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_d value of best constantsin functional inequalities

Suppose that we know the existence of a constant C' such that in some space space X,
forall u € X,

F(Du,u,z) < C G(D*u, Du,u, ).

Functional inequalities play an important role in obtaining a priori estimates for
solutions of PDEs, in analyzing the long time behavior of solutions of evolution problems,
in describing the blow-up profile for finite time blow-up phenomena, etc

Knowing the exact value of C' or the properties of the optimal solutions (when they exist)
can be crucial in some critical cases.

Important questions :
e Is C attained in X?
e If yes, how do the optimal functions « look like?

If we know a priori that the optimal solutions have some symmetry properties, for
instance, that they are radially symmetric, then it might be easier to compute the value of
C.
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C,,» = best constant for general functions «
C» , = best constant for radially symmetric functions
Cz,b S Ca,b
Up to scalar multiplication and dilation, the optimal radial function is
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Questions: is optimality (equality) achieved ? do we have u, ;, = u;,b ?




e Existence inside the half-strip a < b<a+1, a < %

e Symmetry (and existence)inthezone a <b<a—+1,0<a < %

e Nonexistencefor a <0 and b=a or b=a + 1.
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SYMMETRY BREAKING: Catrina-Wang, Felli-Schneider.

Aubin, Talenti, Horiuchi, Lieb, Chou-Chu,...
Lin, Wang; Dolbeault, E., Tarantello (d=2)

Dolbeault, E., Loss, Tarantello

"% (a) =

d(d— 2 — 2a 1
( ) — —(d—2—2a)
2/ (d—2—-2a)2+4(d—-1) 2
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ult, E., Tarantello)

A generalized Onofri inequality:

. 2a
On R2, consider dyu, = &t |zl = do

T (F |z @TD) with a > —1

1
u \V4 2

e For d = 2, radial symmetry holdsif —n <a <0 and —e(n)a<b<a+1




t =log|z|, w= =

1
= Tl e S w(t,w) =|z|u(z), A= . (d—2—2a)?

e Caffarelli-Kkohn-Nirenberg inequalities rewritten on the cylinder become standard
interpolation inequalities of Gagliardo-Nirenberg type
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£"(vx p)(w) = (lalp — (1 +a*) +---) [Jo]|72. <0

when v is orthogonal to all functions which do not depend on the angular variables w.




" (va,p)(@) = (lalp— (1 +lal*) +---) [[o|[7> <O
when v is orthogonal to all functions which do not depend on the angular variables w.

This is done by stuyding the properties of the spectrum of the operator

—A+ A= (= 1) JoR P

in H1(C) and then using the decomposition in spherical harmonics.




Normalize the extremal functions so that they satisfy —Av + Av = vP~ ! | thatis
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Normalize the extremal functions so that they satisfy —Av + Av = vP~ ! | thatis
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Lemma. Letd > 2,p € (2,2*). Forall A # 0, we have
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where ¢, in a function increasing in p such that
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By contradiction. Suppose the existence of (A, ),eny and (pn)nen S L

lim Ap, =A>(d—2)?/4, lim pp =24,
n—-+oo

n—-+oo

and such that the corresponding global minimum v,, := v, , . satisfies

fA,p[vAn,pn] < fA,p ['U/*Xn,pn] ’ _Ay'vn + Afn, VUV = 'Ug_l in C .
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By contradiction. Suppose the existence of (A, )neny and (pn)nen St

lim An, =A>(d—2)?/4, lim p, =24,
n——+oo

n—-+oo

and such that the corresponding global minimum v,, := v, , . satisfies

FaplVhn, pul <Faplvr,, p,)s —Byvn + Anvn = vE™t in C.

__ _Pn Pn

AW, + Ay Wy, =2 P WPr—1 in C, / |VWn|2dy+An/W3 dy = c%/vg;n dy .
C C C

We have : lim,, o0 o ?™ = A and limsup,, _, | o c2 [ovh™ dy < |S97 1 /27 /A.
Hence (W,),en is bounded in H1(C)

Elliptic estimates and Harnack’s inequality imply that W,, — W and
—AW + AW = AW .

Hence W,, — W =0.




B e symmelry resit o o net o+

Differentiating with respectto w the equation

— AW, + Ay Wy, =2 P2 WPr—1 dans C,

we obtain;

_ _ . —a 9 (.. _
—AxntAaxn = (Pe=1) € P W, Xni= Vovn 1= (sinw)® % —— ((Smw)d ’ ’Un)
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Since fsd_l VWi (t,w)dw = 0, an expansion of x,, in spherical harmonics shows

that
/CIVxnlzdy > (d— 1)/C Xn|?dy .




Differentiating with respectto w the equation

AW, + Ay Wy, =2 P» WPr—1 dans C,

we obtain:

_ _ . —a 9 (.. _
~Axn+Anxn = (Pn=1) g PP WE 2 X, X = Vaun = (sinw)* a—w<(81nw)d Q’Un)

0= / Vxn|? dy + An / xnl? dy — (pr — 1) 2P / W2 |y |2 dy .
C C C

Since de_l VWi (t,w)dw = 0, an expansion of x,, in spherical harmonics shows

that
/ Vxnl® dy > (d - 1)/ xnl® dy -
C C
Since the functions W,, are bounded from above by W,,(0,wp) , we obtain
0> (d=1+An = (pn = 1) 27" Wy (0,w0)"" ~2) / xn|? dy .
C

Contradiction: limy— 400 An = A, limsup (prn — 1) & ™ Wy (0,w)Pn =2 < A




The symmetry and the symmetry breaking zones are simply connected and separated
by a continuous curve.

MV




Let ws(t,w) := w(ot,w) forany o > 0

1 fc |wa|2 dy
(fc [w|P dy)Q/p

Foanplirn) = a3 Fy p(w) — o420 (o2

MV

Upper semicontinuity of the curve p — A(p) is easy to prove.
For continuity, a delicate spectral analysis is needed.

CONJECTURE: A coincides with Arg.
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Let us how see why the identity
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implies that if for some given (A, p) there is a non-symmetric minimizer, then for all
o > 1), and for (c?A, p) no minimizer can be symmetric.
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CONSEQUENCE: (c* — ol+2/p (c;;,p)_l .

O'2A,p)




Let us how see why the identity

fc |wa|2 dy
(f |w|P dy)*/®

Foonp(we) = TP Fp (w) — o7 1H2/P (6% — 1)

implies that if for some given (A, p) there is a non-symmetric minimizer, then for all
o > 1), and for (c?A, p) no minimizer can be symmetric.

CONSEQUENCE: (Cj;QA,p)_l _ ol+2/p (c,j;,p)_1 .

Assume that w, , is @ non radially symmetric extremal function and apply the above
identity with w = wp , , we (t,w) = w(ot,w), A = c2Aand o > 1:

_ 1) fC ‘waA,pP dy
2
(Jo lwa,plP dy)

2
< 0_1+% (Ci/k\,p)_l . 0_—14—% (0_2 . 1) fC ‘vww/\:p‘ dz
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_ 2 _ _ 2
(Coap) ' < Foap p(we) =07 (Cap) =0 1T (02

< (¢,

since V,wy , Z 0. This proves the second claim with A = o2 A .
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Letd > 3. Foranyp € [2,p(0,d) := % , there exists a positive constant C(0, p, a)
such that

2 6 1-6
|ul? )p (/ [Vul? ) (/ Jul? )
d < C(6 d ———— d
(/Rd |z[bP ) =COpa) Rd |z|2@ ) Rd |z|2 (a+1) v

In the radial case, with A = (a — a.)?, the best constant when the inequality is restricted
to radial functions is C¢ (0, p,a) and (see [Del Pino, Dolbeault, Filippas, Tertikas]):

" " pP—2 g
CCKN(07P7 a’) > CCKN (97p7 CL) — CCKN(H?p) A 2r

p—2
(0 )_[%d/z]ﬂ%l[ (p—2)2 ]pz—_zf [z+(29_1>p]9[i]6{—f P(z%+3) | P
CKN\Y»P) = | T(q/2) 2+(20—1)p 2p0 P2 \/?P(p—iz)
For 0 € (0,1) fixed, p € [2,p(0,d) := ;2%].
For p € [2, 24 ] fixed, 0 € [2,0(p, d) := {52,
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Letd > 2 and assume that a € (—oo, 452).

— Forany p € (2,2*) and any 0 € (¥(p,d), 1), the Caffarelli-Kkohn-Nirenberg inequality
(CKN)

2 2] 1—6
ul? ) ( / V2 ) ( / )2 )
d < C(60 d — d
(fR apr 7)) SCOPOL [ Ee )\ Jos e

admits an extremal function in D2? (R%)




Letd > 2 and assume that a € (—oo, 452).

— Forany p € (2,2*) and any 0 € (¥(p,d), 1), the Caffarelli-Kkohn-Nirenberg inequality
(CKN)
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admits an extremal function in D2? (R%)

Critical case: there exists a continuous function a* : (2,2*) — (—o00, a.) such that the
inequality also admits an extremal function in D% (R4) if & = ¥(p,d) and a € (a*(p), ac)




Letd > 2 and assume that a € (—oo, 452).

— Forany p € (2,2*) and any 0 € (¥(p,d), 1), the Caffarelli-Kkohn-Nirenberg inequality
(CKN)

2 6 1-0
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admits an extremal function in D2? (R%)

Critical case: there exists a continuous function a* : (2,2*) — (—o00, a.) such that the
inequality also admits an extremal function in D% (R4) if & = ¥(p,d) and a € (a*(p), ac)

b b

d=3,0=0.8




Emden-Fowler transformation and minimization on the cylinder of the functionals

0 —0
Eglv] := (HVU”%Q(C)""AHUHEQ(C)) ||U||iéic) :

under the constraints ||v||y,» ¢y = 1.




Emden-Fowler transformation and minimization on the cylinder of the functionals

0 —0
Eglv] := (HV’U”%Q((:)_'"A||v||iQ(C)) HU”E%C) :

under the constraints [|v|y,» ¢y = 1.

Existence: Convergence of minimizing sequences if they are bounded in H!(C): by a
more or less classical use of concentration-compactness techniques.

For p € (2,p(0,d)) , existence is easy to prove, for all A > 0.

For p = p(0, d), a priori estimates can be obtained by relatively elaborate direct
interpolation inequalities or estimating the energy strictly from above.




e Gagliardo-Nirenberg interpolation inequalities: if p € (2, 2*),

9(p,d —9(p,d
lullf p gy < Con®) IVl S ) ullfs g, v u € HY (R

If w is a radial minimizer for 1/Can(p) and u, (z) := u(xz +ne),e € S41

. S(p.d (a —9(p,d
1 el =® Vun 22252 flaf =@+ 21y 20

< VERTE
CCKN(ﬁ(p7 d)7p7 CL) |||CL’|_ un”Lp(Rd)

_ o2 o4
~ Can(p) (1+R +0(m™)

So, Cgn < Cekn.

A priori estimates (and relative compactness of minimizing sequences) can also be
obtained if Caon < Cokn-







We already know that

Con < Cekn -

If we are able to find a positive A and a function g such that

! < E&anlg] < -
— < &anlg - :
CGN a CCKN (’19(29, d)7 b, A)

then,

1 1 1
<

<
CCKN(’ﬁ(I% d),p, A) N CGN CEKN(Iﬁ(pa d),p, A)




Let g(x) := (27)~ %% exp(—|z|2/4). Choose A = Apg(p(8,d),d)
Symmetry breaking occurs if

L(p,d) := ngl\’[g] <1

We have the following result:

b

L(p,d)

, L(p,5)
7 L(p,4)
p »
2. 2.67 2.8 3 3.2 "

L(p,3)
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>

0 Qc
(1) Symmetry breaking by instability of the radial extremals.

(2) Symmetry breaking by comparison with GN best constant.

(5) existence obtained because of symmetry by kind of Schwarz’ symmetrization.
(4) existence by a priori estimates obtained analytically.
(3) existence obtained by (strict) comparison of best constant with best constant of GN.




For 6 =1 and d > 2,

using an elaborate argument involving Lieb-Thirring inequalities, Beckner’s inequalities
on the sphere and a rigidity argument due to Bidaut-Veron and Veron for positive
solutions of —Agv + pv = v4 on manifolds (M, g),

there exists a unique minimizer for the (CKN) problem, and it is symmetric, for all
A < A(p), forall p e (2, 2%).

A(p) = (d—-1D6—p) _

Ars(p).

4(p — 2)

QS} 05}

L L L L L L L L L L L L L L L L L L L L
-20 -15 -20
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Let L2 be the Laplace-Beltrami operator on S¢~1. So that —A on the cylinder becomes
—02 — L.

THEOREM. Letd > 2 and let u be a non-negative function on C = R x S%~! that

satisfies
—0%v — L?v4+ Av=1oP"1

and consider the symmetric solution v, . Assume that
/ lv(s,w)|P dsdw < / lvx(8)|P ds
C R

for some 2 < p < 6 satisfying p < 2% . If A < A(p), thenfora.e. w € S~ and
s € R, we have v(s,w) = v«(s — C) for some constant C'.




Let L2 be the Laplace-Beltrami operator on S¢~1. So that —A on the cylinder becomes
—02 — L.

THEOREM. Letd > 2 and let u be a non-negative function on C = R x S%~! that
satisfies
—0%v — L?v4+ Av=1oP"1

and consider the symmetric solution v, . Assume that
/ lv(s,w)|P dsdw < / lvx(8)|P ds
C R

for some 2 < p < 6 satisfying p < 2% . If A < A(p), thenfora.e. w € S~ and
s € R, we have v(s,w) = v«(s — C) for some constant C'.

REMARK 1. With the above normalization, we have

p—2

1 Vo2 + Av? d P
— inf Je IVoI” + 1;/ - (/ lv(s,w)|P ds dw) T
CAp (fe lv|P da)™/* C

REMARK 2. We choose dw to be a probability mesaure on S¢—1,
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LEMMA. Let V = V (s) be a non-negative real valued potential in A (R) for some
~ > 1/2 andlet —\1 (V') be the lowest eigenvalue of the Schrodinger operator

2 .
—j? — V. Define

w2 T(v+1)
) = TR T+ 1/2) (

y—1/2)\ 72
7+1/2) '

Then

MY < eur(y) /R VIH2(5) ds

with equality if and only if, up to scalings and translations,

oyt -1/4

Vis) cosh?(s) =: Vo(s)

in which case
M (Vo) = (v —1/2)% .

Furthermore, the corresponding ground state eigenfunction is given by

1/2
wv(s) _ 7_(_—1/4 (F(/YPE}?/2)> [COSh(S)} —v+1/2 .




With V = vP~2 | the equation —Av + Av = vP~1 can be seen as the “linear" equation
—Av — Vv =—Awv.
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—Av — Vv =—Awv.

Let us define f(w) := \/fR lv(s,w)|? ds . By the Lieb-Thirring Lemma, we find that a.e.

in w,
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Sd—1 C
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Sd—1 JR C
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With V = vP—2 | the equation —Av + Av = vP~1 can be seen as the “linear" equation
—Av — Vv =—Awv.

Let us define f(w) := \/fR lv(s,w)|? ds . By the Lieb-Thirring Lemma, we find that a.e.

N w,

—A/ |v(s,w)\2dsdw:/ /(vg—vp) dsdw—l—/ |Lv|? ds dw
C Sda—1 JR C

/ / (v -V v?) dsdw—l—/ |Lv|? dsdw =: F[v] .
Sd—1 JR C

1/~
#) = —en)7 ([oswlrds) IR+ [ LR o

1
Now, setting D := cr;r (7)Y (f, vP dsdw) ™ , by using Holders’s inequality, we obtain

v—1

Az [ @prae-p ([ pas) T e,




The generalized Poincaré inequality on the sphere states that for all ¢ € (1, zlli_;)},

2
1
i [ wprax ([ )™ - [ P
Sd—1 Sd—1 Sd—1




The generalized Poincaré inequality on the sphere states that for all g € (1, T}

2
+1
—Zj/ (Lf)? dw > (/ fq+1dw)q —/ £ dw
Sd—l Sd—l Sd—l

i — 27 _ 9 pt2
ChOOSIngq—I—l—m—QT,

o

_2
g[f]Z(%—D) ([Sd_lfq+1dw>q+l _% f2dw.

Sd—l

To justify this step, we notice that ¢ < % Is equivalentto p < deT




2
— q+1 _
elf) > (42 - D) (/ fq+1dw) e
S 1 Sd—1
To justify this step, we notice that ¢ < 4% is equivalentto p < 24

Using the fact that dw is a probability measure, by Holder’s inequality, we get

_2
(/ fatt dw) o > / 2 dw .
Sd—1 Sd—1




2
— q+1 _
5[f]2(%—D) (/d fq+1dw) —% - f?dw .
S 1 Sd—1
To justify this step, we notice that ¢ < 4% is equivalentto p < 24

Using the fact that dw is a probability measure, by Holder’s inequality, we get

_2
(/ fatt dw) o > / 2 dw .
Sd—1 Sd—1

Thus, if D < % ,and if A < A(p), we get

—A/ fPdw > E[f] > D
Sd—l Sd—l

f2de—A/ 2 dw .

Sd—l




So, here we are: for 0 = 1,

BUT when 6 € (0,60p), 6o < 1,

we have symmetry beaking outside the Felli-Schneider zone!




B iticarcy ineuaiies (1)

Letd > 1, a< (d—2)/2, v >d/4 and v > 1/21if d = 2. Then there exists a positive

2
constant Cyyr,g such that, for any u € D}L’2(Rd) normalized by fRd |$|£“(’—L+1) der =1,

|’UJ|2 d—2—2 2 / WU\Q
— 1] ( @ ) < 2~1
/Rd ZElarD o8 |z| [ul”) de < 27 log | Cwrn o o dx

(Del Pino, Dolbeault, Filippas, Tertikas)




Letd > 1, a< (d—2)/2, v >d/4 and v > 1/21if d = 2. Then there exists a positive

2
constant Cyyr,g such that, for any u € D}L’Q(Rd) normalized by fRd |x|2|7f—L+1) der =1,

|U|2 d—2—2 2 |VU|2
P g (a2 ) de < 21
/]Rd (@D og | |z| lul?) dx < 2+ log |CwLH /]Rd Z2a dx

(Del Pino, Dolbeault, Filippas, Tertikas)

In the radial case, the best constant when the inequality is restricted to radial functions is
CT]VLH (77 CL) and CWLH (’77 a) Z C>\k7VLH (’77 a)'

1

r(g)" (4] )4191 L r(s)] 1

1
— fy>— , C =4 ¥ =
Y (8xd+1e)ay \(d—2-2a) ( o G =t =g

)

C’WLH -

If v > i, equality is achieved by the function

where i(z) = |o| =77 exp (~ 220" [log [x]]?)

‘E g

f Rd
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