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Sharp Boundary Estimates and Harnack Inequalities

for Fractional Porous Medium type Equations

Matteo Bonfortea,b and Carlos Fuertes Morána,c

Abstract

This paper provides sharp quantitative and constructive estimates of nonnegative solu-

tions u(t,x) ≥ 0 to the nonlinear fractional diffusion equation,

∂tu+L F(u) = 0,

also known as filtration equation, posed in a smooth bounded domain x ∈Ω⊂ R
N with suit-

able homogeneous Dirichlet boundary conditions. Both the operator L and the nonlinearity

F belong to a general class. The assumption on the operator L are set in terms of the ker-

nel of L and L
−1, depending on the result, and allow for operators with degenerate kernel

at the boundary of Ω. The main examples of L are the three different Dirichlet Fractional

Laplacians on bounded domains, and the nonlinearity can be non-homogeneous, for instance,

F(u) = u2 +u10. Previous result were known in the porous medium case, i.e. F(u) = |u|m−1u

with m > 1, whose homogeneity allows to considerably simplify the proofs. We take the op-

portunity of exposing a complete basic theory of existence, uniqueness and boundedness for

a quite general class of weak (dual) solutions, scattered in previous papers by Vazquez and

the first author. Our aim here is to perform the next step: a delicate analysis of regularity

through quantitative, constructive (all the constants can be explicitly computed) and sharp

a priori estimates. Our first main results are global Harnack type inequalities of the form

H0(t,u0)dist(x,∂Ω)a
≤ F(u(t,x)) ≤ H1(t)dist(x,∂Ω)b

∀(t,x) ∈ (0,∞)×Ω,

where the expressions of H0,H1 and a,b are explicit and change according to the choice

of operator L and nonlinearity F. The sharpness of such estimates is proven by means

of examples and counterexamples: on the one hand, we can match the powers (i.e. a = b)

when the operator has a non degenerate kernel. On the other hand, when the operator L

has a kernel that degenerates at the boundary ∂Ω, there appear an intriguing anomalous

boundary behaviour: the size of the initial data determines the sharp boundary behaviour

of the solution, which can be different for “small” and “large” initial data. We conclude the

paper with higher regularity results: solutions are always Hölder continuous in the interior,

and even classical when the operator allows it.
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1 Introduction

In this paper we study fine regularity and pointwise properties of a suitable class of weak solu-

tions to the nonlinear diffusion equation

∂tu+L F(u)= 0 in (0,∞)×Ω , (1.1)

posed on a bounded domain Ω⊂ R
N assumed to be of class C1,1, and N ≥ 1. We focus our atten-

tion on a number of quantitative a priori estimates of such solutions: local and global Harnack

inequalities, (sharp) positivity and boundary behavior estimates, and interior regularity.

Here, L is a linear operator belonging to a quite large class, that we shall characterize by

means of two parameters s,γ∈ (0,1], and that allows to study both local and nonlocal (fractional)

equations. The nonlinearity F is any non-decreasing monotone continuous function satisfying

suitable assumptions, that allow for degeneracies, namely F(0)= F ′(0)= 0.

The prototype example, is given by the so-called (Fractional) Porous Medium equation, with

the homogeneous nonlinearity F(u)= |u|m−1u with m > 1, which has been extensively studied in

the last decade [8, 10, 12, 34, 35]. Here, we consider more general, possibly non-homogeneous

nonlinearities, which introduce several new technical difficulties. These class of equations are

often called Generalized Porous Medium equations or Filtration equations in literature, see

[2, 24, 31, 33, 38, 53, 56]. These equations allow to model a wide range of phenomena appearing

in more applied sciences, like Physics, Biology, Engineering, Finance, etc. The use of nonlocal

operators in diffusion equations reflects the need to model the presence of long-distance effects

not included in evolution driven by the Laplace or any other local operator. When L is a local

operator, the model has been extensively used since the mid 50s, see the monograph [53] and

also [51]. On the other hand, the motivation and relevance of nonlinear diffusion models where

L is a nonlocal operator, has been mentioned in many references; see for instance [5, 16, 17, 32,

34, 35, 54] and the surveys [19, 55]. Because in most of the applications u usually represents a

density, throughout the paper all data and solutions are supposed to be nonnegative.

To better understand the effects of degeneration on the behaviour of the solutions, we impose

homogeneous Dirichlet boundary conditions. As already mentioned, the prototype equation is

the (possibly fractional) Porous Medium Equation

ut + (−∆)sum
= 0,

with m > 1, s ∈ (0,1], initial data u0 ≥ 0 and u = 0 on the lateral boundary1. The nonlinearity

F need not to be homogeneous and it is allowed to be more general than a single power: our

assumption will allow for non-decreasing C1(R\ {0}) functions, trapped between two different

powers both at zero and at infinity. This causes a number of extra difficulties in the proofs and

also new behaviors (typically it produces different results for small and large times) that depart

from the prototype case in a quantitative way. For technical reasons, we shall assume N > 2s.

Note that, since we are in a bounded domain, the fractional Laplacian can take several non-

equivalent forms, see Section 7 and references therein, that affect also the type of lateral bound-

ary conditions that we have to impose. The basic theory - existence, uniqueness and bounded-

ness - of weak dual solutions for the equation (1.1) have been studied in [12, 17, 18]. To the

1The boundary depends on the particular choice of operators, for instance if L = −∆ we consider the topological

boundary of Ω, while for nonlocal operators, such as the Restricted Fractional Laplacian the natural lateral boundary

is the complement of Ω, namely R
N \Ω. Many more examples can be considered, see Section 7 for more details.
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best of our knowledge, weak dual solutions represent the biggest class of nonnegative solutions

known so far, allowing for “big” initial data, which may blow up at the boundary in a non inte-

grable way. This complicates in a significant way the study of the boundary behaviour of these

class of solutions. Our ambitious goal in this direction is to prove sharp pointwise boundary

estimates both from above and from below. Such bounds are formulated in terms of Φ1, the first

eigenfunction of the operator, which typically satisfies Φ1 ≍ dist(·,∂Ω)γ, with γ ∈ (0,1]. The oper-

ator L is characterized in terms of the parameters s and γ: It is clear now that the parameter

s correspond to the (possibly fractional) order of derivation in space, while γ is related to the

boundary behaviour. Notice that a large number of operators fall into this class, in particular,

the three different possible Fractional Laplacians: Restricted, Spectral and Censored. We refer

to [10, 18] and to Section 7 for a list of examples.

Global pointwise inequalities and anomalous boundary behaviour. The first set of main results,

take the form of global Harnack-type inequalities, nowadays known as Global Harnack Principle

(GHP), which can be roughly stated in the present setting, as

H0(t, u0)Φ1(x)a
≤ F(u(t, x))≤ H1(t)Φ1(x)b for all x ∈Ω and all t ≥ t∗, (1.2)

where the expressions of H0, H1 and a, b are explicit and change according to the choice of op-

erator L and nonlinearity F, see Section 2.4 for precise statements. The so-called waiting time

t∗(u0) has an explicit expression, and in the local case (s = 1) cannot be avoided, because of

the possible finite speed of propagation2. An important role is played by the exponents a and

b: in some cases they can match, hence they are optimal and determine a precise boundary

behaviour of (all nonnegative) solutions, and control the sharp boundary regularity3. In some

cases, the powers a and b do not match, and this is inevitable: we provide counterexamples that

show that some initial data produce “small” solutions with boundary behaviour Φ
a
1
, while other

data can produce “larger” solutions whose behaviour at the boundary is given by Φ
b
1
. Hence,

also in this case, our global result turn out to be sharp. We refer to Remark 2.10 for a more

detailed explanation. This anomalous boundary behaviour has been discovered in [10], for the

case of homogeneous nonlinearities, where also numerical simulations confirm the theoretical

results. It has to be mentioned that these kind of results are fundamental in the numerical im-

plementation, indeed without the theoretical prediction, a priori one could think of a failure in

the numerical method, see for instance the paper [23], which was inspired by the results of [10].

Note that this anomalous boundary behaviour does not happen when the operator is local, nor

in elliptic problems: it is a phenomenon typical of nonlinear, nonlocal and degenerate parabolic

equations. Last but not least, the presence of a possibly non-homogeneous nonlinearity compli-

cates the panorama, since different behaviours can appear for small and large times (which in

turn depend on the size of the initial data).

Finite VS infinite speed of propagation. A big difference between local and nonlocal diffusions

can be appreciated in the validity of the above bounds: indeed, when we restrict ourselves to

the nonlocal case, i.e. when s < 1, the positivity estimate above holds for all t > 0: this implies

infinite speed of propagation, which is in clear contrast with the local case, for which finite speed

of propagation happens, [53]. These phenomenon were observed for the first time in the case of

the prototype nonlinearity F(u)= um, with m > 1, in [8, 10].

2Meaning that compactly supported data produce compactly supported solutions for all times.
3Here we do not show boundary regularity for inhomogeneous F, but in [10] sharp boundary regularity is estab-

lished in the case F(u) = |u|m−1u, with m> 1.
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Local estimates and regularity. As a consequence of the above global Harnack estimates, we can

derive more classical forms of local Harnack inequalities, which can be of backward/forward/elliptic

type:

sup
x∈BR(x0)

F(u(t, x))≤ H2(t, u0) inf
x∈BR (x0)

F(u(t±h, x)),

where again H2 has an explicit form and 0< h . t∧ t∗. For linear local parabolic equations, only

forward Harnack inequalities typically hold4and here, it is quite remarkable that the supremum

and infimum can be taken at the same time or even at a previous one5. The above local and

global Harnack estimates are the key to show regularity of solutions. Indeed, once solutions are

bounded and positive, it is possible to show that they gain interior regularity. We focus here

on the nonlocal case6 s < 1: first we show that solutions are always Hölder continuous in the

interior, and even classical, whenever the operator allows for it, see Section 6 for more details.

Similarities and differences with the case of power F(u) = u|u|m−1. This paper is the natural

continuation of [18], as the latter examines the same equation addressed in the present work,

also considering a general nonlinearity F. In particular, the existence and uniqueness of a class

of solutions—namely, the minimal weak dual solutions—are established, along with a number

of quantitative a priori estimates, among which there are absolute upper bounds, pointwise esti-

mates, smoothing effects, and weighted L1-estimates, that we shall use systematically through-

out the paper. For the reader’s convenience, whenever necessary, we will state these results

alongside some key observations to facilitate a better understanding.

One of the main goal of this paper is to determine the behavior near the boundary of solutions

to (1.1), with homogeneous Dirichlet boundary conditions. The answer to this question can be

expressed in the form (1.2), and the boundary behaviour is quantified in terms of F−1(Φc
1
), where

Φ1 denotes the first eigenfunction of L and c ∈ (0,1]. We adapt the ideas of [10] to the present

case, but the lack of homogeneity in the nonlinearity F significantly complicates the situation:

many technical issues arise and must be solved through new alternative methods, we shall try

to give a rough idea below.

The absence of an explicit solution, such as the separation of variables in the power case, pre-

vents us from showing the long-term behavior7, because of the lack of improved lower bounds

obtained by comparison with separate variables solutions. Moreover, the explicit expression of

the waiting time t∗, may vary depending on the size of the initial data, measured in terms of

a suitable L1-weighted norm. As a consequence, when determining the various lower quantita-

tive estimates for positivity, the panorama gets more involved and we obtain different bounds

in each case. Although global Harnack-type estimates of type (1.2) can be obtained with match-

ing powers, the lack of homogeneity of F does not allow us to obtain sharp regularity up to the

4It is well known in the case of the Cauchy problem on the whole space for the classical heat equation, it can be

checked on the Gaussian. On the other hand, for the Dirichlet problem for the standard heat equation, backward

Harnack inequalities were proved by Fabes, Garofalo and Salsa in [40]. In the case of the fractional heat equation on

the whole space, backward/forward/elliptic Harnack have been proved in [13].
5In local nonlinear equations, this is a phenomenon typical of the fast diffusion, m < 1 when the nonlinearity is

inhomogeneous, but only forward Harnack inequalities hold in general for the degenerate case under consideration

[37, 38]. Here, we are considering the Dirichlet problem, and we show how also in the local case, after some waiting

time, backward/forward/elliptic Harnack inequalities hold.
6The results in the local case follows in analogous way and holds true after the waiting time, but since the local

result are nowadasy “classical”, we decide to concentrate the efforts in the nonlocal part.
7For general F under our assumption, the asymptotic behavior is still an open problem even in the case of the

Dirichlet problem for the classical GPME: ut =∆F(u).
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boundary, since rescaling techniques fail in this case. New techniques and ideas are needed, and

we leave this issue as an open problem. However, our estimates give indications of the maximal

boundary regularity in space, as in the case of homogeneous nonlinearities. For analogous rea-

sons, it turns out to be delicate to analyze the regularity in time, which again we leave as an

open problem.

Plan of the paper. Section 2 is dedicated to formulating the Cauchy-Dirichlet problem. We im-

pose homogeneous boundary conditions along with the appropriate space of non-negative initial

data. Additionally, we present the basic properties required for the operators L and the nonlin-

earities F to which the techniques employed can be applied. We also recall and review how the

(unique) weak dual solutions are constructed. Finally, we present the precise statements of our

main results: global Harnack-type inequalities and interior regularity estimates.

We proceed to demonstrate our main results throughout Sections 3, 4, and 5. In Section 3, we

begin by recalling a series of technical results of [9, 18, 22] that we will use in the proofs. In

Section 5, we will prove the different versions of the lower bounds of the GHP. To this end, we

need weighted L1 estimates proven in Section 4, and a constructive proof by contradiction that

generalizes the one introduced for the first time in [8] and [10]. Section 6 contains the proof

of the interior regularity results. Finally, in Section 7, we present some examples of different

operators to which all the techniques used throughout the work can be applied.

Notation 1.1. The symbol ∞ means +∞, when we write Ω it is always a bounded domain with

boundary smooth enough, at least of class C1,1. The distance to the boundary will be denoted

by d(x) := dist(x,∂Ω)|Ω, for x ∈ Ω. Two quantities will be comparable, a ≍ b, iff there exists

constants c0, c1 > 0 such that c0a ≤ b ≤ c1a. We represent the maximum or the minimum as

follows, a∧ b = min {a, b} and a∨ b = max {a, b}. Finally, let’s define, for γ ∈ (0,1], the following

parameters that will appear in the estimates

mi =
1

1−µi

, with µi ∈ (0,1) and σi =

(
1∧

2smi

γ(mi −1)

)
.

2 Statement of the Problem

We will consider the homogeneous Dirichlet problem






∂tu+L F(u)= 0, in (0,∞)×Ω,

u =0, on the lateral boundary,

u(0, x)= u0(x), in x ∈Ω,

(CDP)

where the lateral boundary depends on the operator L , for example, for the Restricted Frac-

tional Laplacian it is (0,∞)× (RN \Ω). We recall that Ω is a bounded domain with smooth

boundary, at least C1,1. The initial data u0 is nonnegative and belongs to the following space of

measurable functions

L1
Φ1

(Ω)=

{
f :Ω→R such that

ˆ

Ω

| f (x)|Φ1(x)dx<∞

}
.

Now, let’s fix some properties of both the operator L and the nonlinearity F, following the

notation of [18]. We shall define the precise concept of weak solution at the end of this section.
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2.1 General Operator and their Kernels

The techniques we use can be applied to a wide class of operators under certain assumptions

that we are going to present. The key is that we usually work with the inverse operator L
−1

and its kernel G, the "Green function," which is not necessarily explicit, but it typically satisfies

some key estimates. Furthermore, we shall need some assumptions about the kernel of L ,

which will be useful to prove the positivity of solutions.

• Basic Assumptions on L : The operator L : dom(L ) ⊆ L1(Ω) → L1(Ω) is assumed to be

densely defined and sub - Markovian, i.e. it satisfies:

L is m-acretive in L1(Ω). (A1)

If 0≤ f ≤ 1 then 0≤ e−tL f ≤ 1. (A2)

• Assumptions on the kernels: Whenever L is well defined in terms of a (hyper)singular

kernel K (x, y)≥ 0, i.e.

L f (x)= P.V

ˆ

RN

[ f (x)− f (y)]K (x, y)dy,

we will suppose that

inf
x,y∈Ω

K (x, y)≥ kΩ > 0. (L1)

Moreover, if L is defined by a kernel and a zero order term, i.e.,

L f (x)= P.V

ˆ

RN

[ f (x)− f (y)]K (x, y)dy+B(x) f (x),

then, we shall assume

K (x, y)≥ c0dγ(x)dγ(y), and B(x)≥ 0. (L2)

Where d(x) = dist(x,∂Ω)|Ω is the (inner) distance to the boundary and γ ∈ (0,1] is a param-

eter that depends on the operator. See the end of the subsection for its meaning explained

throughout a number of relevant examples, collected in Section 7.

• Assumptions on L
−1: In order to prove our quantitative estimates, we need to be more

precise about L . We suppose it has a left inverse L
−1 : L1(Ω) → L1(Ω) which can be defined

through a kernel G as follows,

L
−1 f (x)=

ˆ

Ω

f (y)G(x, y)dy.

Note that, in this definition, the homogeneous Dirichlet boundary conditions are automati-

cally included thanks to the function G, hence we can integrate only over Ω.

we are considering the homogeneous Dirichlet conditions posed outside of Ω, because we are

only integrating over Ω. The estimates we need to prove our results are the following:

There exists a constant c1 > 0 which depends on Ω such that for a.e. x, y ∈Ω we have

0≤G(x, y)≤
c1

|x− y|N−2s
. (K1)

7



There exists a parameter γ ∈ (0,1] and constants c0, c1 > 0 which depend on L and Ω respec-

tively, such that for almost every point x, y ∈Ω we have

c0d(x)γd(y)γ ≤G(x, y)≤
c1

|x− y|N−2s

(
dγ(x)

|x− y|γ
∧1

)(
dγ(y)

|x− y|γ
∧1

)
. (K2)

The lower bound of the above inequality is sometimes weaker than the next well know bound

for the Green function of the Fractional Laplacian

G(x, y)≍
1

|x− y|N−2s

(
dγ(x)

|x− y|γ
∧1

)(
dγ(y)

|x− y|γ
∧1

)
. (K4)

In the classical case, for L = (−∆), the Green function satisfies (K4) when N ≥ 3. In the frac-

ctional case, the formulas also change when N = 1 and s ∈ (0,1/2). This is the reason why we

choose N > 2s.

The first eigenfunction: If (K1) holds it is known that L
−1 has a nonnegative bounded first

eigenfunction 0 ≤ Φ1 ∈ L∞(Ω) which satisfies the following assertion, there exists λ1 > 0 such

that LΦ1 = λ1Φ1. If (K2) holds it has been shown, see [9], that for the parameter γ of this

assertion we have

Φ1(x)≍ dγ(x), ∀x ∈Ω. (2.1)

Here, we can observe that the parameter γ encodes the boundary behaviour of solutions to the

problem (CDP) that depends on the operator L . Thanks to this last result, we can rewrite the

hyphothesis (K2) and (K4) as follows:

There exists a parameter γ ∈ (0,1] such that (2.1) holds and there exist constants c0, c1 > 0

which depend on L and Ω respectively, such that for almost every point x, y∈Ω we have

c0Φ1(x)Φ1(y) ≤G(x, y)≤
c1

|x− y|N−2s

(
Φ1(x)

|x− y|γ
∧1

)(
Φ1(y)

|x− y|γ
∧1

)
. (K3)

G(x, y)≍
1

|x− y|N−2s

(
Φ1(x)

|x− y|γ
∧1

)(
Φ1(y)

|x− y|γ
∧1

)
. (K5)

We will provide examples at the end of the paper, in Section 7, of operators for which these

hypotheses hold. The primary examples include the three non-equivalent definitions of the frac-

tional Laplacian on a bounded domain: the Restricted Fractional Laplacian (RFL), the Censored

Fractional Laplacian (CFL), and the Spectral Fractional Laplacian (SFL).

2.2 The nonlinearity F

One of the principal points of interest of this paper is the general nonlinearity F : R −→ R. In

the rest of this work, we always assume that F is a continous function, non decreasing, with the

normalizacion F(0)= 0 and the following hyphotesis:

F ∈ C1(R\{0}),
F

F ′
∈Lip(R) and there exists 0<µ0 ≤µ1 < 1 such that:

1−µ1 ≤

(
F

F ′

)′
≤ 1−µ0 in R.

(N1)
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Where F/F ′ is understood to vanish if F(r)= F ′(r)= 0 or r =0. We can alternatively express this

property as follows.

F ∈ C1(R\{0}),F ′
∈Liploc(R\{0}) and there exists 0<µ0 ≤µ1 < 1 such that:

µ0 ≤
FF ′′

(F ′)2
≤µ1 in R.

(N2)

Some consequences of these properties (N1) and (N2) can be found in Section 3.1. The main

example of nonlinearity is F(u) = u|u|m−1 with m > 1, where µ0 = µ1 =
m−1

m
. This is why we

denote mi =
1

1−µi
or equivalently µi =

mi−1
mi

for i = 0,1. Another variation involves combining two

powers, for example F(u) = u4 +2u2, one controls the behavior near u = 0 and the other near

u =∞.

2.3 Minimal Weak Dual Solutions

We are going to study properties of minimal weak dual solution, introduced by the first author

and Vázquez in [18]. These solutions are obtained by approximation by monotone limits from

below in terms of semigroup (or mild) solutions.

Definition 2.1 (Mild Solutions). A mild or semigroup solution of the problem (CDP) is a func-

tion u ∈C([0,∞) : L1(Ω)), with u(0, x)= u0(x) that is obtained by Crandall-Liggett’s method.

Now, we describe briefly this method. Let the interval [0,T] and n ∈ N large, we write for

every 0 ≤ k ≤ n the partition on time tk =
k
n

T and the distance between two consecutive times

h = tk+1 − tk = T
n

. For all time t ∈ [0,T] the mild solution u(t, ·) is obtained as a L1(Ω) limit of

solutions uk+1 = u(tk+1, ·) of the following elliptic equations

T

n
L [F(uk+1)]+uk+1 = uk, or

uk+1−uk

h
=−L [F(uk+1)],

where the data uk is known from the previous step. See the fully detailed proof in [21].

Theorem 2.2 (Crandall - Pierre [22]). Let L satisfy (A1) and (A2) and let F satisfy (N1).

Then, for all initial datum u0 ∈ L1(Ω) there exists a unique mild solution to the problem (CDP).

The semigroup is contractive in L1(Ω), and futhermore, if u the unique mild solution of (CDP)

with initial datum u0 ∈Lp(Ω)⊂L1(Ω), for p ≥ 1. Then, u(t)∈Lp(Ω) for every t >0, more precisely,

‖u(t)‖Lp(Ω) ≤ ‖u0‖Lp(Ω) .

Next, we recall the definition of weak dual solution used in [17, 18]. This class of solutions are

expressed in terms of the inverse operator L
−1 and encodes the Dirichlet boundary condition.

Definition 2.3 (Weak Dual Solutions). We say that a function u is a weak dual solution of the

Cauchy - Dirichlet problem (CDP) if:

• u ∈C([0,∞) : L1
Φ1

(Ω)) and F(u)∈L1((0,∞) : L1
Φ1

(Ω)). Moreover, u(0, x)= u0 ∈L1
Φ1

(Ω).

• For every test function ψ such that ψ/Φ1 ∈C1
c ((0,∞) : L∞(Ω)), the following identity holds

ˆ

∞

0

ˆ

Ω

L
−1u∂tψ=

ˆ

∞

0

ˆ

Ω

F(u)ψ. (2.2)
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Remark 2.4. (a) We are considering the weak solution of the dual equation ∂tU = F(u), with

U = L
−1u. The equation is satisfied on Ω with homogeneous Dirichlet type boundary

conditions, which are encoded in the inverse operator L
−1. Note that the space L1

Φ1
(Ω) is

bigger than L1(Ω) and allows for non-integrable functions at the boundary of Ω.

(b) Condition ψ/Φ1 ∈ C1
c ((0,∞) : L∞(Ω)) implies

∥∥∥ψ(t,·)

Φ1

∥∥∥
L∞(Ω)

< ∞ and
∥∥∥ ∂tψ(t,·)

Φ1

∥∥∥
L∞(Ω)

< ∞ for

all t > 0. Moreover, these two functions have compact support in time, which lead us to

conclude that they are in L1(0,∞).

(c) Existence of weak dual solutions for (CDP) and “uniqueness” of the minimal ones (in the

sense explained above) has been proven in [18]. However, a uniqueness result is still

missing. For the Cauchy problem on the whole space, the pioneering work [48] shows

uniqueness for general measure data, when L = −∆. In the case of RFL with general

F and measure data, uniquenes of distributional solutions has been proven [42], and in

[30] for bounded integrable distributional solutions and a wide class of Levy operators.

Uniqueness for Dirichlet-type problem remains a difficult open problem.

(d) If u is the unique mild solution of the problem (CDP) with initial datum u0 ∈L1(Ω). Then,

this u is weak dual solution of (CDP) in the sense of Definition 2.3. This fact allow us to

see the weak dual formulation (2.2) as a property of mild solutions. The proof can be found

in [18, Proposition 7.2].

In the rest of this section, we will show how to construct the minimal weak dual solution as

the monotone limit from below of mild solutions. Such solutions satisfy Definition 2.3, and are

unique, as we will see below.

Definition 2.5 (Minimal Weak Dual Solutions). Let 0 ≤ u0 ∈L1
Φ1

(Ω) and choose any increas-

ing sequence of bounded functions
{
u0,n

}∞
n=0 that converge to u0 in the topology of L1

Φ1
(Ω). We

denote un as the unique mild solution of the problem (CDP) with initial datum u0,n for all n,

(Theorem 2.2). Then, we say that a minimal weak dual solution u of (CDP) with initial datum

u0 is defined as the following monotone limit from below for (t, x)∈ ((0,∞)×Ω)

u(t, x) := lim
n→∞

un(t, x).

Note that mild solutions are ordered by comparison un ≤ un+1 in (0,∞)×Ω. Hence, we have

{un(t, x)}∞n=1 is a monotone increasing sequence for all (t, x) ∈ (0,∞)×Ω. Therefore, there exists

a pointwise limit u(t, x), whose value, a priori, can be infinite. Nevertheless, it has been shown

in [18] that this limit converges uniformly. A standard procedure for choosing the increasing

sequence is as follows: ∀n ∈N define u0,n := (u0∧n)∈L∞(Ω) and let un the unique mild solution

of problem (CDP) with initial datum u0,n.

Theorem 2.6 (Existence Uniqueness and Properties of Minimal Weak Dual solutions

[18, Theorem 4.4 and Theorem 4.5]). Let L satisfy (A1), (A2), (K3) and let F satisfy (N1).

Then, for every 0≤ u0 ∈L1
Φ1

(Ω) the following assertions are true:

(i) There exists a unique u minimal weak dual solution of (CDP) as we constructed in Defi-

nition 2.5. If we choose two differents increasing sequences of bounded functions
{
u0,n

}
,{

v0,n

}
and we denote un and vn as the mild solutions of (CDP) with initial datum u0,n and

v0,n respectively, then they converge to the same limit, i.e. lim
n→∞

un(t, x)= lim
n→∞

vn(t, x).

10



(ii) For all τ> 0 we have that un → u as n →∞ in L∞((τ,∞)×Ω).

(iii) Minimal weak dual solution u is a weak dual solution in the sense of Definition 2.3. In fact,

u ∈ C([0,∞) : L1
Φ1

(Ω)) and identity (2.2) holds. Moreover, the standard comparison result

can be applied to minimal weak dual solution.

The purpose of minimal weak dual solutions is to provide mild solutions the weak dual formu-

lation (2.2) as a property, because they are effective for proving existence and uniqueness but

often challenging to obtain a priori estimates. This is why we introduce the weak dual formu-

lation, which significantly aids in establishing these estimates. As we have seen, mild solutions

are weak dual solutions, ensuring that the estimates for weak dual solutions hold for mild solu-

tions too. Essentially, minimal weak dual solutions can be seen as an extension or a limit of mild

solutions. These solutions exist, are unique for all non-negative initial data in L1
Φ1

and satisfy

the following properties:

• u ∈C([0,∞) : L1
Φ1

(Ω))

• For all test function ψ such that ψ/Φ1 ∈C1
c ((0,∞) : L∞(Ω)) we have

ˆ

∞

0

ˆ

Ω

L
−1u∂tψ−

ˆ

∞

0

ˆ

Ω

F(u)ψ= 0.

• u(t)∈Lp(Ω) for all t >0 for some p >
N
2s

, in fact, they are in L∞(Ω).

2.4 Main results

Here, we present a summary of the most important estimates that we obtain along this paper

for minimal weak dual solutions of (CDP), these results are various forms of upper and lower

bounds which we call Global Harnack Principle, (GHP) for short, namely Theorems 2.7, 2.8 and

2.9. As a consequence, we can prove interior regularity estimates, Theorem 2.11.

Our initial result provides a quantitative estimate for F(u) that is valid for a wide range of

operators, including the classical Laplacian, for which, due to the finite speed of propagation,

the lower bound can only be true after a waiting time t∗. For this reason the validity of such

general estimates is restricted to “large times”. We shall see that if we restrict to purely nonlocal

operators, we can extend the estimates to all t > 0.

Theorem 2.7 (GHP I). Let L satisfy (A1), (A2) and (K2), with σ1 =

(
1∧

2sm1

γ(m1−1)

)
= 1, let F satisfy

(N1) and let u be the minimal weak dual solution of (CDP) with initial datum 0 ≤ u0 ∈ L1
Φ1

(Ω).

Then, for all t > 0 large enough, i.e., t ≥ t∗ = c∗

(
‖u0‖

−(m1−1)

L1
Φ1

(Ω)
∨‖u0‖

−(m0−1)

L1
Φ1

(Ω)

)
, there exists constants

κ1 and κ2 such that

κ1
Φ1(x)

t
m0

m0−1

≤ F(u(t, x))≤κ2
Φ1(x)

t
m1

m1−1

. (2.3)

Constants κ1, κ2 and c∗ only depends on N, s, γ, mi, F, Ω and λ1.
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We now present several results that provides us with upper and lower bounds valid for all

positive times: the class of operators to which these result apply is “purely” non-local, i.e., local

operators do not belong to this class. More precisely we shall assume (L1) in Theorem 2.8 or (L2)

in Theorem 2.9. A relevant difference between Theorem 2.8 and Theorem 2.9 is that in the first

theorem the powers that describe the boundary behaviour (dictated by the first eigenfunction

Φ1) are matching, while in the latter they are not, we shall devote further comments to this

issue below.

Theorem 2.8 (GHP II). Let L satisfy (A1), (A2), (K2) and (L1), let F satisfy (N1) and let u

be the minimal weak dual solution of (CDP) with initial datum 0 ≤ u0 ∈ L1
Φ1

(Ω). Assume either

σ1 = 1 or σ1 < 1, K (x, y)< c1|x− y|−(N+2s) and Φ1 ∈ Cγ(Ω), then there exists positive constants κ3

and κ4 which only depends on N,s,mi, F, γ, Ω and λ1 such that:

(i) If ‖u0‖L1
Φ1

(Ω) ≤ 1, or equivalently t∗ = c∗‖u0‖
−(m1−1)

L1
Φ1

(Ω)
, then for any t > 0 and a.e. x ∈Ω we

have

κ3

(
1∧

t

t∗

) m2
1

m1−1 Φ1
σ1(x)

t

m j

m j−1

≤ F(u(t, x))≤ κ4
Φ1(x)σ1

t
mi

mi−1

. (2.4)

Where i = 1 j = 0 if t ≥ t∗ and i = 0 j = 1 if t ≤ t∗.

(ii) If ‖u0‖L1
Φ1

(Ω) > 1, or equivalently t∗ = c∗‖u0‖
−(m0−1)

L1
Φ1

(Ω)
, then for t > 0 and x ∈Ω

κ3

([
t

t∗

]m1

∧

[
t∗

t

] m0
m0−1

)

Φ1(x)σ1 ≤ F(u(t, x))≤ κ4

Φ1(x)σ1

t
mi

mi−1

. (2.5)

Where i = 1 if t ≥ t∗ and i = 0 if t ≤ t∗.

In the case when we allow L to have a degenerate kernel at the boundary ∂Ω, i.e. assumption

(L2), our sharp result – with non matching power in general– reads as follows.

Theorem 2.9 (GHP III). Let L satisfy (A1), (A2), (K2) and (L2), let F satisfy (N1) and let u

the minimal weak dual solution of (CDP) with initial datum 0 ≤ u0 ∈ L1
Φ1(Ω)

. Then, there exists

positive constants κ5 and κ6 which only depends on N,s,mi, F, γ, Ω and λ1 such that:

(i) If ‖u0‖L1
Φ1

(Ω) ≤ 1, or equivalently t∗ = c∗‖u0‖
−(m1−1)

L1
Φ1

(Ω)
, then for any t > 0 and a.e. x ∈Ω we

have

κ5

(
1∧

t

t∗

) m2
1

m1−1 Φ1(x)m1

t

m j

m j−1

≤ F(u(t, x))≤ κ6
Φ1(x)σ1

t
mi

mi−1

. (2.6)

Where i = 1 j = 0 if t ≥ t∗ and i = 0 j = 1 if t ≤ t∗.

(ii) If ‖u0‖L1
Φ1

(Ω) > 1, or equivalently t∗ = c∗‖u0‖
−(m0−1)

L1
Φ1

(Ω)
, then for t > 0 and a.e. x ∈Ω we have

κ5

([
t

t∗

]m1

∧

[
t∗

t

] m0
m0−1

)

Φ1(x)m1 ≤ F(u(t, x))≤ κ6

Φ1(x)σ1

t
mi

mi−1

. (2.7)

Where i = 0 if t ≤ t∗ and i = 1 if t ≥ t∗.
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The proof of the above theorems is obtained by combining upper and lower bounds in Section 3

and Section 5.

Remark 2.10 (Sharpness of the main results).

1. Theorem 2.7: a general result. Observe that Theorem 2.7 is only valid for large times, i.e.,

after a waiting time t ≥ t∗. However, this result has wider applicability since it only requires

assumption (K2) on the Green function: indeed, it holds for both local and nonlocal opera-

tors, providing a new/alternative proof in the local case, where finite speed of propagation

prevents from having the bounds for arbitrarily small times. Remember that if L = (−∆) the

classical Laplacian, the Porous Medium equation exhibits finite speed of propagation, cf [4].

Additionally, the bound is valid for a more general class of solutions, see Definition 3.1. As a

consequence, in general it is unavoidable to have the waiting time t∗: roughly speaking, t∗
estimates the time required to “fill the hole” left by the initial data u0, which may be concen-

trated near the boundary of Ω, leaving a region in the domain’s interior where it vanishes.

Consequently, when ‖u0‖L1
Φ1

(Ω) is small, then t∗ has to be large due to the prolonged time

needed to fill this hole. This result is therefore sharp since it is the only possible if we want

it to hold for the complete class of operators L that we consider.

2. The sharp nonlocal results of Theorems 2.8 and 2.9 and infinite speed of propagation. These

results establish the positivity of minimal weak dual solutions for all positive times, exploit-

ing the non-local property of the operator. A quantitative lower bound is shown, indicating

infinite speed of propagation for these equations, as it was proved in [8] for the first time, in

the case when F(u) = um and L is the RFL, see also [10] for the case of more general L .

Note that, in Theorems 2.8 and 2.9 the dependence of the initial datum u0 may vanish in the

lower bound for large times, hence the upper and lower estimates do not depend on u0, as it

happens in Theorem 2.7.

In Theorem 2.8, the powers that characterize the upper and lower boundary behaviour are

matching (i.e. the same power of Φ1 ≍ dist(·,∂Ω)γ appear in the upper and lower bounds of

inequalities (2.4) and (2.5)), which will allow us to obtain the regularity results of Theorem

2.11, following the ideas of [10]. These bounds are indeed sharp, because in the particular

case F(u) = um, there is a separate-variables solution whose boundary behaviour precisely

conforms to inequalities (2.4) and (2.5), namely

UT (t, x)m
=

S(x)m

(T + t)
m

m−1

where S(x)m
≍Φ1(x)σ ,

see [9, 10]. This Theorem can be applied to a wide class of nonlocal operators: as main exam-

ples we mention the RFL and CFL. The key property here is that the kernel of the operators

is non-degenerate at the boundary, namely is strictly positive on Ω, which is assumption (L1).

See Section 7 for more examples of operators.

In Theorem 2.9 the powers of the first eigenfunction in the upper and lower bounds do not

match, thus, a priori we cannot expect the bounds to be sharp. However, a posteriori these

bounds turn out to be sharp, as we shall explain following the leading example provided by

the Spectral Fractional Laplacian (SFL). The source of the problem in this case is that the

operator is allowed to have a kernel which can be degenerate at the boundary: in the case

of SFL, the kernel vanishes as Φ1 at ∂Ω, and this may affect the boundary behaviour of

solutions. The discriminant factor is the “size” of the initial datum: as first observed in [10]

13



for the case F(u) = um, when σ < 1, and for small times and small initial data, there exists

a solution whose upper bound match the lower bound of (2.6). We extend such result to the

case of general nonlinearities in Corollary 3.13 where we provide an upper bound that holds

for small data (and small times) and matches the lower bounds of (2.6) (when m0 = m1) as

follows: for a.e. x ∈Ω, and all 0< t ≤ t∗ we have

κ5

(
t

t∗

) m2
1

m1−1 Φ1
m1(x)

t
m1

m1−1

≤ F(u(t, x))≤
Φ

m0

1
(x)

[
A1−m1 − C̃t

] m1
m1−1

. (2.8)

where the positive constants κ5, A, C̃ have explicit expressions, see Theorem 2.9 and Corollary

3.13. It is remarkable that in this case also the upper and lower behaviour in time matches,

hence it is sharp for small times.

3. On the form of the sharp bounds. Finally, we would like to mention that for the boundary

estimates, we bound F(u) from above and from below rather than the solution u. This is

because, when estimating the general nonlinearity F by the powers m0 and m1, as stated in

the Lemma 3.3 below, some information is lost. The sharp form of such estimates can only

be stated in terms of F(u), which is somehow more implicit: indeed, if we want to get more

explicit bounds, the powers of the first eigenfunction that we get, could be different, i.e., m0

and m1 respectively, as we have seen in (2.8), and can be easily understood with a simple

example such as F(u) = u2 + u10. Let us make an example: fix a positive time 0 < t ≤ t∗ in

inequality (2.4) of Theorem 2.8 (matching powers), and we obtain

κ3

(
t

t∗

) m2
1

m1−1 Φ1
σ1(x)

t
m1

m1−1

≤ F(u(t, x))≤ u(t, x)m0 and u(t, x)m1 ≤ F(u(t, x))≤ κ4

Φ1(x)σ1

t
m0

m0−1

,

that combined give us the more explicit bound at the price of having non-matching powers:

κ3
1/m0

(
t

t∗

) m2
1

(m1−1)m0 Φ1(x)σ1/m0

t
m1

(m1−1)m0

≤ u(t, x)≤ κ4
1/m1

Φ1(x)σ1/m1

t
m0

(m0−1)m1

. (2.9)

This may seem not optimal, but keep in mind that estimating F(u) as above, some informa-

tion is lost. This additional difficulty disappears when m1 = m0, i.e., we are in the particular

case of a single power, and we recover homogeneity, which in general we do not have. In the

more general case, this phenomenon cannot be avoided, as far as we know, because the non-

linearity F may oscillate between the two previously mentioned powers near zero. Therefore,

it is natural for the lower bound behavior to be determined by the larger power m1 and the

upper bound by the smaller power m0. Summing up, if we wish to express the sharp bound-

ary behavior of u in a more precise way than (2.9), we must describe it in terms of F−1(Φ1
σ1)

as follows. Starting from Theorems 2.7, 2.8 and 2.9, and, possibly modifying the constants,

we can apply the inverse F−1, because F is non decreasing, to get

κ3F−1




(

t

t∗

) m2
1

m1−1 Φ1
σ1(x)

t
m1

m1−1



≤ u(t, x)≤κ4F−1

(
Φ1(x)σ1

t
m0

m0−1

)

. (2.10)
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Interior regularity. Once solutions are positive and bounded, it often happens that they are

(Hölder) continuous in the interior of the domain and even classical, when the operators allows

it. We shall state our regularity results first for weak solutions (positive and bounded by general

constants), and we shall explore their extension to minimal weak dual solutions in Section 6,

where we also provide a complete proof of the following theorem.

Theorem 2.11 (Interior Regularity). Assume that the operator L is defined by

L f (x)= P.V

ˆ

RN

( f (x)− f (y))K (x, y)dy+B(x) f (x).

Let r >0 and x0 ∈Ω such that B2r(x0)⊂Ω, suppose the kernel satisfies the following properties

K (x, y)≍
1

|x− y|N+2s
in B2r(x0) and K (x, y).

1

|x− y|N+2s
in R

N \ B2r(x0).

Assume B is locally bounded on Ω. Let u be a weak solution of the problem (CDP) in (T0,T1)×Ω

such that

0< δ≤ u(t, x) ∀(t, x)∈ (T0,T1)×B2r(x0) and 0≤ u(t, x)≤ M ∀(t, x)∈ (T0,T1)×Ω.

i). Then u is Hölder continuous in the interior, that is, there exists an α ∈ (0,1] such that for

all 0< T0 < T2 < T1 we have

‖u‖
C

α,α/2s
x,t ((T2,T1)×Br (x0))

≤ C. (2.11)

ii). If there exists a β ∈ (0,1∧2s) with β+2s 6∈Z such that |K (x, y)−K (x′, y)| ≤ C|x−x′|β|y|−(N+2s).

Then the solution u is classical in the interior, more precisely, we have the following estimate

for all 0< T0 < T2 < T1

‖u‖
C

2s+β,1+β/2s
x,t ((T2 ,T1)×Br (x0))

≤ C. (2.12)

2.5 The main results in the form of tables

We end this section by collecting all the sharp boundary estimates obtained in this work in

tables, namely the results contained the previous section, which describe when we have a Global

Harnack Principle, and Theorems 3.12, 3.13, 5.13, 5.14 which reflect the anomalous boundary

behaviour. The aim is to clearly present the best estimates that determine the precise boundary

behavior of the solutions to the problem (CDP), separating all the cases, depending on the size

of the initial datum or of the time regime. We separate large and small data, depending on the

size of ‖u0‖L1
Φ1

, and also consider the case of “very small data”, i.e., when u0 . Φ1
β for some

β > 0. We shall also separate the small and large times regimes, meaning times smaller or

bigger than t∗. In this way, both the expression of F and the exponents can be estimated “more

explicitly”, see for instance Lemma 3.3 below. We will now fix a positive time t > 0, and see

how the estimate changes in the various cases, focussing on three main examples: the Classical

Laplacian, Theorem 2.7, for which γ = s = 1, the Restricted Fractional Laplacian, Theorem 2.8,

for which γ= s ∈ (0,1) and σ1 = 1. Observe that the Censorel Fractional Laplacian also belongs to

this class of operators, with s ∈ (1/2,1), γ= 2s−1 and σ1 = 1 . And finally, the Spectral Fractional

Laplacian, Theorem 2.9, for which s ∈ (0,1), γ= 1 and σ1 =

(
1∧

2sm1

m1−1

)
.
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The Classical Laplacian

Small times t ≤ t∗ Large times t ≥ t∗

u0 ∈L1
Φ1

(Ω) F(u(t, x)). Φ1(x)

t

m1
m1−1

Φ1(x)

t

m0
m0−1

. F(u(t, x)). Φ1(x)

t

m1
m1−1

Restricted Fractional Laplacian

Small times t ≤ t∗ Large times t ≥ t∗

‖u0‖L1
Φ1

> 1
(

t
t∗

)m1

Φ1(x). F(u(t, x)). Φ1(x)

t

m0
m0−1

t

m0
m0−1

∗
Φ1(x)

t

m0
m0−1

. F(u(t, x)). Φ1(x)

t

m1
m1−1

‖u0‖L1
Φ1

≤ 1
(

t
t∗

) m2
1

m1−1 Φ1(x)

t

m1
m1−1

. F(u(t, x)). Φ1(x)

t

m0
m0−1

Φ1(x)

t

m0
m0−1

. F(u(t, x)). Φ1(x)

t

m1
m1−1

Spectral Fractional Laplacian

Small times t ≤ t∗ Large times t ≥ t∗

‖u0‖L1
Φ1

> 1
(

t
t∗

)m1

Φ1(x)m1 . F(u(t, x)). Φ1(x)σ1

t

m0
m0−1

t

m0
m0−1

∗
Φ1(x)m1

t

m0
m0−1

. F(u(t, x)). Φ1(x)σ1

t

m1
m1−1

‖u0‖L1
Φ1

≤ 1
(

t
t∗

) m2
1

m1−1 Φ1(x)m1

t

m1
m1−1

. F(u(t, x)). Φ1(x)σ1

t

m0
m0−1

Φ1(x)m1

t

m0
m0−1

. F(u(t, x)). Φ1(x)σ1

t

m1
m1−1

u0 ≤ AΦ
1−2s/γ

1

(
t
t∗

) m2
1

m1−1 Φ1(x)m1

t

m1
m1−1

. F(u(t, x)). Φ1(x)
m0

1−2s
γ

[A1−m1−C̃t]
m1

m1−1

t < (t∗∧TA)

u0 ≤ AΦ1

(
t
t∗

) m2
1

m1−1 Φ1(x)m1

t

m1
m1−1

. F(u(t, x)). Φ1(x)m0

[A1−m1−C̃t]
m1

m1−1

and B ≡ 0

t < (t∗∧TA)
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3 Upper Bounds

This section is devoted to proving the upper bound, i.e. the upper part of the Generalized Har-

nack Principle (GHP) of Subsection 2.4. We will divide the section into three steps: Firstly, we

present some known results from [9, 18, 22]. Then, we proceed with the proof of the quanti-

tative upper estimate. Finally, we discuss the smoothing effects and elucidate the distinctions

from previous bounds. These smoothing effects have already been established in [18]; however,

we restate them here as they are essential for the lower bounds.

Before delving into the estimates, let us first define a more general class of weak dual solutions.

Definition 3.1. We denote by S the class of all non-negative weak dual solutions of the problem

(CDP) with initial data 0 ≤ u0 ∈ L1
Φ1

(Ω), as defined in Definition 2.3. These solutions u ∈ S also

satisfy the following conditions (i) the map u0 → u(t) is order preserving in L1
Φ1

(Ω) (ii) for all t >0

we have u(t)∈Lp(Ω) for some p > N/2s.

Remark 3.2. Note that u, the unique minimal weak dual solution of (CDP) possesses all the

properties to belong to the class S because it satisfies Definition 2.3. Moreover, mild solutions of

the sequence {un}n∈N are bounded. Therefore, for any t > 0 we have un(t) ∈ Lp(Ω) for all p > 1.

In particular, un ∈ S for all n, allowing us to apply the absolute upper bounds from Theorem 3.8,

which are independent of the initial datum.

Now, we can guarantee that for any fixed 0< τ< t, there exists the monotone limit from below

u(t, x) = lim
n→∞

un(t, x) in L∞((τ,∞)×Ω), and that such limit satisfies the same upper estimates

due to the lower semicontinuity of the L∞ norm; that is u(t, ·) is bounded on Ω.

The upper bound and the lower bound for large times t > t∗ are true for any u ∈S.

3.1 First set of estimates

Now we collect some results of [9, 18, 22] which we will use to prove the upper bound of GHP.

We remember that hypothesis (N1) provides us a way to compare F(r) with the powers rm0 and

rm1 . Furthermore, the monotonicity estimates of Bénilan and Crandall, first proven in the case

of homogeneous F in [6], are valid for this class of nonlinearities, as shown by Crandall and

Pierre in [22].

Lemma 3.3 (Consequences of the hypothesis (N1) [18, Lemma 10.1]). Let F : R → R a

nonlinearity, as in Subsection 2.2, which satisfies (N1), or equivalently (N2),

µ0 ≤
F(r)F ′′(r)

(F ′(r)2)
≤µ1.

Then, the following estimates are true:

(
r

r0

)m0

≤
F(r)

F(r0)
≤

(
r

r0

)m1

for 0≤ r0 ≤ r. (3.1)

k

(
r

r0

)m1

≤
F(r)

F(r0)
≤ k

(
r

r0

)m0

for 0≤ r ≤ r0. (3.2)

where we have denoted k =

(
m0

m1

)m1

< 1 and k =

(
m1

m0

)m0

> 1.
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Lemma 3.4 (Benilan-Crandall estimates [22]). Let L satisfy (A1), (A2), (K3) and let F satisfy

(N1). If u is the unique minimal weak dual solution for the initial datum 0 ≤ u0 ∈ L1
Φ1

(Ω), then,

the following inequality holds (in the sense of distributions):

∂tu ≥−
1

µ0t

F(u)

F ′(u)
,

where the quotient F/F ′ vanish when u =0 or F(u)= F ′(u)= 0.

As a consequence, for a.e. point x ∈Ω and 0< τ≤ t, we have

t
m0

m0−1 F(u(t, x))≥ τ
m0

m0−1 F(u(τ, x)) (3.3)

Moreover, If we take into account F(u)/F ′(u) ≤ (1−µ0)u, we can reformulate the previous results

as follows

∂tu ≥−
1−µ0

µ0

u

t
,

for a.e. x ∈Ω and 0< τ≤ t.

t
1

m0−1 u(t, x)≥ τ
1

m0−1 u(τ, x). (3.4)

Here is where the assumptions (K1), (K2) and (K3) play an important role in computing the

Green estimates. The key element is the pointwise estimate for weak dual solutions u ∈ S,

Proposition 3.6, that allows us to obtain both the upper bounds (absolute and upper behaviour)

and the smoothing effects.

Lemma 3.5 (Green function estimates I [9, Lemma 4.2]). Let L satisfy (A1), (A2), (K1) and

0< q <
N

N−2s
. Then, there exists a constant c2 > 0 such that:

sup
x0∈Ω

ˆ

Ω

G(x, x0)q dx≤ c2.

For each parameter q we define

Bq(Φ1(x0))=






Φ1(x0) 0< q < N
N−2s+γ

,

Φ1(x0)(1+| logΦ1(x0)|
1
q ) q = N

N−2s+γ
,

Φ1(x0)
N−q(N−2s)

γq N
N−2s+γ < q <

N
N−2s

.

Then, if L satisfy (K2), there exists constants c3, c4 > 0 such that

c3Φ1(x0)≤

(ˆ

Ω

G(x, x0)q dx

) 1
q

≤ c4Bq(Φ1(x0)).

Constants c j, j = 2,3,4 only depends on N, s, γ, q, Ω and they have an explicit expression.

Note that in the especial case q = 1 we have

B1(Φ1(x0))=






Φ1(x0) γ< 2s

Φ1(x0)(1+| logΦ1(x0)|) γ= 2s

Φ1(x0)
2s
γ γ> 2s,
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which implies that for ǫ small enough

B1(Φ1(x0))≤C






Φ1(x0) γ< 2s
1
ǫ
Φ1(x0)1−ǫ γ= 2s

Φ1(x0)
2s
γ γ> 2s.

Proposition 3.6 ([18, Proposition 5.1]). Let L satisfy (A1), (A2), (K1) and let F satisfy (N1).

If u ∈ S is weak dual solution of (CDP) with initial datum 0 ≤ u0 ∈L1
Φ1

(Ω). Then, for a.e. x0 ∈Ω

and t >0 we obtain
ˆ

Ω

u(t, x)G(x, x0)dx≤

ˆ

Ω

u0(x)G(x, x0)dx.

Besides, for every 0< t0 ≤ t1 ≤ t and for a.e. x0 ∈Ω, the following inequality is true

(
t0

t1

) m0
m0−1

(t1− t0)F(u(t0, x0))≤

ˆ

Ω

[u(t0, x)−u(t1, x)]G(x, x0)dx

≤ (m0 −1)




t

t
1

m0

0





m0
m0−1

F(u(t, x0)). (3.5)

Observe that solutions u ∈S are bounded. The reason is that, for all t > 0 we know u(t)∈Lp(Ω)

for some p >
N
2s

. Consequently, its conjugate p′ =
p

p−1
<

N
N−2s

. Therefore, by Hölder’s inequality

ˆ

Ω

u(t, x)G(x, x0)dx<∞.

In this way, the first part of inequality (3.5) guarantees that u(t) ∈ L∞(Ω) ∀t > 0. However, for

t = 0 this claim is not always true because u0 ∈ L1
Φ1

(Ω), so the integral above could be infinite.

The key to Proposition 3.6 is the middle term of (3.5), as it encodes the upper bounds from the

first part and the lower bounds for large times from the second.

Fundamental Upper Bound:

Starting with the lower bound of (3.5), we select t1 = 2t0 > t0. By eliminating the non-positive

term −
´

Ω
u(t1, x)G(x, x0)dx we get

F(u(t0, x0))≤
2

m0
m0−1

t0

ˆ

Ω

u(t0, x)G(x, x0)dx. (FUB)

This last bound encodes both the smoothing effect and the absolute upper bound, and it is sharp

for both large and small times, (see [17] for more details). Summing up, the absolute upper

bounds of Theorem 3.8 are sharp for large times. However, to be more precise for t close to zero,

a dependency on the initial datum appears, as is typical in smoothing effects (see Theorems 3.14

and 3.15).

Lemma 3.7 (Green function estimates II [9, Proposition 6.5]). Let L satisfy (A1), (A2),

(K2), let H a convex positive function, normalized at zero H(0)= 0 and v :Ω→ [0,∞) a measurable

bounded function such that for all x0 ∈Ω

H(v(x0))≤ k0

ˆ

Ω

v(x)G(x, x0)dx. (3.6)

Then, the following assertions are true:
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(i) There exists a positive constant c5 > 0 such that

H(v(x0))≤ k0

ˆ

Ω

v(x)G(x, x0)dx≤ c5k0F−1(F∗(2c5k0))B1(Φ1(x0)).

where F∗ is the Legendre transform of the convex function F, whose definition we recall

below in Remark 3.9 (d).

(ii) Moreover, if there exists c and mi > 1 such that H(a)≥ cami for all a ∈ [0,1]. Then, we define

σi =

(
1∧

2smi

γ(mi −1)

)
.

(a) If γ<
2smi

mi−1
, there exists c6 > 0 such that

cv(x0)mi ≤ H(v(x0))≤ k0

ˆ

Ω

v(x)G(x, x0)dx≤ c6k

mi
mi−1

0
Φ1(x0). (3.7)

(b) If 1≥ γ≥
2smi

mi−1
, there exists c7 > 0 such that

cv(x0)mi ≤ H(v(x0))≤ k0

ˆ

Ω

v(x)G(x, x0)dx

≤ c7k

mi
mi−1

0

{
Φ1(x0)(1+ log |Φ1(x0)|) γ=

2smi

mi−1

Φ1(x0)
2smi

γ(mi−1) γ>
2smi

mi−1
.

(3.8)

These onstants c5, c6, c7 only depend on N, s, γ, mi, Ω and all the estimates are sharp.

Note that Lemma 3.7 is valid for any H, v, mi which satisfy the hypotheses. In particular, it

applies to the nonlinearity F with (N1), a weak dual solution of (CDP) u ∈S and the parameters

mi =
1

1−µi
, i = 0,1. Thus, thanks to (3.7) and (3.8), in our case we obtain

u(t, x0)mi ≤ F(u(t, x0))≤ c6k

mi
mi−1

0
Φ1(x0)σi .

The following theorem tell us how the the solution u(t) is bounded in terms of t.

Theorem 3.8 (Absolute Upper Bound [18, Theorem 5.2]). Let L satisfy (A1), (A2) and

(K1), let F satisfy (N1) and u ∈ S weak dual solution of (CDP). Then, if we write the Legendre

Transform of F as F∗, there exists constants k1, k2 and k2 such that for all t >0.

F(‖u(t)‖L∞(Ω))≤ F∗

(
k2

t

)

. (3.9)

Futhermore, there exists one nonnegative time 0 ≤ τ1(u0) ≤ k1, which depends on the initial da-

tum, such that ||u(t)||L∞(Ω) ≤ 1 ∀t ≥ τ1(u0) and we also have the following bounds

F(‖u(t)‖L∞(Ω))≤
k2

t
mi

mi−1

, (3.10)

‖u(t)‖L∞(Ω) ≤
k2

t
1

mi−1

, (3.11)

where i = 0 if t ≤ k1 and i = 1 if t ≥ k1.
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Remark 3.9. (a) The upper bound proves a strong regularization that is independent of the

initial datum. Inequality (3.9) is intrinsic and more precise, while inequalities (3.11) and

(3.10) are more useful for achieving explicit estimates. The constants k1, k2 and k2 are

positive, depend only on N, s, m0, m1 and Ω, and have an explicit form given in [18].

(b) τ1(u0) is the first time for which ||u(t0)||L∞(Ω) ≤ 1 for all t0 ≥ τ1(u0) and k1 is an upper

bound for τ1(u0) that does not depend on u0. This is important because the behavior of

u → F(u) changes when u is less than or bigger than 1, as noted in Lemma 3.3, where the

powers in these estimates change.

(c) Inequality (3.11) is valid for all times; however, it is not sharp for small times. The precise

upper bound for small times involves the initial datum u0. We will address this topic after

discussing the smoothing effects.

(d) If F is a nonlinearity as in Section 2.2, we define the Legendre Transform of F as follows

F∗(z)= sup
r∈R

(rz−F(r))= z(F ′)−1(z)−F((F ′)−1z)= rF ′(r)−F(r).

Where, r = (F ′)−1(z) and z = F ′(r).

3.2 Proof of the Upper Bound of the GHP

This section is devoted to the proof of the Upper bound for all different versions of GHP that we

have presented above, in Section 2.4. The estimate will be sharp for all nonnegative, nontrivial

solutions in the case of (RFL) and (CFL). However, it can be improved in the case of (SFL) when

data are small, as in Theorem 5.13.

Theorem 3.10 (Upper Boundary Behaviour of Solutions). Let L satisfy (A1) (A2) and (K2),

let F satisfy (N1) and u ∈ S a weak dual solution of (CDP) with initial datum 0 ≤ u0 ∈ L1
Φ1

(Ω).

Then, there exists positive constants k3 and k4 which depends only on N, s, γ, mi, F and Ω, such

that for any t > 0 and x ∈Ω we have

F(u(t, x))≤ k3

Φ1(x)σ1

t
mi

mi−1

. (3.12)

u(t, x)≤ k3
Φ1(x)

σ1
m1

t
1

mi−1

. (3.13)

Where i = 0 if t ≤ k1 and i = 1 if t ≥ k1. Moreover, we have an intrinsic inequality

F(u(t, x))≤
k4

t
F−1

(
F∗

(
k4

t

))
. (3.14)

Proof. We begin by recalling the Fundamental Upper Bound (FUB)

F(u(t0, x0))≤
2

m0
m0−1

t0

ˆ

Ω

u(t0, x)G(x, x0)dx.
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Additionally, we know u(t, ·)∈L∞(Ω) ∀t > 0 by Theorem 3.8 and the nonlinearity F satisfy (N1),

so all the hypotheses of Lemma 3.7 are satisfied with k0 = 2
m0

m0−1 t−1
0

. Hence, for all t0 > 0 and

x0 ∈Ω

F(u(t0, x0))≤ c5
2

m0
m0−1

t0

F−1



F∗



2c5
2

m0
m0−1

t0







 ,

which implies (3.14).

Now, let’s assume first that t0 ≥ k1, so ‖u(t0)‖L∞(Ω) ≤ 1, remember (b) of Remark 3.9. For r ≤ 1

we have kF(1)rm1 ≤ F(r) by Lemma 3.3. Hence, applying Lemma 3.7 again, we obtain

kF(1)u(t0, x0)m1 ≤ F(u(t0, x0))≤ k0

ˆ

Ω

u(t0, x)G(x, x0)dx≤ c6k

m1
m1−1

0
Φ1(x0)σ1 ,

therefore, we have shown

u(t0, x0)≤ k3

Φ1(x0)
σ1
m1

t
1

m1−1

0

and F(u(t0, x0))≤ k3

Φ1(x0)σ1

t

m1
m1−1

0

. (3.15)

Finally, for t0 ≤ k1, we use Benilan-Crandall monotonicity (Lemma 3.4) and after that, we

apply inequalities (3.15) for t0 = k1. On the one hand,

t

m0
m0−1

0
F(u(t0, x0))≤ k

m0
m0−1

1
F(u(k1, x0))≤ k3k

m0
m0−1

−
m1

m1−1

1
Φ1(x0)σ1 ,

which finishes the proof of (3.12). On the other hand,

t
1

m0−1

0
u(t0, x0)≤ k

1
m0−1

1
u(k1, x0)≤ k3k

1
m0−1

−
1

m1−1

1
Φ1(x0)

σ1
m1 ,

which completes the proof of (3.13).

Inequality (3.12) allows us to describe the upper behavior of minimal weak dual solutions near

the boundary, indeed, it establishes the upper bound for F(u) of the GHP of Theorems 2.7, 2.8,

and 2.9.

Remark 3.11. A careful inspection of the above proof reveals we have the following estimate

for large times, namely there exists a constant κ3 such that for all t ≥ k1
ˆ

Ω

u(t, x)G(x, x0)dx≤ k3
Φ1(x0)σ1

t
1

m1−1

.

However, we can extend it to small times, thanks to Lemma 3.4: for t < k1 we have

t
1

m0−1

ˆ

Ω

u(t, x)G(x, x0)dx≤ k
1

m0−1

1

ˆ

Ω

u(k1, x)G(x, x0)dx≤ k
1

m0−1

1
k3

Φ
σ1

1
(x)

k
1

m1−1

1

,

hence, we get
ˆ

Ω

u(t, x)G(x, x0)dx≤ k3

Φ
σ1

1
(x)

t
1

mi−1

. (3.16)

Where, i = 0 if t < k1 and i = 1 if t ≥ k1. Notice that κ3 depends only on N,s, γ, mi, F and Ω. We

have therefore sharp upper estimates for all times. This will be a essential tool in proving the

lower bounds of the next section.
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3.3 Upper bounds for small data and small times

Consider now the SFL with σ1 ≤σ0 < 1. In this case, we can improve the previous upper bound,

cf. Theorem 3.10, because it is possible to find initial data for which inequality (3.12) is not

sharp. This means that depending on the initial data, there can appear different boundary

behaviours, i.e. different powers of Φ1. More precisely, when u0 ≤ AΦ
1−2s/γ

1
then:

u(t)≤ g(t)Φ
1−2s/γ

1
≪ F−1(Φ

σ1

1
).Φ

σ1/m1

1
.

This happens because, when x is close enough to the boundary, Φ1(x) < 1 and moreover, the

inequality σ1 <σ0 < 1 implies 1−2s/γ> σ1/m1. This has been observed in [10] for the homoge-

neous case F(u)= um, here, due to the lack of such homogeneity, things become technically more

complicated, this motivates our extra -yet not so restrictive- assumption F(ab) ≤ CF(a)F(b).

This is a reasonable hypothesis because our non-linearities are allowed to be sum of powers, for

instance, F(x)= x2+ x4, which satisfies the extra assumption.

Theorem 3.12. Let L satisfy (A1), (A2) and (L2). Suppose also that L has a first eigenfunction

Φ1 ≍ distγ with σ0 < 1 and let F be the non-linearity which satisfies (N1) and F(ab)≤ CF(a)F(b).

Assume that for all x, y∈Ω we have

K (x, y)≤
c1

|x− y|N+2s

(
Φ1(x)

|x− y|γ
∧1

)(
Φ1(y)

|x− y|γ
∧1

)
and B(x)≤ c1Φ1(x)−2s/γ. (3.17)

Let u be a minimal weak dual solution to the problem (CDP) with initial data 0≤ u0 ≤ AΦ
1−2s/γ

1
,

for some A > 0. Then, we have

u(t, x)≤
Φ

1−2s/γ

1
(x)

[
A1−m1 − C̃t

] 1
m1−1

on [0,TA] , where TA =
1

C̃Am1−1
.

Proof. It is enough to prove that u(t, x) :=
Φ1(x)1−2s/γ

[A1−m1−C̃t]
1

m1−1

is a supersolution, i.e. ∂tu ≥ −L F(u),

because the initial data satisfies u0 ≤ AΦ
1−2s/γ

1
and we have comparison.

We will use the following inequality: for any η> 1 and M > 0, then letting η̃= η∧2, there exists

b̃(M)> 0 such that

aη
−bη

≤ ηbη−1(a−b)+ b̃|a−b|η̃ for all 0≤ a, b ≤ M. (3.18)

Now, we apply inequality (3.18) to a =Φ1(y) and b =Φ1(x), η= m0(1−2s/γ), recalling η> 1 if and

only if σ0 < 1 and both Φ1 and
[
A1−m1 − C̃t

] 1
m1−1 are bounded. If we denote g(t)= 1

[A1−m1−C̃t]
1

m1−1

,

thus, we can also use Lemma 3.3 and F(ab)≤ CF(a)F(b) to obtain

F(u(t, y))−F(u(t, x))≤ C
(
F(Φ1(y)1−2s/γ)−F(Φ1(x)1−2s/γ)

)
F(g(t))

≤ C
(
Φ1(y)η−Φ1(x)η

)
g(t)m1

≤ CηΦ1(x)η−1 (Φ1(y)−Φ1(x)) g(t)m1 +Cb̃ (Φ1(y)−Φ1(x))η̃ g(t)m1

≤ CηΦ1(x)η−1 (Φ1(y)−Φ1(x)) g(t)m1 +Cb̃C
η̃
γ|x− y|η̃γg(t)m1 ,
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where we have used |Φ1(x)−Φ1(y)| ≤ cγ|x− y|γ. Using (3.17), we get

ˆ

RN

[Φ1(y)−Φ1(x)]K (x, y)dy=−LΦ1(x)+B(x)Φ1(x)≤λ1Φ1(x)+ c1Φ1(x)1−2s/γ.

Thus, recalling that η, η̃> 1 and that Φ1 is bounded, it follows

−L F(u(t, x))=

ˆ

RN

[F(u(t, y))−F(u(t, x))]K (x, y)dy−B(x)F(u(t, x))

≤ CηΦ1(x)η−1 g(t)m1

ˆ

RN

(Φ1(y)−Φ1(x))K (x, y)dy+Cg(t)m1

ˆ

RN

|x− y|η̃γK (x, y)dy

+ c1Φ1(x)−2s/γ
Φ1(x)ηg(t)m1

≤ K
1

[
A1−m1 − C̃t

] m1
m1−1

(
Φ1(x)η−2s/γ

+

ˆ

RN

|x− y|η̃γK (x, y)dy

)
.

We claim that

g′(t)=
C̃

m1−1
g(t)m1 and

ˆ

RN

|x− y|η̃γK (x, y)dy≤ c4Φ1(x)1−2s/γ.

Assume these last inequalities, therefore, if we choose C̃ ≥ K(m1 −1) we have finished the proof

because u is a supersolution

∂tu ≥ K
Φ1(x)1−2s/γ

[
A1−m1 − C̃t

] m1
m1−1

≥−L F(u).

Finally, we prove the claim. For this, using hypothesis (3.17) and choosing r =Φ1(x)1/γ we have

ˆ

RN

|x− y|η̃γK (x, y)dy≤ c1

ˆ

Br(x)

1

|x− y|N+2s−η̃γ
dy+ c1Φ1(x)

ˆ

RN\Br (x)

1

|x− y|N+2s+γ−η̃γ
dy

≤ c2rη̃γ−2s
+ c1

Φ1(x)

r2s

ˆ

RN\Br (x)

1

|x− y|N+γ−η̃γ
dy

≤ c4Φ1(x)1−2s/γ.

Where we use that η̃γ−2s >0 and η̃> 1.

This Theorem can be applied to the Spectral Fractional Laplacian, here, the general upper

bound of 2.9 is improved for small data. For (L2) type operators with B(x) ≡ 0, we can actually

prove a better upper bound for smaller data, namely:

Corollary 3.13. In the hipotheses of Theorem 3.12, assume also that B(x) ≡ 0 and u0 ≤ AΦ1 for

some A > 0. Then, for a.e. x ∈Ω we have

u(t, x)≤
Φ1(x)

[
A1−m1 − C̃t

] 1
m1−1

on [0,TA] , where TA =
1

C̃Am1−1
.

Here, we essentialy repeat the proof of Theorem 3.12 replacing 1−2s/γ by 1. The only fact

which we must take into account is that B ≡ 0 and u0 ≤ AΦ1.
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3.4 Smoothing Effects

Before starting with the lower bounds, we need to prove some weighted L1 estimates. Some

fundamental facts to achieve this goal are the next smoothing effects results; see [18] for more

details. In the classical case, L =−∆, see the monograph [52]. Here, we recall these bounds of

the L∞ norm of solutions for t > 0, in terms of the weighted L1 norm of solutions at time t, or

even at a previous time 0≤ t0 ≤ t. For each parameter γ ∈ (0,1] of the hipothesis (K2), we define

the exponent

θi,γ =
(
2s+ (N+γ)(mi −1)

)−1
.

Theorem 3.14 (Smoothing Effects I [18, Theorem 6.1]). Let L satisfy (A1), (A2) and (K2),

and let F satisfy (N1). Suppose u ∈ S is a weak dual solution of (CDP) with initial datum

0 ≤ u0 ∈L1
Φ1

(Ω). Then, there exists a constant k5 > 0 which depends only on N,s, mi, γ, F and Ω

such that for all 0≤ t0 ≤ t

F(‖u(t)‖L∞(Ω))≤






k5

‖u(t0)‖
2sm1θ1,γ

L1
Φ1

(Ω)

t
m1(N+γ)θ1,γ

if t ≥‖u(t0)‖
2s

N+γ

L1
Φ1

(Ω)

k5

‖u(t0)‖
2sm0θ0,γ

L1
Φ1

(Ω)

t
m0(N+γ)θ0,γ

if t ≤‖u(t0)‖
2s

N+γ

L1
Φ1

(Ω)
.

(3.19)

Note that the powers of the smoothing change for large or small times, depending on the norm

‖u(t0)‖
2s

N+γ

L1
Φ1

(Ω)
. We can choose t0 = t, so the smoothing happen at the same time, or we can choose

t0 = 0, in which case the bound depends on the initial data u0. Note that, if we compare

the upper bounds (3.10) and (3.19), the power of the time
mi

mi−1
is greater than mi(N +γ)θi,γ.

Thus, for small times, t <

(
k1 ∧‖u(t0)‖

2s
N+γ

L1
Φ1

(Ω)
∧1

)
, (3.19) is more precise, and for large time

t >

(
k1 ∨‖u(t0)‖

2s
N+γ

L1
Φ1

(Ω)
∨1

)
, (3.10) is better.

In the case F(u) = um with m > 1, we have m0 = m1, so there is only one case in inequality

(3.19). Theorem 3.14 presents an intrinsic form of the smoothing, which can be made explicit as

follows.

Corollary 3.15 (Smoothing Effects II [18, Corollary 6.3]). With the same hypotheses as in

Theorem 3.14, there exists an explicit constant k6 which depends only on N,s, mi, γ, F and Ω

such that for all times 0≤ t0 ≤ t, we have

‖u(t)‖L∞(Ω) ≤ k6

‖u(t0)‖
2sθ1,γ

L1
Φ1

(Ω)

t(N+γ)θ1,γ
, if t ≥‖u(t0)‖

2s
N+γ

L1
Φ1

(Ω)
. (3.20)

‖u(t)‖L∞(Ω) ≤ k6

‖u(t0)‖
2sθ0,γ

L1
Φ1

(Ω)

t(N+γ)θ0,γ
, if t ≤‖u(t0)‖

2s
N+γ

L1
Φ1

(Ω)
. (3.21)

We provide here below a proof of (3.20), as a correction of the original proof in [18, Corollary

6.3], since it contained a fixable error.
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Proof. We first prove the instantaneous smoothing effects, namely t0 = t. The case t0 < t follows

from monotonicity of the norms L1
Φ1

(Ω), see Theorem 4.1 below.

Bound for small times t0 ≤‖u(t0)‖
2s

N+γ

L1
Φ1

(Ω)
:

Here, we are in the case of inequality (3.21), therefore we have i = 0 and define the quantity

U0,γ(t0)=

‖u(t0)‖
2sθ0,γ

L1
Φ1

(Ω)

t
(N+γ)θ0,γ

0

≥ 1.

If ‖u(t0)‖L∞(Ω) ≤U0,γ(t0) there is nothing to prove. Thus, we assume ‖u(t0)‖L∞(Ω) ≥U0,γ(t0) ≥ 1.

Applying Lemma 3.3 with r ≥1 we get

F(1)‖u(t0)‖
m0

L∞(Ω)
≤ F

(
‖u(t0)‖L∞(Ω)

)

≤ k5

‖u(t0)‖
2sm0θ0,γ

L1
Φ1

(Ω)

t
(N+γ)θ0,γm0

0

,

therefore, we have already proved (3.21).

Bound for large times t0 ≥ ‖u(t0)‖
2s

N+γ

L1
Φ1

(Ω)
:

In this case, we have to demostrate inequality (3.20). Thus for i = 1, we similarly define

U1,γ(t0)=

‖u(t0)‖
2sθ1,γ

L1
Φ1

(Ω)

t
(N+γ)θ1,γ

0

≤ 1.

By Theorem 3.14 we get

F
(
‖u(t0)‖L∞(Ω)

)
≤ k5

‖u(t0)‖
2sm1θ1,γ

L1
Φ1

(Ω)

t
(N+γ)m1θ1,γ

0

= k5U1,γ(t0)(N+γ)m1θ1,γ ≤ k5.

Therefore, we have ‖u(t0)‖L∞(Ω) ≤ F−1(k5) because F is non decreasing. So, we apply Lemma 3.3

with F−1(k5)= r0 to obtain

F(‖u(t0)‖L∞(Ω))≥ k
F(r0)

r
m1

0

‖u(t0)‖
m1

L∞(Ω)
=

k

(F−1(k5))m1
k5||u(t0)||

m1

L∞(Ω)
,

and using Theorem 3.14 again in the inequality above

‖u(t0)‖
m1

L∞(Ω)
≤

(
k

(F−1(k5))m1
k5

)−1

F(‖u(t0)‖L∞(Ω))

≤
(F−1(k5))m1

k

‖u(t0)‖
2sm1θ1,γ

L1
Φ1

(Ω)

t
(N+γ)m1θ1,γ

0

.

Choosing k6 as the maximum of all the constant above, we conclude the proof.
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4 Weighted L1 - Estimates

One of the most important applications of smoothing effects is the Weighted L1-estimates, which

enable us to determine the lower boundary behavior for solutions of (CDP).

Theorem 4.1. Let L satisfy (A1), (A2) and (K2), and let F satisfy (N1). Suppose u ∈S is a weak

dual solution of (CDP) with initial datum 0≤ u0 ∈L1
Φ1

(Ω). Then, for any 0≤ τ≤ t we have

ˆ

Ω

u(t, x)Φ1(x)dx≤

ˆ

Ω

u(τ, x)Φ1(x)dx. (4.1)

Besides, for all 0≤ τ0 ≤ τ≤ t <∞, we get

ˆ

Ω

u(τ, x)Φ1(x)dx≤

ˆ

Ω

u(t, x)Φ1(x)dx+k7|t−τ|2sθi,γ‖u(τ0)‖
2s(mi−1)θi,γ+1

L1
Φ1

(Ω)
, (4.2)

where i = 0 if t ≤ ‖u(τ0)‖
2s

N+γ

L1
Φ1

(Ω)
and i = 1 if τ ≥ ‖u(τ0)‖

2s
N+γ

L1
Φ1

(Ω)
. Constant k7 depends only on N, s,

mi, γ, F, Ω and λ1.

Proof. We split the proof in several steps.

Step 1: Monotonicity in time of the L1
Φ1

norm.

Let’s differentiate the weighted L1 norm at time t

d

dt

ˆ

Ω

u(t, x)Φ1(x)dx=−

ˆ

Ω

L F(u(t, x))Φ1(x)dx=−λ1

ˆ

Ω

F(u(t, x))Φ1(x)dx≤ 0.

This last derivative is non-positive because u is non negative and the non linearity F is non-

decreasing and normalized at zero. Note that, this derivative is devoutly justified by the argu-

ment presented in [18, Proposition 5.1]. Integrating from τ to t yields (4.1) that is

ˆ

Ω

u(t, x)Φ1(x)dx−

ˆ

Ω

u(τ, x)Φ1(x)dx=−λ1

ˆ t

τ

ˆ

Ω

F(u(r, x))Φ1(x)dxdr. (4.3)

Step 2: For every t ≥ τ0 there exists a constant k′
6

such that

F(u(t, x))≤ k′
6

‖u(τ0)‖
2s(mi−1)θi,γ

L1
Φ1

(Ω)

t(N+γ)(mi−1)θi,γ
u(t, x),

where i = 0 if t ≤‖u(τ0)‖
2s

N+γ

L1
Φ1

(Ω)
and i = 1 if t ≥‖u(τ0)‖

2s
N+γ

L1
Φ1

(Ω)
.

F is convex as a consequence of (N1) thus, for any 0≤ u ≤V we have

F(u)≤ uF ′(u)≤ uF ′(V )≤ m1u
F(V )

V
. (4.4)

Moreover, by Lemma 3.3 for every r0 ≥ 0, we have

F(V )≤ (1∨k)F(r0)

(
V

r0

)mi

, (4.5)
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where i = 0 if V ∈ [0, r0] and i = 1 if V ≥ r0. Combining inequalities (4.4) and (4.5) we obtain

F(u)≤ m1uV mi−1 (1∨k)F(r0)

r
mi

0

. (4.6)

Now, we denote

U j,γ = k6

‖u(τ0)‖
2sθ j,γ

L1
Φ1

(Ω)

t(N+γ)θ j,γ
,

with j = 0 if U j,γ ≥ k6 and j = 1 if U j,γ ≤ k6. Then, if we choose r0 = k6 fixed and U j,γ = V ≥ u,

the index j in the inequality of Collolary 3.15, ‖u(t)‖L∞(Ω) ≤ k6

‖u(τ0)‖
2sθ j,γ

L1
Φ1

(Ω)

t
(N+γ)θ j,γ

, will be the same as i

in formula (4.6). Therefore,

F(u(t, x))≤ m1

(1∨k)F(k6)

k
mi

6



k6

‖u(τ0)‖
2sθi,γ

L1
Φ1

(Ω)

t(N+γ)θi,γ





mi−1

u(t, x)

:= k′
6

‖u(τ0)‖
2sθi,γ(mi−1)

L1
Φ1

(Ω)

t(N+γ)θi,γ(mi−1)
u(t, x).

With i = 0 if t ≤‖u(τ0)‖
2s

N+γ

L1
Φ1

(Ω)
and i = 1 if t ≥‖u(τ0)‖

2s
N+γ

L1
Φ1

(Ω)
and k′

6 = m1(1∨k)
F(k6)

k6

.

Step 3: Bound of λ1

ˆ t

τ

ˆ

Ω

F(u(r, x))Φ1(x)dxdr.

The key is applying Step 2 to F(u(r, x)) inside the integral because r ≥ τ≥ τ0. We shall adopt the

following notation until the end of the proof: let 0 ≤ τ0 ≤ τ≤ t <∞, and the index i will denote

i = 0 if t ≤‖u(τ0)‖
2s

N+γ

L1
Φ1

(Ω)
and i = 1 if τ≥‖u(τ0)‖

2s
N+γ

L1
Φ1

(Ω)
. Thus,

λ1

ˆ t

τ

ˆ

Ω

F(u(r, x))Φ1(x)dxdr ≤λ1k′
6

ˆ t

τ

ˆ

Ω

‖u(τ0)‖
2s(mi−1)θi,γ

L1
Φ1

(Ω)

(r−τ0)(N+γ)(mi−1)θi,γ
u(r, x)Φ1(x)dxdr

≤λ1k′
6‖u(τ0)‖

2s(mi−1)θi,γ+1

L1
Φ1

(Ω)

ˆ t

τ

dr

(r−τ0)(N+γ)(mi−1)θi,γ

≤

λ1k′
6
‖u(τ0)‖

2s(mi−1)θi,γ+1

L1
Φ1

(Ω)

2sθi,γ

[
(t−τ0)2sθi,γ − (τ−τ0)2sθi,γ

]

≤
λ1k′

6

2sθi,γ
|t−τ|2sθi,γ‖u(τ0)‖

2s(mi−1)θi,γ+1

L1
Φ1

(Ω)
. (4.7)

Where we have used the following claims:

• When we integrate, we rewrite the power as follows

1− (N +γ)(mi −1)θi,γ =
2s+ (N +γ)(mi −1)− (N +γ)(mi −1)

2s+ (N +γ)(mi −1)
= 2sθi,γ < 1.
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• The numerical inequality (t−τ0)β− (τ−τ0)β ≤ (t−τ)β, for any β ∈ (0,1).

Finally, joinning (4.7) and (4.3) we obtain (4.2) with the explicit constant is k7 =
λ1k′

6

2sθ1,γ
.

Note that in the intermediate case, i.e. τ ≤ ‖u(τ0)‖
2s

N+γ

L1
Φ1

(Ω)
≤ t, we can also derive a similar

inequality of the form
ˆ

Ω

u(τ, x)Φ1(x)dx≤

ˆ

Ω

u(t, x)Φ1(x)dx+2k7 max
i=0,1

{
|t−τ|2sθi,γ‖u(τ0)‖

2s(mi−1)θi,γ+1

L1
Φ1

(Ω)

}
.

However, it is no needed in this work.

Corollary 4.2. Let L satisfy (A1), (A2) and (K2), and let F satisfy (N1). Suppose u ∈S is a weak

dual solution of (CDP) with initial datum 0 ≤ u0 ∈ L1
Φ1

(Ω). Then, for any positive τ0 and t such

that:

0≤ τ0 ≤ t ≤ τ0 +

(
(2k7)

1
2sθi,γ ‖u(τ0)‖

mi−1

L1
Φ1

(Ω)

)−1

, (4.8)

with, i = 0 if t ≤‖u(τ0)‖
2s

N+γ

L1
Φ1

(Ω)
and i = 1 if t ≥‖u(τ0)‖

2s
N+γ

L1
Φ1

(Ω)
, the following inequality holds

1

2

ˆ

Ω

u(τ0, x)Φ1(x)dx≤

ˆ

Ω

u(t, x)Φ1(x)dx. (4.9)

Proof. Taking τ= τ0 in Theorem 4.1 and applying condition (4.8) to the term |t−τ|2sθi,γ in (4.2)

directly implies (4.9).

The way we are going to use this result for the lower boundary behaviour of minimal weak

dual solutions is taking τ0 = 0. Thus, Corollary 4.2 tells us that for sufficiently small times i.e.

t ≤

(
(2k7)

1
2sθi,γ ‖u0‖

mi−1

L1
Φ1

(Ω)

)−1

, where i = 0 if t ≤‖u0‖

2s
N+γ

L1
Φ1

(Ω)
and i = 1 if t ≥‖u0‖

2s
N+γ

L1
Φ1

(Ω)
, we obtain

1

2

ˆ

Ω

u0(x)Φ1(x)dx≤

ˆ

Ω

u(t, x)Φ1(x)dx. (4.10)

5 Lower Bounds

In this section we will prove the lower bounds of the Global Harnack Principle (GHP), which will

determine the lower boundary behaviour of minimal weak dual solutions to (CDP). Depending

on the operator L we will observe tree types of lower bounds. The first one, presented in Theo-

rem 2.7, applied after a waiting time t∗ and allows for a very general kind of operator, namely

(A1), (A2) and (K2). It is important to recall that the classical Laplacian belong to this case. In

fact, the well-known finite speed of propagation implies that a waiting time is necessary, so this

result is consistent.

The two next lower bounds, presented in Theorems 2.8 and 2.9, ensure the positivity of minimal

weak dual solutions, i.e., they are valid for any time t > 0. The trade-off is that we need to be

more exlicit about the operator, specifically (L1) and (L2). Here, the non-local nature of the

operator plays a fundamental role in achieving the positivity, which implies infinite speed of

propagation.
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5.1 Lower bounds for large time

The main tools to achieve the lower bound are the pointwise estimates of Proposition 3.6 and

the weighted-L1 estimates of Corolary 4.2, specifically in the form of inequality (4.10).

Theorem 5.1. Let L satisfy (A1), (A2) and (K2), with σ1 = 1, and let F satisfy (N1). Suppose

u ∈ S is a weak dual solution of (CDP) with initial datum 0 ≤ u0 ∈ L1
Φ1

(Ω). Then, there exists a

waiting time

t∗ = c∗




1

‖u0‖
m1−1

L1
Φ1

(Ω)

∨
1

‖u0‖
m0−1

L1
Φ1

(Ω)



 , (5.1)

where c∗ is given in the proof, such that for all t ≥ t∗ and a.e. x ∈Ω we have

F(u(t, x))≥ k8
Φ1(x)

t
m0

m0−1

. (5.2)

For a positive constant k8 which depends on N,s, γ, mi, F, Ω and λ1.

Proof. We split the proof in several steps.

Step 1: Fundamental Lower Bounds.

Starting from (3.5), we have for almost every point x0 ∈Ω and any 0< t0 ≤ t1 ≤ t

ˆ

Ω

u(t0, x)G(x, x0)dx−

ˆ

Ω

u(t1, x)G(x, x0)dx≤ (m0 −1)

(
tm0

t0

) 1
m0−1

F(u(t, x0)). (5.3)

Moreover, we have seen in Remark 3.11 the following inequality holds for any τ> 0

ˆ

Ω

u(τ, x)G(x, x0)dx≤ k3
Φ1(x0)

τ
1

mi−1

, (5.4)

where i = 0 if τ< k1 and i = 1 if τ≥ k1. Then, for t1 large enough i.e.

t1 ≥max
i=0,1

(
2k3Φ1(x0)

´

Ω
u(t0, x)G(x, x0)dx

)mi−1

, (5.5)

we get by combining (5.4) and (5.5)

ˆ

Ω

u(t1, x)G(x, x0)dx≤
1

2

ˆ

Ω

u(t0, x)G(x, x0)dx.

Therefore, using this last inequality together with (5.3) we obtain the Fundamental Lower

Bound

t
m0

m0−1 F(u(t, x0))≥
t

1
m0−1

0

2(m0−1)

ˆ

Ω

u(t0, x)G(x, x0)dx, (FLB)

which is valid whenever t0 ≤ t1 ≤ t. This fact always happen because thanks to (5.4) we have

t0 ≤max
i=0,1

(
k3Φ1(x0)

´

Ω
u(t0, x)G(x, x0)dx

)mi−1

≤max
i=0,1

(
2k3Φ1(x0)

´

Ω
u(t0, x)G(x, x0)dx

)mi−1

≤ t1.
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Step 2: Quantitative Lower Bounds.

Note that t0 and t1 have not been fixed yet, we have only restriction (5.5). Now, let’s fix t0 small

enough

t0 =
C

(2k8)
1

2sθ0,γ ‖u0‖
m0−1

L1
Φ1

(Ω)

,

where C is a constant which allow us to use Corollary 4.2 with τ0 = 0, we will explain how to

choose it later, see Remarck 5.2 below. Therefore, we have

1

2

ˆ

Ω

u0(x)Φ1(x)dx≤

ˆ

Ω

u(t0, x)Φ1(x)dx. (5.6)

Starting from (FLB) and take into account both (5.6) and the lower bound of the Green function

in (K2), i.e., G(x, y)≥ c0Φ1(x)Φ1(y), we obtain the following quantitative lower bound

t
m0

m0−1 F(u(t, x0))≥
t

1
m0−1

0

2(m0 −1)

ˆ

Ω

u(t0, x)G(x, x0)dx

≥
c0Φ1(x0)

2(m0 −1)
t

1
m0−1

ˆ

Ω

u(t0, x)Φ1(x)dx

≥
c0Φ1(x0)

4(m0 −1)
t

1
m0−1

0

ˆ

Ω

u0(x)Φ1(x)dx

=
c0

4(m0 −1)(2k7)
1

2s(m0−1)θ0,γ

Φ1(x0)

= k8Φ1(x0).

Summing up, we have already shown (5.2) holds whenever t ≥ t1, now, t1 is fixed and it is

already given by (5.5). The purpose of the waiting time (5.1) is to find an explicit upper bound

for t1 which does not depend on t0, x0 and u.

Step 3: Critical time t∗.

Let’s assume for a moment that t1 =

(
2k3Φ1(x0)

´

Ω
u(t0,x)G(x,x0)dx

)m1−1

. We use Green estimates (K2) and

inequality (4.10) for t0 to obtain an explicit bound

t
1

m1−1

1
=

2k3Φ1(x0)
´

Ω
u(t0, x)G(x, x0)dx

≤
2k3

c0

´

Ω
u(t0, x)Φ1(x)dx

≤
4k3

c0‖u0‖L1
Φ1

(Ω)

=
c

1
m1−1

∗

‖u0‖L1
Φ1

(Ω)

.

If the maximun of the t1 formula is the other case, we can apply the same argument. Thus, we

achieve the expresion (5.1) for the waiting time.

This lower bound for large times, together with the upper bound of Theorem 3.10, proves our

first result of the Global Harnack Principle, Theorem 2.7 of Section 2.4. Remember it is the most

general result because it could be applied to both local and non-local operators.
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Remark 5.2. Let’s name the following constants in order to choose t0 properly in the proof

above. A := (2k7)

(
1

2sθ0,γ
−

1
2sθ1,γ

)
1

m1−m0 and B := (2k7)
−

1
2sθ0,γ

N+γ

(N+γ)(m0−1)+2s . Note that we have the next

assertions:

‖u0‖L1
Φ1

(Ω) ≤ A, if and only if
1

(2k7)
1

2sθ0,γ ‖u0‖
m0−1

L1
Φ1

(Ω)

≤
1

(2k7)
1

2sθ1,γ ‖u0‖
m1−1

L1
Φ1

(Ω)

.

‖u0‖L1
Φ1

(Ω) ≥ B if and only if
1

(2k7)
1

2sθ0,γ ‖u0‖
m0−1

L1
Φ1

(Ω)

≤ ‖u0‖

2s
N+γ

L1
Φ1

(Ω)
.

Therefore, according to the statements of Corollary 4.2, if we choose t0 = ((2k7)
1

2sθ0,γ ‖u0‖
m0−1

L1
Φ1

(Ω)
)−1

in any of these cases above, we can directly apply inequality (4.10). In the intermediate case

A ≤ ||u0||L1
Φ1

(Ω) ≤ B, we have the following computation

1

(2k7)
1

2sθ1,γ ‖u0‖
m1−1

L1
Φ1

(Ω)

=
1

(2k7)
1

2sθ0,γ ‖u0‖
m0−1

L1
Φ1

(Ω)

(2k7)
1

2sθ0,γ
−

1
2sθ1,γ

‖u0‖
m1−m0

L1
Φ1

(Ω)

≥
1

(2k7)
1

2sθ0,γ ‖u0‖
m0−1

L1
Φ1

(Ω)

(2k7)
1

2sθ0,γ
−

1
2sθ1,γ

+
m1−m0
2sθ0,γ

N+γ

(N+γ)(m0−1)+2s .

Thus, we denote

C =
1

2

(
1∧ (2k7)

1
2sθ0,γ

−
1

2sθ1,γ
+

m1−m0
2sθ0,γ

N+γ

(N+γ)(m0−1)+2s

)
,

and if we choose t0 = C

(
(2k7)

1
2sθ0,γ ‖u0‖

m0−1

L1
Φ1

(Ω)

)−1

, all the hipotheses of Coralary 4.2 are always

satisfied.

5.2 Approximate solutions

Some new tools are required to establish the lower bounds for all positive times, we collect

them below; further details can be found in [8]. We begin by defining the following class of

approximate solutions, that we will use throughout the proof. Let δ> 0 be fixed, and we address

the larger approximate problem.






∂tuδ+L F(uδ)= 0, (0,∞)×Ω.

uδ(t, x)= δ, (0,∞)×R
N \Ω.

uδ(0, x)= u0(x)+δ, x ∈Ω.

(AP1)

Or equivalently, if we write uδ = vδ+δ






∂tvδ+L (F(vδ+δ)−F(δ)) = 0, (0,∞)×Ω.

vδ = 0, (0,∞)×R
N \Ω.

vδ(0, x)= u0(x), x ∈Ω.

(AP2)

The idea is to utilize problem (AP1) for a priori estimates and (AP2) for establishing the ex-

istence of solutions. Problem (AP2) represents an approximate Porous Medium type equation
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with a nonlinearity Hδ(v) = F(v+δ)−F(δ) satisfying Hδ(0) = 0 and H′
δ
(0) = F ′(δ) > 0. Thus, it

admits a solution, implying the existence of solutions for problem (AP1). We adopt the solution

definition as detailed in Section 2.3, ensuring its uniqueness and existence.

Some properties of approximate solutions uδ include the following:

Proposition 5.3 ([8, Apendix II]). Let u be a minimal weak dual solution of (CDP) with initial

data 0 ≤ u0 ∈ L1
Φ1

(Ω) and let uδ be a minimal weak dual solution of (AP1) with the same initial

data. Then, the following assertions hold true:

(i) Positivity. uδ ≥ δ> 0.

(ii) Aproximate solutions are ordered. For all δ1 ≥ δ2 we have uδ1
≥ uδ2

.

(iii) Aproximate solutions are bigger than solutions of (CDP). uδ ≥ u.

Since the Benilan-Crandall estimates hold true for uδ, the quantity t
1

m0−1 uδ(t, x) is monoton-

ically non-decreasing for t > 0. Similar to previous sections, we can prove the positivity (by

comparison) and boundedness of solutions:

δ≤ uδ(t, x)≤
k2

t
1

mi−1

+2δ.

Thus, we can employ the arguments from [8, 10] to establish the regularity of approximate

solutions, i.e.

• uδ is globally Holder continuous in x and t.

• uδ is classical in the interior, uδ ∈C∞
x (Ω) and uδ ∈C

1,α
t ([t0,T]) for an α> 0.

This regularity of uδ justifies the calculations that we will perform the rest of this section.

Lemma 5.4. Let L satisfy (A1) and (A2), and let F satisfy (N1). Assume u and uδ are minimal

weak dual solutions of (CDP) and (AP1) respectively with the same initial datum 0≤ u0 ∈L1
Φ1

(Ω).

Then, for all t >0 we have

‖uδ(t)−u(t)‖L1
Φ1

(Ω) ≤ ‖uδ(0)−u0‖L1
Φ1

(Ω) = δ‖Φ1‖L1(Ω).

Proof. By a direct computation we obtain:

ˆ

Ω

(uδ(t, x)−u(t, x))Φ1(x)dx−

ˆ

Ω

(uδ(0, x)−u0(x))Φ1(x)dx

=

ˆ t

0

ˆ

Ω

∂t(uδ−u)(τ, x)Φ1(x)dxdτ

=

ˆ t

0

ˆ

Ω

(L [F(uδ)]−L [F(u)])(τ, x)Φ1(x)dxdτ

=−λ1

ˆ t

0

ˆ

Ω

(F(uδ)−F(u)) (τ, x)Φ1(x)dxdτ≤ 0.
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Note that, as δ decreases to zero, the sequence {uδ} is monotonically decreasing and bounded

below by u. This, combined with the convergence in L1
Φ1

(Ω) allows us to conclude the following

pointwise convergence. For all t > 0, we have

lim
δ→0+

uδ(t, x)= u(t, x) for a.e. x ∈Ω. (5.8)

Before proceeding with the lower bounds, we divide the proofs into two cases: when the initial

datum is small or large relative to the norm ‖u0‖L1
Φ1(Ω)

, i.e. when the critical time t∗, defined by

(5.1) has the power m1 −1 or m0−1.

5.3 Positivity for small initial data

Throughout this subsection the waiting time will have the expression

t∗ =
c∗

‖u0‖
m1−1

L1
Φ1

(Ω)

, (5.9)

given that our initial assumption is ‖u0‖L1
Φ1

(Ω) ≤ 1. Let us begin with an essential property of

approximate solutions that compares the L1
Φ1

(Ω) norm of u0 and uδ.

Lemma 5.5. Let L satisfy (A1), (A2) and (K2), and let F satisfy (N1). Let u be the minimal weak

dual solution of (CDP) with initial data 0 ≤ u0 ∈ L1
Φ1

(Ω) and uδ be the approximate solution of

(AP1) with the same initial data, and let t∗ as in (5.9). Then, there exists a constant c such that

for all t ∈ [0, t∗] we have

c‖u0‖
m1

L1
Φ1

(Ω)
≤

ˆ

Ω

F(u(t, x))Φ1(x)dx≤

ˆ

Ω

F(uδ(t, x))Φ1(x)dx. (5.10)

Proof. We split the proof in two steps.

Step 1: We claim that there exists a constant C such that for t0 = C

(
(2k7)

1
2sθ1,γ ‖u0‖

m1−1

L1
Φ1

(Ω)

)−1

, the

hyphoteses of Corollary 4.2 are satisfied.

Let’s define the constant M :=

(
2(2k7)

1
2sθ1,γ

)−(N+γ)θ1,γ

. Then, if we have ‖u0‖L1
Φ1

(Ω) ≤ M, a direct

calculation shows us that we can use Corollary 4.2 because

‖u0‖

2s
N+γ

L1
Φ1

(Ω)
≤

1

2(2k7)
1

2sθ1,γ ‖u0‖
m1−1

L1
Φ1

(Ω)

:= t0 ≤
1

(2k7)
1

2sθ1,γ ‖u0‖
m1−1

L1
Φ1

(Ω)

.

In the other case, when the norm is bounded from above and from below, M ≤ ‖u0‖L1
Φ1

(Ω) ≤ 1, we

consider the quantity min
i=0,1

(
(2k7)

1
2sθi,γ ||u0||

mi−1

L1
Φ1

(Ω)

)−1

. On the one hand, if the minimum occurs at

i = 1, we are in the same scenario as above. On the other hand, if we have i = 0 in the minimum

we can proceed as in Remark 5.2 to choose

C =
1

2

(
1∧ (1/2)m1−m0(2k7)

1−(m1−m0)(N+γ)θ1,γ

2sθ1,γ
−

1
2sθ0,γ

)
.
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Step 2: Proof of the bound (5.10).

Choose t0 as in Step 1. Thus, thanks to Corolary 4.2 the next inequality holds, for all 0< t ≤ t0

1

2

ˆ

Ω

u0(x)Φ1(x)dx≤

ˆ

Ω

u(t, x)Φ1(x)dx.

Using the fact F is convex and increasing, and applying Lemma 3.3 we get

kF(1/2)‖u0‖
m1

L1
Φ1

(Ω)
≤ F

(
1

2

ˆ

Ω

u0(x)Φ1(x)dx

)
≤

ˆ

Ω

F(u(t, x))Φ1(x)dx≤

ˆ

Ω

F(uδ(t, x))Φ1(x)dx.

Therefore, inequality (5.10) is proved for any 0 < t ≤ t0. Now, for all t ∈ [t0, t∗] observe that

t0 = A1t∗ by construction of t0. Then, we use the Bénilan-Crandall estimates, Lemma 3.4, and

Corollary 4.2 for t0 as follows:

1

2

ˆ

Ω

u0(x)Φ1(x)dx≤

ˆ

Ω

u(t0, x)Φ1(x)dx≤

(
t

t0

) 1
m0−1
ˆ

Ω

u(t, x)Φ1(x)dx≤
1

A
1

m0−1

1

ˆ

Ω

u(t, x)Φ1(x)dx,

and using F is convex and increasing again, remember u ≤ uδ, we get

kF




A

1
m0−1

1

2



‖u0‖
m1

L1
Φ1

(Ω)
≤ F




A

1
m0−1

1

2
‖u0‖L1

Φ1
(Ω)



≤ F

(ˆ

Ω

u(t, x)Φ1(x)dx

)

≤

ˆ

Ω

F(u(t, x))Φ1(x)dx≤

ˆ

Ω

F(uδ(t, x))Φ1(x)dx.

To prove the quantitative lower bounds, we need to be more precise about the operator L . This

is why we require either (L1), for example, for RFL or CFL, or (L2), for example, for SFL. The

non-local nature of the operator plays a fundamental role in the proof.

Theorem 5.6. Let L satisfy (A1), (A2) and (L1), and let F satisfy (N1). Suppose u is the minimal

weak dual solution of (CDP) with initial datum 0 ≤ u0 ∈ L1
Φ1

(Ω). Given the waiting time as in

(5.9), we establish:

Assume either σ1 = 1 or σ1 < 1, K (x, y) < c1|x− y|−(N+2s) and Φ1 ∈ Cγ(Ω). Then, there exists a

constant k9 > 0 which depends only on N, s, mi, γ, F, Ω and λ1 such that for all t > 0 and a.e.

x ∈Ω it follows that

F(u(t, x))≥ k9

(
1∧

t

t∗

) m2
1

m1−1 Φ1
σ1(x)

t
mi

mi−1

. (5.11)

Where i = 1 if t ≤ t∗ and i = 0 if t ≥ t∗.

Proof. We split the proof into three steps. Firstly, we estimate a lower bound for F(u(t, x)) which

is crucial for the proof. Afterward, we derive inequality (5.11) for small times t < t∗, and finally

for large times t ≥ t∗.

Step 1: Claim. There exists a constant k > 0 small enought such that ∀t ∈ [0, t∗]

F(u(t, x))≥

(
k‖u0‖

m1

L1
Φ1

(Ω)
t

)m1

φ1(x)σ1 . (5.12)
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Proof of the claim: Step 1.1. Aproximate Solutions.

We fix δ> 0 until the end of the proof of the claim and let uδ the minimal weak dual solution of

(AP1) with initial data u0. Define K0 = k‖u0‖
m1

L1
Φ1

(Ω)
where k is a constant to be determined. Now,

we consider the lower barrier

Ψ(t, x)= F−1(K
m1

0
tm1Φ1(x)σ1 ).

Remark 5.7. Note the following observations, whose estimates we will use throughout the proof.

(a) We have K0 ≤ 1 because we have ‖u0‖L1
Φ1(Ω)

≤ 1 and we will choose k < 1.

(b) Here, with the goal of simplifying the calculation, Φ1 is the first eigenfunction of L nor-

malized, i.e., ‖Φ1‖L∞(Ω) = 1.

(c) We have K
m1−1
0

t
m1
∗ ≤ k0 by definition of K0 and t∗.

(d) For any t ∈ [0, t∗] we have K0t ≤ K0t∗ = k‖u0‖L1
Φ1

(Ω)c∗ ≤ kc∗ := r0. Therefore, changing the

value of k if it is needed, we get by Lemma 3.3

F−1

(
F(kc∗)

(kc∗)m1
(K0t)m1

)
≤ K0t.

Step 1.2. Ψ is a lower barrier for uδ, i.e. F(Ψ(t, x))< F(uδ(t, x)) for any (t, x)∈ [0, t∗]×Ω.

We prove this by contradiction. Assume that the inequality is false. By the regularity of F, uδ

and Ψ, there exists a first touching point (tc, xc)∈ [0, t∗]×Ω such that F(Ψ(tc, xc))= F(uδ(tc, xc)).

Note that (tc, xc)∈ (0, t∗)×Ω because if tc = 0 or xc ∈ ∂Ω we have the following:

F(Ψ(tc, xc))= 0< F(δ)≤ F(uδ(tc, xc)).

Now, let’s bound −L [F(uδ(tc, xc))−F(Ψ(tc, xc))] from above and from below. Firstly, we use the

equation of (AP1) to establish the upper bound

−L [F(uδ(tc, xc))−F(Ψ(tc, xc))]= ∂tuδ(tc, xc)+L F(Ψ(tc, xc)),

and we bound every single term of the equation above. On the one hand, as (tc, xc) is the first

touching point, what means F(Ψ(tc, xc))= F(uδ(tc, xc)) and F(Ψ(t, xc))< F(uδ(t, xc)) for any time

0< t < tc, we have

∂tuδ(tc, xc)≤ ∂tΨ(tc, xc)=
m1K

m1

0
t
m1−1
c Φ1(x)σ1

F ′(F−1(K
m1

0
t
m1
c Φ1(x)σ1 ))

≤
m1K

m1

0
t
m1−1
c Φ1(x)σ1

m0K
m1

0
t
m1
c Φ1(x)σ1

F−1(K
m1

0
t
m1
c Φ1(x)σ1)

≤
m1

m0

K0. (5.13)

Where we have used (N1), more precisely, m0F(r)/r ≤ F ′(r) ≤ m1F(r)/r and Remark 5.7 (d). On

the other hand, if σ1 = 1 we have

L F(Ψ(tc, xc))= K
m1

0
t
m1
c λ1Φ1(xc)≤ K0k0λ1. (5.14)
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Remember Remark 5.7 (c), which establishes K
m1−1
0

t
m1
c ≤ K

m1−1
0

t
m1
∗ ≤ k0. Now, if σ1 < 1, using

the facts that Φ1 ∈ Cγ(Ω) and g(x)= xσ1 is concave, we have

|Φ1(x)σ1 −Φ1(y)σ1 | ≤ |Φ1(x)−Φ1(y)|σ1 ≤ |x− y|γσ1 .

Observe that, here γσ1 > 2s and K (x, y)≤ c1|x− y|−N−2s by assumption. Thus, we obtain

L F(Ψ(tc, xc))= K
m1

0
t
m1
c LΦ

σ1

1
(xc)= K

m1

0
t
m1
c P.V

ˆ

RN

|Φ1(xc)σ1 −Φ1(y)σ1 |K (xc, y)dy

≤ K
m1

0
t
m1
c

(ˆ

Ω

c|xc − y|γσ1
c1

|xc − y|N+2s
dy+

ˆ

RN\Ω

2c1

|xc − y|N+2s

)
dy

≤CK0k0. (5.15)

Therefore, putting together (5.13), (5.14) and (5.15) we achieve the following upper bound

−L [F(uδ(tc, xc))−F(Ψ(tc, xc))]≤ K0

(
m1

m0

+k0(C+λ1)

)
. (5.16)

Secondly, let’s establish the lower bound. Here we use that the operator is nonlocal, specifically

property (L1), which states infx,y∈Ω K (x, y)≥ kΩ > 0. Remember that F(uδ(tc, xc))= F(Ψ(tc, xc)).

−L [F(uδ(tc, xc))−F(Ψ(tc, xc))]

=−P.V

ˆ

RN

[F(uδ(tc, xc)−F(Ψ(tc, xc)))− (F(uδ(tc, y))−F(Ψ(tc, y)))]K (xc, y)dy

=

ˆ

RN

F(uδ(tc, y))K (xc, y)dy−

ˆ

RN

F(Ψ(tc, y))K (xc, y)dy

≥ kΩ

ˆ

RN

F(uδ(tc, y))dy−kΩ

ˆ

RN

(K0tc)m1Φ1(y)σ1 dy

≥ kΩ

ˆ

RN

F(uδ(tc, y))dy−kΩK0k0|Ω|. (5.17)

Where we have used Remark 5.7 again. Summing up, thank to (5.16) and (5.17) we know that

kΩ

ˆ

Ω

F(uδ(tc, x))dx≤ K0

(
kΩk0|Ω|+

m1

m0

+k0(C+λ1)

)
. (5.18)

Finally, this is the moment when we realize we have a contradiction. By combining inequality

(5.18) and Lemma 5.5, we obtain

kΩc‖u0‖
m1

L1
Φ1

(Ω)
≤ k‖u0‖

m1

L1
Φ1

(Ω)

(
kΩk0|Ω|+

m1

m0

+k0(C+λ1)

)
,

where the norm of the initial data is not zero and all constants are fixed except k. Thus, we can

choose k small enough to create a contradiction and conclude F(Ψ)< F(uδ) in [0, t∗]×Ω.

Step 1.3. Taking the limit as δ→ 0+.

Previously, we have seen the convergence (5.8), limδ→0+ uδ(t, x)= u(t, x) for all t > 0 and a.e x ∈Ω.

Thus, by the continuity of F and the last step, we conclude that for any t ∈ [0, t∗) and a.e. x ∈Ω

we have

F(u(t, x))= lim
δ→0

F(uδ(t, x))≥ F(Ψ(t, x))= (k‖u0‖
m1

L1
Φ1

(Ω)
t)m1Φ1(x)σ1 .
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Step 2: The following inequality holds for all t ∈ (0, t∗]

F(u(t, x))≥ K

(
t

t∗

) m2
1

m1−1 Φ1(x)σ1

t
m1

m1−1

. (5.19)

We just have to rewrite (5.12) as follows

F(u(t, x))≥ (k‖u0‖
m1

L1
Φ1

(Ω)
t)m1Φ1(x)σ1

=



k
c

m1
m1−1

∗

t

m1
m1−1

∗

t
m1

m1−1

t
1

m1−1




m1

Φ1(x)σ1 ≥ K

(
t

t∗

) m2
1

m1−1 Φ1(x)σ1

t
m1

m1−1

.

Step 3: For all t > t∗ we have

F(u(t, x))≥ K
Φ1(x)σ1

t
m0

m0−1

. (5.20)

Using Benilan-Crandall estimates 3.3 and step 2 for t = t∗, we obtain the desired lower bound

t
m0

m0−1 F(u(t, x))≥ t

m0
m0−1

∗ F(u(t∗, x))≥ t

m0
m0−1

∗ K
Φ1(x)σ1

t

m1
m1−1

∗

= K t

m0
m0−1

−
m1

m1−1

∗ Φ1(x)σ1 ≥ K c

m0
m0−1

−
m1

m1−1

∗ Φ1(x)σ1 .

Putting together inequalities (5.19) and (5.20), we conclude the proof of the theorem.

Theorem 5.8. Let L satisfy (A1), (A2) and (L2), and let F satisfy (N1). Suppose u is the minimal

weak dual solution of (CDP) with initial datum 0 ≤ u0 ∈ L1
Φ1(Ω)

. Let the waiting time t∗ be as in

(5.9), then there exists a positive constant k10 > 0 which depends only on N, s, mi, F, γ, Ω and λ1

such that ∀t > 0 and a.e. x ∈Ω the following inequality holds

F(u(t, x))≥ k10

(
1∧

t

t∗

) m2
1

m1−1 Φ1(x)m1

t
mi

mi−1

.

Where i = 1 if t ≤ t∗ and i = 0 if t ≥ t∗.

Proof. The proof follows from the same argument as Theorem 5.6 with some slight modifications

in the calculations. In fact, we split the proof in the same steps.

Step 1: For all t ∈ [0, t∗] there exists a constant k > 0 such that

F(u(t, x))≥

(
k‖u0‖

m1

L1
Φ1

(Ω)
t

)m1

Φ1(x)m1 . (5.21)

The idea to complete the proof of inequality (5.21) is similar to that of step 1 in the previous

proof. Therefore, we will remake the proof without dwelling too much on the details. As before,

we fix δ> 0, let uδ be the minimal weak dual solution of (AP1) and define the lower barrier

Ψ(t, x)= F−1((K0tΦ1(x))m1 ).

Where K0 = k‖u0‖
m1

L1
Φ1

(Ω)
and k is a positive constant to be determined. Notice that we have the

same properties as Remark 5.7.
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Now, we claim F(Ψ)< F(uδ) in [0, t∗]×Ω. Let’s prove it by contradiction, assume the inequality

is false; thus, there exists a point (tc, xc) ∈ (0, t∗]×Ω such that F(Ψ(tc, xc))= F(uδ(tc, xc)) for the

first time. The contradiction follows if we bound the next term from above and from below

−L [F(uδ(tc, xc))−F(Ψ(tc, xc))]= ∂tuδ(tc, xc)+L F(Ψ(tc, xc)).

Firstly, we find an upper bound for every term on right-hand side of the equation above.

∂tuδ(tc, xc)≤ ∂tΨ(tc, xc)=
m1K

m1

0
t
m1−1
c Φ1(xc)m1

F ′(F−1(K
m1

0
t
m1
c Φ1(xc)m1 ))

≤
m1K

m1

0
t
m1−1
c Φ1(xc)m1

m0K
m1

0
t
m1
c Φ1(xc)m1

F−1(K
m1

0
t
m1
c Φ1(xc)m1)

≤
m1

m0

K0tcΦ1(xc)

tc

≤
m1

m0

K0Φ1(xc). (5.22)

Here, we have used the condition (N1) of the nonlinearity F. To find an upper bound for L F(Ψ)

we will use Kato type inequality, L ( f m) ≤ mf m−1
L ( f ) for any non negative f and m > 1. You

can see the proof in [10]. Note that F(Ψ(t, x))= (K0tΦ1(x))m1 , so we have

L F(Ψ(tc, xc))≤ m1(K0tcΦ1(xc))m1−1K0tcLΦ1(xc)

= m1K
m1

0
t
m1
c λ1Φ1(xc)m1

≤ K0(m1λ1k0‖Φ1‖L∞(Ω))Φ1(xc). (5.23)

Secondly, for the lower bound, we are going to use the definition of the operator

P.V

ˆ

RN

(F(uδ(tc, y))−F(Ψ(tc, y)))K (xc, y)dy=−L [F(uδ(tc, xc))−F(Ψ(tc, xc))].

Thus, using the left-hand side of the equation above and the property (L2) of the kernels, we

obtain

P.V

ˆ

RN

(F(uδ(tc, y))−F(Ψ(tc, y)))K (xc, y)dy≥ c0Φ1(xc)

ˆ

Ω

(F(uδ(tc, y))−F(Ψ(tc, y)))Φ1(y)dy

= c0Φ1(xc)

ˆ

Ω

F(uδ(tc, y))Φ1(y)dy− c0Φ1(xc)

ˆ

Ω

(K0tcΦ1(y))m1Φ1(y)dy

≥ c0Φ1(xc)

ˆ

Ω

F(uδ(tc, y))Φ1(y)dy− c0Φ1(xc)K0k0||Φ1||
m1+1

L∞(Ω)
|Ω|. (5.24)

Moreover, by Lemma 5.5 we also know c‖u0‖
m1

L1
Φ1

(Ω)
≤
´

Ω
F(uδ(t, x))Φ1(x)dx. Putting all these

inequalities together, (5.22), (5.23), (5.24), and this last one, we have

c0C‖u0‖
m1

L1
Φ1

(Ω)
≤ c0

ˆ

Ω

F(uδ(tc, x))Φ1(x)dx

≤ K0

(
m1

m0

+m1λ1k0‖Φ1‖L∞(Ω) + c0k0‖Φ1‖
m1+1

L1(Ω)
|Ω|

)

≤ k‖u0‖
m1

L1
Φ1

(Ω)

(
m1

m0

+m1λ1k0‖Φ1‖L∞(Ω) + c0k0‖Φ1‖
m1+1

L1(Ω)
|Ω|

)
.
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Then, all constants are fixed except k, and the initial data is not identically zero. Thus, we can

choose k small enough to lead us to the contradiction. Finally, we take the limit as δ→ 0+ and

conclude (5.21).

Step 2: For all t ∈ (0, t∗] the following inequality holds

F(u(t, x))≥ K

(
t

t∗

) m2
1

m1−1 Φ1(x)m1

t
m1

m1−1

. (5.25)

The proof follows by the same argument as in Step 2 of the proof of Theorem 5.6.

Step 3: For all t > t∗ we obtain the bound

F(u(t, x))≥ K
Φ1(x)m1

t
m0

m0−1

. (5.26)

The proof follows by the same argument as in Step 3 of the proof of Theorem 5.6.

We can complete the proof by joining inequalities (5.25) and (5.26).

5.4 Positivity for large initial data

In this subsection, we will proceed similarly to the previous one. However, since the norm of the

initial datum is large, ‖u0‖L1
Φ1

(Ω) > 1, we have

t∗ =
c∗

‖u0‖
m0−1

L1
Φ1

(Ω)

. (5.27)

The proof follows by similar ideas, but there are several relevant technical modifications that

need to be addressed.

Lemma 5.9. Let L satisfy (A1), (A2) and (K2), let F satisfy (N1). If u is a minimal weak dual

solution of (CDP) with initial data 0 ≤ u0 ∈ L1
Φ1

(Ω), let uδ be the approximate solution of (AP1)

with the same initial data and let t∗ be as in (5.27). Then, there exists a constant c > 0 such that

for all t ∈ [0, t∗] we have

c‖u0‖
m0

L1
Φ1

(Ω)
≤

ˆ

Ω

F(u(t, x))Φ1(x)dx≤

ˆ

Ω

F(uδ(t, x))Φ1(x)dx. (5.28)

Proof. We split the proof in two steps.

Step 1: We assert that there exists a constant C such that for t0 = C

(
(2k7)

1
2sθ0,γ ||u0||

m0−1

L1
Φ1

(Ω)

)−1

,

the conditions of Corollary 4.2 are satisfied.

Let us define M := (2k7)−
(n+γ)

2s . A straightforward calculation shows that if ‖u0‖L1
Φ1

(Ω) ≥ M, then

‖u0‖

2s
N+γ

L1
Φ1

(Ω)
≥

(
(2k7)

1
2sθ0,γ ‖u0‖

m0−1

L1
Φ1

(Ω)

)−1

. Therefore, we can apply Corollary 4.2 since, if we choose

t0 =

(
2(2k7)

1
2sθ0,γ ‖u0‖

m0−1

Φ1(Ω)

)−1

, at the same time we get t0 ≤‖u0‖

2s
N+γ

L1
Φ1

(Ω)
and t0 ≤

(
(2k7)

1
2sθ0,γ ‖u0‖

m0−1

Φ1(Ω)

)−1

.
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In the case when the norm is bounded from above and from below, 1 ≤ ‖u0‖L1
Φ1

(Ω) ≤ M, we

consider the quantity mini=0,1

((
(2k7)

1
2sθi,γ ‖u0‖

mi−1

L1
Φ1

(Ω)

)−1)
. If the minimum occurs at i = 0 we are

in the same scenario as described above and, if it occurs at i = 1, we can repeat the computation

of Remark 5.2 to obtain that the constant for which the hyphoteses of Corollary 4.2 are always

satisfied is

C =
1

2

(
1∧ (2k7)

(m1−m0)
N+γ

2s
−

1
2sθ1,γ

+
1

2sθ0,γ

)
.

Step 2: Proof of the bound (5.28).

Select t0 as in Step 1, then we can repeat the same proof as in Lemma 5.5, just using the

properties of Lemma 3.3 for F in the case where ‖u0‖L1
Φ1

(Ω) ≥ 1 together with the fact that

t0 = A2t∗.

We prove now the quantitative lower bounds, which require hypotheses (L1) and (L2) for the

operator L . The main idea is similar to the previous subsection, but the there are dramatic

changes in the technical details, in particular the barriers are different.

Theorem 5.10. Let L satisfy (A1), (A2) and (L1), and let F satisfy (N1). Suppose u is the

minimal weak dual solution of (CDP) with initial datum 0≤ u0 ∈L1
Φ1

(Ω). Given the waiting time

t∗ as in (5.27), we establish the following result:

Assume either σ1 = 1 or σ1 < 1, K (x, y) < c1|x− y|−(N+2s) and Φ1 ∈ Cγ(Ω), then there exists a

constant k11 > 0 which depends only on N, s, mi, γ, F, Ω and λ1 such that for all t > 0 and a.e.

x ∈Ω the following holds

F(u(t, x))≥ k11






(
t

t∗

)m1

Φ
σ1

1
, if t ≤ t∗.

( t∗
t

) m0
m0−1

Φ1(x)σ1 , if t ≥ t∗.
(5.29)

Proof. We split the proof in three steps. Firstly, we estimate a lower bound for F(u(t, x)) which

is the key of the proof, after that, we obtain inequality (5.29) for small time t ≤ t∗ and finally for

large time t ≥ t∗.

Step 1: Claim. There exists a constant k > 0 small enought such that for all t ∈ [0, t∗] we have

F(u(t, x))≥

(
k‖u0‖

m0−1

L1
Φ1

(Ω)
t

)m1

Φ1(x)σ1 . (5.30)

Proof of the claim. Step 1.1. Aproximate Solutions.

We fix δ > 0 for the duration of the proof of the claim and let uδ be the approximate solution

of (AP1) with initial data u0. Define K0 = k‖u0‖
m0−1

L1
Φ1

(Ω)
, where k is a positive constant to be

determined. Now let the lower barrier be given by

Ψ(t, x)= F−1(K
m1

0
tm1Φ1(x)σ1 ).

Note that here, in contrast to the theorem 5.6 and the results on a priori estimates of [10], the

power of the norm of the initial data in the constant K0 is m0 − 1, not m0. This is because

the norm can be arbitrarily large, always bigger than 1. Some fundamental observations are

explained in the following remark.
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Remark 5.11. (a) Here, we have t∗ = c∗‖u0‖
1−m0

L1
Φ1

(Ω)
≤ c∗ because ‖u0‖L1

Φ1
(Ω) > 1.

(b) In order to simplify the calculations, let Φ1 be the first eigenfunction of L normalized i.e.,

‖Φ1‖L∞(Ω) = 1.

(c) By the construction of K0 and the definition of t∗, for any t ∈ [0, t∗] we have

K
m1−1
0

tm1 ≤ K
m1−1
0

t
m1
∗ ≤ (K0t∗)m1−1c∗≤ k0.

(d) For any t ∈ [0, t∗] we have K0t ≤ K0t∗ = kc∗ := r0. Therefore, by adjusting the value of k if

necessary, we obtain from Lemma 3.3 that

F−1

(
F(kc∗)

(kc∗)m1
(K0t)m1

)
≤ K0t.

Step 1.2. Ψ is a lower barrier for uδ: We prove F(Ψ(t, x)) < F(uδ(t, x)) for any (t, x) ∈ [0, t∗]×Ω

by contradiction. Assume that the inequality is false. By the regularity of F, uδ and Ψ, there

exists a first touching point (tc, xc)∈ [0, t∗]×Ω where F(Ψ(tc, xc))= F(uδ(tc, xc)) for the first time.

Note that (tc, xc)∈ (0, t∗)×Ω because is tc = 0 or xc ∈ ∂Ω we have

F(Ψ(tc, xc))= 0< F(δ)≤ F(uδ(tc, xc)).

Now, let’s bound −L [F(uδ(tc, xc))−F(Ψ(tc, xc))] from above and below. First, we find the upper

bound similarly to Theorem 5.6:

−L [F(uδ(tc, xc))−F(Ψ(tc, xc))]= ∂tuδ(tc, xc)+L F(Ψ(tc, xc)),

and we bound every single term of above. On the one hand, as (tc, xc) is the first touching point,

we have

∂tuδ(tc, xc)≤ ∂tΨ(tc, xc)=
m1K

m1

0
t
m1−1
c Φ1(x)σ1

F ′(F−1(K
m1

0
t
m1
c Φ1(x)σ1 ))

≤
m1K

m1

0
t
m1−1
c Φ1(x)σ1

m0K
m1

0
t
m1
c Φ1(x)σ1

F−1(K
m1

0
t
m1
c Φ1(x)σ1)

≤
m1

m0

K0. (5.31)

Where we have used m0F(r)/r ≤F ′(r)≤ m1F(r)/r as a consequence of (N1), and Remark 5.11 (d).

On the other hand, if σ1 = 1 we have

L F(Ψ(tc, xc))= K
m1

0
t
m1
c λ1Φ1(xc)≤ K0k0λ1. (5.32)

Where we have used Remark 5.11 (c). If σ1 < 1, then using that Φ1 ∈ Cγ(Ω) and g(x) = xσ1 is

concave we get

|Φ1(x)σ1 −Φ1(y)σ1 | ≤ |Φ1(x)−Φ1(y)|σ1 ≤ |x− y|γσ1 .

Thus, as we know γσ1 > 2s and K (x, y)≤
c1

|x−y|N+2s , we obtain

L F(Ψ(tc, xc))= K
m1

0
t
m1
c LΦ

σ1

1
(xc)= K

m1

0
t
m1
c P.V

ˆ

RN

|Φ1(xc)σ1 −Φ1(y)σ1 |K (xc, y)dy

≤ K
m1

0
t
m1
c

(ˆ

Ω

c|xc − y|γσ1
c1

|xc − y|N+2s
dy+

ˆ

RN\Ω

2c1

|xc − y|N+2s
dy

)

≤ CK0k0. (5.33)
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Therefore, by combining inequalities (5.31), (5.32) and (5.33) we obtain the following upper

bound:

−L [F(uδ(tc, xc))−F(Ψ(tc, xc))]≤ K0

(
m1

m0

+k0(C+λ1)

)
. (5.34)

Secondly, we show how to obtain the lower bound, employing a method similar to that used in

Theorem 5.6. Here, we utilize the nonlocal nature of the operator, as specified by condition (L1).

−L [F(uδ(tc, xc))−F(Ψ(tc, xc))]

=−P.V

ˆ

RN

[F(uδ(tc, xc)−F(Ψ(tc, xc)))− (F(uδ(tc, y))−F(Ψ(tc, y)))]K (xc, y)dy

=

ˆ

RN

F(uδ(tc, y))K (xc, y)dy−

ˆ

RN

F(Ψ(tc, y))K (xc, y)dy

≥ kΩ

ˆ

RN

F(uδ(tc, y))dy−kΩ

ˆ

RN

(K0tc)m1Φ1(y)σ1 dy

≥ kΩ

ˆ

RN

F(uδ(tc, y))dy−kΩK0k0|Ω|. (5.35)

Therefore, thank to (5.34) and (5.35) we have

kΩ

ˆ

Ω

F(uδ(tc, x))dx≤ K0

(
kΩk0|Ω|+

m1

m0

+k0(C+λ1)

)
.

Remembering Lemma 5.9 we have the inequality which allow us to obtain the contradiction,

kΩc‖u0‖
m0−1

L1
Φ1

(Ω)
≤ kΩc‖u0‖

m0

L1
Φ1

(Ω)
≤ k‖u0‖

m0−1

L1
Φ1

(Ω)

(
kΩk0|Ω|+

m1

m0

+k0(C+λ1)

)
.

Where the norm of the initial data is not zero and all constants are fixed except k. Thus, we can

choose k small enough to create a contradiction and conclude F(Ψ)< F(uδ) in [0, t∗]×Ω.

Step 1.3.Taking the limit as δ→ 0+.

By the continuity of F, the pointwise limit of uδ(t, x) as δ→ 0 and the lower barrier from step

1.2, we conclude that for any t ∈ [0, t∗] and a.e. x ∈Ω

F(u(t, x))≥ F(Ψ(t, x))= (k||u0||
m0−1

L1
Φ1

(Ω)
t)m1Φ1(x)σ1 .

Step 2: The following inequality holds for all t ∈ (0, t∗]

F(u(t, x))≥ K

(
t

t∗

)m1

Φ1(x)σ1 . (5.36)

We just have to rewrite (5.30) as follows

F(u(t, x))≥

(
k‖u0‖

m0−1

L1
Φ1

(Ω)
t

)m1

Φ1(x)σ1 =

(
k

c∗t

t∗

)m1

Φ1(x)σ1 ≥ K

(
t

t∗

)m1

Φ1(x)σ1 .

Step 3: For large times, i.e. t > t∗ we have

F(u(t, x))≥ Kt

m0
m0−1

∗

Φ1(x)σ1

t
m0

m0−1

. (5.37)

43



Using Benilan-Crandall estimates, more precisely inequality 3.3, and (5.36) for t = t∗, we obtain

F(u(t, x))≥
t

m0
m0−1

∗

t
m0

m0−1

F(u(t∗, x))≥ t

m0
m0−1

∗ K
Φ1(x)σ1

t
m0

m0−1

.

Putting together inequalities (5.36) and (5.37), we conclude the proof of the theorem.

Theorem 5.12. Let L satisfy (A1), (A2) and (L2), and let F satisfy (N1). Suppose u is the

minimal weak dual solution of (CDP) with initial datum 0≤ u0 ∈L1
Φ1(Ω)

and let the waiting time

t∗ be as in (5.27). Then, there exists a constant k12 > 0 which depends only on N, s, mi, F, γ, Ω

and λ1 such that for all t > 0 and a.e. x ∈Ω we have

F(u(t, x))≥ k12






(
t

t∗

)m1

Φ
m1

1
, if t ≤ t∗.

( t∗
t

) m0
m0−1 Φ1(x)m1 , if t ≥ t∗.

(5.38)

Proof. The proof follows a similar argument to that of Theorem 5.8 with minor modifications.

Step 1: For all t ∈ [0, t∗] there exists a positive constant k > 0 such that

F(u(t, x))≥

(
k‖u0‖

m0−1

L1
Φ1

(Ω)
t

)m1

Φ1(x)m1 . (5.39)

To proceed similarly to our previous approach, we fix δ > 0, and denote uδ the approximate

solution of (AP1). We define the lower barrier

Ψ(t, x)= F−1((K0tΦ1(x))m1 ),

where K0 = k‖u0‖
m0−1

L1
Φ1

(Ω)
. Here, k is a positive constant that will be determined, and it possesses

similar properties as in the previous proof, (cf. Remark 5.11).

We now observe that F(Ψ)< F(uδ) on [0, t∗]×Ω and we proceed to establish it by contradiction.

Suppose the inequality does not hold; then there exists a point (tc, xc) ∈ (0, t∗]×Ω such that

F(Ψ(tc, xc)) = F(uδ(tc, xc)) for the first time. The contradiction follows if we properly bound the

following quantity from both above and below

P.V

ˆ

RN

(F(uδ(tc, y))−F(Ψ(tc, y)))K (xc, y)dy=−L [F(uδ(tc, xc))−F(Ψ(tc, xc))]

= ∂tuδ(tc, xc)+L F(Ψ(tc, xc)).

We first establish an upper bound for each term on the right-hand side of the equation above.

∂tuδ(tc, xc)≤ ∂tΨ(tc, xc)=
m1K

m1

0
t
m1−1
c Φ1(xc)m1

F ′(F−1(K
m1

0
t
m1
c Φ1(xc)m1 ))

≤
m1K

m1

0
t
m1−1
c Φ1(xc)m1

m0K
m1

0
t
m1
c Φ1(xc)m1

F−1(K
m1

0
t
m1
c Φ1(xc)m1)

≤
m1

m0

K0tcΦ1(xc)

tc

≤
m1

m0

K0Φ1(xc). (5.40)
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Using Kato type inequality L ( f m) ≤ mf m−1
L ( f ), or any non-negative function f and m > 1,

and noting that F(Ψ(t, x))= (K0tΦ1(x))m1 , we can write:

L F(Ψ(tc, xc))≤ m1(K0tcΦ1(xc))m1 K0tcLΦ1(xc)

= m1K
m1

0
t
m1
c λ1Φ1(xc)m1 ≤ K0(m1λ1k0‖Φ1‖L∞(Ω))Φ1(xc). (5.41)

Since the operator is non-local (cf. (L2)) and considering the identity F(Ψ(tc, xc))= F(uδ(tc, xc))

we proceed to derive the lower bound of the left-hand side of the previous equation.

P.V

ˆ

RN

(F(uδ(tc, y))−F(Ψ(tc, y)))K (xc, y)dy≥ c0Φ1(xc)

ˆ

Ω

(F(uδ(tc, y))−F(Ψ(tc, y)))Φ1(y)dy

= c0Φ1(xc)

ˆ

Ω

F(uδ(tc, y))Φ1(y)dy− c0Φ1(xc)

ˆ

Ω

(K0tcΦ1(y))m1Φ1(y)dy

≥ c0Φ1(xc)

ˆ

Ω

F(uδ(tc, y))Φ1(y)dy− c0Φ1(xc)K0k0‖Φ1‖
m1+1

L∞(Ω)
|Ω|. (5.42)

Moreover, thanks to Lemma 5.9 we know c‖u0‖
m0

L1
Φ1

(Ω)
≤
´

Ω
F(uδ(t, x))Φ1(x)dx. Thus, combining

this inequality together with inequalities (5.40), (5.41) and (5.42), we obtain

c0c‖u0‖
m0−1

L1
Φ1

(Ω)
≤ c0c‖u0‖

m0

L1
Φ1

(Ω)
≤ c0

ˆ

Ω

F(uδ(tc, x))Φ1(x)dx

≤ K0

(
m1

m0

+m1λ1k0‖Φ1‖L∞(Ω)+ c0k0‖Φ1‖
m1+1

L1(Ω)
|Ω|

)

≤ k‖u0‖
m0−1

L1
Φ1

(Ω)

(
m1

m0

+m1λ1k0‖Φ1‖L∞(Ω)+ c0k0‖Φ1‖
m1+1

L1(Ω)
|Ω|

)
.

Then, all constants are fixed except k, and the initial data is non-zero. Thus, we can choose k

small enough to reach a contradiction.

Finally, we take the limit as δ→ 0+ which lead us to (5.39), namely

F(u(t, x))≥ F(Ψ(t, x))= (k||u0||
m0−1

L1
Φ1

(Ω)
tΦ1(x))m1 .

Step 2: The following inequality holds for all t ∈ (0, t∗]

F(u(t, x))≥ K

(
t

t∗

)m1

Φ1(x)m1 . (5.43)

The proof follows by the same argument as in Step 2 of the proof of Theorem 5.10.

Step 3: For large times, i.e. t > t∗ we have

F(u(t, x))≥ Kt

m0
m0−1

∗

Φ1(x)m1

t
m0

m0−1

. (5.44)

The proof follows by the same argument as in Step 3 of the proof of Theorem 5.10.

We complete the proof by joining estimates (5.43) and (5.44).
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5.5 The anomalous lower bounds with small data

Since σ1 ≤ 1 < m1 we have Φ1(x)m1 < Φ1(x)σ1 for any x close enough to the boundary of the

domain. As we show in Theorem 2.9, the lower bound F(u(t)) & Φ
m1

1
is always valid, but the

power does not match the one of the upper bound. Now, we want to discuss the possibility of

improving this lower bound.

We first show that we cannot hope to prove that F(u(t)) is larger than Φ
σ1

1
in general, hence we

cannot match the powers of the lower and upper bounds to get F(u(t))≍Φ
σ1

1
when σ1 < 1.

Theorem 5.13. Let L be an operator that satisfies (A1), (A2) and (K2), and u be a nonnegative

weak dual solution to the problem (CDP) corresponding with the initial datum 0 ≤ u0 ∈ L1
Φ1

(Ω).

Assume that the initial datum is small, u0(x) ≤ C0Φ1(x), for some positive constant C0. Then,

there exists a constant k13 > 0 depending only on N, s, γ, F and Ω such that

F(u(t, x))≤ C0k13

Φ1(x)

t
for all t >0 and a.e. x ∈Ω.

In particular, if σ1 < 1, then we have

lim
x→∂Ω

F(u(t, x))

Φ1(x)σ1
= 0 for any t > 0.

Proof. Starting from the Fundamental Upper Bound (FUB) and since the function t →
´

Ω
u(t, y)G(x, y)dy

is decreasing, remember Proposition 3.6. We obtain the following:

F(u(t, x0))≤
2

m0
m0−1

t

ˆ

Ω

u(t, x)G(x, x0)dx≤
2

m0
m0−1

t

ˆ

Ω

u0(x)G(x, x0)dx

≤
2

m0
m0−1

t
C0

ˆ

Ω

Φ1(x)G(x, x0)dx=
2

m0
m0−1

t
C0L

−1
Φ1(x0)=

2
m0

m0−1

t

C0

λ1

Φ1(x0).

Where in the last steps we have used the upper bound for the initial data u0 ≤ C0Φ1 and the

fact LΦ1 =λ1Φ1.

A careful inspection of the above proof reveals that when u0(x)≤ C0Φ1(x) for a.e. x ∈Ω, we get

ˆ

Ω

u(t, x)G(x, x0)dx≤
C0

λ1

Φ1(x0), for a.e. x0 ∈Ω . (5.45)

A natural question that appears after the above result is: Is it possible to obtain a sharp

general lower bound in terms of Φ1 ? The answer is negative, as we shall see. Indeed, under

assumption (K4), the bound F(u(t)) & Φ1 is false for σ1 < 1 and for small initial data, as the

following Theorem shows.

Theorem 5.14. Let L be an operator that satisfies (A1), (A2) and (K4), and let u be a nonnegative

weak dual solution to the problem (CDP) corresponding to the initial datum 0 ≤ u0 ∈ L1
Φ1

(Ω).

Assume that u0 ≤ C0Φ1 for some positive constant C0 and

u(T, x)≥ k14Φ1(x)α for a.e. x ∈Ω,

for some constants k14, T, α> 0. Then, α≥ 1− 2s
γ

. Moreover, if σ1 < 1 we have α> 1
m1

.
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Proof. Given x0 ∈Ω, let R0 = dist(x0,∂Ω) (recall R0 ≍ Φ

1
γ

1
). Since G(x, x0) & |x− x0|

−N+2s inside

the ball BR0/2(x0), by (K4), we can use our assumption on u to get
ˆ

Ω

u(T, x)G(x, x0)dx&

ˆ

BR0/2(x0)

Φ1(x)α

|x− x0|
N−2s

dx&Φ1(x0)αR2s
0 &Φ1(x0)

α+ 2s
γ .

Combining the above inequality with (5.45) gives

Φ1(x0)
α+ 2s

γ .Φ1(x0) for all x0 ∈Ω.

Which directly implies α≥ 1− 2s
γ .

To conclude the proof, we only have to note that 1− 2s
γ >

1
m1

if and only if σ1 < 1.

6 Regularity results

To obtain the regularity results, we require the Global Harnack Principle to be valid with match-

ing power (Theorem 2.7 and Theorem 2.8). For higher regularity results, extra assumptions on

the kernels are necessary. Prior to addressing interior regularity, we must establish upper and

lower bounds on u of the type 0 < δ ≤ u ≤ M <∞. These bounds can be derived from Harnack

inequalities, as we shall see below.

It is also important to mention that in this work, we do not achieve regularity up to the bound-

ary: despite of the fact that we have matching power in the Global Harnack Principle, the lack

of homogeneity of F causes problems with the rescaling, an essential ingredient of the proof; see

[10, Theorem 8.3] for a proof of sharp boundary regularity in the case F(u) = um with m > 1.

Boundary regularity remains an intriguing open problem for nonhomogeneous nonlinearities.

Also, we would like to mention that the optimal boundary regularity for the classical case (i.e.

ut =∆um) has been only recently obtained by Jin, Ros-Oton and Xiong [50].

Lemma 6.1. Under the assumptions of Theorem 2.8, there exists a constant H > 0 depending

only on N, s, γ, and Ω such that for any ball BR(x0)⊂Ω such that B2R ⊂Ω we have

sup
x∈BR(x0)

Φ1(x)≤ H inf
x∈BR(x0)

Φ1(x).

Theorem 6.2 (Local Harnack Inequalities). Under the assumptions of Theorem 2.8, there

exists a constant Ĥ > 0 depending only on N, s, γ, mi, F, c1, kΩ and Ω such that for any ball

BR(x0)⊂Ω with B2R ⊂Ω, the following assertions hold:

(i) If ‖u0‖L1
Φ1

(Ω) ≤ 1 and 0< t ≤ t∗ = c∗‖u0‖
1−m1

L1
Φ1

(Ω)
the following inequality holds

sup
x∈BR(x0)

F(u(t, x))≤ Ĥ
t

m2
1

m1−1

∗

t
m1+

m0
m0−1

inf
x∈BR(x0)

F(u(t, x)).

(ii) If ‖u0‖L1
Φ1

(Ω) ≤ 1 and t ≥ t∗ = c∗‖u0‖
1−m1

L1
Φ1

(Ω)
the following inequality holds

sup
x∈BR(x0)

F(u(t, x))≤ Ĥt
m0

m0−1
−

m1
m1−1 inf

x∈BR(x0)
F(u(t, x)).
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(iii) If ‖u0‖L1
Φ1

(Ω) ≥ 1 and 0< t ≤ t∗ = c∗‖u0‖
1−m0

L1
Φ1

(Ω)
the following inequality holds

sup
x∈BR(x0)

F(u(t, x))≤ Ĥ
t
m1
∗

t
m1+

m0
m0−1

inf
x∈BR(x0)

F(u(t, x)).

(iv) If ‖u0‖L1
Φ1

(Ω) ≥ 1 and t ≥ t∗ = c∗‖u0‖
1−m0

L1
Φ1

(Ω)
the following inequality holds

sup
x∈BR(x0)

F(u(t, x))≤ Ĥ
t

m0
m0−1

−
m1

m1−1

t

m0
m0−1

∗

inf
x∈BR(x0)

F(u(t, x)).

Proof. We will only prove part (i) with full details, and the other cases follow with trivial

changes, due to the different forms of the GHP involved. Using the GHP, i.e., inequalities (2.4)

and (2.5), together with the previous lemma we obtain the local, and more classical, forms of

Harnack inequalities.

Let x0 ∈Ω and R > 0 such that the balls BR(x0)⊂Ω and B2R(x0)⊂Ω. Let 0< t ≤ t∗, thus,

sup
x∈BR (x0)

F(u(t, x))≤ κ4t
−

m1
m1−1 sup

x∈BR(x0)

Φ1(x)σ1

≤ κ4t
−

m0
m0−1 Hσ1 inf

x∈BR(x0)
Φ1(x)σ1 ≤ Hσ1

κ4

κ3

t

m2
1

m1−1

∗

t
m0

m0−1
+m1

inf
x∈BR (x0)

F(u(t, x)).

Remark 6.3. It is also possible to derive the previous inequalities in the Elliptic/Backward

Type. Since F(u(t, x))≤ (1+
h
t
)

m0
m0−1 F(u(t+h, x)), by the time monotonicity of Lemma 3.4, we can

obtain, for instance, for the first inequality

sup
x∈BR (x0)

F(u(t, x))≤ Ĥ

(
1+

h

t

) m0
m0−1 t

m2
1

m1−1

∗

t
m1+

m0
m0−1

inf
x∈BR(x0)

F(u(t+h, x)).

These results are valid for t ≥ t∗ thanks to Theorem 2.7. As explained in [10], these Harnack

inequalities (in the local case s = 1) are stronger than the known two-sided inequalities valid for

solutions to the Dirichlet problem for the classical porous medium equation, cf. [3, 24, 36, 37, 38],

which are of forward type and are often stated in terms of the so-called intrinsic geometry. Note

that elliptic and backward Harnack-type inequalities usually occur in the fast diffusion range

m < 1, see for instance [11, 14, 15, 16] (when we have the equation ut +L um = 0), or for linear

equations in bounded domains, cf. [40, 49]. It is also possible to obtain forward in time elliptic-

type Harnack inequalities. These inequalities are classical and hold for sufficiently small h <0.

Now, let’s discuss the suitable class of solutions used to prove regularity results. Throughout

this section, we consider weak solutions of (CDP), as defined in Definition 6.4 below. This class

of solutions is contained within the broader class of weak dual solutions. We would like to stress

that all the regularity results that we prove for weak solutions, can be generalized to the wider

class of weak dual solutions to (CDP), by approximation.
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In [17], the first author and Vázquez construct weak dual solutions starting from weak solu-

tions: more precisely, weak dual solutions should be interpreted as a class of limit solutions that

satisfy a “quasi” L1
Φ1

-contraction, that implies uniqueness of minimal weak dual solutions as L1
Φ1

function. Once we have proved regularity results for weak solutions, we only need to approx-

imate a weak dual solution from below by means of a sequence of weak solutions: in this way

we can extend all the following regularity results to weak dual solutions and, in particular, to

minimal weak dual solutions. Indeed, all the constants in the regularity estimates are stable

under this limit process, since they only depend on the supremum of u, which is controlled by

the L1
Φ1

norm of the initial datum, as indicated by the smoothing effects.

Definition 6.4 (Weak Solutions). We say that a function u is a weak solution of the problem

(CDP) if it satisfies the following:

• u ∈C([0,∞) : L1(Ω)) and F(u)∈L2
loc

((0,∞) : Hs(Ω)).

• u(0, ·)= u0 for a.e. point of Ω.

• For any test function ψ ∈C1
c ((0,∞)×Ω) we have

ˆ ∞

0

ˆ

Ω

u∂tψ=

ˆ ∞

0

ˆ

Ω

L
1
2 F(u)L

1
2 Ψ. (6.1)

6.1 Proof of Theorem 2.11

Observe that the lower and upper bounds in the hypotheses for weak solutions of Theorem 2.11

are perfectly valid for minimal weak dual solutions, thanks to both the local and global Harnack

inequalities for F(u), and the monotonicity of F.

Our proof relies on a localization argument introduced in [8, 10], that we extend here to the

more delicate case of a non homogeous nonlinearity F. This allows us to exploit the following

linear result for (local) weak solutions, which shows that bounded weak solutions are indeed

Hölder continuous.

Theorem 6.5 (Felsinger–Kassmann [41]). Let L be an integro-differential operator of the

form

Lav(t, x)= P.V

ˆ

RN

(v(t, x)−v(t, y))
a(t, x, y)

|x− y|N+2s
dy.

Where the coefficient a is symetric, i.e. a(t, x, y)= a(t, y, x) and satisfies Λ−1 ≤ a(t, x, y)≤Λ for some

Λ> 1. Let v ∈L∞((0,1)×R
N ) be a weak solution of the equation

vt +Lav= f for (t, x)∈ (0,1)×B1 and f ∈L∞((0,1)×B1).

Then, there exists a small α> 0 and C > 0 which depends only on N, s and Λ such that

‖v‖
C

α,α/2s
x,t ((1/2,1)×B1/2)

≤C
(
‖ f ‖L∞((0,1)×B1)+‖v‖L∞((0,1)×RN )

)
. (6.2)

This Theorem is stated in [41] with f ≡ 0, but the very same proof allows to deal with the

apparently more general case of bounded f .
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Proof. We split the proof into three steps.

Step 1: Localization of the problem. By rescaling, if needed, we may assume x0 = 0 r = 2,

T0 = 0, T2 = 1/2 and T1 = 1. Let ρ ∈C∞
c (B4) be the first smooth cutoff function such that ρ ≡ 1 in

B3 and ρ ≡ 0 in R
N \ B4. We define v = ρu and observe that

L F(v)=L F(u)−L [F(ρu)−F(u)],

where F(ρu)−F(u)= 0 in B3 by definition of ρ. Moreover, for any x ∈B3 we have

−L [F(ρu)−F(u)](x)= P.V

ˆ

RN\B3

[F(ρ(y)u(y))−F(u(y))]K (x, y)dy,

which belongs to C∞(B2). Therefore, the equation that v satisfies is vt +L F(v)= g(t, x) where g

is a C∞(B2) function in x for fixed t ∈ (0,1).

Now, let η ∈ C∞
c (B2) be the second smooth cutoff function such that η≡ 0 in R

N \ B2 and η≡ 1

in B1. Then, for any t ∈ (0,1) and x ∈B1, we write

F(v(t, x))−F(v(t, y))= (v(t, x)−v(t, y))a(t, x, y)+h(t, x, y), (6.3)

where the coefficients are defined as follows:

a(t, x, y)=
F(v(t, x))−F(v(t, y))

v(t, x)−v(t, y)
η(x− y)+ (1−η(x− y)).

h(t, x, y)= (1−η(x− y))[(F(v(t, x))−F(v(t, y)))− (v(t, x)−v(t, y))].

Step 2: Hölder continuity. The coefficient a defined above can be expressed as

a(t, x, y)= η(x− y)

ˆ 1

0

F ′(v(t, x)+λ[v(t, y)−v(t, x)])dλ+ (1−η(x− y)).

For the first term to be non-zero, we require |x− y| < 2. Given that x ∈ B1, this implies y ∈ B3.

Consequently, all functions v are essentially u, for which we have the bound 0 < δ ≤ u ≤ M in

(0,1)×B4. This allows us to conclude that Λ
−1 ≤ a(t, x, y) ≤ Λ, because F ′(r) ≍ F(r)/r for r > 0,

which is increasing, and v(t, x)+λ[v(t, y)− v(t, x)] is a convex sum. Multiplying (6.3) by K (x, y)

and integrating in the entire space with respect to y, we obtain

L F(v)=Lav+ f , with f (t, x)=

ˆ

RN

h(t, x, y)K (x, y)dy+B(x)F(v(t, x)).

Thus, recalling that vt +L F(v)= g, we also have the following equation for v

vt +Lav= g− f .

In order to apply Theorem 6.5 and conclude that v is Hölder continuous in the interior, we need

to show that f is bounded. It is clear that the term B(x)F(v(t, x)) is bounded for (t, x)∈ (1/2,1)×B1,

this is why we asked B(x) to be bounded. By the definition of h, if |x− y| ≤ 1, then h = 0 because

η(x− y) = 1. Moreover, if y ∈ R
N \ B4, then v = ρu = 0 and thus h = 0 as well. Summing up, f is

non-zero for x ∈ B1 and t ∈ (0,1) fixed, only when y ∈ B4 with |x− y| > 1. In this scenario, using

the bound for u, which are also valid for v, we conclude that |h(t, x, y)| ≤ c and therefore f is

bounded. Consequently, Theorem 6.5 guarantees that there exists α> 0 such that

‖v‖
C

α,α/2s
x,t ((1/2,1)×B1/2)

≤C
(
‖g− f ‖L∞((0,1)×B1)+‖v‖L∞((0,1)×B1)

)
.

50



Since u = v in the relevant balls and 0≤ u ≤ M, we obtain

‖u‖
C

α,α/2s
x,t ((1/2,1)×B1/2)

≤ C.

Step 3: Solutions are Classical in the Interior. In Step 2, we established that there exists

an α> 0 such that u ∈ C
α,α/2s
x,t ((1/2,1)×B1/2). Similar to step 1, we use cutoff smooth functions ρ

and η, supported within ((1/2,1)×B1/2), to ensure that v= ρu is α-Hölder continuous in (1/2,1)×

R
N .

Now, let β1 = (α∧β) (where β is the parameter in assertion ii) ) and define Ka(t, x, y)= a(t, x, y)K (x, y).

Given the assumptions on the kernel K and the Hölder continuity, we can verify that

|Ka(t, x, y)−Ka(t′, x′, y)| ≤C(|x− x′|β1 +|t− t′|β1/2s)|y|−(N+2s),

inside ((1/2,1)×B1/2). Futhermore, since f , g ∈C
β1,β1/2s
x,t ((1/2,1)×B1/2), we can apply the Schauder

estimates from [39] to obtain

‖v‖
C

2s+β1,1+β1/2s

x,t ((3/4,1)×B1/4)
≤C

(
‖g− f ‖

C
β1 ,β1/2s

x,t ((1/2,1)×B1/2)
+‖v‖

C
β1 ,β1/2s

x,t ((1/2,1)×RN )

)
.

In particular, this implies u ∈ C
2s+β1,1+β1/2s
x,t ((3/4,1)×B1/4). If β1 = β, we are done. If β1 = α we

know that u ∈ C
2s+α,1+α/2s
x,t ((3/4,1)×B1/4). We then set α1 = 2s+α, β2 = (α1 ∧β) and repeat the

process with β2 instead of β1. This allows us to conclude u ∈C
2s+β2,1+β2/2s
x,t ((1−2−4,1)×B2−5), and

by iterating this process, we eventually obtain

u ∈C
2s+β,1+β/2s
x,t ((1−2−k,1)×B2−k−1).

Finally, a standard covering argument allows to complete the proof.

7 Some examples of operators.

The fractional Laplacian (−∆)s posed on the whole space R
N , can be defined in several equivalent

ways, at least three . On the other hand, as noticed in [10, 12, 18] such definitions happen

to generate three different operators on bounded domains, as we recall below. These three

definitions are the prototypes of the wide class of operators that we treat in this work.

• Restricted Fractional Laplacian (RFL): starting from the definition in the whole space of

the fractional laplacian

(−∆)s f (x)= CN,sP.V

ˆ

RN

f (x)− f (y)

|x− y|N+2s
dy, (7.1)

where CN,s is an explicit positive constant. We define the RFL on Omega L = (−∆|Ω)s as the

operator above restricted to the functions which vanish outside Ω. In this case L satisfies

(A1), (A2), (L1), (K2) and (K4) with γ= s ∈ (0,1) and σ1 = 1, see [43, 47]

• Censored Fractional Laplacian (CFL): It is the infinitesimal operator of the censored

stochastic processes introduced in [7] and it has the following expression

(−∆)s f (x)= P.V

ˆ

Ω

f (x)− f (y)

|x− y|N+2s
dy, with s ∈ (1/2,1). (7.2)

In this case L satisfies (A1), (A2), (L1), (K2) and (K4) with γ= 2s−1 and σ1 = 1, see [20].
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• Spectral Fractional Laplacian (SFL): Starting from the classical Dirichlet Laplacian on

domains (−∆Ω), we denote by
{
λ j

}∞
j=1 the eingenvalues of this operator in non-decreasing

order (repeated according to their multiplicity) and by
{
φ j

}∞
j=1

the sequence of eigenfunctions

normalized in L2(Ω). In this way, the spectral power of (−∆Ω) can be expressed in terms both

in terms of Fourier series and of the associated heat semigroup:

(−∆Ω)s f (x)=
1

Γ(−s)

ˆ

∞

0

et∆Ω f (x)− f (x)

t1+s
dt =

∞∑

j=1

λs
j f̂ jφ j(x),

where f̂ j =
´

Ω
f (x)φ j(x)dx.

The SFL operator can also be written as the convolution with a kernel plus a zero-order term

as follows, see for instance [1, 46]

(−∆Ω)s f (x)= P.V

ˆ

Ω

[ f (x)− f (y)]K (x, y)dy+B(x) f (x). (7.3)

Here, K is a singular kernel with compact support and B ≍ d2s. This operator satisfies (A1),

(A2), (L2), (K2), and (K4), with γ= 1 and σ1 =

(
1∧

2sm1

m1−1

)
, see [25, 26, 27, 28, 29, 57].

• Further examples: Let’s show several other relevant examples to which this theory applies.

Firstly, consider operators of the form

L f (x)= P.V

ˆ

Ω

( f (x)− f (y))
a(x, y)

|x− y|N+2s
dy, with s ∈ (1/2,1).

Where a is a symetric C1 function bounded between two positive constants. In this case,

γ= 2s−1 and the Green function G(x, y) satisfies (K4); see [7, 20].

Another example includes operators with more general kernels, such as integral operators of

the form

L f (x)= P.V

ˆ

Ω

( f (x)− f (y))
a(x, y)

|x− y|N+2s
dy.

Here, the coefficient a is a measurable symmetric function, bounded between two positive

constants, and satisfying |a(x, y)−a(x, x)|χ|x−y|<1 ≤ c|x− y|σ for 0< s <σ≤ 1. In this scenario,

s ∈ (0,1], γ= s and the Green function satisfies (K4); see [44].

Finally, our last example consists of spectral powers of uniformly elliptic operators. Consider a

linear operator in divergence form with uniformly elliptic C1 coefficients A =−
∑N

i, j=1
∂i(a i, j∂ j).

We can construct a self-adjoint operator on L2, with discrete spectrum (λk,φk). Thanks to the

ellipticity and the spectral theorem, we can construct the spectral power s ∈ (0,1) of such an

operator

L f (x)=A
s f (x)=

∞∑

k=1

f̂kλ
s
kφk(x),

where f̂k =
´

Ω
f (x)φk(x)dx. In this case, γ= 1 and the Green function satisfies (K4), see [45].

More examples can be found in [18, Section 3.3], see also [10].
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