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Fractional filtration equation





ut + (−∆)σ/2(ϕ(u)) = 0, x ∈ RN , t > 0

u(·, 0) = f

I EXPONENTS: 0 < σ < 2

I INITIAL DATA: f ∈ L1(RN), f ≥ 0

I NON-LINEARITIES: ϕ continuous, non-decreasing, ϕ(0) = 0

• Examples: ϕ(u) =





um, m > 0

log(1 + u), N = σ = 1

Fernando Quirós Frontiers of Mathematics and Applications III. UIMP, Santander, Spain, August 13-17, 2012 2



Aα

A non-negative, self-adjoint, linear operator

Aαu(x) =
1

Γ(−α)

∫ ∞

0

(
e−tAu(x)− u(x)

) dt
t1+α

• λα =
1

Γ(−α)

∫ ∞

0

(
e−tλ − 1

) dt
t1+α

, λ > 0
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(−∆)σ/2

(−∆)σ/2u(x) =
1

Γ(−σ
2 )

∫ ∞

0

(
et∆u(x)− u(x)

) dt

t1+σ
2

I F(
(−∆)σ/2u

)
(ξ) = |ξ|σ F(u)(ξ)

I (−∆)σ/2u(x) = CN,σP.V.
∫

RN

u(x)− u(y)
|x− y|N+σ

dy
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Motivation

• Non-linear generalization of the fractional heat equation

ut + (−∆)σ/2u = 0

• Non-local generalization of the filtration equation

ut −∆(ϕ(u)) = 0

(Other possible generalizations [Caffarelli-Vázquez, 2009])

• Hydrodynamic limit of zero range processes [Jara, 2009]

• ϕ(u) = log(1 + u) Ã Nonlocal “critical” viscous transport equation
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Mild solution

I THEOREM [Crandall-Pierre, 1982]: A linear operator such that

∃ mild solution (ITD):
{

ut + Au = 0,
u(0) = f ∈ L1

+
conditions on ϕ

⇓

∃ mild solution:
{

ut + Aϕ(u) = 0,
u(0) = f ∈ L1

I Abstract construction ⇒
• Not enough information to prove that mild ⇒ weak.
• No estimates ⇒ No further properties.
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Integration by parts / Functional space

I
∫

RN
(−∆)σ/2ϕ ψ =

∫

RN
|ξ|σϕ̂ ψ̂ =

∫

RN
|ξ|σ/2ϕ̂ |ξ|σ/2ψ̂

=
∫

RN
(−∆)σ/4ϕ (−∆)σ/4ψ
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Integration by parts / Functional space

I
∫

RN
(−∆)σ/2ϕ ψ =

∫

RN
|ξ|σϕ̂ ψ̂ =

∫

RN
|ξ|σ/2ϕ̂ |ξ|σ/2ψ̂

=
∫

RN
(−∆)σ/4ϕ (−∆)σ/4ψ

I
‖ϕ‖Ḣσ/2 =

(∫

RN
|ξ|σ|ϕ̂|2 dξ

)1/2

= ‖(−∆)σ/4ϕ‖2

=

(∫

RN

(
CN,σP.V.

∫

RN

ϕ(x)− ϕ(y)
|x− y|N+σ

2
dy

)2

dx

)1/2
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Weak/strong solutions
Weak (L1-energy) solution

• u ∈ C([0,∞) : L1(RN)), ϕ(u) ∈ L2
loc((0,∞) : Ḣσ/2(RN))

•
∫ ∞

0

∫

RN
u
∂ψ

∂t
dxds−

∫ ∞

0

∫

RN
(−∆)σ/4(ϕ(u))(−∆)σ/4ψ dxds = 0,

∀ψ ∈ C1
c(RN × (0,∞))

• u(·, 0) = f a.e.
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Weak/strong solutions
Weak (L1-energy) solution

• u ∈ C([0,∞) : L1(RN)), ϕ(u) ∈ L2
loc((0,∞) : Ḣσ/2(RN))

•
∫ ∞

0

∫

RN
u
∂ψ

∂t
dxds−

∫ ∞

0

∫

RN
(−∆)σ/4(ϕ(u))(−∆)σ/4ψ dxds = 0,

∀ψ ∈ C1
c(RN × (0,∞))

• u(·, 0) = f a.e.

Strong solution (uniqueness)

• Weak (L1-energy) solution

• ∂tu ∈ L1
loc(R

N × (0,∞)) + . . .
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Difficulties

I (−∆)σ/4(ϕψ) = ?

I (−∆)σ/4(ϕ ◦ ψ) = ?

I (−∆)σ/4ψ not compactly supported even when ψ is

• (−∆)σ/4 non-local operator
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σ-harmonic extension [Caffarelli-Silvestre, 2007]

v = E(g) :





Lσv ≡ div(y1−σ∇v) = 0, RN+1
+ = {x ∈ RN , y > 0}

v(x, 0) = g(x), x ∈ RN

I v(x, y) =
∫

RN
P(x− ξ, y)g(ξ) dξ, P(x, y) = dN,σ

yσ

(|x|2 + |y|2)(N+σ)/2

I lim
y→0+

y1−σ ∂v
∂y

= σ lim
y→0+

v(x, y)− v(x, 0)
yσ

= σ lim
y→0+

∫

RN

P(x− ξ, y)
yσ

(g(ξ)− g(x)) dξ = −σdN,σ

CN,σ
(−∆)σ/2g

∂v
∂yσ

≡ µσ lim
y→0+

y1−σ ∂v
∂y

= −(−∆)σ/2g
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An equivalent local problem

I w = E(ϕ(u)), u = ϕ−1(Tr(w))





Lσw = 0, (x, y) ∈ RN+1
+ , t > 0,

∂w
∂yσ

=
∂ϕ−1(w)

∂t
, x ∈ RN , y = 0, t > 0,

w = ϕ(f ), x ∈ RN , y = 0, t = 0.

I Some proofs (e.g. existence) may be easier in this formulation!

I Dynamical boundary conditions (Amann, Escher, Fila, Vitillaro, ...)
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Weak solution (local problem)

Weak (L1-energy) solution

• u ∈ C([0,∞) : L1(RN)), w ∈ L2
loc((0,∞) : Xσ(RN+1

+ ));

•
∫ ∞

0

∫

RN
u
∂ψ

∂t
dxds− µσ

∫ ∞

0

∫

RN+1
+

y1−σ〈∇w,∇ψ〉 dxdyds = 0,

∀ψ ∈ C1
c

(
RN+1

+ × (0,∞)
)

;

• u(·, 0) = f a.e.

I ‖v‖Xσ =

(
µσ

∫

RN+1
+

y1−σ|∇v|2 dxdy

)1/2
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Extension / trace operators

I E : Ḣσ/2(RN) → Xσ(RN+1
+ ) isometry [Caffarelli-Silvestre, 2007]

I µσ

∫

RN+1
+

y1−σ〈∇E(ϕ),∇E(ψ)〉 =
∫

RN
(−∆)σ/4ϕ (−∆)σ/4ψ

I Tr(Ψ1) = Tr(Ψ2)
⇓∫

RN+1
+

y1−σ〈∇E(ϕ),∇Ψ1〉 =
∫

RN+1
+

y1−σ〈∇E(ϕ),∇Ψ2〉

I Tr : Xσ(RN+1
+ ) → Ḣσ/2(RN) surjective and continuous

I TRACE EMBEDDING: ‖Φ‖Xσ ≥ ‖E(Tr(Φ))‖Xσ = ‖Tr(Φ)‖Ḣσ/2
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Steps towards regularity

I Mild ⇒ weak

• Energy estimates for associated elliptic problem

I Weak + bounded ⇒ strong

• Steklov averages

I Weak + conditions on the initial data ⇒ bounded for t ≥ τ > 0

• Approximation by bounded strong solutions

I Weak + bounded ⇒ Cα for some α ∈ (0, 1)

• [Athanasopoulos-Caffarelli, 2009] + positivity

I Cα for some α ∈ (0, 1) ⇒ C1,β for all β ∈ (0, 1)︸ ︷︷ ︸
classical

⇒ Further regularity
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Cα ⇒ C1,β (σ = 1, N = 1) [dPQRV, preprint]
u0 = u(x0, t0), ϕ′(u0)>0

∂tu + ϕ′(u0)(−∆)1/2u = −(−∆)1/2 (
ϕ(u)− ϕ′(u0)u

)

= −(−∆)1/2 (
ϕ(u)− (

ϕ(u0) + ϕ′(u0)(u− u0)
))

︸ ︷︷ ︸
F(u)
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Cα ⇒ C1,β (σ = 1, N = 1) [dPQRV, preprint]
u0 = u(x0, t0), ϕ′(u0)>0

∂tu + ϕ′(u0)(−∆)1/2u = −(−∆)1/2 (
ϕ(u)− ϕ′(u0)u

)

= −(−∆)1/2 (
ϕ(u)− (

ϕ(u0) + ϕ′(u0)(u− u0)
))

︸ ︷︷ ︸
F(u)

u(x, t) =
∫

R
P(x− x1, ϕ

′(u0)t)f (x1) dx1

− 1
ϕ′(u0)

∫ t

0

∫

R
P(x− x1, ϕ

′(u0)(t − t1))(−∆)1/2F(u(x1, t1)) dx1dt1
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Cα ⇒ C1,β (σ = 1, N = 1) [dPQRV, preprint]
u0 = u(x0, t0), ϕ′(u0)>0

∂tu + ϕ′(u0)(−∆)1/2u = −(−∆)1/2 (
ϕ(u)− ϕ′(u0)u

)

= −(−∆)1/2 (
ϕ(u)− (

ϕ(u0) + ϕ′(u0)(u− u0)
))

︸ ︷︷ ︸
F(u)

u(x, t) =
∫

R
P(x− x1, ϕ

′(u0)t)f (x1) dx1

− 1
ϕ′(u0)

∫ t

0

∫

R
(−∆)1/2P(x− x1, ϕ

′(u0)(t − t1))F(u(x1, t1)) dx1dt1
︸ ︷︷ ︸

g(x,t)
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Cα ⇒ C1,β (σ = 1, N = 1) [dPQRV, preprint]
u0 = u(x0, t0), ϕ′(u0)>0

∂tu + ϕ′(u0)(−∆)1/2u = −(−∆)1/2 (
ϕ(u)− ϕ′(u0)u

)

= −(−∆)1/2 (
ϕ(u)− (

ϕ(u0) + ϕ′(u0)(u− u0)
))

︸ ︷︷ ︸
F(u)

u(x, t) =
∫

R
P(x− x1, ϕ

′(u0)t)f (x1) dx1

− 1
ϕ′(u0)

∫ t

0

∫

R
(−∆)1/2P(x− x1, ϕ

′(u0)(t − t1))F(u(x1, t1)) dx1dt1
︸ ︷︷ ︸

g(x,t)

P(x, t) =
1
π

t
x2 + t2 , (−∆)1/2P(x, t) =

1
π

x2 − t2

(x2 + t2)2 ≡ A(x, t)
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Doubling Hölder [Caffarelli-Vasseur, 2010]

I Step 1: Cα for α ∈ (0, 1/2) ⇒ C2α

• F(u0) = F′(u0) = 0

• |F′′(u)| = |ϕ′′(u)| ≤ C for 0 < δ ≤ u ≤ K + positivity

• |F(u(x, t))| = |F′′(ξ)|
2 |u(x, t)− u(x0, t0)|2 ≤ C|(x, t)− (x0, t0)|2α

I Step 2: Cα for all α ∈ (0, 1) ⇒ C1,β for all β ∈ (0, 1)

• Same ideas for second increments

I Examples: ϕ(u) = um, (1 + u)m, m > 0, ϕ(u) = log(1 + u)

I Extensions: N ≥ 1 , 0 < σ < 2
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Smoothing effect PME

I





ut + (−∆)σ/2(um) = 0,

u(·, 0) = f ∈ L1(RN) ∩ Lp(RN),
m > 0

THEOREM: p > max{1, (1− m)N/σ} (≥)

⇓

sup
x∈RN

|u(x, t)| ≤ C t−N/(N(m−1)+σp)‖f‖σp/(N(m−1)+σp)
p

• Functional inequalities + Moser iteration

Fernando Quirós Frontiers of Mathematics and Applications III. UIMP, Santander, Spain, August 13-17, 2012 17



Stroock-Varopoulos inequality, 0 < σ < 2 [S, 1984], [V, 1985]

THM: ψ′ = (Ψ′)2 ⇒
∫

RN
ψ(v)(−∆)σ/2v ≥

∫

RN

∣∣∣(−∆)σ/4Ψ(v)
∣∣∣
2

∫

RN
ψ(v)(−∆)σ/2v =

∫

RN
(−∆)σ/4ψ(v)(−∆)σ/4v

= µσ

∫

RN+1
+

y1−σ〈∇E(ψ(v)),∇E(v)〉

= µσ

∫

RN+1
+

y1−σ ψ′ 〈∇E(v),∇E(v)〉

= µσ

∫

RN+1
+

y1−σ |∇Ψ(E(v))|2

≥
∫

RN

∣∣∣(−∆)σ/4Ψ(v)
∣∣∣
2
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Stroock-Varopoulos inequality, 0 < σ < 2 [S, 1984], [V, 1985]
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∫

RN
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∣∣∣
2

∫

RN
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∫

RN
(−∆)σ/4ψ(v)(−∆)σ/4v

= µσ

∫

RN+1
+

y1−σ〈∇ψ(E(v)),∇E(v)〉

= µσ

∫

RN+1
+

y1−σ ψ′ 〈∇E(v),∇E(v)〉

= µσ

∫

RN+1
+

y1−σ |∇Ψ(E(v))|2
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∫

RN
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∣∣∣
2
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Hardy-Littlewood-Sobolev’s inequality

THEOREM [H-L, 1928], [S, 1938]: 0 < σ < min{2, N}
⇓

‖φ‖ 2N
N−σ

≤ C‖(−∆)σ/4φ‖2, (Ḣσ/2(RN) ↪→ L
2N

N−σ (RN))

1 = N ≤ σ < 2?
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Classical Nash inequality [Nash, 1958]

THEOREM: 0 < σ ≤ 2, φ ∈ L1(RN) ∩ Ḣσ/2(RN)

⇓
‖φ‖1+σ

N
2 ≤ C‖φ‖σ/N

1 ‖φ‖Ḣσ/2

•
∫

|ξ|≥ρ
|φ̂(ξ)|2 dξ ≤ ρ−σ

∫

|ξ|≥ρ
|ξ|σ|φ̂(ξ)|2 dξ ≤ ρ−σ‖φ‖2

Ḣσ/2

•
∫

|ξ|≤ρ
|φ̂(ξ)|2 dξ ≤ ωNρN‖φ‖2

1

• ‖φ‖2
2 = ‖φ̂‖2

2 ≤ ρ−σ‖φ‖2
Ḣσ/2 + ωNρN‖φ‖2

1
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A Nash-Gagliardo-Nirenberg inequality [dPQRV, to appear]

THEOREM: 0 < σ < 2, φ ∈ Lp(RN) ∩ Ḣσ/2(RN)

⇓
‖φ‖1+ p

2
N(p+2)
2N−σ

≤ C‖φ‖p/2
p ‖φ‖Ḣσ/2

I Stroock-Varopoulos:
∫

RN
φ

p
2 (−∆)

σ
4 φ ≥ C

∫

RN

∣∣∣(−∆)
σ
8 φ

p+2
4

∣∣∣
2

I Hardy-Littlewood-Sobolev:
∫

RN

∣∣∣(−∆)
σ
8 φ

p+2
4

∣∣∣
2
≥

(∫

RN
φ

N(p+2)
2N−σ

) 2N−σ
2N

I Hölder:
∫

RN
φ

p
2 (−∆)

σ
4 φ ≤ ‖φ‖p/2

p ‖φ‖Ḣσ/2
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Smoothing effect PME: proof (Moser’s iteration)

I Multiply by upk−1, integrate on RN × (tk, tk+1), tk = (1− 2−k)t:

∫

RN
upk(·, tk) = pk

∫ tk+1

tk

∫

RN
(−∆)σ/2(um)upk−1 +

∫

RN
upk(·, tk+1)
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Smoothing effect PME: proof (Moser’s iteration)

I Multiply by upk−1, integrate on RN × (tk, tk+1), tk = (1− 2−k)t:

∫

RN
upk(·, tk) = pk

∫ tk+1

tk

∫

RN
(−∆)σ/2(um)upk−1 +

∫

RN
upk(·, tk+1)

≥ C
∫ tk+1

tk
‖(−∆)σ/4u

pk+m−1
2 (·, τ)‖2

2 dτ (SV inequality)
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Smoothing effect PME: proof (Moser’s iteration)

I Multiply by upk−1, integrate on RN × (tk, tk+1), tk = (1− 2−k)t:

∫

RN
upk(·, tk) = pk

∫ tk+1

tk

∫

RN
(−∆)σ/2(um)upk−1 +

∫

RN
upk(·, tk+1)

≥ C
∫ tk+1

tk
‖(−∆)σ/4u

pk+m−1
2 (·, τ)‖2

2 dτ

≥ C
‖u(·, tk)‖pk

pk

∫ tk+1

tk
‖u(·, τ)‖pk

pk
‖(−∆)σ/4u

pk+m−1
2 (·, τ)‖2

2 dτ (Lp-decay)
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Smoothing effect PME: proof (Moser’s iteration)

I Multiply by upk−1, integrate on RN × (tk, tk+1), tk = (1− 2−k)t:

∫

RN
upk(·, tk) = pk

∫ tk+1

tk

∫

RN
(−∆)σ/2(um)upk−1 +

∫

RN
upk(·, tk+1)

≥ C
∫ tk+1

tk
‖(−∆)σ/4u

pk+m−1
2 (·, τ)‖2

2 dτ

≥ C
‖u(·, tk)‖pk

pk

∫ tk+1

tk
‖u(·, τ)‖pk

pk
‖(−∆)σ/4u

pk+m−1
2 (·, τ)‖2

2 dτ

≥ C
‖u(·, tk)‖pk

pk

∫ tk+1

tk
‖u(·, τ)‖2pk+m−1

N(2pk+m−1)
2N−σ

dτ (NGN inequality)
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Smoothing effect PME: proof (Moser’s iteration)

I Multiply by upk−1, integrate on RN × (tk, tk+1), tk = (1− 2−k)t:

∫

RN
upk(·, tk) = pk

∫ tk+1

tk

∫

RN
(−∆)σ/2(um)upk−1 +

∫

RN
upk(·, tk+1)

≥ C
∫ tk+1

tk
‖(−∆)σ/4u

pk+m−1
2 (·, τ)‖2

2 dτ

≥ C
‖u(·, tk)‖pk

pk

∫ tk+1

tk
‖u(·, τ)‖pk

pk
‖(−∆)σ/4u

pk+m−1
2 (·, τ)‖2

2 dτ

≥ C
‖u(·, tk)‖pk

pk

∫ tk+1

tk
‖u(·, τ)‖2pk+m−1

N(2pk+m−1)
2N−σ

dτ

≥ C2−(k+1)t
‖u(·, tk)‖pk

pk

‖u(·, tk+1)‖2pk+m−1
N(2pk+m−1)

2N−σ

(Lp-decay)
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Smoothing effect PME: proof (Moser’s iteration)

I ‖u(·, tk+1)‖N(2pk+m−1)
2N−σ

≤
(c

t

) 1
2pk+m−1 2

k+1
2pk+m−1 ‖u(·, tk)‖

2pk
2pk+m−1
pk

I pk+1 ≡ N(2pk + m− 1)
2N − σ

> pk if p0 = p >
(1− m)N

σ

I Iteration
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Smoothing effect LFDE

I





ut + (−∆)1/2 log(1 + u) = 0,

u(·, 0) = f ∈ X :=
{

f ≥ 0 :
∫

R
(1 + f ) log(1 + f ) < ∞

}

I L1
+(R) ∩ Lp(R) ⊂ X ⊂ L1

+(R), p > 1

I × log(1 + u), × ∂t(log(1 + u)):

• u(·, t) ∈ X for all t > 0

•
∫

R
|(−∆)1/4 log(1 + u)(x, t)|2 dx

︸ ︷︷ ︸
2E(t)

≤ 1
t

∫

R
((1 + f ) log(1 + f )− f )

THEOREM: f ∈ X ⇒ u(·, t) ∈ L∞(R) for all t > 0
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A Trudinger type inequality [Strichartz, 1972]

NGN inequality: ‖φ‖1+ p
2

N(p+2)
2N−σ

≤ C p‖φ‖p/2
p ‖φ‖Ḣσ/2

I σ < N: N(p+2)
2N−σ > p ⇔ p < 2N

N−σ

I σ ≥ N = 1: N
2N−σ ≥ 1 ⇒ N(p+2)

2N−σ ≥ p + 2

• σ > N: φ ∈ L∞(R)

• σ = N: φ ∈ Lq(R), q ≥ p, φ 6∈ L∞(R)

THEOREM: ‖φ‖H1/2(R) ≤ 1 ⇒
∫

R
(eαφ2(x) − 1) dx ≤ 1
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Smoothing effect LFED: proof

Step 1: Lp → L∞, p > 1

I Multiply the equation by
up−1

p− 1
+

up

p

Step 2: X → L2

I f ∈ X ⇒ w := log(1 + u)(·, t) ∈ H1/2(R).

• NGN inequality + energy estimate

I ew2/c − 1 ∈ L1(R)

• Trudinger inequality

I u = ew − 1 ∈ L2(R)

• Calculus inequality: (ew − 1)2 ≤ (ec − 1)(ew2/c − 1)
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A nonlocal transport equation

I Hilbert transform: H(v)(y) =
1
π

P.V.
∫

R

v(s)
y− s

ds

I N = 1: (−∆)1/2v(y) = H(∂yv)(y) = ∂yH(v)(y)

I Bäcklund transformation:

• y =
∫ x

0
(1 + u(s, t)) ds− c(t),

c′(t) = H(log(1 + u(x, t)))(0, t)

• τ = t,





(y, τ) = J(x, t)

• v(y, τ) = log(1 + u(x, t))

• ∂xy = 1 + u, ∂ty = −H(log(1 + u))︸ ︷︷ ︸
H̃(v)

, H̃(v) = H(v ◦ J) ◦ J−1

∂τ v− H̃(v)∂yv = −∂yH̃(v)
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A nonlocal transport equation: global existence

I v(·, τ) ∈ L1(R) ⇔ u(·, t) ∈ X

•
∫

R
v(y, τ) dy =

∫

R
(1 + u(x, t)) log(1 + u(x, t)) dx

THEOREM: v(x, 0) = v0 ∈ L1(R), v0 ≥ 0

⇓

∃ ! classical global in time solution

• positive and bounded for τ > 0

• . . .
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H̃ → H

∂τ v− H(v)∂yv = −∂yH(v)

I 1-D model for 2-D Quasi-Geostrophic and 3-D incompressible Euler

• [Córdoba-Córdoba-Fontelos, 2005]

I Earlier 1-D models:

• [Constantin-Lax-Majda, 1985], [Baker-Li-Morlet, 1996], . . .

I v0 ∈ H1/2(R):

• No viscosity ⇒ Blow-up (in C1) occurs for some data

• Critical viscosity ⇒ global ∃, smoothness [Kiselev, 2010]
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Open problems / Work in progress

I C1,β for all β ⇒ C∞

I C1,β regularity for σ 6= 1

I ϕ(u) = log u

I m → 0+

I ϕ(u) = um, 1− σ < m < 0 (N = 1, σ > 1)

I ∂τ v− H(v)∂yv = −∂yH(v)

I . . .
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