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Hoja de problemas niimero 4: CALCULUS OF VARIATIONS

1. Let M = {u € C([0,1)) : 01/2u - fll/zu = 1} and I : M — R given by I(u) = ||ul/co-

(i) Show that inf,caq I(u) = 1.
(ii) Show that there is no function u € M such that I(u) = 1.

The problem is that this space is not reflexive.

2. Let M the convex closed subset of H*([0,1]) given by M = {u € H([0,1]) : w(0) = 1,u(1) = 0}.
Consider the functional I : M +— R defined by I(u) = fol z|u'(7)|? dz.

(i) Show that inf,caq I(u) = 0.
(ii) Show that there does not exist any u € M such that I(u) = 0.

In this case the problem is that the functional is not coercive.

3. Let © ¢ RN be a bounded domain with smooth boundary, let 8 : R — R be a smooth function such
that there exist a and b such that

0<a<pf(z)<b forall z €R,
and f € L*(Q).
(i) Define a concept of weak solution for the nonlinear problem

—Au=f enQ, ou/on + B(u) =0 in ON.

(ii) Prove that there exists a weak solution (and is unique).

4. Let Q C RY be a bounded domain with smooth boundary. Given u € H'(Q), we define the surface of

the graphic of u by
F(u) = / V14 |Vu|?de.
Q

(i) Prove that the functional F is C* in H().

(ii) Let g € HY(Q), and A= {u=g+v:v € H}(Q)}. Prove that a critical point of F in A is a weak
solution to the equation of minimal surfaces:

Vu
V<(1+|vu|2)1/2>20 GDQ, u=4g en@Q.

The expression on the left of this equality is N-times the mean curvature of the graphic of w.
Hence a minimal surface has zero mean curvature.

(iii) Check wether or not the direct method of calculus of variations can be used to deduce existence
of a minimizer of F in A.

(iv) Let J(w) = [ow dx. assume that u is a smooth minimizer of F' in AN{w : J(w) = 1}. Show that
the graphic of u is a minimal surface with constant mean curvature.




5. Let © € RY be a bounded domain with smooth boundary. Consider the eigenvalue problem for the
bi-harmonic opeartor with Dirichlet boundary conditions,

A%u=Xu en, u=0u/On=0 in 0.

Show that there exists a non-trivial weak solution (A, u) to the problem when A > 0.

6. Let f € L?(£2). Show that there exists a unique minimizer u of

stw) = [ (G190 - o)

in A={w e H}Q): |[Vw| <1 a.e. }. Show that

/Vu-V(w—u)z/f(w—u) for all w € A.
Q Q




