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Γh

Ωh

b

h : IR→ [0,∞) b-periodic, smooth

Ωh :=
{

(x , y) : 0<x<b, 0<y<h(x)
}

Γh := ∂Ωh ∩
{
y > 0

}
Ω#

h :=
{

(x , y) : x ∈ IR, 0<y<h(x)
}

Γh = free profile of the film

Ωh = final configuration of the film, |Ωh| = d is given

u : Ωh 7→ IR2 = planar displacement of the film
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Γh

Ωh

b

u(x , 0) = e0(x , 0)
at the film-substrate interface
(e0 6= 0 is the mismatch factor)

u(b, y) = u(0, y) + e0(b, 0)
if 0≤y≤h(0) = h(b)

Moreover

E (u) :=
1
2
(
∇u +∇Tu

)
= strain

W (E ) := µ|E |2 +
λ

2
[
Tr(E )

]2
=

1
2

CE : E = elastic energy per
volume unit

µ > 0, λ+ µ > 0, µ, λ are the Lamé constants
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CE :=

(
(2µ+ λ)E11 + λE22 2µE12

2µE12 (2µ+ λ)E22 + λE11

)

Since

W (E ) ≥ min{µ, µ+ λ}|E |2 for all E ∈M2×2
sym,

conditions µ > 0, λ+ µ > 0 guarantee that W is coercive.

For a smooth profile the total energy is:

G (h, u) =

∫
Ωh

W
(
E (u)

)
dz + γfH1(Γh)

where γf > 0



CE :=

(
(2µ+ λ)E11 + λE22 2µE12

2µE12 (2µ+ λ)E22 + λE11

)
Since

W (E ) ≥ min{µ, µ+ λ}|E |2 for all E ∈M2×2
sym,

conditions µ > 0, λ+ µ > 0 guarantee that W is coercive.

For a smooth profile the total energy is:

G (h, u) =

∫
Ωh

W
(
E (u)

)
dz + γfH1(Γh)

where γf > 0



CE :=

(
(2µ+ λ)E11 + λE22 2µE12

2µE12 (2µ+ λ)E22 + λE11

)
Since

W (E ) ≥ min{µ, µ+ λ}|E |2 for all E ∈M2×2
sym,

conditions µ > 0, λ+ µ > 0 guarantee that W is coercive.

For a smooth profile the total energy is:

G (h, u) =

∫
Ωh

W
(
E (u)

)
dz + γfH1(Γh)

where γf > 0



inf
{
G (h, u) : h is b-periodic and smooth, |Ωh| = d ,

u ∈ H1
loc(Ωh, IR2) + Dirichlet & period. cond.

}

If (h, u) is a smooth minimizer then

(LS)



µ∆u + (λ+ µ)∇(div u) = 0 in Ωh

+[
µ(∇u +∇Tu) + λ(div u)Id

]
ν = 0 on Γh

u(x , 0) = e0(x , 0) on {y = 0}
u(b, y) = u(0, y) + e0(b, 0) 0≤y≤h(0)

and

(CE )
d
dx

( h′√
1 + h′2

)
= W

(
E (u)

)
(x , h(x)) + const.
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Remark: if sup
n

G (hn, un) <∞, we have

hn → h in L1loc(IR) h ∈ BVloc(IR)

Moreover, for a.e. x ,

h(x) = inf
{
lim inf

n
hn(xn) : xn → x

}
and

IR2 \ Ω#
hn
→ IR2 \ Ω#

h in the Hausdorff metric dH

un → u weakly in H1
loc(Ω#

h , IR
2)

Recall that for any pair (A,B) of subsets of IR2

dH(A,B) := inf{ε > 0 : B ⊂ Nε(A) and A ⊂ Nε(B)} ,

where Nε(A) denotes the ε-neighborhood of A.
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The space of all reachable configurations

X =
{

(h, u) : h is l.s.c., b-periodic, h ∈ BVloc(IR), u ∈ H1
loc(Ω#

h ; IR2),

u(x , 0)=e0(x , 0), u(b, y)=u(0, y)+e0(b, 0) for 0≤y≤ h(0)
}

and for (h, u) ∈ X the relaxed energy is defined in the obvious way

F (h, u) = inf
{
lim inf

n
G (hn, un) : (hn, un) ∈ X , hn smooth,

(hn, un)→ (h, u) in the sense defined above
}

How can we represent F (h, u)?

Recall that h is l.s.c. and BV , hence for all x there exist h(x±) and

h(x) ≤ h−(x) := min{h(x−), h(x+)} ≤ h+(x) := min{h(x−), h(x+)}
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Γg

Γj

Γj

Γcut

Γg

b

Γ = Γg ∪ Γj ∪ Γcut = Γ̃ ∪ Γcut

Representation formula (Bonnetier-Chambolle, also FFLM)

F (h, u) =

∫
Ωh

W
(
E (u)

)
dz + γfH1(Γ̃h) + 2γfH1(Γh,cut)

where

Γ̃h = {(x , y) : x ∈ [0, b), h−(x) ≤ y ≤ h+(x)}
Γh,cut = {(x , y) : x ∈ [0, b), h(x) ≤ y ≤ h−(x)}
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The term 2γfH1(Γh,cut) is due to the approximation procedure

h hn

Moreover the minimum problem

inf
{
F (h, u) : (h, u) ∈ X , |Ωh| = d

}
has at least a solution
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Theorem. Regularity (Fonseca, F., Leoni, Morini)

If (h, u) ∈ X is a minimum configuration for F , under the
constraint |Ωh| = d,

− there are only finitely many vertical cuts and cusps

− Γreg = Γh \
(
Γcut ∪ Γcusp

)
is the union of finitely many C 1-arcs

− Γreg ∩ {y > 0} is of class C 1,α for all 0 < α <
1
2

− h is analytic in the open set {x : h(x)>0, h is continuous }

Γcusp :=
{

(x , h(x)) : h−(x)=h+(x)=h(x), h′+(x)=−h′−(x)=+∞
}

=
{
downward cusps

}

Remark: the theorem proves the zero contact angle condition
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From now on γf = 1. Fix d = |Ωh| and denote by(d
b
, u0
)

the flat configuration

where
u0(x , y) := e0

(
x ,− λy

2µ+ λ

)
is the minimum of the elastic energy∫

Ωh

W
(
E (u)

)
dz =

∫
Ωh

{
µ|E (u)|2 +

λ

2
[
Tr(E (u)

]2}dz
under the Dirichlet condition u(x , 0) = e0(x , 0) and the periodicity
condition.
Set E0 := E (u0) = const.



Proof.

If |Ωg | < d , lift g setting g̃ := g +
d − |Ωg |

b
and extend v , setting

ṽ(x , y)=


e0
(
x ,
−λ

2µ+ λ
y
)

if 0<y<
d−|Ωg |

b

v
(
x , y− d−|Ωg |

b

)
+e0

(
0,
−λ(d−|Ωg |)
b(2µ+λ)

)
if y≥ d−|Ωg |

b
.

Then

F (g̃ , ṽ) + Λ
∣∣|Ωg̃ |−d

∣∣− F (g , v)− Λ
∣∣|Ωg |−d

∣∣
= W (E0)(d−|Ωg |)− Λ(d−|Ωg |) < 0 ,

which is a contradiction to the minimality of (g , v).



Regularity 1: Penalization
If Λ >W (E0), any minimizer (h, u) ∈ X of F under the constraint
|Ωh| = d is also a minimizer of the unconstrained problem

inf
{
F (g , v) + Λ

∣∣|Ωg | − d
∣∣ : (g , v) ∈ X

}

Proof.

Let (g , v) be a minimizer for the unconstrained problem.
If |Ωg | > d , just truncate g so that the resulting function g̃ is such
that

|Ωg̃ | = d .

Then (g̃ , v) is a configuration with strictly less energy, since
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Regularity 2: Interior ball condition

If (h, u) ∈ X is a minimizer in X of

F (g , v) + Λ
∣∣|Ωg | − d

∣∣
for all z ∈ Γh and 0<%<

1
Λ

there exists a ball B% ⊂ Ωh such that

B% ∩ Γh = {z}



Proof.

Since (h, u) minimizes∫
Ωg

W
(
E (v)

)
dz +H1(Γ̃g ) + 2H1(Γg ,cut) + Λ

∣∣|Ωg | − d
∣∣

γ D
γ̃

B%

If we replace h by h̃

we gain H1(γ)−H1(γ̃)

we pay Λ|D|

But from the ‘isoperimetric inequality’ we get that

H1(γ)−H1(γ̃) ≥ 1
%
|D| > Λ|D| impossible!!
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γ D
γ̃

B%

Let [α, β] be the projection

of γ on the x axis

and assume that h ∈ C 1([α, β])

Then

H1(γ)−H1(γ̃) =

∫ β

α

√
1 + h′2 −

∫ β

α

√
1 + h̃′2

≥
∫ β

α

(h′ − h̃′)h̃′√
1 + h̃′2

=

∫ β

α
(h − h̃)

(
−h̃′√
1 + h̃′2

)′
=

1
%

∫ β

α
(h − h̃) =

1
%
|D|



Regularity 3: Consequences of the interior ball condition

Γh

B%

Γh has finitely many
cut segments and cusps

Moreover if z0 ∈ Γh \
(
Γj ∪ Γcut ∪ Γcusp

)
there exists a nhood I (z0) such that

Γh ∩ I (z0) is the graph of a Lipschitz function,

having right (resp. left) derivatives at every point
that are right (resp. left) continuous
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having right (resp. left) derivatives at every point
that are right (resp. left) continuous



Regularity 4: Grisvard revisited & blow-up

ω

Sω

γ1 γ2

Let Sω be a sector of the unit disk
with 0 < ω < π

w ∈ H1(Sω; IR2) a weak solution of

µ∆w + (λ+ µ)∇(div w) = 0 in Sω

such that on γ1 ∪ γ2

σ(w)ν :=
[
µ(∇w +∇Tw) + λ(div w)Id

]
ν = 0

Theorem (Grisvard & FFLM)
Let Sω and w be as above. Then, there exist 1/2 < β < 1 and
C0 > 0 such that∫

Br∩Sω

|∇w |2dz ≤ C0r2β
∫

Sω

(
|w |2 + |∇w |2)dz ∀r < 1



Remarks:
• β depends only on ω and β(ω)→ 1/2 if ω → 0+

• β(π) = 1
• C0 depends only on ω, µ, λ

• saying that w ∈ H1(Sω; IR2) is a weak solution of

µ∆w + (λ+ µ)∇(div w) = 0 in Sω σ(w)ν = 0 on γ1 ∪ γ2

is equivalent to saying that

Sω

γ1 γ2

∫
Sω

CE (w) : E (ϕ) dz = 0 ∀ϕ ∈ C 1
0 (B1; IR2)

where

CE =

(
(2µ+ λ)E11 + λE22 2µE12

2µE12 (2µ+ λ)E22 + λE11

)
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