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1. Introduction to Nonlocal Equations

L1000 = (1=0)e, [ [ulx+y) = u(x) =y - V() e, ()] K)

where
1

K(y)%w, O<o<1.

Leto(u, x,y) = u(x +y) —u(x) - y - Vu(x) xs, (¥)-
@ If uis C?in anbd of x,

o(ux,y) IDPu(x)lly?  C
ly|n+20 =~ ly|rt2o ~ |y|n+20-2

is integrable in By if 0 < 1.

@ If|o(u,x,y)l < C,
c

1 + |y|n+20

o(u, x,y)
|y|n+20

for |y| > 1, is integrable if 0 > 0.
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Symmetry v.s. Nonsymmetry

o If K(y) is symmetric Kernels i.e. K(-y) = K(y),
L[u](x) = (1 - 0)c, fR [u(x +y) + u(x - y) - 2u(x)] K(y)dy.

The effect of “y - Vu(x) xs, (¥)” vanishes.
— (-0, f (x+y)+ux-y)- 2u(x)

|y|n+20

(=2)7[ul(x)

is called a fractional Laplacian.
@ If K is not symmetric, then "y - Vu(x)xs, (y)" persists.
And L[u](x) = (1 - o)c, fm o(u,x, y)K(y)dy still has "y - Vu(x)xg, (y)" even

though K(y) is symmetric since d2 is not symmetric with respect to the origin.
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Jump Process

The Laplacian is the infinitesimal generator of the Brownian motion which is continuous
process.

£10) = (1 =)o [ ulx-+9) = ulx) =y - VUl xe, ()] K)l
RN
describes the infinitesimal generator of a given purely jump processes,. i.e. processes

without diffusion or drift part. Nonlinear integro-differential operators come from the
stochastic control theory related with

Ju(x) = sup Lyu(x),

or game theory associated with

Tu(x) = ir;f sup Lapu(x), (1)

when the stochastic process is of Lévy type allowing jumps.
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Nonlocal Curvature

The minimizer u, of

nfqulzder%fF(u)dx

with a double well potential converges to uy = xq — xoc and the interface satisfies the
mean curvature equation. In phase transition “free energy” , nonlocal energy
corresponds to processes with large scale correlation (like solidification) where
information far away from the interface has direct influence in it.

E,(u) = f f [u(x)—u(y)]?K(x,y)dde% f F(u)dx

If the kernel is K ~ H’W’ then Up = Xa — Xac minimize

E(Q) = f f [“|X y#gg]zdx or (1-0) f f o ;('fﬂ{)dxdy.

(Other examples) Fractional Mean Curvature flows, Fractional Conformal Laplacian
and fractional Yamabe problems
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2. Point of views

(1) via Fourier transformation
> (~a)lu) = 1EP°0
> (=2)71(=2)72[u] = (=)“1F92)[u] and (-2)°[u] = u.
> If o)1, then (-2)[u] = —Au.
- - - It works for linear equations,

implies
1

ey f(u)dy.

u(x) =

20 o . . .
When f(u) = unz: , then u is invariant under Kelvin Transform and it has some
scaling invariance.
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(3) Dirichlet to Neumann map

- - - Some nonlocal equation can be local equation by extending it to higher
dimensional space.
Observation: ayu* + u;, = 0 with u*(x, 0) = u(x) implies
(—0)°u" = Uy, = (—a)U"
dyut = —(—ax)"Pur

Aty =0, u)(—Ax)"2u is a map from Dirichlet data to Neumann data.
Now we obtain the same interpretation for any fractional power (-A)° (0 <o < 1) as

the Dirichlet to Neumann operator of an appropriate extension u*(x, y) satisfying the
following extension problem:

-V(y2Vu'(x,y))=0 in R" x R*
u(x,0) = u(x) on R" 3)
—(-2)u(x) = Iin?)yau;(x,y), (a=1-20), onR".
y—)

Remark:
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(4) The Balance in the inetegral

- - - It woks for general operators. In some case, the integral can be decomposed to

S 16, f N6, — A6
f(x) > - — ot e
0 g, VI Jg, V12 Jpmp, lylM+

|y|n+25
And if a concave function touches u at x from above in By, then 6_ = 0 on B;.
Now we can control

AS_ f N6
fX = = .
( ) B, |y|n+2(r ; Bz—k\Bz-(kH) |y|n+2(r

First, fRn\B1 MM+ o hounded.
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3. Harnack Inequalities and Hélder Continuity
3.1 Elliptic Local Equation

Theorem (Harnack Inequality)

If u is a nonnegative harmonic function in Bg(0), then we have

supu< C infu
Bp)2 Bry2

for a uniform constant C > 0.

Corollary (Oscillation Lemma)

08Cpp ,U < yoscgau  forsome 0 <y < 1.

by applying Harnack Inequality on M(R) — u and u — m(R) for M(R) = supg, u and
M(R) =infg, u

Theorem (Hoélder Regularity)

||U||ca(BR/2) < C||U||Loo(BR) forsome 0 <a < 1.
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3.2 Parabolic Local Equation

Theorem (Harnack Inequality)

Q, = Q(0,r7) = B x(0,r],

Qr =Q,+(0,r) = B, x(r°,2r°) (Cube at past time) ,

Q =Q; +(0,2r°) = B, x (3r°,4r°) (Cube at future time), Q,(Xo, ty) = Q, + (Xo, to)-
If u is a nonnegative caloric function in Qzg, then we have

supu < Cinfu
Q5 Q%

for a uniform constant C > 0.

There is a time delay to control the lower bound in a small neighborhood of a point by
the current value at the point, which is a main difference between elliptic and parabolic
equations.

Oscillating Lemma and Hélder Regularity come from the similar arguments.
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Nonlocal Equations

@ Classical Harnack Inequality for fractional Laplacian fails if u is nonnegative only
on a bounded set B (Kassmann). So we assume u > 0 in R".

@ Harnack inequality doesn’t imply Hoélder regularity directly because of the
assumption: u > 0in R".

@ If the kernel is allowed to oscillate between two different o4 and o5, there could be
a discontinuous solution (Barlow, Bass, Chen & Kassmann’09)
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Known Results in Nonlocal Equations

@ Probabilistic Approach
(Song& Vondracek '04, Bass & Levin '02, Kassmann, Chen...)
Yes for Linear Equation with symmetric or nonsymmetric Kernel.

@ Analytic Approch
(Caffarelli& Silvestre *07)
Yes for Nonlinear Elliptic Equation with symmetric Kernel.
(Sung Hoon Kim & L. '09)
Yes for the singular nonlocal parabolic equation u; + (—=2)°u™ = 0.
(Yong-Cheol Kim & L. ’09)
Yes for Nonlinear Elliptic Equation with non- symmetric Kernel for 1 < ¢ < 2.
(Yong-Cheol Kim & L. ’10)
Yes for Nonlinear Elliptic Equation in some large class with non- symmetric Kernel for
O<o<2.
(H.C. Lara and G. Davila’11)
Yes for Nonlinear Elliptic Equation in some small class with non- symmetric Kernel for
0 < o < 2 after dropping off Vu.
(Yong-Cheol Kim & L. ’12)
Yes for Nonlinear Parabolic Equation with symmetric Kernel for 0 < ¢ < 2.
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Key Observations

(1.) Ellipric equation with Nonsymmetric Kernel

-V,
° fnn %dy needs to be controlled.
@ The equation is not scaling invariant due to |xs, (¥)l

@ The influence of the gradient term is very large if we want to control the solution in
a small region.

@ The error term can be regarded as a driftterm. (1 <o <2)and (0 <o < 1)
requires different technique due to the difference of the blow rate as |y|
approaches to zero and the decay rate as |y| approaches to infinity.

@ When (1 < ¢ < 2), better decay rate of kernel allows Holder regularity in a larger
class where there is scaling-invariance: y - Vu(x) xg,(y) for all R > 1/2 has been
considered.

(2.) Parabolic Equation with symmetric Kernel
The quations nonlocal in space variable , but local in time variable.
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Classes of Operators

Set
L[(x) = (2~ 0)c fR [uCx +y) = u(x) =y - Vu(x) xe, (V)] K(y)dy,

Loglul(x; V) = (2= 0)c fR [utx+y) = u(x) =y - Vo x) xe, ()] Kp(y)ely,

and
T[u](x; V() = supinf Las[u](x; V).

Lemma

u is a viscosity supersolution to Tu = f on Q if and only if Tu(x; Vo(x)) is well-defined
and
Tu(x; Vo(x)) < ()

for any x € Q and any C?-function ¢ touching u from below at x.
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#(u, X,y V) = (u(x +y) = u(x)) +y - Vo(x)xaa(¥)
u is the difference between the value of u and its linear approximation.

w(u, x, y; Vo) = max(u(y, x, y; Vo), 0)
[J_(U, X, Y, V(P) = max(—H(U/ X, Y V(P)/O)'

MU Vo)) = (2-0) | /wm;f” dy,
M[u](x; Vo(x)) = (2 - 0) f}R n )\ylyl;!\y .

Ki-Ahm Lee (SNU) Nonlocal Equations August 13-17, 2012 16 /60



@ We consider a collection of operators such that
M[u](x; Vo(x)) < ITTul(x; Ve(x)) < MHu](x; Ve(x)).

@ S*(A, A If]) is a collection of super-solutions of M~[u] = |f(x)| and S~(A, A, |f]) is a
collection of sub-solutions of M*[u] = —|f(x)|.

@ Any solution of Zu] = f(x) belongs to S(A, A, If]) = ST(A, A If]) N S™(A, A Ifl).

o If ue S(A, A, If]), then this class is invariant under the scaling: "”X") € S(A A If)
and u(nx + xo) € S(A, A, n°lf]) for0 <np < 1.

Ki-Ahm Lee (SNU) Nonlocal Equations August 13-17, 2012 17 /60



Subclass for Elliptic Nonlocal Equations with nonsymmetric kernel

Definition

Let0 <n<1andI eS8*, where ¢ is a class of linear integro-differential operators.
Then we say that I € Sﬁ if, for R € (0, 1], there are B, : R" — R such that

@ B;(-) is homogeneous of degree one, i.e. B5(0) = 0 and B5(Vu) = B} (%4 )Vul
for |[Vu| # 0,

Q l(veS™': B:(v) <0}l = 5IS™" >0,

Q Mg, u(x) < Tu(x) - I0(x) < M, u(x) whenever u € C""'[x] N B(R") for x € Bg,

where Mg g u(x) := Mg qu(x) = B (Vu(x)) = (2 - o) CR'|Vu(x)I.

Definition

For 0 < R < 1, the drift vector b, g of a linear operator L at R is defined by

bor = (2-0) f yK(y) dy.
By\Bgr
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Lemma

Let0<o<2and0< R < 1. Let £ be a class of linear integro-differential operators.
Then we have the following results:

(1) IfLe g, then LeS; for0 <7< 3.

(2) Assume that there is a unit vector a such that for any nonzero drift vector bz, g,

<a, %) > 0. If I € 8* satisfies that
LR
,minN.E,vu(x) < Ju(x)-10(x) < v_rT11axN£,~u(x)

whenever u € C"'[x] N B(R") for x € Bg, then I € S; for some 1) > 0.
(3) Assume that there is a vector a € S"™-' and 1 > 0 such that for any nonzero drift

vectors by, g , <a, IEEL';O > 77"171 forany a € I. If T € S* satisfies that

melp Lyu(x) < Tu(x) —I0(x) < max Lu(x)

whenever u € C"'[x] N B(R") for x € Bg, then we have I € S; .
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Lemma

(1) Let0 < o < 2 and let € be a class of linear integro-differential operators. If £ € S*
with a symmetric kernel K, then L € Sﬁ for some 1 € (0, 1]. In addition, if L, has
symmetric kernel for all a, then sup, L,,inf, L, € S§ for1>n>0.

(2) If1 <0 <2, then 8% = S;° for some 1 € (0, 1].
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Theorems for Elliptic Nonlocal Equations

Theorem

Let oo € (1,2). If u is a bounded function on IR" such that

Co Co .
M, U<R and M;ouz—ﬁ with 6o < 0 < 2 on Bog
or C C
Mg gl < R_g and Mg Ay _R_g with0 <o <1 0on Byg

in the viscosity sense, then there is some constant a > 0 (depending only on A, A, n
and oy) such that

C
lullcer/) < = Ullewny + Co
/ Ra

where C > 0 is some universal constant depending only on a.
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Theorem

For a given gy € (0,2), let g < 0 < 2. If u € B(IR") is a positive function such that

C .
MQO R and M;rou > —ﬁ with og < 0 < 2 on Bsg
or cC C
EO,RJIU < Fx’_?’ and M;r HT] R—g with0 <o <1 on Bsr

in the viscosity sense, then there is some constant C > 0 depending only on A, A, n, g,
and ||ull.~rny such that

< i .
supu < C(E';QLUJF Co)

Br/2
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Steps of Proof

@ Nonlocal A-B-P estimate:
It gives the lower bound of the contact set between the function and the concave
envelope , ['(u), in terms of it's supremum, sup u*™ when u is nonpositive outside a
given domain.

@ Construction of Barrier W(x): It will be used to transform a general solution u(x) to
a function u(x) + W(x) which satisfies the configuration at the condition of A-B-P
estimate.
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@ Decay estimate for the upper level sets
|{u >thn B,(x0)| < Cr'(u(xo) + Cor?)t™m

. C-Z decomposition is used at this step.

@ Reducing the oscillation of solution with uniform factor 0 <y < 1.
Main Induction: there are 0 < m, < Mk < 0 and 0 < & < 1 such that
M — my] < g—‘zlk) and m, < u(x) < M for all x € B, .

Idea: apply the decay estimate on

u(x/2K) — my

w = max(m,

0)20 on R"”

by showing that w satisfies a nice equation in Bs;4 since w > 0 in By,
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Gradient Map

()

~ \

I'(u) is the concave envelope of uin Bg. VI is the gradient map. Set C(u, T, Bg)
={y € Bg : u(y) = I'(y)} be the contact set between uand I'(u) .
Ct(u,l,Bg;b)=C(u,I,Bg)N{y e Bg : b-VI(y) > 0}. By c V[(Bg) = VI(C(u,T, Bg))

supg,, U
for d = —32— and

(S”pBR “) < CIVI|(Ba). 4

And B} (b) ={y € By:y-b >0} c VI(C"(u,T,Bg; b)) is enough to have (4).
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1<o<?2

Lemma

M u = —f on Bg, there exists some constant C > 0 depending only on n, A and A (but
not on o) such that for any x € C(u,T, Bg) and any M > 0 there is some k € N U {0}

such that

R72(f(x) + Js(R)IVT (x)I)
M
where Rk(x) ={y € R(x) : u~(u,x,y; VT) > Mr} (: a bad set)
and Ri(x) = By, (x)\ By, (x) for rc = 00225 R, go = 1/(16 VA)( : a ring)
and J,(R) is 7=(1 = R'=?) foro € (0,1) U (1,2) and —log(R) foro = 1. ( : a blow-up
rate)

|Re(x)| < C

1Rk ()] ()

|ﬁk(x)' measures the size of a bad set where the solution has been bended too much.
A-B-P estimate tells us that the the size of bad set is controlled by f and |VI'(x)| with
blow-up rate. Such rate will be controlled when we prove the decay estimate of the
upper level set of ufor 1 <o < 2, but it blows up for 0 < g < 1.
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Idea of Proof
I touches u from above and then we have u(u, x,y; VI') <0 for y € Bg.

—f(x) < MJu(x; Vr)
—Au=(u,x,y; Vr) f Aut(u, x,y; Vr) )
=(2- ———~dy + —*d
( O')( j]l;n |y|n+a y RP |y|n+o y
=Au~(u,x,y; V)

<(2-o0
( ) Bry (%) lylnte

dy + (2 — 0)wa\ J;(R) VI (x)]

f - —u(u, Xo, y; VI
) say, [ e B g sV
k=0 v Rk (x0)

>
2_¢5 ly|n+o

IR f(x0) + Jo(R)IVT (x0)|
>cY M,~ CR"? ‘ — Ny (R)IVI (X))l
k;) b m Wy (R)IVT (o))
Thus this implies that
cph
(%) + (2 = O)wndy (R)IVT (x0)| = +— 55 C(F(%0) + Jo(R)IVT (o)1)

> C(f(x0) + (2 = 0)Js(R)IVT (x0)1)

, which implies the uniform bound of C > 0.
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R, : bad set

@ The bad set Ry(x) of I has small measure in a ring B,, (x) \ By (x). Since Tis a
concave function, there is no bad set in smaller ball B, _, (x).

@ If we can control oscillation of the concave function I', then the gradient image VI
will be controlled in smaller ball.

@ Then for each x in the contact set C(u, T, Br), we have a rectangle where the

gradient image VI is controllable and such rectangles will make a covering of the
contact set.
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Nonlocal A-B-P estimate

Theorem

Let u and T be functions as in Lemma 3. Set g,(z) = (|z|"(™") + n"/("=1)1="_Then
there exist a finite family {Qj}T", of open cubes Q; with diameters d; such that

(a) Any two cubes Q; and Q; do not intersect, (b) C(u,T, Br) c UL, Qj,

(¢) C(u,T, Br) N Q; # ¢ for any @, (d) d; < g2 25 R where g, = 1/(16 V1),

(€) f5,9(VT(¥)) det(D? (y))" dy < CR"3) (supg (J:(R)" + 11" IfI")IQY.,

() lly €4vVn Q- u(y) 2 T(y) = CR®)(supg (f + Jo (R)IVTI) AP} = 10l Q)

where the constants C > 0 and o > 0 depend on n, A and A ( but not on o).

We may consider the nonlocal A-B-P Estimate as a kind of Riemann sum of the Local
A-B-P Estimate. The sum is given with a covering of the contact set since the gradient
map has contribution only on the contact set between the solution and the concave
envelope. But the size of rectangle is order of 2-25 , which goes to zero as ¢ — 2 and
then we recover the local A-B-P Estimate.
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Key Lemma

Lemma

u € B(R") is a viscosity supersolution to Mgou < ¢o/R° witho # 1 or Lu < &9/R° with
o € (00,2) on B,z such that u > 0 on R" and infq, u < 1, then |{u < M} N Qg| = v|Qg|

If we apply this lemma inductively, we have the geometric decay of level sets.
Lemma

|tu>t)n Qa| < Ct|Qrl, V1t > 0.

Idea of proof of Harnack Inequality Set M = sup,, u with u(0) =1 and u > 0. We
apply the geometric decay estimate on uand (M — u),. Then [{u > M/2}| and

{M — u > M/2}| will be very small if M is very large, but it is a contradiction since
fu>M/2lU{M—-u=M/2} = Qr
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First notice C(u, T, Bg) c {u < M} N Qg. Apply A-B-P estimate on u+ ¥

((sups, ,, V)/RY’ o
|H(T + 1) <C fc‘(urrlBR)g,,(VF(y))det[D r(y)” dy

< C(Z SEp((R‘PzJU(R))H + T,—n(R(a—Z)(lP n 50)/Rg)n|Qj|) @

FRY

< C((RHJJ(R))” +n" Z sup((y + 50)/R2)”IQ,-I).
~ 5

Q

Here we note that Kg := Exp((R°'J,(R))") < C <o for1<o<2and R<1. Ifwe
set = (X, supg (¥ + £0)/R?)7Q)1) " in (10), then we have that

Y

1/n
1< sup v<Ce+ CR(Z((sEplp)/R2)n|Qj|) : (8)

N

1/n
=R < C(Zl-(supQ/_ zp) |Q,-|) implies 1|Qg| < C(Xo,msﬁ,4¢¢ IQ,-I) <fu<Myn Qgl.
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O<o<1

Lemma
For any x € C*(u,T, Bg; b) and any M > 0 there is some k € IN U {0} such that

Rl <C (R-2f(x) —|—MR“ MICSTIIFPN

where Ri(x) = {y € Re(X) : = (u, X, y; VI) > Mor2} .

©)

Take any x € C,T(u, I, Bg). From the definition of S;”,'°, we have that

Tu(x; VT) < ME qu(x; V) + BE (VI (X)) + (2 - a)CR'™|VI ()|
<M UG VT) + (2 - o)CR'"™|VI (x)|

because B/, (VI'(x)) < 0 from the assumption and y}(u, x, -; VI') = 0 on R". The
conclusion comes from similar arguments
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Main Step at Key Lemma

In( [(SUpazﬁR

V/Ar 1)<cf VI (y))det[D?T(y)]” d

o +1)= C(U’F,BR)gn( ) )" dy

< C(Z, sup((R™'Js(R))" + (R (y + So)/R")HIO/’I) (10)
i Q

< o[ (R + 17 X supl(y -+ col A1),
T 9

)

where J,(R) = =-(1 - R'™) < C < oo for some C > 0 since 0 <o < 1.
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5. Fully Nonlinear Case
5.1 Normal Map

Definition

Let u: R" X | — R be a function which is not positive on d;,Q;2 and is upper
semicontinuous on Q;.

(f) u(x, t) is called concave in R" x I if u(x, t) is concave in x and nondecreasing in t.

(ii) The concave envelope I'(y, s) of uin Qx; is defined as

_ |inf{v(y,8) :ven, v>utin Q) inQy
fy.s)= {o in 9, Q.

where I is the family of all concave functions v in Qx, such that v < 0 on d, Qo
(fii) The normal map %, of u: Q — R is given by
Nu(x, 1) ={(p, h) e R" X (11, t] : uy,s) S u(x,t)+p-(y—x), ¥(y,s) €Q,
and u(x,t)—p-x = hj
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Lemma

If v e C?'(Q/(x, t)) is concave in x and increasing in t and if v = 0 on d,Q:(Xo, k),
then we have that

(a) oo v(x, tp) det(D?v(x, tp))dx
O =(n+1) - r)8tv(x,t)det(Dzv(X,t))dxdt,
(b)
N(Q) = fo r dv(x, t) det(D?v(x, t))~dxdt,
(c)

max v(x, o) < Cr (%,(Q:(, £))) ™ .
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5.2 Main Steps at Parabolic A-B-P Estimate

@ Choose any point in the contact set C(u, T, Q) := {(x, t) : u(x, t)[(x,t)}. Note date
det(D?u(x, t)) = 0in ;\C(u,T, Q).

@ For afixed time, carry out elliptic argument to control bad set in a cube of space
variable .

© Control the growth rate concave envelope at a cube of space-time variable using
the property of the concave envelope.
For any (x,t) € @; N C, we have that

1 —
0< sup rt(y/ ) ((1 - Cr) sup r (.y/ t) += rsup rt(y/ )) on Q1
Br(x) Br(x,t)nC

for some uniform constant ¢ > 0.
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Parabolic A-B-P Estimate

Theorem

There exist a finite family {Ki} of pairwise disjoint (n + 1)-dimensional cubes with
sidelength dy such that

(@) C(u,T, Q) c Uk Kk,

(b) C(u,T, Q1) N Kk # ¢ for any k,

() re < 2po2‘217 for any k,

(@) 9 (Ki)l < C (supgg, f+ dksupg, f) XIC(u, T, Qr) N Kl
(e) (supg, ut)" < CIC(Qy)

where the constants C > 0 depends on n, A and A ( but not on o) and 2K is cube with
2dk containing K.

v
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6. Degenerate nonlocal Equation of Porous Medium Type (Joint work
with Sunghoon Kim)

In this chapter, 0 < ¢ < 1. ¢ = 1 corresponds to the standard Laplacian. We consider
initial value problem with fractional fast diffusion:

(=2)u™+u =0 inQ
u=20 on R"\Q (12)
u(x,0) = up(x) non-negative and Hg-bounded

in the range of exponents 222 < m < 1, with 0 <o < 1.

(=a)’v+ (v%)t =0 in Q
v=0 on R"\Q (M.P)
v(x,0) = vo(x) = ug'(x) in Q,
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We consider the extension problem.

V(y?vv') =0 iny>0
lim y2v; (X, y, 1) =(v7)i(x,0,1) xeQ (13)
y—0

vi(x,0,t)=0 on R"\Q

for a = 1 — 20. Since the diffusion coefficients D(v) = Iv{'-% goes to infinity as v — 0,
we need to control the oscillation of v from below. Hence, we consider the new function
w* derived from v* such that w*(x,y,t) = M —v*(x,y, t + tp) with

M = M(to) = supy. -0 V*. After showing the bound of L*-norm of v, we know that the
solution satisfies

vi(-, 1) < M(fh) < oo (t=1o).
From this, we get to a familiar situation:
V(y?Vvw') =0 iny>0
. a . _ -
= Jim y2V,w (x,y) =[(M = w)7], (x,0) xeQ (14)
w'(x,0,t) =M on R"\Q.
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Theorem

(From L7 to L) Let v(x,t) be a function in L*(0, T; L%(Q)) NnL%0,T; Hg(R”)),
then

voll, 25, o,
sup |V(X, T)l < C*#
XeQ T 2mn-(n-20)(1+m)

for some constant C* > 0.

For the second theorem, we need better control of v.
Theorem (Hoélder regularity of fractional FDE)

For xo = (x5, -+, x), we define Q.(xo, to) = [x) — 1, X, + r]" X [ty — 7, to], for

to > r?” > 0. Assume now that [x) — r, x} + r]" c Q and v(x, t) is bounded in

R" x [ty — r*°, to], then there exist constants y and B in (0, 1) that can be determined a
priori only in terms of the data, such that v is CF in Q,.(Xo, o).
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Properties

@ (Scaling Invariance)
20 1 Xt
(X' )= LmT T m- — =
vy =L 1“(L'T)
@ (L'-contraction)

f[u(x, t) - 0(x, t)de sf[u(x,z)—ﬂ(x, T)]+dX (15)

As a consequence,
llu(t) = G(t)ll < lluo — Tolls- (16)
© Comparison Principle
© Mass conservation in Cauchy problem. fRn Ug(x)dx = fnn u(x,t)dx fort > 0.

@ (Extinction in Finite Time in the bounded domain with zero data) There exists
T*>0suchthatu(-,t)=0forallt> T, i.e.,

tll)n; ”u('l t)”oc = 0

© (No waiting time) Even for uy(x) having a compact support, u(x,t) > 0 for t > 0.
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Estimates on Finite Extinction Time

Lemma

When g:rg‘; < m < 1, there exists a positive constant C such that the solution v = u™ of

(M.P) satisfies
T —-t< C(f v m(x,t) dx) .
Rn

Lemma
When 222 < m < 1, the solution v satisfies
t\Tm
m -m m-+1
f v#(x,t)dxs(1 ——) f v (x,0) dx. (17)
RI‘I T* Rn

Ki-Ahm Lee (SNU) Nonlocal Equations August 13-17, 2012 42/60




Proof of Theorem for L*°-norm

Multiplying the equation by the function v = (v — Cx), and integrating in space, R",
we have

Vk
1 i[f (€+Ck):"'1€dé] dx+f Vi [(-2)°v] dx <0 (18)
m Jgo dt | Jo Rn

since

(Ck + Vi) vk = (Cx + &)™

5;0=fo dé[(ck+é yne] de.

1+m T+m
After some computation, we have Uy <2C(m+ 1)(f9 Vk%(s) dx)” for

1 00
Ux = supf v dx 4 (m o+ 1)f lIvil2, dit.
Q Tk

t=Tx

By applying time average and Hélder regularity,

K
1+m 2
1*'" 1+ () e
7m(1+(1+m)0)
A
by

(1+(1+m) ) k1

And Up < |lv(-,0)I ,, . If|lv(-,0)|> ,, is smaller than a uniform number, Uy )0 as k)co.
L n-20

L n-20
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Proof of Theorem for C*-norm

@ For the technical reason, we consider the equation for the w = maximum — v.

@ Wr consider local Energy estimate for the extension problem since the values on
the local region has large influence from the whole domain. Technically the
multiple of the cut-off function  and w is hard to applied the nonlocal operator.
And the extension problem is easy to handle since it is a local equation. But the
cut-off function is only depends on x, not z. Still it can be played as an cut-off
function in (x, z) variable for a little bit larger level set. And we need to use intrinsic
scale, for example the scaled parabolic cylinder is

Q«(0o) = B, x (~05*R",0)

© If local L2-norm is uniformly small for u such that |u] < 1 in a parabolic cylinder,
|ul < 1/2in a half cylinder as the control for L*-norm.

© For general case, there is a time t*, when the solution is close to the supremum
with nontrivial measure. Through DiBenedetto’s trick, we can show the solution is
close to the supremum with nontrivial measure for t* < t < 0.

@ Use De Giorgi’s isoperimetric inequality to show that the upper level set is
uniformly small after uniform step. Then the local L*-estimate says the supremum
decreases with a uniform amount.
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Application to the asymptotic behavior for the parabolic flows

Theorem

Under the above assumptions on uy and m, we have the following property near the
extinction time of a solution u(x, t): for any sequence {u(x, t,)}, we have a
subsequence t,, — T* and a ¢(x) such that

Jm (T = 1)/ PJu(x, ) = U(X, t T = 0

uniformly in compact subset of Q for U(x, t; T*) = (T* — t)"/0=mM¢'/m(x) where ¢ is a
eigen-function of fully nonlinear equation

1

g — L

(-8Yp==—¢  inQ
=0 on R™\Q
>0 in Q.
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7.Geometry of the Ground State (Joint work with Sunghoon Kim)

(—A)%(p = ApP in Q
>0 in Q (19)
=0 on R™\Q.

The main question we address is motivated by the following conjecture:

Conjecture

Let ¢, be the ground state eigenfunction for the symmetric stable processes of index
0 < o < 1 killed upon leaving the interval | = (—=1,1). Then ¢, is concave on .

Rodrigo Banuelos, Tadeusz Kulczycki, Pedro J. Méndez-Hernandez. On the shape of
the ground state eigenfunction for stable processes. Potential Anal. 24(2006), no. 3
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The solution u of

(-2)Yu+u =0 (x,t) € R"x [0, c0)
u(x,t)>0 xeR"
u(x,t)=0 x € R"\Q
u(x,0) = g(x) x€R"
is the trace, u*(x, 0, t), of u* satisfying the following extension problem:
AU + U, =0 in R” x R* x [0, )
uy(x,0,t) = uy(x,0,t) xXeQ
u(x,0,t)=0 x € R"\Q
u(x,0,0) = g(x) x € R".

This relation between u and u* is very useful to discuss the geometric properties.
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Theorem

Let Q2 be a convex bounded domain, and let uy > 0 be a continuous and bounded initial
2 . . .

function. If (uo)™™+ is strictly convex, then the solution u* is power-convex in the space

variable x for all t,z > 0, i.e., D2(u*) ™7 > 0.

Corollary

Under the same condition, the stationary profile ¢(x) of u(x, t) is power-convex, i.e.,
D2 (p(x)) ™" > 0.

Lemma

If Q is smooth and strictly convex, then ¢(x) is strictly power-convex: there exists a
constant ¢y > 0 such that ,
DZ (¢(x)) ™ = cil.

The constant ¢, depends on ¢ and Q.
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Parabolic Approximation and Nontriviality of the Limit

Lemma (Approximation Lemma)

.1
For every u, € H (2), we have

leMtu(x, t) — a;p(x)| < Ce~ (2=t (20)
and
et u(x, t) = aip(x)ligk(q) < CKe 27! (21)
fork =1,2,---. )
Put

eMu(x, t) — ajp(x) = e e in(x, t).

Then, n(x, t) satisfies the equation n; + (—A)'én = Aon. The regularity on 7 gives the
conclusion.
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Global Regularity and Interior Regularity

Lemma
If u* is a solution of the problem, then the function u* is bounded and
||U*”L°°(R”><R+) < sup Up(x).
xeRM

lUzllLerrxr+y < CllUollptr2(rn
(R™)
luzllLe() < C atz=0
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Lemma
If u* is a solution of the problem , and if |u*| < 1 on the cylinder B1+ % [0,1], Then

U] < C, |Ujx, | < C
lu,l < C

(i=1,---,n) on the cylinder Bj“/2 X [%, 1] for some constant C > 0.

(i) (Bernstein Computation) Find a sub-solution to apply maximum principle:
X = Au? 4P (u,)?

where A is a large number and 7 is a function satisfying
22 2
n(x,z,t) = (eTr + é (z+ tz) - 1)(1 - |x? - Z%).

Observe (u;)? < X on B}, x [%1]

(i) Apply the same method for
X = Au? + P (U, )

(”) U;z =~ Zi u;,-,x,"
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Boundary Regularity

Lemma (Boundary Regularity for u)
Let Q be a convex subset of R" with n > 1 and u is the solution. Then,

|u(x, t) - codlist(x,dQ)| < Co (dist(x,02))'*”,  t>0

near the boundary 92 for some uniform constant C, and 0 <y < 1.

First we have
¢4 (dist (x, 8(2))% < u(x,t) < co (dist(x, QQ))% , near the boundary 0. (22)

u stays away from the upper bound or lower bound at an interior point with a fixed
amount 6. Harnack estimate in the interior gives a ball where u stays away from the
upper or lower bound. Such improvement in a ball with uniform measure will make
improvement all the way to the boundary by comparing super- or sub-solution having
the improvement. Then we have improvement.

(S

Es(dist(x,aﬂ%))% <uy(x1) s&;(dist(x,afz%)) , (‘% <t< n)

for some constants ¢z < ¢4 such that
E1S63SE4S62 and 64—53<(N:2—E1.
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Hence, we get, for v = u?,

1 | —(ﬁ)v2

() = (), = | @)
L (2@

T3 as x € Q — xg € 9N

(n+1)2v7
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Lemma (Estimate for u* near the infinity)

Assume that u(x, t) is a bounded and integrable function with a compact support. Let
0i(x, z, t) be the convolution of u and Poisson kernel p of the Harmonic extension:

u(x,z,t) = f p(x, & z)u(&, t) dg
Rn
where

cnZ

(%)
=

p(x, & z) = z>0, x,£€R", ¢, =

ntl /
2

(Ix — &R + 22)

Then, there exist some constant ¢; and Ry such that U is power-convex in the space
variable x for allt > 0 on {(x,z) : |x| > ¢1Ry,0 < z < Ry}, i.e,,

D2 [(u) 7] 2 0 Vix| > ¢iRy, 0 < z < Ry. (24)

v
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Approximation
For any 0 < 6 < &', let us consider the solution {5 of

N N 1
Axls + Us 7z =0 (x,t) e B% xR", 0<z< 3
Us,2(x,0,1) =0s(x,0,1) (x,t) e QxR"

Us(x,0,t) = 0&(x, 1) x € B1\Q
N ° (25)
Us(x,z,t) =0 (x,z) € 38% % [0,1/0]

Us (x,1/6,1) = 6L(x) (x,t) e B% x R
Us(x,z,0) = u(x, z) xeB%,Oszs%

Let’s define the positive functions ((x) € C;°(B: ) satisfying

1
i

(C)‘% : bounded and strictly convex
and &(x,t) € C”({B% \Q} x R*™) such that

E(x, t)=1 on x €99,
E(x, 1) =0 onxeaB%,
2
i

([u(x, 1)+ 0 xg + 0&X g, \Q,) : strictly convex.
)
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Lemma

Let Q be a convex bounded domain and let Uiy > 0 be a continuous and bounded initial
function. If (uo)‘% is strictly convex, then the solution s is power-convex in the space
variable x for allt > 0, i.e., D? [(ﬁa)fﬁ] > 0.

Letw = (Db)’%. Then w satisfies

n+3)

0=w2Ap W — ( WiVeaw*  in By x[0,1/6] x R* (26)

and
w,(x,0,t) — wi(x,0,1) =0 X € By (27)

To estimate the minimum of the second derivatives, we look at the quantity

Waz(Xo, 20, t) + ep(t) = inf inf [wﬁﬁ(x, z,8) + ey(s)
(x,2)eBy x[0,1],s€[0,1] €pRx legl=1
o

(1 < B < n), which is taken along a direction e; € Ry, (lezl = 1), in which the minimum
of the second directional derivative is achieved.
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Case 1. x5 € aB% and z, > 0. Nondegneracy of the gradient on the boundary implies a

contradiction.

Case 2. We consider the case : zo = 0 and x, € dQ2. Boundary estimate for nonlocal
equations implies waz)oo and a contradiction.

Case 3. We next deal with the case xy € Q and z = 0.

Zy(x,2z,t) = e[zrgl;n Weg(X, z, t) 4 ep(t)

0> (Zw); = Waat(X1,0, 1) + ei(tr) = (Zw), + epu(tr),
and 0 < (Zw)z = Waa/z(xhor t1 )

Hence, by choosing the function y(t) with ¢;(t) > 0, we get a contradiction.
Case 4. Finally, let us consider the case that xo € B% and 0 < zy < 1/6.

Z=wun'n’ + eyp(t), e:, € €R()

with 1
0 (x,2) = b5 + Cay’ + 50y 7Y

Select ¢z and y(t) so that Z has a contradiction at the maximum point.
Finally select ¢(t) which satisfies the condition in the cases to have a contradiction.
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8. The other works and On going projects

@ Regularity theory for Fully Nonlinear Integro-differential equations with
nonsymmetric kernels (2010, 2011 with Youngcheol Kim)

© Regularity theory for Parabolic Fully Nonlinear Integro-differential equations (2012
with Youngcheol Kim)

© The properties of global solutions with super-linear forcing term, u”. (Jinmyoung
Seok)

© Nonlocal Curvature Flows ( with Hyeseon Kim)
@ Geostropic equations (with Jihoon Kim)
@ Homogenization with perforated boundaries (with Minha Kim, Martin)
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Thank Youl!

Ki-Ahm Lee (SNU) Nonlocal Equations
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