w1 u?
+ N
p—1 p

» Multiply the equation by

X —I?
>fcX=w:=log(l+u)(,1) € H/*(R).
e NGN inequality + energy estimate
> /e —1eLY(R)
e Trudinger inequality

>u=e"—1¢L*R)

o Calculus inequality: (¢” — 1)2 < (¢f — 1)(e"'/c —
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A nonlocal transport equation

» Hilbert transform: Hv)(y) = lF’.V. v(s) ds
™ RY—S

>N =1: (—A)l/zv(y) =H(0yw)(y) = O,H(v)(y)
» Backlund transformation:
oy= /0 (14 u(s, 1)) ds — (1),
¢ (1) = H(log(1 + u(x,)))(0, 1) (1) =J(x,1)
T =1,
o v(y,7) =log(1 + u(x,1))
edy=1+u 8y=—H(log(l+u)), HV)=HvolJ)oJ !
—_——

H(®v)
0rv — fl(v)(?yv = —8yﬁ(v)
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A nonlocal transport equation: global existence
> v(,7) € LY(R) & u(-,1) € X

o /v(y,T)dy:/(l+u(x,t))log(1+u(x,t))dx
R R

THEOREM: v(x,0) = vy € LY(R), vo > 0

4

3! classical global in time solution
e positive and bounded for 7 > 0
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H—H

0-v—H(v)0yv = —0,H(v)

» 1-D model for 2-D Quasi-Geostrophic and 3-D incompressible Euler
e [Cérdoba-Cordoba-Fontelos, 2005]

» Earlier 1-D models:
e [Constantin-Lax-Majda, 1985], [Baker-Li-Morlet, 1996], ...

> vy € H'/2(R):
e Noviscosity = Blow-up (in C!) occurs for some data

e Critical viscosity = global 3, smoothness [Kiselev, 2010]
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Open problems / Work in progress
> ClPforallg = C=
» C''8 regularity for o # 1
> o(u) =logu
»m— 0F
> ou)=u", 1—oc<m<O0 N=1, c>1)
> 0,v—H((v)0yw = —0,H(v)

> ...
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