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Sharp Boundary Estimates and Harnack Inequalities
for Fractional Porous Medium type Equations

Matteo Bonforte®® and Carlos Fuertes Moran®°

Abstract

This paper provides sharp quantitative and constructive estimates of nonnegative solu-
tions u(¢,x) = 0 to the nonlinear fractional diffusion equation,

oiu+LFu)=0,

also known as filtration equation, posed in a smooth bounded domain x € Q < RN with suit-
able homogeneous Dirichlet boundary conditions. Both the operator £ and the nonlinearity
F Dbelong to a general class. The assumption on the operator £ are set in terms of the ker-
nel of & and £, depending on the result, and allow for operators with degenerate kernel
at the boundary of Q2. The main examples of # are the three different Dirichlet Fractional
Laplacians on bounded domains, and the nonlinearity can be non-homogeneous, for instance,
F(u) = u? +u'%. Previous result were known in the porous medium case, i.e. F(u) = |u|" lu
with m > 1, whose homogeneity allows to considerably simplify the proofs. We take the op-
portunity of exposing a complete basic theory of existence, uniqueness and boundedness for
a quite general class of weak (dual) solutions, scattered in previous papers by Vazquez and
the first author. Our aim here is to perform the next step: a delicate analysis of regularity
through quantitative, constructive (all the constants can be explicitly computed) and sharp
a priori estimates. Our first main results are global Harnack type inequalities of the form

Ho(t,uo)dist(x,00)® < F(u(t,x)) < Hy(¢) dist(x,00)° V(t,x) € (0,00) x Q,

where the expressions of Hy,H; and a,b are explicit and change according to the choice
of operator £ and nonlinearity F. The sharpness of such estimates is proven by means
of examples and counterexamples: on the one hand, we can match the powers (i.e. a =b)
when the operator has a non degenerate kernel. On the other hand, when the operator £
has a kernel that degenerates at the boundary 02, there appear an intriguing anomalous
boundary behaviour: the size of the initial data determines the sharp boundary behaviour
of the solution, which can be different for “small” and “large” initial data. We conclude the
paper with higher regularity results: solutions are always Hélder continuous in the interior,
and even classical when the operator allows it.
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1 Introduction

In this paper we study fine regularity and pointwise properties of a suitable class of weak solu-
tions to the nonlinear diffusion equation

Oiu+ZFw)=0 in(0,00)x (2, (1.1)

posed on a bounded domain Q c RN assumed to be of class C1, and N = 1. We focus our atten-
tion on a number of quantitative a priori estimates of such solutions: local and global Harnack
inequalities, (sharp) positivity and boundary behavior estimates, and interior regularity.

Here, £ is a linear operator belonging to a quite large class, that we shall characterize by
means of two parameters s,y € (0,1], and that allows to study both local and nonlocal (fractional)
equations. The nonlinearity F' is any non-decreasing monotone continuous function satisfying
suitable assumptions, that allow for degeneracies, namely F(0) = F'(0) = 0.

The prototype example, is given by the so-called (Fractional) Porous Medium equation, with
the homogeneous nonlinearity F(u) = lu|™ 1y with m > 1, which has been extensively studied in
the last decade [8, 10, 12, 34, 35]. Here, we consider more general, possibly non-homogeneous
nonlinearities, which introduce several new technical difficulties. These class of equations are
often called Generalized Porous Medium equations or Filtration equations in literature, see
[2, 24, 31, 33, 38, 53, 56]. These equations allow to model a wide range of phenomena appearing
in more applied sciences, like Physics, Biology, Engineering, Finance, etc. The use of nonlocal
operators in diffusion equations reflects the need to model the presence of long-distance effects
not included in evolution driven by the Laplace or any other local operator. When Z is a local
operator, the model has been extensively used since the mid 50s, see the monograph [53] and
also [51]. On the other hand, the motivation and relevance of nonlinear diffusion models where
% is a nonlocal operator, has been mentioned in many references; see for instance [5, 16, 17, 32,
34, 35, 54] and the surveys [19, 55]. Because in most of the applications u usually represents a
density, throughout the paper all data and solutions are supposed to be nonnegative.

To better understand the effects of degeneration on the behaviour of the solutions, we impose
homogeneous Dirichlet boundary conditions. As already mentioned, the prototype equation is
the (possibly fractional) Porous Medium Equation

Ut +(—A)Sum = O,

with m > 1, s € (0,1], initial data uo = 0 and u = 0 on the lateral boundary'. The nonlinearity
F need not to be homogeneous and it is allowed to be more general than a single power: our
assumption will allow for non-decreasing C1(R \ {0}) functions, trapped between two different
powers both at zero and at infinity. This causes a number of extra difficulties in the proofs and
also new behaviors (typically it produces different results for small and large times) that depart
from the prototype case in a quantitative way. For technical reasons, we shall assume N > 2s.

Note that, since we are in a bounded domain, the fractional Laplacian can take several non-
equivalent forms, see Section 7 and references therein, that affect also the type of lateral bound-
ary conditions that we have to impose. The basic theory - existence, uniqueness and bounded-
ness - of weak dual solutions for the equation (1.1) have been studied in [12, 17, 18]. To the

1The boundary depends on the particular choice of operators, for instance if £ = —A we consider the topological
boundary of Q, while for nonlocal operators, such as the Restricted Fractional Laplacian the natural lateral boundary
is the complement of 2, namely RV \ Q. Many more examples can be considered, see Section 7 for more details.



best of our knowledge, weak dual solutions represent the biggest class of nonnegative solutions
known so far, allowing for “big” initial data, which may blow up at the boundary in a non inte-
grable way. This complicates in a significant way the study of the boundary behaviour of these
class of solutions. Our ambitious goal in this direction is to prove sharp pointwise boundary
estimates both from above and from below. Such bounds are formulated in terms of @1, the first
eigenfunction of the operator, which typically satisfies ®; = dist(-,0Q)", with y € (0,1]. The oper-
ator £ is characterized in terms of the parameters s and y: It is clear now that the parameter
s correspond to the (possibly fractional) order of derivation in space, while y is related to the
boundary behaviour. Notice that a large number of operators fall into this class, in particular,
the three different possible Fractional Laplacians: Restricted, Spectral and Censored. We refer
to [10, 18] and to Section 7 for a list of examples.

Global pointwise inequalities and anomalous boundary behaviour. The first set of main results,
take the form of global Harnack-type inequalities, nowadays known as Global Harnack Principle
(GHP), which can be roughly stated in the present setting, as

Ho(t,ug)®1(x)* < F(u(t,x)) < Hl(t)q)l(x)b forallxe Q and all ¢ > ¢,, (1.2)

where the expressions of Hy,H1 and a,b are explicit and change according to the choice of op-
erator £ and nonlinearity F, see Section 2.4 for precise statements. The so-called waiting time
t«(uo) has an explicit expression, and in the local case (s = 1) cannot be avoided, because of
the possible finite speed of propagation®. An important role is played by the exponents a and
b: in some cases they can match, hence they are optimal and determine a precise boundary
behaviour of (all nonnegative) solutions, and control the sharp boundary regularity®. In some
cases, the powers a and b do not match, and this is inevitable: we provide counterexamples that
show that some initial data produce “small” solutions with boundary behaviour ®¢, while other
data can produce “larger” solutions whose behaviour at the boundary is given by (Dll’. Hence,
also in this case, our global result turn out to be sharp. We refer to Remark 2.10 for a more
detailed explanation. This anomalous boundary behaviour has been discovered in [10], for the
case of homogeneous nonlinearities, where also numerical simulations confirm the theoretical
results. It has to be mentioned that these kind of results are fundamental in the numerical im-
plementation, indeed without the theoretical prediction, a priori one could think of a failure in
the numerical method, see for instance the paper [23], which was inspired by the results of [10].
Note that this anomalous boundary behaviour does not happen when the operator is local, nor
in elliptic problems: it is a phenomenon typical of nonlinear, nonlocal and degenerate parabolic
equations. Last but not least, the presence of a possibly non-homogeneous nonlinearity compli-
cates the panorama, since different behaviours can appear for small and large times (which in
turn depend on the size of the initial data).

Finite VS infinite speed of propagation. A big difference between local and nonlocal diffusions
can be appreciated in the validity of the above bounds: indeed, when we restrict ourselves to
the nonlocal case, i.e. when s < 1, the positivity estimate above holds for all ¢ > 0: this implies
infinite speed of propagation, which is in clear contrast with the local case, for which finite speed
of propagation happens, [63]. These phenomenon were observed for the first time in the case of
the prototype nonlinearity F(u) = u™, with m > 1, in [8, 10].

2Meaning that compactly supported data produce compactly supported solutions for all times.
3Here we do not show boundary regularity for inhomogeneous F, but in [10] sharp boundary regularity is estab-
lished in the case F(u) = |u|™ lu, with m > 1.



Local estimates and regularity. As a consequence of the above global Harnack estimates, we can
derive more classical forms of local Harnack inequalities, which can be of backward/forward/elliptic
type:
sup F(u(t,x))<Hy(t,ug) inf F(u(t+h,x)),

x€BR(xp) x€BR(xo
where again Hgy has an explicit form and 0 < & <¢At,. For linear local parabolic equations, only
forward Harnack inequalities typically hold*and here, it is quite remarkable that the supremum
and infimum can be taken at the same time or even at a previous one®. The above local and
global Harnack estimates are the key to show regularity of solutions. Indeed, once solutions are
bounded and positive, it is possible to show that they gain interior regularity. We focus here
on the nonlocal case® s < 1: first we show that solutions are always Hoélder continuous in the
interior, and even classical, whenever the operator allows for it, see Section 6 for more details.
Similarities and differences with the case of power F(u) = u|u|™ 1. This paper is the natural
continuation of [18], as the latter examines the same equation addressed in the present work,
also considering a general nonlinearity F'. In particular, the existence and uniqueness of a class
of solutions—namely, the minimal weak dual solutions—are established, along with a number
of quantitative a priori estimates, among which there are absolute upper bounds, pointwise esti-
mates, smoothing effects, and weighted L!-estimates, that we shall use systematically through-
out the paper. For the reader’s convenience, whenever necessary, we will state these results
alongside some key observations to facilitate a better understanding.

One of the main goal of this paper is to determine the behavior near the boundary of solutions
to (1.1), with homogeneous Dirichlet boundary conditions. The answer to this question can be
expressed in the form (1.2), and the boundary behaviour is quantified in terms of F’ ‘1(<Dfi’), where
@, denotes the first eigenfunction of £ and c € (0,1]. We adapt the ideas of [10] to the present
case, but the lack of homogeneity in the nonlinearity F' significantly complicates the situation:
many technical issues arise and must be solved through new alternative methods, we shall try
to give a rough idea below.

The absence of an explicit solution, such as the separation of variables in the power case, pre-
vents us from showing the long-term behavior’, because of the lack of improved lower bounds
obtained by comparison with separate variables solutions. Moreover, the explicit expression of
the waiting time ¢., may vary depending on the size of the initial data, measured in terms of
a suitable L1-weighted norm. As a consequence, when determining the various lower quantita-
tive estimates for positivity, the panorama gets more involved and we obtain different bounds
in each case. Although global Harnack-type estimates of type (1.2) can be obtained with match-
ing powers, the lack of homogeneity of F' does not allow us to obtain sharp regularity up to the

41t is well known in the case of the Cauchy problem on the whole space for the classical heat equation, it can be
checked on the Gaussian. On the other hand, for the Dirichlet problem for the standard heat equation, backward
Harnack inequalities were proved by Fabes, Garofalo and Salsa in [40]. In the case of the fractional heat equation on
the whole space, backward/forward/elliptic Harnack have been proved in [13].

5In local nonlinear equations, this is a phenomenon typical of the fast diffusion, m <1 when the nonlinearity is
inhomogeneous, but only forward Harnack inequalities hold in general for the degenerate case under consideration
[37, 38]. Here, we are considering the Dirichlet problem, and we show how also in the local case, after some waiting
time, backward/forward/elliptic Harnack inequalities hold.

6The results in the local case follows in analogous way and holds true after the waiting time, but since the local
result are nowadasy “classical”, we decide to concentrate the efforts in the nonlocal part.

"For general F' under our assumption, the asymptotic behavior is still an open problem even in the case of the
Dirichlet problem for the classical GPME: u; = AF (u).



boundary, since rescaling techniques fail in this case. New techniques and ideas are needed, and
we leave this issue as an open problem. However, our estimates give indications of the maximal
boundary regularity in space, as in the case of homogeneous nonlinearities. For analogous rea-
sons, it turns out to be delicate to analyze the regularity in time, which again we leave as an
open problem.

Plan of the paper. Section 2 is dedicated to formulating the Cauchy-Dirichlet problem. We im-
pose homogeneous boundary conditions along with the appropriate space of non-negative initial
data. Additionally, we present the basic properties required for the operators £ and the nonlin-
earities F to which the techniques employed can be applied. We also recall and review how the
(unique) weak dual solutions are constructed. Finally, we present the precise statements of our
main results: global Harnack-type inequalities and interior regularity estimates.

We proceed to demonstrate our main results throughout Sections 3, 4, and 5. In Section 3, we
begin by recalling a series of technical results of [9, 18, 22] that we will use in the proofs. In
Section 5, we will prove the different versions of the lower bounds of the GHP. To this end, we
need weighted L! estimates proven in Section 4, and a constructive proof by contradiction that
generalizes the one introduced for the first time in [8] and [10]. Section 6 contains the proof
of the interior regularity results. Finally, in Section 7, we present some examples of different
operators to which all the techniques used throughout the work can be applied.

Notation 1.1. The symbol co means +oo, when we write S it is always a bounded domain with
boundary smooth enough, at least of class CV'. The distance to the boundary will be denoted
by d(x) := dist(x,0Q)|q, for x € Q. Two quantities will be comparable, a = b, iff there exists
constants cg,c1 > 0 such that coa < b < cia. We represent the maximum or the minimum as
follows, a A b = min{a,b} and a v b = max{a,b}. Finally, let’s define, for y € (0,1], the following
parameters that will appear in the estimates

1
m;= -, with p; €(0,1) and o; = (lA

M

2sm; )
y(mi-1))°

2 Statement of the Problem

We will consider the homogeneous Dirichlet problem

ou+ZLF(w)=0, in (0,00)x 2,
u=0, on the lateral boundary, (CDP)
u0,x)=up(x), inxeQ,

where the lateral boundary depends on the operator £, for example, for the Restricted Frac-
tional Laplacian it is (0,00) x (RY \ Q). We recall that Q is a bounded domain with smooth
boundary, at least C1'!. The initial data u¢ is nonnegative and belongs to the following space of
measurable functions

Lclpl(Q):{f:Q—»[Rsuch that / |f(x)|q>1(x)dx<oo}.
Q

Now, let’s fix some properties of both the operator £ and the nonlinearity F, following the
notation of [18]. We shall define the precise concept of weak solution at the end of this section.



2.1 General Operator and their Kernels

The techniques we use can be applied to a wide class of operators under certain assumptions
that we are going to present. The key is that we usually work with the inverse operator %!
and its kernel G, the "Green function," which is not necessarily explicit, but it typically satisfies
some key estimates. Furthermore, we shall need some assumptions about the kernel of £,
which will be useful to prove the positivity of solutions.

e Basic Assumptions on Z: The operator £ : dom(%) < L1(Q) — LYQ) is assumed to be
densely defined and sub - Markovian, i.e. it satisfies:

£ is m-acretive in L1(Q). (A1)

If0<f<1thenO<e *?f<1. (A2)
¢ Assumptions on the kernels: Whenever £ is well defined in terms of a (hyper)singular
kernel K(x,y) =0, i.e.
L) =PV / @~ FOIK Gy,
R

we will suppose that
inf K(x,y)=kq>0. (L1)
x,yeQ)

Moreover, if £ is defined by a kernel and a zero order term, i.e.,

Lf@)=PV / [£ ()~ FOIK x, ) dy + BG)F (x),
[RN

then, we shall assume
K(x,y)=cod"(x)d"(y), and B(x)=0. (L2)

Where d(x) = dist(x,0Q)|q is the (inner) distance to the boundary and y € (0,1] is a param-
eter that depends on the operator. See the end of the subsection for its meaning explained
throughout a number of relevant examples, collected in Section 7.

e Assumptions on £~ !: In order to prove our quantitative estimates, we need to be more
precise about £. We suppose it has a left inverse £~ 1: L1(Q) — L1(Q) which can be defined
through a kernel G as follows,

z‘lf(x)=/f(y)6(x,y)dy~
Q

Note that, in this definition, the homogeneous Dirichlet boundary conditions are automati-
cally included thanks to the function G, hence we can integrate only over Q.

we are considering the homogeneous Dirichlet conditions posed outside of 2, because we are
only integrating over Q). The estimates we need to prove our results are the following:

There exists a constant ¢; > 0 which depends on Q such that for a.e. x,y € Q we have

C1

. K1
Joc — y V=28 (KD

0=<Gx,y) <



There exists a parameter y € (0,1] and constants cg,c1 > 0 which depend on £ and Q respec-
tively, such that for almost every point x,y € QO we have

v ¥ c1 d’(x) )( d’(y) )
cod@X)'d(y) =G(x,y) < T (Ix—yIY Al Py Al]. (K2)

The lower bound of the above inequality is sometimes weaker than the next well know bound
for the Green function of the Fractional Laplacian

Y Y
1 (d(x)/\l)(d(y)/\l).

G(x,y) =
lx — yIN=25 \ |x — y|Y lx — y|Y

(K4)

In the classical case, for & = (—A), the Green function satisfies (K4) when N = 3. In the frac-
ctional case, the formulas also change when N =1 and s € (0,1/2). This is the reason why we
choose N > 2s.

The first eigenfunction: If (K1) holds it is known that #~! has a nonnegative bounded first
eigenfunction 0 < ®; € L>°(Q)) which satisfies the following assertion, there exists 1; > 0 such
that £®; = 11®;. If (K2) holds it has been shown, see [9], that for the parameter y of this
assertion we have

D1(x)=d"(x), VYxeQ. 2.1)

Here, we can observe that the parameter y encodes the boundary behaviour of solutions to the
problem (CDP) that depends on the operator .. Thanks to this last result, we can rewrite the
hyphothesis (K2) and (K4) as follows:

There exists a parameter y € (0,1] such that (2.1) holds and there exist constants cg,c1 >0
which depend on # and ) respectively, such that for almost every point x,y € QQ we have

c1 D1(x) )( (Dl(y) )
cofl)l(x)q)l(y) < G(x,y)s |x—y|N_23 (Ix—yIV Al Ix—yIY Al]. (K3)
1 (@ ) @) )
B P (|x—yv“)(|x—yw“ | 19

We will provide examples at the end of the paper, in Section 7, of operators for which these
hypotheses hold. The primary examples include the three non-equivalent definitions of the frac-
tional Laplacian on a bounded domain: the Restricted Fractional Laplacian (RFL), the Censored
Fractional Laplacian (CFL), and the Spectral Fractional Laplacian (SFL).

2.2 The nonlinearity F

One of the principal points of interest of this paper is the general nonlinearity F : R — R. In
the rest of this work, we always assume that F is a continous function, non decreasing, with the
normalizacion F(0) = 0 and the following hyphotesis:

F
FeCYR\{0}), 7 € Lip(R) and there exists 0 < pp < p1 <1 such that:
' (N1
F .
1-p1< 7 <l-pp inR.

8



Where F/F' is understood to vanish if F(r) = F'(r) = 0 or r = 0. We can alternatively express this
property as follows.

FeCYR\{0}),F'€ Lipjoc(R\{0}) and there exists 0 < uo < u1 <1 such that:

FF" , (N2)
T2 <p; inR.

Some consequences of these properties (N1) and (N2) can be found in Section 3.1. The main
example of nonlinearity is F(u) = u|u|™! with m > 1, where o = p1 = mT_l This is why we
denote m; = 1%% or equivalently y; = m’;;
powers, for example F(u) = u* + 2u?, one controls the behavior near u = 0 and the other near

u = oQ0.

Ho =

L fori= 0,1. Another variation involves combining two

2.3 Minimal Weak Dual Solutions

We are going to study properties of minimal weak dual solution, introduced by the first author
and Vazquez in [18]. These solutions are obtained by approximation by monotone limits from
below in terms of semigroup (or mild) solutions.

Definition 2.1 (Mild Solutions). A mild or semigroup solution of the problem (CDP) is a func-
tion u € C([0,00) : L1(Q)), with u(0,x) = uo(x) that is obtained by Crandall-Liggett’s method.

Now, we describe briefly this method. Let the interval [0,7] and n € N large, we write for
every 0 < k < n the partition on time ¢; = %T and the distance between two consecutive times
h=tpr1—tr=2L. For all time ¢ € [0,T] the mild solution u(t,) is obtained as a L}(Q) limit of

-
solutions uj.1 = u(tz.1,-) of the following elliptic equations

T u -u
—LIF @)l =g, or % = — LIF(upe1)],

where the data uj, is known from the previous step. See the fully detailed proof in [21].

Theorem 2.2 (Crandall - Pierre [22]). Let £ satisfy (Al) and (A2) and let F satisfy (N1).
Then, for all initial datum uo € L1(Q) there exists a unique mild solution to the problem (CDP).
The semigroup is contractive in L1(Q), and futhermore, if u the unique mild solution of (CDP)
with initial datum ug € LP(Q) c LY(Q), for p = 1. Then, u(t) € LP(Q) for every t >0, more precisely,

lu@®llLe @) < luwollLe) -

Next, we recall the definition of weak dual solution used in [17, 18]. This class of solutions are
expressed in terms of the inverse operator £~ ! and encodes the Dirichlet boundary condition.

Definition 2.3 (Weak Dual Solutions). We say that a function u is a weak dual solution of the
Cauchy - Dirichlet problem (CDP) if:

* ueC(0,00): Lclpl(Q)) and F(u) € L1((0,00) : L<11>1(Q))' Moreover, u(0,x) =ug € L<11>1(Q)'

* For every test function ¥ such that y/®; € C%((O,oo) : L°(Q)), the following identity holds

/ /x—luathf /F(u)w. (2.2)
0 Q 0 Q

9



Remark 2.4. (a) We are considering the weak solution of the dual equation 0;U = F(u), with
U = % 'u. The equation is satisfied on Q with homogeneous Dirichlet type boundary
conditions, which are encoded in the inverse operator 1. Note that the space L(ll,l(Q) is

bigger than L1(Q) and allows for non-integrable functions at the boundary of Q.

(b) Condition /1 € C1(0,00) : L¥() implies | %52 _ S .

all ¢ > 0. Moreover, these two functions have compact support in time, which lead us to
conclude that they are in L(0,00).

< oo and < oo for

(c) Existence of weak dual solutions for (CDP) and “uniqueness” of the minimal ones (in the
sense explained above) has been proven in [18]. However, a uniqueness result is still
missing. For the Cauchy problem on the whole space, the pioneering work [48] shows
uniqueness for general measure data, when £ = —A. In the case of RFL with general
F and measure data, uniquenes of distributional solutions has been proven [42], and in
[30] for bounded integrable distributional solutions and a wide class of Levy operators.
Uniqueness for Dirichlet-type problem remains a difficult open problem.

(d) If u is the unique mild solution of the problem (CDP) with initial datum wg € L'(Q). Then,
this u is weak dual solution of (CDP) in the sense of Definition 2.3. This fact allow us to
see the weak dual formulation (2.2) as a property of mild solutions. The proof can be found
in [18, Proposition 7.2].

In the rest of this section, we will show how to construct the minimal weak dual solution as
the monotone limit from below of mild solutions. Such solutions satisfy Definition 2.3, and are
unique, as we will see below.

Definition 2.5 (Minimal Weak Dual Solutions). Let 0 <uge€ Lclpl(Q) and choose any increas-
ing sequence of bounded functions {uo,n}iozo that converge to uq in the topology of Lclpl(Q). We
denote u, as the unique mild solution of the problem (CDP) with initial datum ug, for all n,
(Theorem 2.2). Then, we say that a minimal weak dual solution u of (CDP) with initial datum
ug is defined as the following monotone limit from below for (t,x) € ((0,00) x Q)

u(t,x)::rLILI&un(t,x).

Note that mild solutions are ordered by comparison u, < u,.1 in (0,00) x Q. Hence, we have
{un(t,x)}72 is a monotone increasing sequence for all (¢,x) € (0,00) x Q. Therefore, there exists
a pointwise limit u(¢,x), whose value, a priori, can be infinite. Nevertheless, it has been shown
in [18] that this limit converges uniformly. A standard procedure for choosing the increasing
sequence is as follows: Vn € N define ug ,, := (uo An) € L*(Q) and let u,, the unique mild solution
of problem (CDP) with initial datum ug ..

Theorem 2.6 (Existence Uniqueness and Properties of Minimal Weak Dual solutions
[18, Theorem 4.4 and Theorem 4.5]). Let £ satisfy (Al), (A2), (K3) and let F satisfy (N1).
Then, for every 0 <ug € L(II,I(Q) the following assertions are true:

(i) There exists a unique u minimal weak dual solution of (CDP) as we constructed in Defi-
nition 2.5. If we choose two differents increasing sequences of bounded functions {uo,n},
{Uo,n} and we denote u, and v, as the mild solutions of (CDP) with initial datum ug , and
Vo,n respectively, then they converge to the same limit, i.e. nlggo un,(t,x)= r}l_)rgo v, (2, x).

10



(i) For all T >0 we have that u, — u as n — oo in L°°((7,00) x Q).

(iii) Minimal weak dual solution u is a weak dual solution in the sense of Definition 2.3. In fact,
u e C([0,00) : Lclpl(Q)) and identity (2.2) holds. Moreover, the standard comparison result
can be applied to minimal weak dual solution.

The purpose of minimal weak dual solutionsis to provide mild solutions the weak dual formu-
lation (2.2) as a property, because they are effective for proving existence and uniqueness but
often challenging to obtain a priori estimates. This is why we introduce the weak dual formu-
lation, which significantly aids in establishing these estimates. As we have seen, mild solutions
are weak dual solutions, ensuring that the estimates for weak dual solutions hold for mild solu-
tions too. Essentially, minimal weak dual solutions can be seen as an extension or a limit of mild
solutions. These solutions exist, are unique for all non-negative initial data in L(ll,1 and satisfy
the following properties:

* u€C([0,00): Ly, ()

¢ For all test function y such that y/®; € CL((0,00) : L°(2)) we have

/ /ff_luatt//—/ /F(u)t//:O.
0 Q 0 Q

* u(t)e LP(Q) for all ¢ >0 for some p > &L, in fact, they are in L°(Q).

2.4 Main results

Here, we present a summary of the most important estimates that we obtain along this paper
for minimal weak dual solutions of (CDP), these results are various forms of upper and lower
bounds which we call Global Harnack Principle, (GHP) for short, namely Theorems 2.7, 2.8 and
2.9. As a consequence, we can prove interior regularity estimates, Theorem 2.11.

Our initial result provides a quantitative estimate for F(u) that is valid for a wide range of
operators, including the classical Laplacian, for which, due to the finite speed of propagation,
the lower bound can only be true after a waiting time ¢.. For this reason the validity of such
general estimates is restricted to “large times”. We shall see that if we restrict to purely nonlocal
operators, we can extend the estimates to all ¢ > 0.

Theorem 2.7 (GHP I). Let £ satisfy (Al), (A2) and (K2), with o1 = (1 A %) =1, let F satisfy

(N1) and let u be the minimal weak dual solution of (CDP) with initial datum 0 < ug€ Lclpl(Q).

Then, for all t > 0 large enough, i.e., t=t, =c. ||u0||_§m1_1) \% IIuoll_ng_l) , there exists constants
Ly, (@) L, (@)
K1 and K9 such that
®;(x) _ ®y(x)
K1 —e < F(u(t,x)) < T3 —ee. 2.3)
T gmo1 g1

Constants K1, Kg and c, only dependson N, s, vy, m;, F, Q and ;.

11



We now present several results that provides us with upper and lower bounds valid for all
positive times: the class of operators to which these result apply is “purely” non-local, i.e., local
operators do not belong to this class. More precisely we shall assume (L.1) in Theorem 2.8 or (L.2)
in Theorem 2.9. A relevant difference between Theorem 2.8 and Theorem 2.9 is that in the first
theorem the powers that describe the boundary behaviour (dictated by the first eigenfunction
®,) are matching, while in the latter they are not, we shall devote further comments to this
issue below.

Theorem 2.8 (GHP II). Let & satisfy (Al), (A2), (K2) and (L1), let F satisfy (N1) and let u
be the minimal weak dual solution of (CDP) with initial datum 0 <ug€ L<11>1(Q)' Assume either

o1=1oro1<1, K(x,y)<cilx—y N2 and ®; € CY(Q), then there exists positive constants K3
and K4 which only depends on N,s,m;, F, y, Q and A1 such that:

) If ”u()”L(lDl(Q) <1, or equivalently t. = c, ||u0||£i?51), then for any t >0 and a.e. x € Q we
have .
m 1 q) q) 01
E(l/\ ) O e, < i (2.4)
t* tm tml
Wherei=1j=0ift=t.andi=0j=1ift<t..
.. . _ —(mo-1)
G{i) If ”uOHL(lDl(Q) > 1, or equivalently t. =c, IIuOIIL}:(‘;)) , then for t >0 and x € Q)
_mo
)™ [ty ] mo- D (x)71
ﬁ( t_] 4 [7] 0 )(Dl(x)a1 < F(u(t,x)) skq 1(x) (2.5)
* tml

Wherei=1ift=t.and i =0if t <t,.

In the case when we allow £ to have a degenerate kernel at the boundary 0(, i.e. assumption
(L2), our sharp result — with non matching power in general— reads as follows.

Theorem 2.9 (GHP III). Let ¥ satisfy (Al), (A2), (K2) and (L2), let F satisfy (N1) and let u
the minimal weak dual solution of (CDP) with initial datum 0 <uge€ L<11>1(Q)' Then, there exists
positive constants Ks and Kg which only depends on N,s,m;, F, v, Q and A; such that:

) If ||u0”L<1p @ < 1, or equivalently t. = c. ||u0||£§m(19_)1), then for any t >0 and a.e. x € Q we
1 @1
have .
£\ By (x)™ D1 (x)°t
ﬁ(l/\—) v %<F(u(t x))<Xg 1( ) . (2.6)
* tm tml

Wherei=1j=0ift=t.andi=0j=1ift<t..

—(mo-1)

G{i) If ”uO”L(}, @ > 1, or equivalently t. = c. lwoll @ then for t >0 and a.e. x € Q we have
1 @1

o
K —_— —_—
=51z, t

Wherei=0ift<t.andi=1ift=t,.

®1(x)™ < F(u(t,x)) < Kg (Dl(x) :

(2.7

tml
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The proof of the above theorems is obtained by combining upper and lower bounds in Section 3
and Section 5.

Remark 2.10 (Sharpness of the main results).

1. Theorem 2.7: a general result. Observe that Theorem 2.7 is only valid for large times, i.e.,
after a waiting time ¢ = t,. However, this result has wider applicability since it only requires
assumption (K2) on the Green function: indeed, it holds for both local and nonlocal opera-
tors, providing a new/alternative proof in the local case, where finite speed of propagation
prevents from having the bounds for arbitrarily small times. Remember that if & =(—A) the
classical Laplacian, the Porous Medium equation exhibits finite speed of propagation, cf [4].
Additionally, the bound is valid for a more general class of solutions, see Definition 3.1. As a
consequence, in general it is unavoidable to have the waiting time ¢.: roughly speaking, ¢,
estimates the time required to “fill the hole” left by the initial data u¢, which may be concen-
trated near the boundary of (), leaving a region in the domain’s interior where it vanishes.
Consequently, when ||u0||L(1D () is small, then ¢, has to be large due to the prolonged time

needed to fill this hole. This result is therefore sharp since it is the only possible if we want
it to hold for the complete class of operators . that we consider.

2. The sharp nonlocal results of Theorems 2.8 and 2.9 and infinite speed of propagation. These
results establish the positivity of minimal weak dual solutions for all positive times, exploit-
ing the non-local property of the operator. A quantitative lower bound is shown, indicating
infinite speed of propagation for these equations, as it was proved in [8] for the first time, in
the case when F(u) = u™ and % is the RFL, see also [10] for the case of more general Z.
Note that, in Theorems 2.8 and 2.9 the dependence of the initial datum uy may vanish in the
lower bound for large times, hence the upper and lower estimates do not depend on ug, as it
happens in Theorem 2.7.

In Theorem 2.8, the powers that characterize the upper and lower boundary behaviour are
matching (i.e. the same power of ®; = dist(-,002)" appear in the upper and lower bounds of
inequalities (2.4) and (2.5)), which will allow us to obtain the regularity results of Theorem
2.11, following the ideas of [10]. These bounds are indeed sharp, because in the particular
case F(u) = u™, there is a separate-variables solution whose boundary behaviour precisely
conforms to inequalities (2.4) and (2.5), namely

S(x)™

Ur(t,x)™ = W where S(x)™ = ®1(x)7,
+7)m-1

see [9, 10]. This Theorem can be applied to a wide class of nonlocal operators: as main exam-
ples we mention the RFL and CFL. The key property here is that the kernel of the operators

is non-degenerate at the boundary, namely is strictly positive on Q, which is assumption (L1).
See Section 7 for more examples of operators.

In Theorem 2.9 the powers of the first eigenfunction in the upper and lower bounds do not
match, thus, a priori we cannot expect the bounds to be sharp. However, a posteriori these
bounds turn out to be sharp, as we shall explain following the leading example provided by
the Spectral Fractional Laplacian (SFL). The source of the problem in this case is that the
operator is allowed to have a kernel which can be degenerate at the boundary: in the case
of SFL, the kernel vanishes as ®; at 0Q2, and this may affect the boundary behaviour of
solutions. The discriminant factor is the “size” of the initial datum: as first observed in [10]

13



for the case F(u) = u™, when o < 1, and for small times and small initial data, there exists
a solution whose upper bound match the lower bound of (2.6). We extend such result to the
case of general nonlinearities in Corollary 3.13 where we provide an upper bound that holds
for small data (and small times) and matches the lower bounds of (2.6) (when mo=m1) as
follows: for a.e. x€Q, and all 0 < ¢ <t¢, we have

< F(u(t,x)) < e (2.8)
tml mi-1 [Al ml_Ct]ml 1

( )” oy @) 07" (x)
Ly

where the positive constants x5, 4, C have explicit expressions, see Theorem 2.9 and Corollary
3.13. It is remarkable that in this case also the upper and lower behaviour in time matches,
hence it is sharp for small times.

. On the form of the sharp bounds. Finally, we would like to mention that for the boundary
estimates, we bound F(u) from above and from below rather than the solution w. This is
because, when estimating the general nonlinearity F' by the powers mq and m1, as stated in
the Lemma 3.3 below, some information is lost. The sharp form of such estimates can only
be stated in terms of F(u), which is somehow more implicit: indeed, if we want to get more
explicit bounds, the powers of the first eigenfunction that we get, could be different, i.e., mg
and m respectively, as we have seen in (2.8), and can be easily understood with a simple
example such as F(u) = u? +u'0. Let us make an example: fix a positive time 0 < ¢ < ¢, in
inequality (2.4) of Theorem 2.8 (matching powers), and we obtain

2

( )'"1 10y 1(x) 1(96)"1
K3 ,

<Fut,x)<ultx)™ and u(t,x)™ <F(u(t,x)<kxg ,

t my 71 t mo-— 1
that combined give us the more explicit bound at the price of having non-matching powers:

2

™
m 0'1/7)10 0'1/ml
Lo (i) T BT s gy 2T 2.9)
- lx $mi-lmg ¢ Omo—Drmy

This may seem not optimal, but keep in mind that estimating F(u) as above, some informa-
tion is lost. This additional difficulty disappears when m1 = my, i.e., we are in the particular
case of a single power, and we recover homogeneity, which in general we do not have. In the
more general case, this phenomenon cannot be avoided, as far as we know, because the non-
linearity F may oscillate between the two previously mentioned powers near zero. Therefore,
it is natural for the lower bound behavior to be determined by the larger power m and the
upper bound by the smaller power m(y. Summing up, if we wish to express the sharp bound-
ary behavior of u in a more precise way than (2.9), we must describe it in terms of F~1(®;71)
as follows. Starting from Theorems 2.7, 2.8 and 2.9, and, possibly modifying the constants,
we can apply the inverse F~1, because F is non decreasing, to get

t \mi-1 @491
KaF ! (t—) a2l P v (2.10)

tml’l

D1 (x)" )

tm()—l
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Interior regularity. Once solutions are positive and bounded, it often happens that they are
(Holder) continuous in the interior of the domain and even classical, when the operators allows
it. We shall state our regularity results first for weak solutions (positive and bounded by general
constants), and we shall explore their extension to minimal weak dual solutions in Section 6,
where we also provide a complete proof of the following theorem.

Theorem 2.11 (Interior Regularity). Assume that the operator £ is defined by
Lf(x)=P.V / N(f(x) — FYNK (x,y)dy + B(x)f (x).
R
Let r >0 and xg € Q such that Bo,(xg) <, suppose the kernel satisfies the following properties

K(x,y)= in Boy(xg) and K(x,y)< in RN \ Ba,(xo).

|x_y|N+23 e |x_y|N+23
Assume B is locally bounded on ). Let u be a weak solution of the problem (CDP) in (T, T1) x Q
such that

0<d=<u(t,x) V(t,x)e(Ty,T1)xBo(x9) and O0=<u(t,x)<M V(t,x)e(Ty,T1)xQ.

). Then u is Holder continuous in the interior, that is, there exists an a € (0,1] such that for
all0<Ty< Ty <Tq we have

Il gy, 7yyxB, x0n = © (2.11)

ii). Ifthere exists a B €(0,1A2s) with f+2s ¢ Z such that |[K(x,y)—K(x',y)| < Clx—x'|P|y|~N+29),
Then the solution u is classical in the interior, more precisely, we have the following estimate
forall 0 <Ty<To<Tq

Nl gzoemsmey 1w, oy = € (2.12)

2.5 The main results in the form of tables

We end this section by collecting all the sharp boundary estimates obtained in this work in
tables, namely the results contained the previous section, which describe when we have a Global
Harnack Principle, and Theorems 3.12, 3.13, 5.13, 5.14 which reflect the anomalous boundary
behaviour. The aim is to clearly present the best estimates that determine the precise boundary
behavior of the solutions to the problem (CDP), separating all the cases, depending on the size
of the initial datum or of the time regime. We separate large and small data, depending on the
size of ||u0||L1 , and also consider the case of “very small data”, i.e., when uy < @17 for some

B>0. We shall also separate the small and large times regimes, meaning times smaller or
bigger than ¢,. In this way, both the expression of F and the exponents can be estimated “more
explicitly”, see for instance Lemma 3.3 below. We will now fix a positive time ¢ > 0, and see
how the estimate changes in the various cases, focussing on three main examples: the Classical
Laplacian, Theorem 2.7, for which y = s = 1, the Restricted Fractional Laplacian, Theorem 2.8,
for which y =s €(0,1) and o1 = 1. Observe that the Censorel Fractional Laplacian also belongs to
this class of operators, with s €(1/2,1), y =2s—1 and 01 = 1 . And finally, the Spectral Fractional
Laplacian, Theorem 2.9, for which s €(0,1), y=1and o1 = (1 A Z8m )

myi—-1J°

15



The Classical Laplacian

Small times ¢ <, Large times t > ¢,

upe L} () | Fut, o) S22 | 22 SFultx) < 2he

tml 1 t”‘O_I tml 1

Restricted Fractional Laplacian

Small times ¢ <. Large times ¢ = ¢,

_mo

luoly >1 (£)" @10 SFt,an s B | ¢ B < Flutt,x) S

tmo g1 tmo tml eI
m2
mi-1 © [} [©) 0]
luoln <1 (ti) 20 < (e, x) < 2 D) < Byt x)) < 2
@ * tml—l l‘m tm t"‘l 1

Spectral Fractional Laplacian

Small times ¢ <. Large times £t > ¢,
mo
luollpy >1 (&)™ or@m SF@ean s B | 07T 2 < Fu,a) < 2
@1 * tmo 1 tmo 1 tml 1
m2
luolp <1 (tL)'"l g C i <F(u(t x)) < W™ D" < Byt x)) < D@
! t"‘l tmo-1 ¢mo-T gm1-1

o

m1 1-2s

uo < AQI 2 (L)’"l TR < By, S — T
mi

¢ tml—T [Al_”‘l—ét]ml_r

t<(t«ATy)

m2
uo<Ad; (L)”’l T2 < Py (t,x)) S — 2@
t fTT [Al-m1_ 7T
and B=0
t<(t«ATy)
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3 Upper Bounds

This section is devoted to proving the upper bound, i.e. the upper part of the Generalized Har-
nack Principle (GHP) of Subsection 2.4. We will divide the section into three steps: Firstly, we
present some known results from [9, 18, 22]. Then, we proceed with the proof of the quanti-
tative upper estimate. Finally, we discuss the smoothing effects and elucidate the distinctions
from previous bounds. These smoothing effects have already been established in [18]; however,
we restate them here as they are essential for the lower bounds.

Before delving into the estimates, let us first define a more general class of weak dual solutions.

Definition 3.1. We denote by S the class of all non-negative weak dual solutions of the problem
(CDP) with initial data 0 < ug € L}Dl(Q), as defined in Definition 2.3. These solutions u € S also
satisfy the following conditions (i) the map uy — u(t) is order preserving in L(ll,l(Q) (ii) forall t >0
we have u(t) € LP(Q) for some p > N/2s.

Remark 3.2. Note that u, the unique minimal weak dual solution of (CDP) possesses all the
properties to belong to the class S because it satisfies Definition 2.3. Moreover, mild solutions of
the sequence {u,},cn are bounded. Therefore, for any ¢ > 0 we have u,(¢) € LP(Q) for all p > 1.
In particular, u, € S for all n, allowing us to apply the absolute upper bounds from Theorem 3.8,
which are independent of the initial datum.

Now, we can guarantee that for any fixed 0 < 7 < ¢, there exists the monotone limit from below
u(t,x) = lim u,(t,x) in L°°((1,00) x Q2), and that such limit satisfies the same upper estimates
n—oo

due to the lower semicontinuity of the L° norm; that is u(¢,-) is bounded on Q.

The upper bound and the lower bound for large times ¢ > ¢, are true for any u € S.

3.1 First set of estimates

Now we collect some results of [9, 18, 22] which we will use to prove the upper bound of GHP.
We remember that hypothesis (N1) provides us a way to compare F(r) with the powers r™° and
r’™., Furthermore, the monotonicity estimates of Bénilan and Crandall, first proven in the case
of homogeneous F in [6], are valid for this class of nonlinearities, as shown by Crandall and
Pierre in [22].

Lemma 3.3 (Consequences of the hypothesis (N1) [18, Lemma 10.1]). Let F :R—> R a
nonlinearity, as in Subsection 2.2, which satisfies (N1), or equivalently (N2),

F(r)F"(r)
< — <

HO="Fiey =H
Then, the following estimates are true:
r\y™ F@) r\ym™m
— < <|— O<sro=r. 3.1
(ro) <F(r0)<(r0) for0=ro=r @1
mi F _ mo
g(i) < 1) sk(i) for 0<r<ro. (3.2)
ro F(ro) ro
mi — mo
where we have denoted k = (%) <land k= (m) >1
1 0



Lemma 3.4 (Benilan-Crandall estimates [22]). Let £ satisfy (A1), (A2), (K3) and let F satisfy
(N1). If u is the unique minimal weak dual solution for the initial datum 0 < ug € L<11>1(Q)’ then,
the following inequality holds (in the sense of distributions):

1 F(u)

duz——

pot F'(w)’

where the quotient F/F' vanish when u =0 or F(u)=F'(u)=0.
As a consequence, for a.e. point x € Q and 0 <1 < t, we have

£70T F(u(t, x)) = 7701 F(u(T, x)) (3.3)

Moreover, If we take into account F(u)/F'(u) < (1 - po)u, we can reformulate the previous results
as follows

1_
atu = — Fo Z,
Mo
fora.e. xeQand 0<t<t.
1 1
tmo-lu(t,x) = 1m0 1u(r,x). (8.4)

Here is where the assumptions (K1), (K2) and (K3) play an important role in computing the
Green estimates. The key element is the pointwise estimate for weak dual solutions u € S,
Proposition 3.6, that allows us to obtain both the upper bounds (absolute and upper behaviour)
and the smoothing effects.

Lemma 3.5 (Green function estimates I [9, Lemma 4.2]). Let £ satisfy (A1), (A2), (K1) and
0<g< % Then, there exists a constant co >0 such that:

sup/ G(x,x0)? dx < co.
Q

x0€Q

For each parameter q we define

1 (x0) 0<q< gy
1
By(®1(xp) ={ P1(x0)(1+[log®1(x0)l*) ¢ = ez
N—-q(N-2s) N N
D@1(x) 7 N-2s+y <9< N-25-

Then, if £ satisfy (K2), there exists constants cg,c4 > 0 such that

1
q
c3®1(x0) < (/ G(x, x0)? dx) < c4B¢(P1(x0)).
Q
Constants cj, j =2,3,4 only depends on N, s, v, q, Q2 and they have an explicit expression.

Note that in the especial case ¢ =1 we have

@4 (x0) ¥ <2s

B1(®1(xq)) = @1(x0)(1+ [logP1(x0)) y=2s
2s

Dq(xg) 7 y > 2s,
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which implies that for € small enough

(I)l(xo) Y <2s
Bi(®1(x0) = C{ ¢ P1xo)' ™" y=2s
Dq(xg) " Y >2s.

Proposition 3.6 ([18, Proposition 5.11). Let £ satisfy (Al), (A2), (K1) and let F satisfy (N1).
If u e S is weak dual solution of (CDP) with initial datum 0 <uge€ L<11>1(Q)' Then, for a.e. xy€Q
and t > 0 we obtain
/ u(t,x)G(x,xo)dx < / uo(x)G(x,x0) dx.
Q Q
Besides, for every 0 <ty <t1 <t and for a.e. xg €}, the following inequality is true
_mo
(%) " (b1~ to)F lt, x0)) < /Q [1(t0,%) — ut1, DI, 20)d

mo

mo—l
<mo-D| | Faut,x). (3.5)

1

mo
£y

Observe that solutions u € S are bounded. The reason is that, for all ¢ > 0 we know u(¢) € L”(Q)

for some p > % Consequently, its conjugate p’ = p%l < % Therefore, by Holder’s inequality

/ u(t,x)G(x, xg) dx < co.
Q

In this way, the first part of inequality (3.5) guarantees that u(¢) € L>*°(QQ) V¢ > 0. However, for
t = 0 this claim is not always true because ug € L(ll,l(Q), so the integral above could be infinite.
The key to Proposition 3.6 is the middle term of (3.5), as it encodes the upper bounds from the
first part and the lower bounds for large times from the second.

Fundamental Upper Bound:
Starting with the lower bound of (3.5), we select 1 = 2¢¢ > ¢¢. By eliminating the non-positive
term —fQ u(tq,x)G(x,x9)dx we get

mo
mo-1

2
F(u(to,x0)) <

/ u(to,x)G(x,x0)dx. (FUB)
Q

This last bound encodes both the smoothing effect and the absolute upper bound, and it is sharp
for both large and small times, (see [17] for more details). Summing up, the absolute upper
bounds of Theorem 3.8 are sharp for large times. However, to be more precise for ¢ close to zero,
a dependency on the initial datum appears, as is typical in smoothing effects (see Theorems 3.14
and 3.15).

Lemma 3.7 (Green function estimates II [9, Proposition 6.5]). Let £ satisfy (Al), (A2),
(K2), let H a convex positive function, normalized at zero H(0) =0 and v : QQ — [0,00) a measurable
bounded function such that for all xo€ Q

H(v(xo))sko/v(x)G(x,xo)dx. (3.6)
Q

Then, the following assertions are true:
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(i) There exists a positive constant cs > 0 such that

H(v(xp)) < ko/ V()G (x, x0)dx < c5koF 1 (F*(2¢5k0))B1(P1(x0)).
Q

where F* is the Legendre transform of the convex function F, whose definition we recall

below in Remark 3.9 (d).

(ii) Moreover, if there exists c and m; > 1 such that H(a) = ca™ for all a €[0,1]. Then, we define

i fin2m )
e y(m;-1))
(@) If y< 3;1"_1’1, there exists cg > 0 such that
cv(x)™ < H(v(xp)) < ko/ v(x)G(x,x0)dx < cek(')""*1 D1 (x0). 3.7
Q

b) If1zy= rzn‘inf’l, there exists c7 > 0 such that

cv(xp)™ sH(v(xo))Sko/ v(x)G(x,x0)dx

Q
i Dy(x)(1+1og|@y(xo)) ¥ = 2
= C7k0 ZS'TL_i 2sm; 3.8)
®1(x0)7(”z D Y > mi—1

These onstants cs,cg,c7 only depend on N, s, v, m;, Q and all the estimates are sharp.

Note that Lemma 3.7 is valid for any H, v, m; which satisfy the hypotheses. In particular, it
applies to the nonlinearity F with (N1), a weak dual solution of (CDP) u € S and the parameters

m; = 1%%, 1 =0,1. Thus, thanks to (3.7) and (3.8), in our case we obtain

m

u(t,x0)™ < F(u(t,x0)) < cky' P1(xo)”".

The following theorem tell us how the the solution u(#) is bounded in terms of t.

Theorem 3.8 (Absolute Upper Bound [18, Theorem 5.2]). Let £ satisfy (Al), (A2) and
(K1), let F satisfy (N1) and u € S weak dual solution of (CDP). Then, if we write the Legendre
Transform of F as F*, there exists constants k1, ko and ko such that for all t > 0.

ko
F(lu@® o) <F* (TZ) (3.9

Futhermore, there exists one nonnegative time 0 < 11(ug) < k1, which depends on the initial da-
tum, such that ||u(t)||L~Q) <1 V¢ =11(uo) and we also have the following bounds

k
F(lu® @) <~ (3.10)
it
k
(@) L) < ——, (3.11)
tmi’I

wherei=0ift<kiandi=1ift=k;.
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Remark 3.9. (a) The upper bound proves a strong regularization that is independent of the

(b)

(c)

(d)

3.2

initial datum. Inequality (3.9) is intrinsic and more precise, while inequalities (3.11) and
(3.10) are more useful for achieving explicit estimates. The constants k1, k9 and k9 are
positive, depend only on N, s, m, m1 and (2, and have an explicit form given in [18].

71(uo) is the first time for which ||u(¢o)llL~q) = 1 for all o = 71(u¢) and k1 is an upper
bound for 71(u¢) that does not depend on ug. This is important because the behavior of
u — F(u) changes when u is less than or bigger than 1, as noted in Lemma 3.3, where the
powers in these estimates change.

Inequality (3.11) is valid for all times; however, it is not sharp for small times. The precise
upper bound for small times involves the initial datum uy. We will address this topic after
discussing the smoothing effects.

If F' is a nonlinearity as in Section 2.2, we define the Legendre Transform of F' as follows

F*(z)=sup(rz—F(r)) = 2(F) (z) - F(F') '2) = rF'(r)- F(r).

reR

Where, r = (F')"1(z) and z = F'(r).

Proof of the Upper Bound of the GHP

This section is devoted to the proof of the Upper bound for all different versions of GHP that we
have presented above, in Section 2.4. The estimate will be sharp for all nonnegative, nontrivial
solutions in the case of (RFL) and (CFL). However, it can be improved in the case of (SFL) when
data are small, as in Theorem 5.13.

Theorem 3.10 (Upper Boundary Behaviour of Solutions). Let £ satisfy (A1) (A2) and (K2),
let F satisfy (N1) and u € S a weak dual solution of (CDP) with initial datum 0 <uge Lclpl(Q).
Then, there exists positive constants k3 and k4 which depends only on N, s, vy, m;, F and Q, such
that for any t > 0 and x € Q we have

Dy (x)°
Flutt, ) = ks 22 (3.12)
tmi’I
Py ()T
my
ut,x) < hg——2—. (3.13)
tmi’I

Where i =0ift<kiandi=1ift=k1 Moreover, we have an intrinsic inequality

F(u(t,x)) < k—:F‘l (F (k—:)) (3.14)

Proof. We begin by recalling the Fundamental Upper Bound (FUB)

mo
mo-1

2
F(u(to,x0)) =

/ u(to,x)G(x, x)dx.
Q
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Additionally, we know u(t,-) € L°(QQ) V¢ > 0 by Theorem 3.8 and the nonlinearity F' satisfy (N1),
_mo_
so all the hypotheses of Lemma 3.7 are satisfied with kg = 2m0-! t(_)l. Hence, for all ¢y > 0 and

xOEQ
o o
F(u(to,xp)) < c5 - F 1 F*|2¢cs ,
0

to
which implies (3.14).

Now, let’s assume first that ¢ = k1, so |u(to)llL~q) < 1, remember (b) of Remark 3.9. For r <1
we have £F(1)r™! < F(r) by Lemma 3.3. Hence, applying Lemma 3.7 again, we obtain

mi

EF(Du(to,x0)™! < F(u(to,x0)) < ko/ u(to,x)G(x,x0)dx < CekF D1 (x0)1,
Q

therefore, we have shown

q) m q) g1
u(to,x0)<k3& and F(u(to,xo))<k3ﬂ. (3.15)

mq-1 my— my-1
tO tO

Finally, for ¢y < k1, we use Benilan-Crandall monotonicity (Lemma 3.4) and after that, we
apply inequalities (3.15) for ¢g = k1. On the one hand,

_mo _mo _mo _ _m1

t00 " Flulto, xo) < k}° Fulky,xo)) < kak® " ™ ®1(x0)’",
which finishes the proof of (3.12). On the other hand,

1 1 11 o
mp-1 mp-1 mg-1 mqp-1 —=
to! ulto,x0) <k{" ulky,xo)<kgk® ™ ®@i(xo)m,

which completes the proof of (3.13). [

Inequality (3.12) allows us to describe the upper behavior of minimal weak dual solutions near
the boundary, indeed, it establishes the upper bound for F(u) of the GHP of Theorems 2.7, 2.8,
and 2.9.

Remark 3.11. A careful inspection of the above proof reveals we have the following estimate
for large times, namely there exists a constant k3 such that for all £ =%,
o1
/ u(t,x)G(x, xg)dx < k3ﬂ.
Q tml mi-1
However, we can extend it to small times, thanks to Lemma 3.4: for ¢ < 21 we have

T (x)

1
tﬁ/ u(L‘,ac)(Ga(ac,aco)dxSki"‘r1 u(k1,x)G(x, xo)dx<km0 1k3
Q Q kiﬂrl

hence, we get
T (x)

/ u(t,x)G(x, xg)dx < k3 (3.16)
Q

t "‘l

Where, i =0if t <kiand i =1if t = k1. Notice that k3 depends only on N;s, v, m;, F and Q. We
have therefore sharp upper estimates for all times. This will be a essential tool in proving the
lower bounds of the next section.
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3.3 Upper bounds for small data and small times

Consider now the SFL with 01 <0 < 1. In this case, we can improve the previous upper bound,
cf. Theorem 3.10, because it is possible to find initial data for which inequality (3.12) is not
sharp. This means that depending on the initial data, there can appear different boundary

behaviours, i.e. different powers of ®;. More precisely, when 1 < Aq)} 27 then:
1—28/)/ -1 g1 < 01/m1
u(t) = g()d; KF (O] SO

This happens because, when x is close enough to the boundary, ®;(x) < 1 and moreover, the
inequality 01 < 09 < 1 implies 1 —2s/y > 01/m1. This has been observed in [10] for the homoge-
neous case F(u) =u™, here, due to the lack of such homogeneity, things become technically more
complicated, this motivates our extra -yet not so restrictive- assumption F(ab) < CF(a)F(b).
This is a reasonable hypothesis because our non-linearities are allowed to be sum of powers, for
instance, F(x) = x2 + x*, which satisfies the extra assumption.

Theorem 3.12. Let £ satisfy (Al), (A2) and (L.2). Suppose also that £ has a first eigenfunction
@1 = dist” with o9 <1 and let F be the non-linearity which satisfies N1) and F(ab) < CF(a)F(b).
Assume that for all x,y € Q we have

(O} (O}
K(x,y)< — ( 1@ 1) ( SE2IN 1) and Bx)<c1®1(0) 2. (3.17)
lx— yIN*2s \|x — y|Y lx—yI7
Let u be a minimal weak dual solution to the problem (CDP) with initial data 0 < ug < Aq)i_%/y,

for some A > 0. Then, we have

(Dl—Zs/y(x) 1
u(t,x)< L — on [0,T4]l, whereTy = W
[AT-m1 - C¢]mT

D (x)L "2 . . . — —
—— is a supersolution, i.e. 0;u = -ZLF(u),
[Al—m1 —Ct] my-1

. . 1-2s/ .
because the initial data satisfies ug < A®] Y and we have comparison.

Proof. It is enough to prove that u(¢,x) :=

We will use the following inequality: for any 1 > 1 and M > 0, then letting 7} = n A 2, there exists
b(M) > 0 such that

a-b" S771)77_1(a—b)+15|a—b|’~7 forallO<a,b <M. (3.18)

Now, we apply inequality (3.18) to a = ®1(y) and b = ®1(x), n = mo(1—2s/y), recalling n > 1 if and
only if 09 < 1 and both ®; and [A1™™1 - Ct] mT are bounded. If we denote gt)= —[Akm lét] =
thus, we can also use Lemma 3.3 and F(ab) < CF(a)F(b) to obtain
F(@(t,y) - F@(t,0) < C (F(@1(0)' %) = F(@1()' )| F(g(t))
< C(D1(y)" - D1(x)7) g()™
< Cn®1 ()" H(D1(y) - P1() g(1)™ + Ch(P1(y) — P1(x))" g(t)™
< Cn®1(x)" 1 (@1(y) - @1(0) g™ + CHCTIx — y 7 g(t)™,
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where we have used |®1(x) - ®1(y)| < cylx—y[". Using (3.17), we get
/R [01() = ©1@)IK (x, ) dy = = LP1(0) + B@)P1(x) < L @1 (x) + c1®@1(x)1 27
Thus, recalling that 1,7 > 1 and that ®; is bounded, it follows
- ZLF(u(t,x) = /RN[F(ﬁ(t,y))—F(ﬁ(t,x))]K(x,y)dy—B(x)F(ﬁ(t,x))

< Cn®1(x)"‘1g(t)’”1/N (®1(y)—®1(x))K(x,y)dy+Cg(t)m1/N x =y K (x, y)dy
R R

+c101(x) 2D (x) g ()™

_ 1 )
<K — (q)l(x)n—Zs/y +/ lx =y K (x, y) dy) )
[Al‘ml —Ct]ﬁ RN
We claim that
g't)= g™ and / lx— y|T K (x, y)dy < ca®q(x)1 727,
mi— 1 RN

Assume these last inequalities, therefore, if we choose C = K(m1 —1) we have finished the proof
because u is a supersolution

_ 1)) 1-2s/y
0a=E—22 1. oram.

[Al-m1 - C¢]mT

Finally, we prove the claim. For this, using hypothesis (3.17) and choosing r = ®1(x) we have

" 1 1
Ix—y|77YK(x,y)dySC1/ ————dy+c¢1D1(x) —dy
/RN B(x) 1€ — y|N+2s=7y RN\B, (x) | — y|N+2s+y=y

®;(x) 1
r?  JpyB, ) lx = yINFY=Y

<corM 254 ¢q dy

< 04q)1(x)1_23/y.

Where we use that jy—2s>0and 7> 1. [

This Theorem can be applied to the Spectral Fractional Laplacian, here, the general upper
bound of 2.9 is improved for small data. For (L.2) type operators with B(x) =0, we can actually
prove a better upper bound for smaller data, namely:

Corollary 3.13. In the hipotheses of Theorem 3.12, assume also that B(x) =0 and ug < A®q for
some A > 0. Then, for a.e. x € Q) we have

® 1
1) on [0,Tal, whereTy=— .
[Al-mi — G¢]mT CAmi-1

u(t,x) <

Here, we essentialy repeat the proof of Theorem 3.12 replacing 1 —2s/y by 1. The only fact
which we must take into account is that B=0 and ug < AD;.

24



3.4 Smoothing Effects

Before starting with the lower bounds, we need to prove some weighted L estimates. Some
fundamental facts to achieve this goal are the next smoothing effects results; see [18] for more
details. In the classical case, & = —A, see the monograph [52]. Here, we recall these bounds of
the L norm of solutions for ¢ > 0, in terms of the weighted L! norm of solutions at time ¢, or
even at a previous time 0 < ¢¢ < ¢t. For each parameter y € (0,1] of the hipothesis (K2), we define
the exponent

0iy = (25 +(N +7)(m; - 1) .

Theorem 3.14 (Smoothing Effects I [18, Theorem 6.1]). Let £ satisfy (Al), (A2) and (K2),
and let F satisfy (N1). Suppose u € S is a weak dual solution of (CDP) with initial datum
O0<upe Lclpl(Q). Then, there exists a constant ks >0 which depends only on N,s, m;, v, F and Q
such that forall 0<tg <t

luto)ly o N
L2t . N+y
k5 P10y lft = ”u(tO)”Ll ©
F(lu@®)llLe) < ute )||2SMO90,y Dy (3.19)
uttolll 1 2s
Ll @
Dq - N+y
k5_tm0(N-+y)90,}, ift< ”u(tO)”L}pl(Q)'

Note that the powers of the smoothing change for large or small times, depending on the norm
2s

||u(to)||£vf Y( o We can choose g = t, so the smoothing happen at the same time, or we can choose
@1

to = 0, in which case the bound depends on the initial data ug. Note that, if we compare

the upper bounds (3.10) and (3.19), the power of the time m’?_"l is greater than m;(N +7)0; y.

25
N+y
L}, @)

Thus, for small times, ¢ < (kl/\ lu(to)ll A1), (3.19) is more precise, and for large time

2s

t>|k1Vv ||u(to)||T(Q) v 1), (3.10) is better.
@1

In the case F(u) = u™ with m > 1, we have my = m1, so there is only one case in inequality

(3.19). Theorem 3.14 presents an intrinsic form of the smoothing, which can be made explicit as
follows.

Corollary 3.15 (Smoothing Effects II [18, Corollary 6.3]1). With the same hypotheses as in
Theorem 3.14, there exists an explicit constant kg which depends only on N,s, m;, v, F and Q
such that for all times 0 < tg < t, we have

2360
luttoll;, (&, 2
®1 . Nty
lw(@®)llLe) < kG—t(NJrY)HLY ,  ift= IIu(to)IlLél(Q). (3.20)
250,
||u(t0)||L1 0(’;2) 2s
@1 . N+y
o, < . S < . .
lu(®)llL=) < ks ey ift< IIu(to)IIL}DI(Q) (3.21)

We provide here below a proof of (3.20), as a correction of the original proof in [18, Corollary
6.3], since it contained a fixable error.
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Proof. We first prove the instantaneous smoothing effects, namely ¢y = ¢. The case ¢y < ¢ follows

from monotonicity of the norms L<11>1(Q)’ see Theorem 4.1 below.

2s
N+y

Ly, (@'

Bound for small times #¢ < [|u(¢o)l

Here, we are in the case of inequality (3.21), therefore we have i = 0 and define the quantity

2800’7
el 1,

S D
(N+7)00,
£y

UO,y(tO) =

If lu(2o)llL~) < Uo,y(to) there is nothing to prove. Thus, we assume [u(to)llLeq) = Uo,y(t0) = 1.
Applying Lemma 3.3 with r =1 we get

Flutto)l] o) < F (luto)lie)
23m000,y
L}, (@)

(N+Y)0o,ymo ’
Ly

lu(zo)ll
= k5

therefore, we have already proved (3.21).
2s
N+y

Bound for large times t¢ = ||u(¢o)ll; :
L}, (@

In this case, we have to demostrate inequality (3.20). Thus for i = 1, we similarly define

250
||u(t0)||L1 l(z))
Uy(t0) = e, — =
Ly
By Theorem 3.14 we get
23m161,y
||u(t0)||L<1D1(Q) R
F (luto)liLe) < k5W =ksU1y(t0) T <ks.
¢ S

0

Therefore, we have |[u(tg)llL~q) < F _1(k5) because F' is non decreasing. So, we apply Lemma 3.3
with F~1(k5) = ro to obtain

F(ro) mo__k -
Pt 2 £ o)1 o) = Gy kol

and using Theorem 3.14 again in the inequality above

-1
k5) F(luto)llis)

- k
luo)llfmq) < (W

23m101,y
_ @iy My @
- k t(N+Y)m191,y

0

Choosing kg as the maximum of all the constant above, we conclude the proof. []
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4 Weighted L' - Estimates
One of the most important applications of smoothing effects is the Weighted L!-estimates, which

enable us to determine the lower boundary behavior for solutions of (CDP).

Theorem 4.1. Let £ satisfy (Al), (A2) and (K2), and let F satisfy (N1). Suppose u € S is a weak
dual solution of (CDP) with initial datum 0 <ugye€ L}Dl(Q). Then, for any 0 <1 <t we have

/u(t,x)q)l(x)de/u(T,x)(Dl(x)dx. (4.1)
Q Q

Besides, for all0 <19 <71 <t <00, we get

2s(mi _1)9i,y+1

/ u(T,x)®1(x)de/ u(t,x)®@1(x)dx + k7|t — 712507 | u(zo)| 1 , 4.2)
Q Q Lo, (V)
25 25
where i =0 if t < |lu(zo)| ;" and i =1if v = |lu(ro)|’,”, ... Constant kq depends only on N, s,
Ly, (@) L}, (@)

m;, v, E Qand ;.

Proof. We split the proof in several steps.

Step 1: Monotonicity in time of the L(ll,1 norm.
Let’s differentiate the weighted L' norm at time ¢

i/ u(t,x)(Dl(x)dxz—/ ffF(u(t,x))q)l(x)dxz—/ll/F(u(t,x))q)l(x)deO.
dt Ja Q Q

This last derivative is non-positive because u is non negative and the non linearity F' is non-
decreasing and normalized at zero. Note that, this derivative is devoutly justified by the argu-
ment presented in [18, Proposition 5.1]. Integrating from 7 to ¢ yields (4.1) that is

¢
/u(t,x)q)l(x)dx—/u(T,x)d)l(x)dx:—/ll/ /F(u(r,x))(Dl(x)dxdr. 4.3)
Q Q 7T JQ

Step 2: For every ¢ = 1 there exists a constant k% such that

23(m,- _1)6i,y
Ly, (@)
O +Y)m—1)8;

lu(zo)ll

F(u(t,x))sk% u(t,x),

2s 2s
C Ny S N+y
where i =0if ¢ < ”u(TO)”L(},I(Q) andi=1ift= IIu(To)IIL}Dl(Q).

F is convex as a consequence of (N1) thus, for any 0 <u <V we have

FV)

Fw<uF'w=<uF'(V)<miu (4.4)
Moreover, by Lemma 3.3 for every r¢ = 0, we have
- V\mi
F(V)<(1VvEk)F(rg) (r_) , (4.5)
0
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where i =0if V €[0,rgl and i =1 if V = ro. Combining inequalities (4.4) and (4.5) we obtain

_1(A1VRF
F(u)< mlume—l(—;i(”’). (4.6)
"o
Now, we denote
256,
luolly, )
Ujy=he—r—r—
Ty =T N0y,

with j=0if U;, = kg and j =1 if U;, < k. Then, if we choose ro = kg fixed and U;y =V = u,
256 ;
(ol , "
the index j in the inequality of Collolary 3.15, [[u(#)|1eq) < keﬁ, will be the same as i
in formula (4.6). Therefore,

2s0;
k luGolll s
F(u(t,x)) < (1V k)F (k) L}, () o
u t,x =mi kgll 6 t(N+Y)9i,Y u t’x
2s0; i—1
”LL(‘L'())”L‘i (g;n )
— ! o
=k HIN+7)0;,,(m;~1) u(t,x).
e Y =14 oy / — F(kg)
With i =0if ¢t < ||u(To)||LgD1(Q) andi=1if¢t> IIu(To)||Lé)1(Q) and k; =m1(1VE) he

¢
Step 3: Bound of /11/ /F(u(r,x))(bl(x)dxdr.

Q
The key is applying SteTp 2 to F(u(r,x)) inside the integral because r =17 = 79. We shall adopt the
following notation until the end of the proof: let 0 < 79 < 7 < ¢ < 00, and the index i will denote

2s 2s
P Ny .. N4p
1=0ift < ”u(TO)”Lclpl(Q) andi=1if 7t = IIu(To)IIL}Dl(Q). Thus,

2s(mi—1)0,-,y
”u(TO)”L}DI(Q)

¢ t
/
/11/; /QF(u(r, x))P1(x)dxdr < /llkG/T /Q (r— TO)(N+Y)(mi_1)0i,y u(r,x)®1(x)dxdr

t
, 25(m;—1)6; ,+1 dr

23(m,- _1)6i,y+1
Ly, (@)

Mkl llu(zo)l

=

[(t _ TO)Qsei,y —(r- TO)Qsei,y
!

A1k 10

6 2s0; 2s(m;—-1)0;y+1

= [z — 71" lu(zo)ll . 4.7
250; 0Ly @

Where we have used the following claims:

¢ When we integrate, we rewrite the power as follows

28+ (N+y)m;=1)—(N+y)m;-1)

1-(N+y)Xm;-1)0;, = 25+ (N +y)m;—1)

= 2891"}, <1.
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* The numerical inequality (¢ —79)? — (t —70)? < (¢ —7)P, for any Be(0,1).

Finally, joinning (4.7) and (4.3) we obtain (4.2) with the explicit constant is k7 = QAslekli' 0

2s
N+y

L}, (@)

Note that in the intermediate case, i.e. 7 < ||[u(7o)l < t, we can also derive a similar

inequality of the form

/ u(t,%)®1(x)dx < / u(t,x)q)l(x)dx+2k7mg>1<{|t—T|289w||u(ro)||23(’”"‘1"”””}
Q Q 1=u,

Ly, (@)
However, it is no needed in this work.

Corollary 4.2. Let & satisfy (A1), (A2) and (K2), and let F satisfy (N1). Suppose u € S is a weak
dual solution of (CDP) with initial datum 0 <uge€ Lclpl(Q). Then, for any positive Ty and t such
that:

1 -1
0<To<t<T1o+|@2kq)>%r IIu(To)||L1 (Q)) , (4.8)
_2s _2s
with, i=0ift < IIu(To)Ilgfy(Q) andi=1ift> IIu(To)Ilgfy(Q) the following inequality holds
1
—/ u(to, x)P1(x)dx < / u(t,x)®P1(x)dx. 4.9)
2 Ja Q

Proof. Taking 7 = 7o in Theorem 4.1 and applying condition (4.8) to the term |z — 7|2%% in (4.2)
directly implies (4.9). []

The way we are going to use this result for the lower boundary behaviour of minimal weak
dual solutions is taking 79 = 0. Thus, Corollary 4.2 tells us that for sufficiently small times i.e.

-1 2s 2s
t< (2k7)25"w ||u0||L(1D (Q)) ,where i =0 if ¢ < ||u0||£l1;7(m andi=1if¢=> ||u0||§£y(m, we obtain
1 1 1
1
— [ upgx)®1(x)dx < [ u(t,x)P1(x)dx. (4.10)
2 Jq Q

5 Lower Bounds

In this section we will prove the lower bounds of the Global Harnack Principle (GHP), which will
determine the lower boundary behaviour of minimal weak dual solutionsto (CDP). Depending
on the operator £ we will observe tree types of lower bounds. The first one, presented in Theo-
rem 2.7, applied after a waiting time ¢, and allows for a very general kind of operator, namely
(A1), (A2) and (K2). It is important to recall that the classical Laplacian belong to this case. In
fact, the well-known finite speed of propagation implies that a waiting time is necessary, so this
result is consistent.

The two next lower bounds, presented in Theorems 2.8 and 2.9, ensure the positivity of minimal
weak dual solutions, i.e., they are valid for any time ¢ > 0. The trade-off is that we need to be
more exlicit about the operator, specifically (1) and (L.2). Here, the non-local nature of the
operator plays a fundamental role in achieving the positivity, which implies infinite speed of
propagation.
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5.1 Lower bounds for large time

The main tools to achieve the lower bound are the pointwise estimates of Proposition 3.6 and
the weighted-L! estimates of Corolary 4.2, specifically in the form of inequality (4.10).

Theorem 5.1. Let £ satisfy (A1), (A2) and (K2), with o1 =1, and let F satisfy (N1). Suppose
u €S is a weak dual solution of (CDP) with initial datum 0 <uge Lclpl(Q). Then, there exists a
waiting time

1 1

te=Cs v , (5.1)

m1—1 m()—l
u u
luollfy g Ieoly

where c, is given in the proof, such that for all t = t, and a.e. x € Q we have

F(u(t,x)) = kg 1(x). (5.2)

tm()—l

For a positive constant kg which depends on N,s, vy, m;, F, Q and A;.

Proof. We split the proof in several steps.

Step 1: Fundamental Lower Bounds.
Starting from (3.5), we have for almost every point xg € Q and any 0 <to<t; <t

/ u(to,x)G(x,xo)dx—/ u(t1,x)G(x,x0)dx < (mg — 1)(tt 0) F(u(t,xp)). (5.3)
Q Q 0

Moreover, we have seen in Remark 3.11 the following inequality holds for any 7 > 0

—®

/ (7, 1)6(x, x0) die < g L0, (5.4)

Q Tml

where i =0if 1 <%y and i =1 if 7 = k. Then, for ¢ large enough i.e.
-_— m,-—l
2k3D

t1 = max k3 ®1(xo) , (5.5)

i=0,1 fQ u(to,x)G(x, x9)dx

we get by combining (5.4) and (5.5)

/u(tl,x)G(x,xo)dxsl/u(to,x)G(x,xo)dx.
Q 2 Ja

Therefore, using this last inequality together with (5.3) we obtain the Fundamental Lower
Bound

_1

" mo mo—-1
thlF(u(t,xo)) > — / u(to,x)G(x, xo)dx, (FLB)
2(m0 -1)
which is valid whenever g < t; < ¢. This fact always happen because thanks to (5.4) we have

- m,-—l — mi—l

k3®1(x0) 2k3P1(x0)

tp < max < max <t1.
i=0,1 fQ u(tg,x)G(x, xg)dx i=0,1 fQ u(tg,x)G(x, xo) dx
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Step 2: Quantitative Lower Bounds.

Note that ¢ty and #; have not been fixed yet, we have only restriction (5.5). Now, let’s fix o small

enough
C

1
250, mo—1
(2k3g) ”u0”L<11>1(9)

to =

b

where C is a constant which allow us to use Corollary 4.2 with 79 = 0, we will explain how to
choose it later, see Remarck 5.2 below. Therefore, we have

%/ uo(x)q)l(x)dxs/ u(tg,x)®1(x)dx. (5.6)
Q

Q

Starting from (FLB) and take into account both (5.6) and the lower bound of the Green function
in (K2), i.e., G(x,y) = co®1(x)®P1(y), we obtain the following quantitative lower bound

1

mgp-1
Ly

£70°T F(u(t, ) = — 0 / u(to, ©)G(x, xo) da
D /g

2(mg —
co®P1(xo) ;1/
>———¢mo- 0]
> 2(m0—1)t 0 Qu(to,x) 1(x)dx
coP1(x0) ﬁ/
>— 0]
> mo— 1) to 5 ug(x)Pq(x)dx
= (a0
4(m0 _ 1)(2k7)23(m0—1)90,},

= kg®1(xp).

Summing up, we have already shown (5.2) holds whenever ¢ = 1, now, 1 is fixed and it is
already given by (5.5). The purpose of the waiting time (5.1) is to find an explicit upper bound
for ¢1 which does not depend on ¢, x¢ and u.

Step 3: Critical time #.,.

og®i(g) | L :
Let’s assume for a moment that ¢; = ( T 31220 ) . We use Green estimates (K2) and
Q

u(to,x)G(x,x0)dx
inequality (4.10) for ¢ to obtain an explicit bound

mo__ 2ks®ilwo) 2k3
1 Joulto,0)G(x,x0)dx ~ cq [q ulto,x)®1(x)dx

1

4ks 3 et

B CO||u0||Lé)1(Q) ”uO”L}Dl(Q)

If the maximun of the ¢; formula is the other case, we can apply the same argument. Thus, we
achieve the expresion (5.1) for the waiting time. []

This lower bound for large times, together with the upper bound of Theorem 3.10, proves our

first result of the Global Harnack Principle, Theorem 2.7 of Section 2.4. Remember it is the most
general result because it could be applied to both local and non-local operators.
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Remark 5.2. Let’s name the following constants in order to choose ¢y properly in the proof
1 1 1 N+y

_ 1 1 Ny
above. A := (2k7)(2590»7 2591#)’"1‘"‘0 and B := (2kq) %y Wimo=D+2s - Note that we have the next
assertions:

1 1
||u0||L(1D1(Q)SA, if and only if - ——= . —
2509, 0— 207, -
(2k7)*%0r Huo”Lél(Q) (2k7) >y ”uOHLél(Q)
1 -
”uOHL(}) « =B if and only if - < ”uOHLlﬂl(Q)‘
1 (2k7)2500'7 ”uO”mo—l ®q
L, (@
1
Therefore, according to the statements of Corollary 4.2, if we choose ¢ = ((2k7)*"7 [lug ||glo—(£1)))—1
1

in any of these cases above, we can directly apply inequality (4.10). In the intermediate case
A=< ||u0||L<1I> @) = B, we have the following computation
1

1 __1
1 B 1 (2k7)2500,y 2591,y
—251 mi-1 - 291 mo-1 ||u0||rnl_mo
501,y s00,y 1
@)™ ol o) @RDT ol g L, ©)
1 11 mj-mg N+y

(2k7) Ty P01y + 28y, Wepmo-D+2s
T .

(2k7) %07 [|ugl ™!

L}DI(Q)
Thus, we denote
1 _1 1  mi-mg _ N+y
_ 256, 2560 250, (N -1)+2
C — 5 (1 /\(2k7) 500,y 501,y 560,y +y)my—1)+2s ,

1 -1
and if we choose ty = C ((2k7)23"0# IIuollm"_1 ) , all the hipotheses of Coralary 4.2 are always

L, (@
satisfied.

5.2 Approximate solutions

Some new tools are required to establish the lower bounds for all positive times, we collect
them below; further details can be found in [8]. We begin by defining the following class of
approximate solutions, that we will use throughout the proof. Let § > 0 be fixed, and we address
the larger approximate problem.

dsus+ LF(us)=0, (0,00)x Q.
us(t,x) =6, (0,00) x RN\ Q. (AP1)
us(0,x)=uogx)+06, xe€Q.

Or equivalently, if we write us =vs+9

0vs + L(F(vs+6)—F(65)=0, (0,00)x Q.
vs =0, (0,00) x RN\ Q. (AP2)
v5(0,x) = uplx), x€ Q.

The idea is to utilize problem (AP1) for a priori estimates and (AP2) for establishing the ex-
istence of solutions. Problem (AP2) represents an approximate Porous Medium type equation
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with a nonlinearity Hs(v) = F(v + §) — F(9) satisfying Hs(0) = 0 and H(’S(O) = F'(6) > 0. Thus, it
admits a solution, implying the existence of solutions for problem (AP1). We adopt the solution
definition as detailed in Section 2.3, ensuring its uniqueness and existence.

Some properties of approximate solutions us include the following:

Proposition 5.3 ([8, Apendix II]). Let u be a minimal weak dual solution of (CDP) with initial
data 0 <uge€ Lclpl(Q) and let us be a minimal weak dual solution of (AP1) with the same initial
data. Then, the following assertions hold true:

(1) Positivity. us =06 > 0.
(ii) Aproximate solutions are ordered. For all 61 = 82 we have us, = us,.

(iii) Aproximate solutions are bigger than solutions of (CDP). us = u.

1
Since the Benilan-Crandall estimates hold true for ugs, the quantity ¢™o-1us(¢,x) is monoton-
ically non-decreasing for ¢ > 0. Similar to previous sections, we can prove the positivity (by
comparison) and boundedness of solutions:

k
8 < uglt,x) < —— +26.

tmi’I

Thus, we can employ the arguments from [8, 10] to establish the regularity of approximate
solutions, i.e.

* ugs is globally Holder continuous in x and ¢.

* us is classical in the interior, us € C°(Q2) and us € Ctl’a([to, T for an a > 0.

This regularity of us justifies the calculations that we will perform the rest of this section.

Lemma 5.4. Let £ satisfy (Al) and (A2), and let F satisfy (N1). Assume u and us are minimal
weak dual solutionsof (CDP) and (AP1) respectively with the same initial datum 0 < ug € L}Dl(Q).
Then, for all t >0 we have

lus(t)— u(t)”L}DI(Q) < llus(0) - uO”L(lDl(Q) =06[P1lL1q)-
Proof. By a direct computation we obtain:
/ (ué(t,x)—u(t,x))®1(x)dx—/ (u5(0,x) — uo(x)) P1(x)dx
Q Q
t
= / / 0i(us —u)t,x)d1(x)dxdr
0 JQ
t
= / /(f[F(ua)] - ZIFW))(1,x)P1(x)dxdr
0 JQ

t
=—/11/ /(F(ug)—F(u))(T,x)q)l(x)dxdTSO.
0 JQ
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Note that, as § decreases to zero, the sequence {us} is monotonically decreasing and bounded
below by u. This, combined with the convergence in L<11>1(Q) allows us to conclude the following
pointwise convergence. For all ¢t >0, we have

6lir(r)1+ us(t,x)=u(t,x) fora.e x€Q. (5.8)

Before proceeding with the lower bounds, we divide the proofs into two cases: when the initial
datum is small or large relative to the norm ||u0||L(1D @’ i.e. when the critical time #., defined by
1

(5.1) has the power m1—1 or mgo—1.

5.3 Positivity for small initial data

Throughout this subsection the waiting time will have the expression

fo=— (5.9)

-1
ol
L}, (@)

given that our initial assumption is IIuollL}D =1 Let us begin with an essential property of
1

approximate solutions that compares the Lclpl(Q) norm of ug and ug.

Lemma 5.5. Let £ satisfy (A1), (A2) and (K2), and let F satisfy (N1). Let u be the minimal weak
dual solution of (CDP) with initial data 0 < ug € Lclpl(Q) and ug be the approximate solution of
(AP1) with the same initial data, and let t. as in (5.9). Then, there exists a constant c such that
for all t €[0,¢.] we have

cluol™ < | Flut,x)@(x)dx< [ Flust,x)P1(x)dx. (5.10)
Lo, @ Jo Q

Proof. We split the proof in two steps.
-1

1
Step 1: We claim that there exists a constant C such that for ¢t =C ((2k7)23"1v7 lug ”I’?ll_(;z) , the
@1

hyphoteses of Corollary 4.2 are satisfied.
1 _(N+Y)01,y . .
Let’s define the constant M := [ 2(2k;) >y . Then, if we have ||u0||L(1D @ =M, adirect
1

calculation shows us that we can use Corollary 4.2 because

2s 1 1
N+ =
L}DY(Q) < 1 I = tO < 1 1 .
1 2@k luoll Ty o) (2R ™ ol L
Dq @1

lluoll

In the other case, when the norm is bounded from above and from below, M < || uOIILé) @ =1, we
1
-1

L _ . ..
consider the quantity m(i)ri ((2k7)259m ||u0||£”1‘ (1)) . On the one hand, if the minimum occurs at
- Y

i =1, we are in the same scenario as above. On the other hand, if we have ; = 0 in the minimum
we can proceed as in Remark 5.2 to choose

)

1-(m1-m)N+7)01 1

1 1o0my—moXN+10y
C= 3 (1 A(1/2)™17 ™0 (2k7) 250y oy |,
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Step 2: Proof of the bound (5.10).
Choose t( as in Step 1. Thus, thanks to Corolary 4.2 the next inequality holds, for all 0 < ¢ < ¢,

1/uo(x)tlbl(x)de/ u(t,x)®P1(x)dx.
2 Ja Q

Using the fact F' is convex and increasing, and applying Lemma 3.3 we get

1
@F(1/2)||u0||;7jtlp1 (Q)SF(E/ uo(x)q)l(x)dx)s/F(u(t,x))q)l(x)dxs/F(ug(t,x))fl)l(x)dx.
1 Q Q Q

Therefore, inequality (5.10) is proved for any 0 < ¢ < ¢yg. Now, for all ¢ € [£¢,?.] observe that
to = A1t by construction of ¢y. Then, we use the Bénilan-Crandall estimates, Lemma 3.4, and
Corollary 4.2 for ¢ as follows:

1
l/uo(x)(I)l(ac)de/u(t(),ac)q)l(ac)dxs(i)mol/u(t,x)fl)l(ac)dxs 11 /u(t,x)(l)l(x)dx,
2 /o Q o Q AT /a

1

and using F is convex and increasing again, remember u < ugs, we get

1 1

mp-1 mp-1

1 mi 1
RF | =5 [uolf} o, = F | —g—luolyy @ sF( /Q u(t,x)q>1<x>dx)

S/F(u(t,x))q)l(x)de/F(u§(t,x))<D1(x)dx.
Q Q
O

To prove the quantitative lower bounds, we need to be more precise about the operator £. This
is why we require either (L1), for example, for RFL or CFL, or (L2), for example, for SFL. The
non-local nature of the operator plays a fundamental role in the proof.

Theorem 5.6. Let & satisfy (A1), (A2) and (L1), and let F satisfy (N1). Suppose u is the minimal
weak dual solution of (CDP) with initial datum 0 < ug € L}Dl(Q). Given the waiting time as in
(5.9), we establish:

Assume either 01 =1o0r 01 <1, K(x,y) < c1lx — y|"V*29) and @1 € CY(Q). Then, there exists a
constant kg > 0 which depends only on N, s, m;, v, F, Q and A1 such that for all t >0 and a.e.
x € Q it follows that

F(u(t,x) 2 kg (1/\ ti)m 217 )

*

(5.11)

my

t"‘i“l

Wherei=1ift<t.andi=0ift=t,.

Proof. We split the proof into three steps. Firstly, we estimate a lower bound for F'(u(t,x)) which
is crucial for the proof. Afterward, we derive inequality (5.11) for small times ¢ < ¢,, and finally
for large times t = £..

Step 1: Claim. There exists a constant £ > 0 small enought such that V¢ €[0,#.]

my
F(u(t,x) = (knuon’L”f (Q)t) P1(x)7. (5.12)
@1
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Proof of the claim: Step 1.1. Aproximate Solutions.

We fix § > 0 until the end of the proof of the claim and let us the minimal weak dual solution of

(AP1) with initial data ug. Define Ko = &||u | where k is a constant to be determined. Now,

my
Ly, (@)
we consider the lower barrier

Y(t,x)=F HKJ™ D1(x)).
Remark 5.7. Note the following observations, whose estimates we will use throughout the proof.
(a) We have K( <1 because we have ||u0||L(1D o <1 and we will choose % < 1.
1

(b) Here, with the goal of simplifying the calculation, ®@; is the first eigenfunction of % nor-
malized, i.e., ||(I)1 "LOO(Q) =1.

(c) We have Kg“_ltTl < ko by definition of Ky and t,.

(d) For any ¢ €[0,¢.] we have Kot < Kot = kIIuollL}D @C* = kc. :=rg. Therefore, changing the
1
value of k if it is needed, we get by Lemma 3.3

Flke,
Fl ﬁ([{ot)ml < Kot.

Step 1.2. V¥ is a lower barrier for us, i.e. F(V(t,x)) < F(us(t,x)) for any (¢,x) € [0, ¢.,] x Q.
We prove this by contradiction. Assume that the inequality is false. By the regularity of F', us
and W, there exists a first touching point (¢, x.) € [0, .]x Q such that F(¥(¢¢,x.)) = F(us(te, x.)).
Note that (¢.,x.) €(0,%.) x Q because if £, = 0 or x, € Q2 we have the following:

F(W(te,x:)=0<F(0) = F(us(te,xc)).

Now, let’s bound —Z[F(us(te,x.))—F(W(t.,x.))] from above and from below. Firstly, we use the
equation of (AP1) to establish the upper bound

~ZLIF(us(te,x))—FV(te,x )] =0rus(te,x.) + LF(WY(t,,x.)),

and we bound every single term of the equation above. On the one hand, as (¢.,x.) is the first
touching point, what means F(W(¢.,x.)) = F(us(t.,x.)) and F(\W(¢,x.)) < F(us(t,x.)) for any time
0<t<t., wehave

miK e Dy (x)
FI(F-Y K"t ' ®1(x)01))

maK T ()
<

B moK(r)nlthl(Dl(x)Ul

Orus(te,xc) < 0:W(te,x.) =

FHE " @1(0)7)
< —Ko. (5.13)

Where we have used (N1), more precisely, moF(r)/r < F'(r) < m1F(r)/r and Remark 5.7(d). On
the other hand, if 01 = 1 we have

LF(¥(te,x.)) = Kt 11 @1 (xc) < KokoA. (5.14)

36



Remember Remark 5.7 (c), which establishes Kg“_lt?l < Kg”_lt';4L1 < ko. Now, if 01 < 1, using
the facts that ®; € CY(Q) and g(x) = x" is concave, we have

|1 ()7t = D1(y)7H | = [D1(x) = P1(y)|7* < o — y[77.

Observe that, here yo1 > 2s and K(x,y) < c1lx— yI‘N ~2s by assumption. Thus, we obtain

LWt x0) = KT ™ 407 () = K™ PV /
R

c1 2¢q
SKmltml( clx, —y|Yot — dy + ———1|d
o g e =] e — y|N+2s Y RV\Q |ote — y|V+2s Y

< CKyko. (5.15)

y |D1 ()7t — D1(y)7 K (xc, y)dy

Therefore, putting together (5.13), (5.14) and (5.15) we achieve the following upper bound

m _—
—ZLIF(us(te,xc)) —F(¥Y(te,x )N <Ko (m—l +ko(C + /11)) . (5.16)
0
Secondly, let’s establish the lower bound. Here we use that the operator is nonlocal, specifically
property (L1), which states infy yeq K(x,y) = kq > 0. Remember that F(us(t.,x.)) = F(¥(t,x.)).
—ZL[F(us(te,x.)—F(Y(Ee,x0))]

= —P.V/N[F(ug(tc,xc) _F(‘P(tc,xc))) _(F(uﬁ(tc,y))_F(\P(t07y)))]K(xC7y)dy
R
= / F(us(te, y)K (xc,y)dy —/ F(¥(tc, y)K (xc,y)dy
RN RN
ko [ Flustte)dy—ka | Kot 010" dy
RN RN
2kQ/NF(u5(tc,y))dy—kQKok_olQI. (5.17)
R
Where we have used Remark 5.7 again. Summing up, thank to (5.16) and (5.17) we know that
kQ/ Flus(te,x)dx <Ko (ka_0|Q| + 21 %o(C + /11)) . (5.18)
Q mo

Finally, this is the moment when we realize we have a contradiction. By combining inequality
(5.18) and Lemma 5.5, we obtain

kaclluol™  <klluoll™ (k kolQl+ — +Eko(C+ A )),
acll OHL;I(Q) l OHL;I(Q) kol mo 0 1
where the norm of the initial data is not zero and all constants are fixed except k. Thus, we can
choose k£ small enough to create a contradiction and conclude F (V) < F(ug) in [0,%.] x Q.

Step 1.3. Taking the limit as § — 0%,
Previously, we have seen the convergence (5.8), lims_.g+ us(t,x) = u(t,x) for all t >0 and a.e x € Q.
Thus, by the continuity of F and the last step, we conclude that for any ¢ € [0,¢,) and a.e. x € Q
we have

F(u(t,x)) = lim F(us(t,%)) =2 F(P(¢,2) = (klluoll Ty )™ @1(x)7L.
6—0 L}, (@)
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Step 2: The following inequality holds for all ¢ € (0, £, ]

Flu(t,x) =K (ti)m P07 (5.19)

* tml—l

We just have to rewrite (5.12) as follows

F(u(t,x)) = (klluolly 0™ ®1(x)

Ll (Q)

my m2

1,1 m —1_
cytT tml t \m1-1 Dq(x)°t
= (le—l) Dq(x)7! ZI_{(t—) ' %
t *

m1-1 tml’l tml’l
*

Step 3: For all ¢ > ¢, we have

1(x)‘71

tmo—l

Fu(t,x)=K (5.20)

Using Benilan-Crandall estimates 3.3 and step 2 for ¢ = ¢.., we obtain the desired lower bound

mo (D 01
70T Fu(t, x)) > £ 1F(u(t*,x))>tm° 'K 1(’“)

m 1
t* -
mo mi mo mi

=Kt MO0 =Kol M Dy (x) .

Putting together inequalities (5.19) and (5.20), we conclude the proof of the theorem. []

Theorem 5.8. Let & satisfy (A1), (A2) and (L2), and let F satisfy (N1). Suppose u is the minimal
weak dual solution of (CDP) with initial datum 0 <ug€ Lcll)l(Q)' Let the waiting time t. be as in
(5.9), then there exists a positive constant k1y > 0 which depends only on N, s, m;, F, v, Q and 11
such that YVt >0 and a.e. x € Q the following inequality holds

m2

F(u(t,x))= k1o (1 A ti)m @)™

*

my

tmi—l

Wherei=1ift<t.andi=0ift=t,.

Proof. The proof follows from the same argument as Theorem 5.6 with some slight modifications
in the calculations. In fact, we split the proof in the same steps.
Step 1: For all £ €[0,¢.] there exists a constant £ > 0 such that

Flutt, )= (Fluoll} oe) - @10, 5.21)

The idea to complete the proof of inequality (5.21) is similar to that of step 1 in the previous
proof. Therefore, we will remake the proof without dwelling too much on the details. As before,
we fix § > 0, let us be the minimal weak dual solution of (AP1) and define the lower barrier

W(t,x) = F L (Kot®y(x))™).

Where Ko = k|lugl”™, and % is a positive constant to be determined. Notice that we have the

L1 (D)
same properties as Remark 5.7.
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Now, we claim F(¥) < F(us) in [0, ¢,]1x Q. Let’s prove it by contradiction, assume the inequality
is false; thus, there exists a point (¢.,x.) € (0,£.] x Q such that F(V(¢.,x.)) = F(us(t.,x.)) for the
first time. The contradiction follows if we bound the next term from above and from below

~ZLIF(us(te,x))—FV(te,x )] =0tus(te,xc)+ LF(WY(L,,x.)).

Firstly, we find an upper bound for every term on right-hand side of the equation above.
maK T O ()™

FI(F-Y K"t ®1(x)™))

_maKg T D)™

h m()Kgllthl(Dl(xc)ml

_ m1 Kot P1(xc)

Orug(te,xe) <0:W(t,,x.) =

F K @1 (xc)™)

my te

< M g0 ®1(x,). (5.22)
my

Here, we have used the condition (N1) of the nonlinearity F'. To find an upper bound for ZF(¥)
we will use Kato type inequality, Z(f™) < mf™ 1 £(f) for any non negative f and m > 1. You
can see the proof in [10]. Note that F(W(¢,x)) = (Kot®1(x))™!, so we have

LF¥(te,x0) < m1(Kot o D1(x))™ Kot LD1(xc)
= m1Ky e A Py (ae)™

< Ko(m1A1ko |91 llee0)P1(xe). (5.23)
Secondly, for the lower bound, we are going to use the definition of the operator
P.V/N(F(ug(tc,y))—F(‘P(tc,y)))K(xc,y)dy =—-2LIF(us(te,x.))—F(¥(tc,x0))].
R

Thus, using the left-hand side of the equation above and the property (L2) of the kernels, we
obtain

P.V/N(F(ug(tc,y))—F(‘P(tc,y)))K(xc,y)dy = coq)l(xc)/(F(ug(tc,y))—F(‘P(tc,y)))q)1(y)dy
R Q
:ch)l(xc)/ F(u§(tc,y))<1>1(y)dy—00‘D1(xc)/(Kotc®1(y))m1®1(y)dy
Q Q

= CO(Dl(xc)/ Fus(te, y)®1(y)dy - co®1(x)KokollP1I[[ Q1. (5.24)
Q

Moreover, by Lemma 5.5 we also know glluollgl1 @ = fQF(ug(t,x))(Dl(x)dx. Putting all these
@1

inequalities together, (5.22), (5.23), (5.24), and this last one, we have

Cleluollfgl(Q)SCO/QF(ua(tc,x))(Dl(x)dx

<K

mi -— -— 1
— +midikol P1llLe@) + cokoll P1lIT ) IQI)
mo

miy

@1

m1 — _ 1
— +midikolP1llLx@) + cokoll P17, IQI) -
mo
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Then, all constants are fixed except %, and the initial data is not identically zero. Thus, we can
choose k£ small enough to lead us to the contradiction. Finally, we take the limit as § — 0" and
conclude (5.21).

Step 2: For all £ € (0,¢.] the following inequality holds

m1-1 @ mi
Flu(t,x)) zz_{(i) 0™ (5.25)
* gm1-1
The proof follows by the same argument as in Step 2 of the proof of Theorem 5.6.
Step 3: For all ¢ > ¢, we obtain the bound
Dq(x)™
Flutt, o)z K 2290 (5.26)
tmo-1

The proof follows by the same argument as in Step 3 of the proof of Theorem 5.6.
We can complete the proof by joining inequalities (5.25) and (5.26). []

5.4 Positivity for large initial data

In this subsection, we will proceed similarly to the previous one. However, since the norm of the
initial datum is large, ||u0||L<1I> @ > 1, we have
1

Cx

ty= (5.27)

- mo—1 °
lwoll;y

L}, (@)

The proof follows by similar ideas, but there are several relevant technical modifications that
need to be addressed.

Lemma 5.9. Let &£ satisfy (Al), (A2) and (K2), let F satisfy (N1). If u is a minimal weak dual
solution of (CDP) with initial data 0 < ug € L<11>1(Q)’ let us be the approximate solution of (AP1)
with the same initial data and let t, be as in (5.27). Then, there exists a constant ¢ >0 such that
for all t €[0,t.] we have

glluollﬁo (Q)S/F(u(t,x))q)l(x)dxs/F(us(t,x))q)l(x)dx. (5.28)
®) Q Q

Proof. We split the proof in two steps.

1 -1
Step 1: We assert that there exists a constant C such that for tg = C ((2k7)259°'7 ||u0||£11°_(§12)) )
@1

the conditions of Corollary 4.2 are satisfied.
(n+y)
Let us define M :=(2k7)~ 5. A straightforward calculation shows that if ”uOHL}D @ =M, then
1
2s

25 1 -1
IIuOIIII\"f Y(Q) > ((2k7)2390# IIuOIIﬁO_“l))) . Therefore, we can apply Corollary 4.2 since, if we choose
@1 @1

2s 1

1 -1
to= (2(2k7)23"0,7 ||u0||$1°(51)) , at the same time we get t( < ||u0||£VfY(Q) and g < ((2k7)23"0,y ||u0||gf(51)
@1
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In the case when the norm is bounded from above and from below, 1 < ||u0||L(1D @ =M, we
1

mi—l

Ly, (@)

in the same scenario as described above and, if it occurs at i = 1, we can repeat the computation

of Remark 5.2 to obtain that the constant for which the hyphoteses of Corollary 4.2 are always

satisfied is

1 -1
consider the quantity min;—¢ 1 (((2/{%7)25% llzeoll ) ) If the minimum occurs at i = 0 we are

N+
C =5 [1n@en ™ ),

Step 2: Proof of the bound (5.28).

Select ¢y as in Step 1, then we can repeat the same proof as in Lemma 5.5, just using the
properties of Lemma 3.3 for F in the case where IIuOIIL}D @) = 1 together with the fact that
1

to =Ast.. O

We prove now the quantitative lower bounds, which require hypotheses (L.1) and (L2) for the
operator .. The main idea is similar to the previous subsection, but the there are dramatic
changes in the technical details, in particular the barriers are different.

Theorem 5.10. Let & satisfy (Al), (A2) and (L1), and let F satisfy (N1). Suppose u is the
minimal weak dual solution of (CDP) with initial datum 0 <ug€ L<11>1(Q)' Given the waiting time
ty asin (5.27), we establish the following result:

Assume either o1 =1o0r 01 <1, K(x,y) < c1lx —y|"N*29) gnd @; € CY(Q), then there exists a
constant k11 > 0 which depends only on N, s, m;, v, F, Q and Ay such that for all t >0 and a.e.
x € Q the following holds

Fu(t,x)=k i)rnlq’[fl’ ift<t.. o0
=R _mg_ '
L)T 1), ift =t

Proof. We split the proof in three steps. Firstly, we estimate a lower bound for F(u(¢,x)) which
is the key of the proof, after that, we obtain inequality (5.29) for small time ¢ < ¢, and finally for
large time ¢ = £,.

Step 1: Claim. There exists a constant 2 > 0 small enought such that for all ¢ € [0, ¢.] we have

my
F(u(t,x)) = (klluollflo_1 t) Dq(x)71. (5.30)
L@
Proof of the claim. Step 1.1. Aproximate Solutions.
We fix § > 0 for the duration of the proof of the claim and let us be the approximate solution
of (AP1) with initial data wg. Define Ky = k||u0||g10_(£1)), where % is a positive constant to be
D
determined. Now let the lower barrier be given by '

Y(t,x0) = FH KT ™ O1(0)7).

Note that here, in contrast to the theorem 5.6 and the results on a priori estimates of [10], the
power of the norm of the initial data in the constant K, is mg— 1, not mqo. This is because
the norm can be arbitrarily large, always bigger than 1. Some fundamental observations are
explained in the following remark.
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l—mo

Remark 5.11. (a) Here, we have ¢, = cxlluolly s
@

< ¢, because ||u0||L(1D o >1
1

(b) In order to simplify the calculations, let ®; be the first eigenfunction of £ normalized i.e.,
[P1llLe) = 1.

(c) By the construction of Ky and the definition of ¢,, for any ¢ € [0,%.] we have
KM m < KM < (Kot )™ ey <ko.

(d) For any ¢ €[0,¢.] we have Kot < Kot = kc. :=rg. Therefore, by adjusting the value of & if
necessary, we obtain from Lemma 3.3 that

_1[ F(key)
(ke )m

F (Kot)™ | = Kot.

Step 1.2. V¥ is a lower barrier for us: We prove F(¥(¢,x)) < F(us(¢,x)) for any (¢,x) € [0,¢,]1x Q
by contradiction. Assume that the inequality is false. By the regularity of F, us and ¥, there
exists a first touching point (¢.,x.) € [0, ¢.]x Q where F(¥(¢.,x.)) = F(ugs(t,,x.)) for the first time.
Note that (¢.,x.) € (0,¢.) x Q because is ¢, = 0 or x. € 0Q2 we have

F(W(te,x2:)=0<F(6) =F(us(tc,x.)).

Now, let’s bound — ZL[F (us(t.,x.)) — F(¥(t.,x.))] from above and below. First, we find the upper
bound similarly to Theorem 5.6:

—ZLIF(uste,x.) —F(Y(te,x))]=0us(te,xc) + LF(V(te,xc)),
and we bound every single term of above. On the one hand, as (¢.,x.) is the first touching point,
we have
mi K o ()
FI(F-YK" t,  ®1(x)01))
_miKg @)
— moK "t @y ()0

<= —Kj. (5.31)

Orus(te,xc) <0 W(te,x.) =

FUK G 1 @1(x)h)

Where we have used moF(r)/r <F'(r) < m1F(r)/r as a consequence of (N1), and Remark 5.11(d).
On the other hand, if 1 = 1 we have

$F(\P(tc,xc)):K(')”lt?%l(bl(xc)sKok_o/ll. (5.32)

Where we have used Remark 5.11(c). If 01 <1, then using that ®; € CY(Q) and g(x) =« is
concave we get
|D1(x)7 = D1(y)7 | < |[D1(x) — P17 < | — y 7L,

Thus, as we know yo1 >2s and K(x,y) < lx_;ﬁ, we obtain

LFW(te,x) =Kyt L] (x.) =K't "P.V / @1(xe)™ = P1() K (e, y)dy
R

c1 2c1
SKmltml( clx, —y|"ot ————  dy + ———d
ot |y e T W [ ey

< CKko. (5.33)
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Therefore, by combining inequalities (5.31), (5.32) and (5.33) we obtain the following upper
bound:

— LIF(uslte, xe)) ~ F(P(te, x0))] < Ko %He_o(ﬁml) . (5.34)
0

Secondly, we show how to obtain the lower bound, employing a method similar to that used in
Theorem 5.6. Here, we utilize the nonlocal nature of the operator, as specified by condition (L1).

—ZLIF(us(te,xc)—F(¥(tc,xc))]

= —P.V/N[F(ug(tc,xc)—F(\If(tc,xc)))—(F(ua(tc,y))—F(‘P(tc,y)))]K(xc,y)dy
R
:/ F(ug(tc,y))K(xc,y)dy—/ FW(te,y)K (xc,y)dy
RY RN
> kg / Flus(te, )y —ka / (Kotoy™®1(y)" dy
RN RN
ZkQ/NF(u§(tc,y))dy—kQKok_olQl. (5.35)
R
Therefore, thank to (5.34) and (5.35) we have

kQ/ F(us(te,x)dx <K
Q

kakolQl+ 1L +k_0(6+/11)).
mg

Remembering Lemma 5.9 we have the inequality which allow us to obtain the contradiction,

m()—l

kacllu
acll OHL}DI(Q)

< kaclluol™ . < Elluol™* (kﬂk_o|9|+%+k_o(6+/l1)).
0

mo
L}, () L}, ()

Where the norm of the initial data is not zero and all constants are fixed except k. Thus, we can
choose k£ small enough to create a contradiction and conclude F(V¥) < F(ug) in [0,%.] x Q.

Step 1.3.Taking the limit as 6 — 07.
By the continuity of F, the pointwise limit of us(¢,x) as 6 — 0 and the lower barrier from step
1.2, we conclude that for any ¢ €[0,¢.] and a.e. x€ Q

F(u(t,x) = F(Y(t,0) = (Rlluoll o ™ 1)
@1

Step 2: The following inequality holds for all ¢ € (0, ¢.]

F(u(t,x)=zK (ti) l D1 (x)7*. (5.36)

*

We just have to rewrite (5.30) as follows

«t

* *

1, \™ c
Flu(t,) = (klluollmo_ t) Oy ()" = (k :

™ o t\™ o
1 e 1
Lclbl(Q) ) q)l(x) ZI_{(t ) q)l(x) .

Step 3: For large times, i.e. ¢ > ¢, we have

mo q) g1
Flutt,anz ket 207 (5.37)

tm()’l
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Using Benilan-Crandall estimates, more precisely inequality 3.3, and (5.36) for ¢ = ¢,, we obtain

mo

tyo s Dy(x)%!
Flutt, o)z 2 Futt,, o) = 70 g 2297
tmo-1 tmo-1

Putting together inequalities (5.36) and (5.37), we conclude the proof of the theorem. []

Theorem 5.12. Let £ satisfy (Al), (A2) and (L2), and let F satisfy (N1). Suppose u is the
minimal weak dual solution of (CDP) with initial datum 0 <ug€ Ltlbl(Q) and let the waiting time
t.« be as in (5.27). Then, there exists a constant k1o > 0 which depends only on N, s, m;, F, y, Q
and A1 such that for all t >0 and a.e. x € Q we have

¢\ 2my .
- (O ift<t,.

F(u(t,x) = k1o t*) _ ! (5.38)
(L)m T @)™, ift=t..

Proof. The proof follows a similar argument to that of Theorem 5.8 with minor modifications.

Step 1: For all £ € [0, t,] there exists a positive constant 2 > 0 such that

my
F(u(t,x)) = (knuon’L"f‘(g)t) Oy ()™, (5.39)
@1

To proceed similarly to our previous approach, we fix 6 > 0, and denote us the approximate
solution of (AP1). We define the lower barrier

W(¢,x) = F L (Kot®1(x))™),

m()—l
Ly, (@)
similar properties as in the previous proof, (cf. Remark 5.11).

where Ko = E|lugll Here, % is a positive constant that will be determined, and it possesses

We now observe that F(¥) < F(us) on [0,%,]xQ and we proceed to establish it by contradiction.
Suppose the inequality does not hold; then there exists a point (¢.,x.) € (0,.] x Q such that
F(Y(te,x)) = F(us(te,x.)) for the first time. The contradiction follows if we properly bound the
following quantity from both above and below

P.V/N(F(ug(tc,y)) —F(W(te, yMK(xe,y)dy = —ZLIF(uste,x0) —F(Y(te,x))]
R
=0sus(te,x.)+ LFW(t.,x)).
We first establish an upper bound for each term on the right-hand side of the equation above.

maK e D ()™
FI(F-NK "t D1(xe)™))
5 maK e T D ()™
B moK(r)nltth)l(xc)ml
< mKOtc(Dl(xc)
mo te

<M g i(x,). (5.40)
mg

Orus(te,xc) <0:¥(te,xc) =

F K @1 (xc)™)
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Using Kato type inequality Z(f™) < mf™ 1 %(f), or any non-negative function f and m > 1,
and noting that F(¥(¢,x)) = (Kot®1(x))™!, we can write:

LFY(te,x.)) < m1(Kot P1(x.))" Kot . LDy (xc)
= m1 Ky e A @1 (ae)™ < Ko(mqA1ko @1 llLee(0)) @1 (xe). (5.41)

Since the operator is non-local (cf. (L.2)) and considering the identity F (W (¢.,x.)) = F(ugs(tc,x.))
we proceed to derive the lower bound of the left-hand side of the previous equation.

P.V/N(F(ug(tc,y))—F(‘P(tc,y)))K(xc,y)dy = coq)l(xc)/(F(ug(tc,y))—F(‘P(tc,y)))q)1(y)dy
R Q
:ch)l(xc)/ F(u§(tc,y))<1>1(y)dy—00‘D1(xc)/(Kotc®1(y))m1®1(y)dy
Q Q

= CO(Dl(xc)/ Flus(te, y)®1(y)dy - co®1(x)Koko |1 ]k 1. (5.42)
Q

Moreover, thanks to Lemma 5.9 we know ¢ IIuOIISI" @ < fQ F(ugs(t,x))®1(x)dx. Thus, combining
D
this inequality together with inequalities (5.40), (5.141) and (5.42), we obtain

-1
coclluollfy” o) = coclluolly ) < 60/ F(us(te,x)P1(x)dx
@1 @1 Q

my T T 1
=Ko (m_o +m1Atkoll®1 1) + cokoll P1llTg,) IQI)

-1 (M1 T — +1
<k ||u0||£n£ @ (m_o +m1Aikoll@1lLe@) + cokoll P, IQI) :
1

Then, all constants are fixed except %k, and the initial data is non-zero. Thus, we can choose £
small enough to reach a contradiction.

Finally, we take the limit as § — 0% which lead us to (5.39), namely

F(u(t,%) = FP(,0) = Gklluoll7" L t@160)™.

Step 2: The following inequality holds for all ¢ € (0, £, ]

my
F(u(t,x))zK(ti) ®q(x)™. (5.43)

*

The proof follows by the same argument as in Step 2 of the proof of Theorem 5.10.

Step 3: For large times, i.e. £ > ¢, we have

In(l (D mi
Flu(t,x) = Ki 7o 21"

tm()—l

(5.44)

The proof follows by the same argument as in Step 3 of the proof of Theorem 5.10.
We complete the proof by joining estimates (5.43) and (5.44). []
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5.5 The anomalous lower bounds with small data

Since 01 < 1 < m; we have ®1(x)"! < ®1(x)°! for any x close enough to the boundary of the
domain. As we show in Theorem 2.9, the lower bound F(u(t)) = q)rl'“ is always valid, but the
power does not match the one of the upper bound. Now, we want to discuss the possibility of
improving this lower bound.

We first show that we cannot hope to prove that F(u(t)) is larger than q)‘l“ in general, hence we
cannot match the powers of the lower and upper bounds to get F(u(?)) = <I>‘171 when 01 < 1.

Theorem 5.13. Let £ be an operator that satisfies (Al), (A2) and (K2), and u be a nonnegative
weak dual solution to the problem (CDP) corresponding with the initial datum 0 < ug€ Lclpl(Q).
Assume that the initial datum is small, ug(x) < Co®1(x), for some positive constant Cy. Then,
there exists a constant k13 > 0 depending only on N, s, v, F and Q such that

®q(x)

F(u(t,x))<Cok1s for all t >0 and a.e. x €.

In particular, if 01 < 1, then we have

Flu(t,x)

lim =0 foranyt>O0.

x—0Q D1(x)1

Proof. Starting from the Fundamental Upper Bound (FUB) and since the function ¢ — f q u(t, y)G(x, y)dy
is decreasing, remember Proposition 3.6. We obtain the following:

mo mo

9T 97
F(u(t,xg)) < /u(t,x)G(x,xo)de /uo(x)G(x,xo)dx
Q Q
Qg1 971 92701 C
mg— mg— mg—
< Co/le(x)G(x,xo)dx: CoL 1®1(x0) = 200, (xo).
t o t t M

Where in the last steps we have used the upper bound for the initial data ug < Cy®1 and the
fact Z®1 =11D1. [

A careful inspection of the above proof reveals that when ug(x) < Cy®1(x) for a.e. x € Q, we get

/ u(t, x)G(x, xp)dx < %@ﬂxo), for a.e. xg € Q. (5.45)
Q 1

A natural question that appears after the above result is: Is it possible to obtain a sharp
general lower bound in terms of ®1? The answer is negative, as we shall see. Indeed, under
assumption (K4), the bound F(u(¢)) 2 @ is false for 01 < 1 and for small initial data, as the
following Theorem shows.

Theorem 5.14. Let £ be an operator that satisfies (A1), (A2) and (K4), and let u be a nonnegative
weak dual solution to the problem (CDP) corresponding to the initial datum 0 < ug € Lclpl(Q).
Assume that ug < Co®1 for some positive constant Cy and

u(T,x) = k14®1(x)* forae x€Q,

1

for some constants k14, T, « >0. Then, a =1— % Moreover, if 01 <1 we have a > e
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1
Proof. Given xg € Q, let R = dist(xo,0Q) (recall Rg = ®]). Since G(x,x0) 2 |x —xol V2 inside
the ball Bg,/2(x0), by (K4), we can use our assumption on u to get

(Dl(x)a ap2s a+2
u(T,x)G(x,x0)dx = ————dx 2 O1(x0)*R;° = D1(x9)" " 7.
~ o N-2s ¥R 0~
0 Bysa(xo) 1% = %ol

Combining the above inequality with (5.45) gives
‘Dl(xo)a+27s < Dq(xg) for all xg € Q.
Which directly implies a =1 - 2—;

To conclude the proof, we only have to note that 1 - % > m% ifand onlyifo; <1. [J

6 Regularity results

To obtain the regularity results, we require the Global Harnack Principle to be valid with match-
ing power (Theorem 2.7 and Theorem 2.8). For higher regularity results, extra assumptions on
the kernels are necessary. Prior to addressing interior regularity, we must establish upper and
lower bounds on u of the type 0 < d < u < M < oo. These bounds can be derived from Harnack
inequalities, as we shall see below.

It is also important to mention that in this work, we do not achieve regularity up to the bound-
ary: despite of the fact that we have matching power in the Global Harnack Principle, the lack
of homogeneity of F' causes problems with the rescaling, an essential ingredient of the proof; see
[10, Theorem 8.3] for a proof of sharp boundary regularity in the case F(u) = u™ with m > 1.
Boundary regularity remains an intriguing open problem for nonhomogeneous nonlinearities.
Also, we would like to mention that the optimal boundary regularity for the classical case (i.e.
u; = Au™) has been only recently obtained by Jin, Ros-Oton and Xiong [50].

Lemma 6.1. Under the assumptions of Theorem 2.8, there exists a constant H > 0 depending
only on N, s, v, and Q such that for any ball Br(xy) c Q such that Bap < Q) we have

sup ®i(x)<H inf @q(x).

x€BR(x0) x€BR(xp)

Theorem 6.2 (Local Harnack Inequalities). Under the assumptions of Theorem 2.8, there
exists a constant H >0 depending only on N, s, v, m;, F, c1, kg and Q such that for any ball
Bpr(xg) c Q with Bog < Q, the following assertions hold.:

1—m1

L the following inequality holds
5@

@) If”uO”L(lD @ = land 0<t<t.=c«luoll
1

mZ
g
sup F(u(t,x))SH*—mO inf )F(u(t,x)).

x€BRr(xg) tm1+m0_1 x€BR(xo

1—m1

- the following inequality holds
L@

(i) If luolly (o) <1and t=t, =c,luol
1

sup F(u(t,x)<Htmod w1 inf Fu(t,x)).

x€BR(x0) x€BR(xo)
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(i) If ||u0||L1 (@2 >land 0<t<t.=c« ||u0|| the following inequality holds

L1 (Q)
PO e
sup F(u(t,x)<H——— m— inf  F(u(t,x)).
x€BR(xp) t’”l‘*‘m x€BR(xp)

Gv) If ||u0||L1 (@2 >land t=t.=c. ||u0|| the following inequality holds

Ll (Q)

Mo ™M1
mp-1 mq-1

sup F(u(t,x))sﬁtT inf F(u(t,x)).

x€BR(x0) §mo-T x€BR(xo)
*

Proof. We will only prove part (i) with full details, and the other cases follow with trivial
changes, due to the different forms of the GHP involved. Using the GHP, i.e., inequalities (2.4)
and (2.5), together with the previous lemma we obtain the local, and more classical, forms of
Harnack inequalities.

Let xp € Q and R > 0 such that the balls Bgr(xg) € Q and Bog(xg) = Q. Let 0 < ¢ <¢,, thus,

_m
sup F(u(t,x))<xgt ™1 sup @1(x)’*

x€Bg(xo) x€BR(x9)
i
__mo_ t'"l m-t
<Kt m-1H?' inf (131(95)‘71<H‘71 ——— inf F(u(t,x)).
x€BR(x0) K3 t’" 0 +m1 xeBg(xo)

O

Remark 6.3. It is also possible to derive the previous inequalities in the Elliptic/Backward

_mo_
Type. Since F(u(t,x))<(1+ %)MO*lF(u(t + h,x)), by the time monotonicity of Lemma 3.4, we can
obtain, for instance, for the first inequality

mo

h\mo1 ¢t
sup F(u(t,x)) =< (1+ t) ——— inf F(u(t+h,x)).
t

x€Bg(xo) m1+ 508 xeBp(xo)

These results are valid for ¢ = ¢, thanks to Theorem 2.7. As explained in [10], these Harnack
inequalities (in the local case s = 1) are stronger than the known two-sided inequalities valid for
solutions to the Dirichlet problem for the classical porous medium equation, cf. [3, 24, 36, 37, 38],
which are of forward type and are often stated in terms of the so-called intrinsic geometry. Note
that elliptic and backward Harnack-type inequalities usually occur in the fast diffusion range
m < 1, see for instance [11, 14, 15, 16] (when we have the equation u; + £u™ = 0), or for linear
equations in bounded domains, cf. [40, 49]. It is also possible to obtain forward in time elliptic-
type Harnack inequalities. These inequalities are classical and hold for sufficiently small A <0.

Now, let’s discuss the suitable class of solutions used to prove regularity results. Throughout
this section, we consider weak solutions of (CDP), as defined in Definition 6.4 below. This class
of solutions is contained within the broader class of weak dual solutions. We would like to stress
that all the regularity results that we prove for weak solutions, can be generalized to the wider
class of weak dual solutions to (CDP), by approximation.
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In [17], the first author and Vazquez construct weak dual solutions starting from weak solu-
tions: more precisely, weak dual solutions should be interpreted as a class of limit solutions that
satisfy a “quasi” L(ll,1 -contraction, that implies uniqueness of minimal weak dual solutions as Lcll)1
function. Once we have proved regularity results for weak solutions, we only need to approx-
imate a weak dual solution from below by means of a sequence of weak solutions: in this way
we can extend all the following regularity results to weak dual solutions and, in particular, to
minimal weak dual solutions. Indeed, all the constants in the regularity estimates are stable
under this limit process, since they only depend on the supremum of u, which is controlled by
the L<11>1 norm of the initial datum, as indicated by the smoothing effects.

Definition 6.4 (Weak Solutions). We say that a function u is a weak solution of the problem
(CDP) if it satisfies the following:

e 1 eC(0,00):LY(Q)) and F(u) e L2 ((0,00) : H5(Q)).

loc

* u(0,-)=ug for a.e. point of Q.

¢ For any test function ¥ € C%((O,oo) x Q) we have

/ /uatw:/ /,%%F(u)ff%\y. 6.1)
0 Q 0 Q

6.1 Proof of Theorem 2.11

Observe that the lower and upper bounds in the hypotheses for weak solutions of Theorem 2.11
are perfectly valid for minimal weak dual solutions, thanks to both the local and global Harnack
inequalities for F(u), and the monotonicity of F'.

Our proof relies on a localization argument introduced in [8, 10], that we extend here to the
more delicate case of a non homogeous nonlinearity F'. This allows us to exploit the following
linear result for (local) weak solutions, which shows that bounded weak solutions are indeed
Holder continuous.

Theorem 6.5 (Felsinger-Kassmann [41]). Let £ be an integro-differential operator of the

form

a(t,x,y) dy

Lau(t,x) :P.V/RN(v(t,x)—v(t,y))m .

Where the coefficient a is symetric, i.e. a(t,x,y)= a(t,y,x) and satisfies A~* < a(t,x,y) < A for some
A>1. Let v e L°((0,1) x RY) be a weak solution of the equation

v+ Luu=Ff for(t,x)e(0,1)xByand f€L>®(0,1)xB).
Then, there exists a small a >0 and C > 0 which depends only on N, s and A such that

”U ||CZ”;1/23((1/2,1)><31/2) =< C (”f ||L°°((0,1)><Bl) + ”U ||L°°(((),1)><[RN)) . (6~2)

This Theorem is stated in [41] with f = 0, but the very same proof allows to deal with the
apparently more general case of bounded f.

49



Proof. We split the proof into three steps.

Step 1: Localization of the problem. By rescaling, if needed, we may assume x¢g =0 r = 2,
To=0,T9=1/2and T = 1. Let p € C°(B4) be the first smooth cutoff function such that p=1in
B3 and p =0 in RV \ B4. We define v = pu and observe that

LF@)=2LF(u)-4[F(pu)-Fu)],

where F(pu)— F(u)=0 in B3 by definition of p. Moreover, for any x € Bs we have
—-Z[F(pu)-Fu)l(x)=P.V /N [F(p(y)u(y) — F(u(y)IK (x,y)dy,
RN\B3
which belongs to C*°(B3). Therefore, the equation that v satisfies is v; + £F (v) = g(t,x) where g
is a C*°(By) function in x for fixed ¢ € (0, 1).
Now, let 1 € C°(Bs) be the second smooth cutoff function such that =0 in R¥Y \ By and n=1
in B1. Then, for any ¢ € (0,1) and x € B, we write

F(v(t,x))—F(t,y)=(t,x)—v(t,y)alt,x,y)+ h(t,x,y), (6.3)

where the coefficients are defined as follows:

b x.y)= F(t,x))-F(uv(t,y)
Y v(t,x)—v(t,y)

h(t,x,y) =1 —n(x—y)IF@(Et,x) - F(v(t,y) - (vEt,x)—vE,y)]

n(x—y)+ (1 —nlx —y)).

Step 2: Holder continuity. The coefficient a defined above can be expressed as

1
a(t,x,y)=n(x —y)/ F'(v(t,x) + Alv(t,y) — v(t,x)DdA + (1 = n(x — y)).
0

For the first term to be non-zero, we require |x — y| < 2. Given that x € By, this implies y € Bs.
Consequently, all functions v are essentially u, for which we have the bound 0 <6 <u <M in
(0,1) x B4. This allows us to conclude that A1 < a(t,x,y) < A, because F'(r) = F(r)/r for r > 0,
which is increasing, and v(z,x) + Alv(¢,y) — v(¢,x)] is a convex sum. Multiplying (6.3) by K(x,y)
and integrating in the entire space with respect to y, we obtain

ZLF)=%Lv+f, with f(t,x):/

h(t,x,y)K(x,y)dy + Bx)F (v(t,x)).
[RN

Thus, recalling that v; + £F(v) = g, we also have the following equation for v
vi+Lyv=g-f.

In order to apply Theorem 6.5 and conclude that v is Holder continuous in the interior, we need
to show that f is bounded. It is clear that the term B(x)F (v(¢,x)) is bounded for (¢, x) € (1/2,1)xB1,
this is why we asked B(x) to be bounded. By the definition of A, if |x — y| < 1, then A = 0 because
n(x —y) = 1. Moreover, if y € RN \ By, then v = pu = 0 and thus /4 = 0 as well. Summing up, f is
non-zero for x € By and ¢ € (0,1) fixed, only when y € B4 with |[x —y| > 1. In this scenario, using
the bound for u, which are also valid for v, we conclude that |A(z,x,y)| < ¢ and therefore f is
bounded. Consequently, Theorem 6.5 guarantees that there exists a > 0 such that

”U”C:;;’@S((l/z,l)xBl,z) < C(llg = fliL=o,1xBy) + IV lIiL=(0,1)xBy)) -
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Since u = v in the relevant balls and 0 < u < M, we obtain
” u ”CZ’;’QS((I/Z,I)XBl/z) <C.

Step 3: Solutions are Classical in the Interior. In Step 2, we established that there exists
an a >0 such that u € Czt“ /23((1/2, 1) x Bys9). Similar to step 1, we use cutoff smooth functions p
and 7, supported within ((1/2,1) x B1/2), to ensure that v = pu is a-Hoélder continuous in (1/2,1) x
RV,

Now, let 1 = (anB) (where f is the parameter in assertion ii) ) and define K, (¢,x, y) = a(t,x, y)K(x, y).
Given the assumptions on the kernel K and the Hélder continuity, we can verify that

Ko (t,2,y)— Ko, %, y)| < C(lx — %' |P1 + | — ¢/|P1/28)| |~V +29)

inside ((1/2,1) x Bys2). Futhermore, since f,g € Cf’lt’ﬁ 1/23((1/2, 1)xB1/), we can apply the Schauder

estimates from [39] to obtain

< _
||U||szt+ﬁ1,1+ﬁl/2s((3/4’1)x31/4) <Cllg f”Cf}’ﬂl/zs((l/Z,l)XBl/g)+ “v||Cf,1t’ﬂ1/25((1/2,1)><RN) .

i’st+ﬁl’1+ﬁl/2s((3/4,1) x By/4). If B1 = B, we are done. If f1 = a we

Know that € ngc,st+a’1+a/2s((3/4’l) x By/4). We then set a1 = 2s+ a, B2 = (a1 A B) and repeat the
23+ﬁ2,1+ﬁ2/23((1_2—4, 1) xB2_5), and

x,t

In particular, this implies u € C

process with B9 instead of $1. This allows us to conclude u € C
by iterating this process, we eventually obtain

ue C2s+ﬁ,1+l3/23((1 _ 2_k, 1) x Bsz—l).

x,t

Finally, a standard covering argument allows to complete the proof. []

7 Some examples of operators.

The fractional Laplacian (—A)® posed on the whole space RV, can be defined in several equivalent
ways, at least three . On the other hand, as noticed in [10, 12, 18] such definitions happen
to generate three different operators on bounded domains, as we recall below. These three
definitions are the prototypes of the wide class of operators that we treat in this work.

* Restricted Fractional Laplacian (RFL): starting from the definition in the whole space of
the fractional laplacian

fx)-f(y)

(-AYf(x)=CnP.V S

dy, (7.1)

where Cy s is an explicit positive constant. We define the RFL on Omega £ = (-A|q)* as the
operator above restricted to the functions which vanish outside Q. In this case £ satisfies
(A1), (A2), (L1), (K2) and (K4) with y =s €(0,1) and 01 =1, see [43, 47]

¢ Censored Fractional Laplacian (CFL): It is the infinitesimal operator of the censored
stochastic processes introduced in [7] and it has the following expression

)= f(y)
Q |x_y|N+23

In this case £ satisfies (A1), (A2), (L1), (K2) and (K4) with y =2s—1 and 01 =1, see [20].

(~AFf(x)=P.V dy, with se(1/2,1). (7.2)
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¢ Spectral Fractional Laplacian (SFL): Starting from the classical Dirichlet Laplacian on
domains (-Aq), we denote by {1 j};il the eingenvalues of this operator in non-decreasing

order (repeated according to their multiplicity) and by {¢ j};il the sequence of eigenfunctions

normalized in L2(Q). In this way, the spectral power of (—~Aq) can be expressed in terms both
in terms of Fourier series and of the associated heat semigroup:

. _ 1 00 etAQf(x)_f(x) ~ 00 P
(20 f) = o /0 R W

where f; = Jo F@)j(x)dx.

The SFL operator can also be written as the convolution with a kernel plus a zero-order term
as follows, see for instance [1, 46]

(M) f(x) = P.V/ Lf (x) = fF(PIK (x, y)dy + B(x)f (x). (7.3)
Q

Here, K is a singular kernel with compact support and B = d?¢. This operator satisfies (A1),
(A2), (L2), (K2), and (K4), with y = 1 and o1 = (1 A 25 ) see [25, 26, 27, 28, 29, 571.

ml—l

* Further examples: Let’s show several other relevant examples to which this theory applies.
Firstly, consider operators of the form

£f()=P.V / (f) - f(y))lxa(;“—l’gizsdy, with s € (1/2,1).
o =

Where a is a symetric C! function bounded between two positive constants. In this case,
Y =2s — 1 and the Green function G(x, y) satisfies (K4); see [7, 20].

Another example includes operators with more general kernels, such as integral operators of

the form
alx,y)

a%f(x):P.V/(f(x)—f(y))W dy.
Q |l — y| ¥ +as

Here, the coefficient a is a measurable symmetric function, bounded between two positive
constants, and satisfying |a(x,y) — a(x, %) x|x—y<1 < c|lx — y|? for 0 <s <o < 1. In this scenario,
s €(0,1], y = s and the Green function satisfies (K4); see [44].

Finally, our last example consists of spectral powers of uniformly elliptic operators. Consider a

linear operator in divergence form with uniformly elliptic C! coefficients of = — vajzl 0i(a; j0;).

We can construct a self-adjoint operator on L2, with discrete spectrum (A%, ¢p). Thanks to the
ellipticity and the spectral theorem, we can construct the spectral power s € (0,1) of such an
operator

Lf@) = f(@)= Y Al dr(x),
k=1
where ﬁ = fQ f(x)pr(x)dx. In this case, y =1 and the Green function satisfies (K4), see [45].

More examples can be found in [18, Section 3.3], see also [10].
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