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Abstract

In this paper we analyze the behaviour of the stochastic gradient descent (SGD),
a widely used method in supervised learning for optimizing neural network weights
via a minimization of non-convex loss functions. Since the pioneering work of Li,
Tai and E (2017), the underlying structure of such processes can be understood via
parabolic PDEs of Fokker-Planck type, which are at the core of our analysis. Even
if Fokker-Planck equations have a long history and a extensive literature, almost
nothing is known when the potential is non-convex or when the diffusion matrix is
(very) degenerate, and this is the main difficulty that we face in our analysis. This
affects the long-time behaviour of solutions, a crucial point in understanding deep
characteristics of the associated learning process.

Our main contribution is identifying two different regimes in the learning process.
In the initial phase of SGD, the loss function drives the weights to concentrate around
the nearest local minimum, which may not necessarily be optimal. We refer to this
phase as the drift regime and we provide quantitative estimates that shed light on
this concentration phenomenon. Next, we introduce the diffusion regime, which
typically happens after some time, where stochastic fluctuations help the learning
process to diffuse and so escape suboptimal local minima. We analyze the “Mean
Exit Time” (MET), i.e. the time needed to escape a local minimum, and prove
precise upper and lower bounds of the MET. Finally, we address the asymptotic
convergence of SGD, tackling the complexities of non-convex cost functions together
with the degeneracies in the diffusion matrix, that do not allow to use the standard
approaches, and require new techniques. For this purpose, we exploit two different
methods: duality and entropy methods.

This work provides new results about the dynamics and effectiveness of SGD,
offering a deep connection between stochastic optimization and PDE theory. It
also provides some answers and insights to basic questions in the Machine Learning
processes: How long does SGD take to escape from a local minimum? Do neural
network parameters converge using SGD? How do parameters evolve in the first
stage of training with SGD?
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1 Introduction
In recent decades, Machine Learning has gained significant attention across various sci-
entific communities, thanks to its practical utility and wide range of applications. One
of the main challenges in Machine Learning is choosing the weights or parameters of a
neural network to minimize a non-convex loss function based on a given data set. This is
a non-convex optimization problem formulated as follows:

arg min
θ∈Rd

L(θ) :=
1

N

N∑
i=1

Li(θ) (1)

where L,Li : Rd → R+ for i = 1, . . . , N and θ ∈ Rd are the parameters of the model. The
function L represents the total loss function of the given data set with N samples, while
Li represents the loss associated to the ith training sample. A classical approach to this
problem is to perform a gradient descent, where given some initial weights θ0 ∈ Rd and a
constant learning rate η > 0 the weights at step n ≥ 0 are updated by

θn+1 = θn − η∇L(θn) ∀n ≥ 0 . (GD)

This learning algorithm is computationally too expensive to implement since at each step
we have to compute N gradients of loss functions Li. Moreover, this method may lead the
parameters to a local minimum of L instead of reaching the global minimum. In order to
avoid these problems, the use of the stochastic gradient descent (SGD) has proven to be
effective. Defining {γn}n≥1 as i.i.d. uniform random variables with values on {1, . . . , N},
the SGD algorithm reads

θn+1 = θn − η∇Lγn(θn) ∀n ≥ 0 . (SGD)

Implementing this method yields very good results in practice, but the mathematical
theory behind remains poorly understood, see [20] for an overview. The goal of this
manuscript is to shed light on this learning process and to present new research directions
in this field.

In 2017, Li, Tai and E opened a new framework for analyzing the SGD learning process
in [44], which they examined in more detail in [45]. They proved that the (SGD) iteration
is the Euler-Maruyama discretization of an associated stochastic differential equation. See
Section 1.2 for a discussion of this model and related work.

This manuscript is devoted to the study of the continuous counterpart of the learning
process described by (SGD), as defined by the corresponding drift-diffusion PDE for
the transition probability. For this purpose, we will examine the interplay between the
drift term governed by the loss function and the degenerate diffusion provided by the
randomness in (SGD). In the initial stages of the learning process, the dynamics of the
parameters primarily follows the drift, tending to concentrate around the local minima of
the loss function L. Nevertheless, under mild condition on the degeneracy of the diffusion
coefficients, we estimate the training duration required for the neural network to escape
from non-optimal local minima. In this manuscript, we present a quantitative analysis of
the two regimes of motion in the (SGD): the drift regime in Section 2 and the diffusion
regime in Section 3.

Additionally, in Section 4, we address the problem of the existence of steady states
for the parameters distributions and the asymptotic convergence towards them. As a
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consequence of the high degeneracy of this problem, the differential operator describing the
evolution of the transition probability resembles an intermediate case between a transport
equation and a diffusion equation, see Section 4.4. By means of simple yet representative
examples we analyze the extreme cases to get an idea of the possible scenarios. We provide
two types of results. On one hand, we introduce a new variant of the learning process
(SGD) and exploit the recent results by Porretta [58] about convergence to steady states
in non-degenerate Fokker-Planck equations. This will also allow us to prove existence
of steady measures for the general case. On the other hand, we review some results
from Arnold and Erb [5] based on the Bakry-Émery entropy method, and see when they
can apply to our situation. These results hold only for constant diffusion matrices, hence
representing a local scenario around a minimum of the cost function. We provide a number
of open questions and directions for future research.

Beside the interest in the Machine Learning applications, which has motivated this
work, our analysis could be also of interest in the study of stochastic differential equations
and their long time behaviour.

1.1 Main results

For more generality, in this paper we will consider the mini-batch Stochastic Gradient
Descent, a variant of (SGD). Instead of selecting randomly one sample in each step, we
choose randomly a batch of samples Bn of size b ≥ 1. Namely, the stochastic gradient
descent with constant learning rate η > 0 and batch size |Bn| = b ≥ 1 reads as follows

θn+1 = θn −
η

b

∑
bi∈Bn

∇Lbi(θn) ∀n ≥ 0 , (SGD)

with Bn = {bi}bi=1 ⊂ {1, 2, . . . , N} being a batch of indexes chosen with uniform distribu-
tion in each step n. In [45] and [26], it is deduced that we can approximate (SGD) with
the continuous stochastic process defined by

dXt = −∇L(Xt) dt+

√
η

b
Q(Xt) dWt , (2)

with Q(x) = cov [∇Lγn(x)] =
1
N

∑N
i=1∇Li(x) ⊗ ∇Li(x) − ∇L(x) ⊗ ∇L(x) being a non-

negative matrix for any x ∈ Rd. Observe that Q is generically not invertible. Indeed, if
we write

Q = T ∗T with T =


1
N
∇L1 −∇L

...
1
N
∇LN −∇L

 ,

then the rows of T sum zero at every x ∈ Rd. Specifically, in the common case of
overparametrization [15], we have that Q(x) ∈ Rd×d satisfies the rank condition rank(Q) ≤
N − 1 < d. As a consequence, the noise in (2) is degenerate.

In addition, the ratio between the learning rate and the mini-batch is usually consid-
ered very small, which diminishes the noise. We call this ratio the effective learning rate
and we denote it by

ε2 :=
η

2b
.
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One of the advantages of the continuous approximation (2) is that we can use the
theory of PDEs to analyze the behaviour of the transition probability and its evolution
in time. More specifically, the transition probability ρ(t, x) associated to the process in
(2) with an initial distribution ρ0(x) satisfies the following Fokker-Planck type equation: ∂tρ = ∇ ·

(
ε2∇ · (Q(x)ρ) + ρ∇L(x)

)
in (0,∞)× Rd ,

ρ(0, x) = ρ0(x) in Rd ,
(3)

where ∇ · A, with A being a matrix, denotes the divergence taken columnwise. For the
deduction of this equation from Ito’s formula see [60, Section 4.5] and for the existence
of solutions under suitable conditions on Q and L see [19]. The class of solutions that we
consider lie on the probability space Pk(Rd) of nonnegative normalized Radon measures
with k ≥ 0 finite moments.

Definition 1.1 (Weak solutions.). We say that ρ ∈ C
(
[0, T ),Pk(Rd)

)
is a weak solution

of (3) starting from ρ0 ∈ Pk(Rd) if ∀φ ∈ C1,2
(
[0, T ]× Rd

)
with polynomial growth of

order k in the spatial variable, it holds that∫
Rd

φ(T, x)ρ(T, x) dx−
∫
Rd

φ(0, x)ρ0(x) dx−
∫ T

0

∫
Rd

∂tφ(t, x)ρ(t, x) dx dt

=

∫ T

0

∫
Rd

[
ε2tr

(
Q(x)D2φ(t, x)

)
−∇L(x) · ∇φ(t, x)

]
ρ(t, x) dx dt

(4)

The main challenge of equation (3) is the degenerate diffusion provided by the non-
negative matrix Q. This equation is somehow an intermediate case between a diffusive
Fokker-Planck equation and a pure transport equation. In the first case, when Q is uni-
formly elliptic, the diffusion regularizes and asymptotic convergence towards the unique
steady state holds whenever L grows at infinity. However, in the latter case, where the
diffusion matrix Q is zero, the mass tends to concentrate around critical points of L.
Specifically, the solution will tend to a sum of Dirac’s deltas weighted according to the
mass distribution of the initial datum.

We address this problem by focusing on three main questions outlined below. The
first question concerns the initial stage of the learning process described in (SGD):

Q1: How do parameters evolve in the first stage of training with SGD?

Due to the smallness of the effective learning rate ε > 0, we expect that the drift term,
given by ∇L, will lead the dynamics of the parameters for small times. As detailed in
Section 2, if the loss function is λ-convex with λ > 0 in a ball centered at a local minimum
x0 ∈ Rd, then we aim to obtain that∫

BR(t)(x0)

ρ(t, x) dx ≥
∫
BR0

(x0)

ρ0(x) dx− c(ε, t) ∀0 < t < Tε ,

where R(t) is a decreasing radius and 0 ≤ c(ε, t)
ε→0−−→ 0. In order to give a precise

statement, we need to introduce the correct speed of decreasing of R(t) and a suitable
approximation of the characteristic function of a ball.
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Theorem 1.2 (Local mass concentration). Assume that L is λ-convex in B(1+δ)R0(0) with
a minimum at 0 and λ > 0. Let ρ be a weak solution of (3) with 0 ≤ Q(x) ≤ σId×d for
every x ∈ B(1+δ)R0(0). Let us consider φ(t, r) : [t0,∞) × R+ → R+ the smooth cut-off
function (see (24)) such that

φ(t, r) ≡ 1 if r ≤ R0 e
−λ

2
(t−t0) and φ(t, r) ≡ 0 if r > (1 + δ)R0 e

−λ
2
(t−t0) .

Then, given any a > 0 and α, β ∈ (0, 1), there exists an ε0 > 0 such that for every
ε ∈ (0, ε0) it holds that∫

Rd

φ(t, |x|)ρ(t, x) dx ≥
∫
Rd

φ(t0, |x|)ρ(t0, x) dx− β .

for every t0 < t < Tε + t0 with Tε :=
2
λ
log
(

R0

aεα

)
.

The result above highlights the strong dependence on the initial parameter distribution
during the first stage of the (SGD). Actually, it indicates that the mass of ρ0 within the
basins of attraction of L tends to stay concentrated around the local minima for a while.

Once we know that if the effective learning rate is small enough there is a concentration
phenomenon around local minima, the next natural question is the following:

Q2: How long does SGD take to escape from a local minimum?

For this purpose, we approach the issue from the perspective of the Mean Exit Time
(MET) problem associated to (2). Given a domain Ω ⊂ Rd, the first exit time for the
stochastic process Xt starting at x ∈ Ω is given by

τxΩ = inf{t > 0 : Xt ̸∈ Ω, X0 = x} .

The MET is the function
u(x) = E[τxΩ] ,

which satisfies the following elliptic equation [57, Chapter 7.2]{
−Au(x) = 1, in Ω

u(x) = 0, on ∂Ω
(5)

where
Au(x) = ε2tr

(
Q(x)D2u(x)

)
−∇L(x) · ∇u(x).

We devote Appendices B and C to recall the connection between MET and PDEs and
other classical results in the case of isotropic and non-degenerate diffusion, leading to the
well-known Kramers’ Law [13, 14, 40].

In order to cope with the diffusion matrix Q in (2), which is far from being uniformly
elliptic, we provide new estimates for the MET associated to our problem. We begin with
a lower bound.

Theorem 1.3 (Lower bound for MET). Assume 0 ≤ Q(x) ≤ σId×d, L is λ-convex in
BR0(x0) and let 0 < r ≤ R0. Let x ∈ Br(x0) and let the Mean Exit Time E

[
τxBR(x0)

]
be a

viscosity solution of (5). Then,

E
[
τxBR(x0)

]
≥ R2

0 − r2

2ε2σ d
. (6)
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Proving an upper bound for a general degenerate matrix Q is more challenging, since
the MET will not be bounded if there is no diffusion. Nevertheless, assuming some non-
degeneracy of the diffusion in just one direction is sufficient to provide an upper estimate.

Theorem 1.4 (Upper bound for MET). Let Ω be an open set, let 0 ≤ Q(x) ≤ σId×d for
every x ∈ Ω ⊂ Rd. Assume that there exist β,Λ > 0, i ∈ {1, . . . , d} and a vector v ∈ Sd−1

such that

vTQ(x)v ≥ β and (v · ∇L(x)) (v · x) ≤ Λ(v · x)2 + ε2β

2
∀x ∈ Ω . (7)

Assume that Rv := max{|v · x| : x ∈ Ω} < +∞ for x ∈ Br(x0) ⊂ Ω with 0 < r ≤ Rv. If
the Mean Exit Time E

[
τxBR0

(0)

]
is a viscosity solution of (5), then we have that

E [τxΩ] ≤
2

Λ

(
e

ΛR2
v

2βε2 − e
Λr2

2βε2

)
. (8)

The last two Theorems will be proved in Section 3 along with more general results.

Remark (About the condition (7) for the upper bounds). Note that the assumption on
∇L in Theorem 1.4 is unnecessary when Ω ⊂ Rd is bounded and L ∈ C1(Rd). In this
case, the non-degeneracy of Q(x) in the direction v ∈ Sd−1 suffices to establish the upper
bound of the MET. To clarify the assumptions involved in this result, we now present a
few simple yet illustrative examples.
Example 1. Polynomial loss. Let us consider Ω = BR(0) and

L(x1, x2) =
1

p
(x2

1 + x2
2)

p
2 and v =

(
1
0

)
.

Then, assumption (7) reads as

(v · ∇L(x)) (v · x) =
(
x2
1 + x2

2

) p−2
2 x2

1 ≤ Rp−2 x2
1 = Λ (v · x)2 ∀x ∈ BR(0) ,

and hence, it is satisfied with Λ = Rp−2 and for any ε > 0. Note that when p = 2, we
have Λ = 1 for any domain Ω ⊂ Rd, even if it is unbounded.
Example 2. Exponential loss. Let us consider Ω = BR(0) with

L(x1, x2) = ex1 +
x2
2

2
and v =

(
1
0

)
.

In this case, the term

(v · ∇L(x)) (v · x) = x1 e
x1 ,

tends to 0 linearly as x approaches to the origin. However, we can choose 0 < r ≤ R such
that

x1 e
x1 ≤ ε2β

2
∀x ∈ Br(0) .

Therefore, assumption (7) holds with

(v · ∇L(x)) (v · x) = x1 e
x1 ≤ eR

r
x2
1 +

ε2β

2
= Λ (v · x)2 + ε2β

2
,
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where Λ = eR/r. A similar argument applies to any C1 loss function, provided that Ω is
bounded.
Example 3. Unbounded domain. We present now the importance of assumption (7)
whenever Ω is unbounded. Consider Ω = [−1, 1]× Rd with

L(x1, x2) =
x2
1x

2
2

2
and v =

(
1
0

)
.

Note that for any Λ > 0 and x1 ̸= 0 we can choose x2 =
√

1 + Λ/2 ∈ Rd such that

(v · ∇L(x)) (v · x) = 2x2
1x

2
2 > Λx2

1 ,

contradicting assumption (7).

The last question we consider in this manuscript concerns the asymptotic behaviour of
the learning process. We aim to characterize and show the convergence of the parameter
distribution for large times. Hence, we can state the last question as follows:

Q3: Does the distribution of neural network parameters converge using SGD?

To address this question we implement two different method relying on the known
literature: a duality method and an entropy method.
Duality Method. In the non-degenerate case we exploit the dual equation of the
Fokker-Planck equation (3), which is of Ornstein-Uhlenbeck type. We found that the
recent results of Porretta [58] are especially useful in our setting, when the matrix is non-
degenerate, and help to construct the stationary solutions by means of non-degenerate
approximations. One of the key point in Porretta’s approach is that the asymptotic
stabilization of the solution ρ of (3) for large times, is equivalent to the oscillation decay
of the solution of the dual equation. As far as we know, this method has a drawback:
it requires the diffusion matrix Q to be uniformly elliptic. This is the reason why we
introduce in Section 4.1 a variant of the (SGD) that we call Noisy Stochastic Gradient
Descent (NSGD) by adding some gaussian noise in each iteration, something that kills
the non-degeneracy. Namely,

θn+1 = θn −
η

b

∑
bi∈Bn

∇Lbi(θn) + ηZn ∀n ≥ 0 , (NSGD)

with {Zn}n≥0 being a family of i.i.d. gaussian processes satisfying for some δ > 0

Zn ∼ N (0, δId×d) ∀n ≥ 0 .

In this context, the diffusion matrix of the associated Fokker-Planck equation is uniformly
elliptic, indeed, Qδ(x) = b−1Σ2(x)+δId×d. The results of [58] prove the convergence of the
NSGD to a unique stationary measure, see Corollary 4.3. This convergence is qualitative
in several aspects: on the one hand, it only works in non-degenerate cases, which are not
realistic in ML applications. On the other hand the convergence rate towards equilibrium
cannot be quantified, since it is obtained by a non-constructive proof. However, the above
convergence for non-degenerate Fokker-Planck equations, gives us an approximation that
allows to prove the existence of stationary measures for the “original” degenerate problem
in the limit δ → 0. Indeed, in Section 4.2 we will prove the following theorem.
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Theorem 1.5 (Existence of steady states). Assume that the diffusion matrix Q satisfies
that there exist σ0, σ1 > 0 such that

∥
√

Q(·)∥∞ ≤ σ0 and ∥
√

Q(x)−
√
Q(y)∥ ≤ σ1|x− y| ∀x, y ∈ Rd . (9)

Assume that the drift term ∇L(x) satisfies that there exist α,R > 0 and γ ≥ 2 such that

∇L(x) · x ≥ α|x|γ ∀x ∈ Rd with |x| ≥ R, (10)

and there exists c0 > 0 such that

(∇L(x)−∇L(y)) · (x− y) ≥ −c0|x− y| ∀x, y ∈ Rd . (11)

Then there exists at least one invariant probability measure ρ∞ ∈ P(Rd) such that

∇ ·
(
ε2∇ · (Qρ∞) + ρ∞∇L

)
= 0 , (12)

in the sense of measures, that is, for all φ ∈ C1,2(Rd) it holds that∫
Rd

[
ε2tr

(
Q(x)D2φ(x)

)
−∇L(x) · ∇φ(x)

]
dρ∞(x) = 0 . (13)

Entropy Method. When the invariant measure has a L1-density, entropy methods
allow for quantitative asymptotic results, like exponential decay towards equilibrium. We
discuss this technique in detail in Section 4.4, where we adapt the classical Bakry-Émery
approach [10] to our setting.

In the particular situations of a diffusion matrix that is degenerate but constant, and
of a quadratic loss function L(x) = 1

2
xTCx, equation (3) becomes

∂tρ = ∇ · (Q0∇ρ+ ρCx) . (14)

In this case, the Bakry-Émery approach applies, as proven by Arnold and Erb [5], when
the following two conditions are satisfied

(I) Confinement potential: C is positive stable, i.e. all eigenvalues has positive real part.

(II) Hörmander’s condition: There are no eigenvectors of C in kerQ0.

The first assumption ensures the λ-convexity of L, while the second ensures that the
diffusion is spread in the whole space by the drift.

When condition (II) fails, the stationary state may not have an L1 density, showing
that our existence Theorem 1.5 is somehow sharp. We shall consider next an example
in which exponential convergence in a suitable topology holds even when condition (II)
is not met. More precisely, we will prove convergence for the degenerate non-Hörmander
case which reads

∂tu = ∇x,y ·
((

Q0 0
0 0

)(
∇xu
∇yu

)
+ u

(
C0 0
0 C3

)(
x
y

))
(15)

with u : (0,∞) × Rn × Rd−n → Rd, assuming only that condition (II) holds for Q0 and
C0, i.e. for the variables that we have called x.
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In this framework, we prove the asymptotic convergence of (15) in the 2-Wasserstein
distance and the exponential convergence of the second moments to a steady state of the
form

u∞(x, y) = g∞(x) δ0(y) .

as

u∞

y

x

where g∞(x) = c e−
xTK−1x

2 and K ∈ Rd×d is the unique positive definite matrix satisfying
2Q0 = C0K +KC0.
Theorem 1.6 (Convergence in the Non-Hörmander case). Let us consider the equation
(15) with u0 ∈ L1(Rd) ∩ P2(Rd) and with marginal on the x-variable in L2(Rn, g−1

∞ dx).
Let Q0, C0 ∈ Rn×n satisfy assumptions (I) and (II) in Rn. If C3 ∈ R(d−n)×(d−n) is positive
stable, then

u(t)
t→∞−−−→ u∞

in 2-Wasserstein. Moreover, the following convergence of the second moments holds∣∣∣∣∫
Rn

∫
Rd−n

(|x|2 + |y|2)(u(t, x, y)− u∞(x, y)) dx dy

∣∣∣∣ ≤ κe−λt , (16)

with λ > 0, and κ is a constant depending on u0, Q0, C0.
We will prove an expanded version of this statement, with a quantitative rate λ, in

Theorem 4.13.
This may not seem a realistic model for our ML problem. However, this may be

considered as a description of the local behaviour of the Fokker-Planck equation (3),
through a linearization of Q and L around the local minima of L. Indeed, in Section 4.5,
we exploit this linearization argument by defining

u(t, y) = ρ(t, x0 + εz)

where x0 ∈ Rd is a local minimum of L. Thus, the equation for our new function u reads

∂tu = ∇ ·
(
Q(x0)∇u+ uD2L(x0)z

)
(17)

up to an error of order ε.
We conclude this manuscript by presenting some open questions concerning the ap-

proximation of the steady state of (3) by

ρ∞(x) ≈
M∑
i=1

mi(∞) ui,∞

(
x− xi

ε

)
, (18)

where ui,∞ denotes the steady state of (17) linearized around the local minimum xi ∈ Rd,
and mi(∞) represent the mass partition such that

∑M
i=1 mi(∞) = 1.

Notation: Let Id×d be the identity matrix of dimension d× d. We denote by M(Rd) the
space of probability measures in Rd. For these measures, we define the norm ∥µ∥Mk

=
∥µ∥Pk

:=
∫
Rd(1+ |x|2)k/2d|µ|(x) and the space Mk(Rd) := {µ ∈ M(Rd) : ∥µ∥Mk

< +∞}.
Analogously, we write Pk(Rd) for the probability measures with k finite moments.

10



1.2 Related work on the SGD and the SDE approximation

Stochastic gradient descent (SGD) has a long history as an optimization technique in ma-
chine learning in general, and for neural networks in particular (see e.g. [8, 42]). In recent
years, SGD has been the object of several theoretical and experimental studies, consid-
ering different aspects of the algorithm, due to its unique mixture of desirable properties
of quality of the results, robustness, and generalization capabilities. Special attention
has been devoted to the implicit bias, or implicit regularization, in the optimization (for
recent reviews see [30, 65]), motivated by seminal works like [72] which show that neural
networks are effectively trained by SGD for a number of parameters that exceeds the
number of data point (overparametrized), and that results are qualitatively unaffected
by explicit regularization. On the other hand, it has been observed that more efficient
adaptive optimization methods may generalize worse than SGD [68, 73]. While implicit
regularization in gradient descent algorithms can be attributed to multiple factors, in-
volving interactions between the optimization algorithm and the properties of both the
parametrization and the dataset [7, 12, 23, 32, 63], the stochasticity of SGD is believed to
play a relevant role, in particular due to its state-dependent noise [18, 34]. Another crucial
aspect of SGD design is the dependence of the results on the ratio between learning rate
and batch size, also called linear scaling rule, which appears to be a key factor to obtain
so-called flat minima, ensuring better generalization [29, 37] (but see also [52]).

The continuous stochastic approximation of SGD with an SDE that we consider in this
paper was introduced and proved in [44]. However, the idea of considering a stochastic
iterative algorithm as a discretization of a continuous time stochastic process, or, equiva-
lently, that a continuous-time SDE could be obtained as a limiting procedure, is classical
(see e.g. [41, Ch. 9]). More recently, an SDE model for SGD has been proposed in [50, 51],
where the authors assume a gaussian state-independent covariance matrix as a model for a
large number of samples, and in [37], where the authors emphasize that different learning
rate with the same scaling to batch size give rise to the same continuous approximation
and discuss the common practice of assuming the covariance to be approximately equal
to the Hessian of the loss (sometimes called label noise). In [61] a different, but still state-
independent, covariance matrix is considered, together with a time-dependent learning
rate, which allow the authors to prove convergence to a stationary state with similar ar-
guments to the ones used in the present paper for state-dependent diffusion matrices. A
learning rate that decreases with time has also been considered in [55], to prove conver-
gence of SGD for convex optimization problems, again in terms of the SDE continuous
model. A general approach to the stochastic approximation with SDE of online learning
in terms of the theory of semigroups was given in [26]. A different proof of the stochastic
approximation of SGD was provided in [22], where the authors show experimentally the
limiting behaviors for general state-depentent noise. Key properties of the diffusion that
approximates SGD are given in [36], where the authors discuss the limiting behavior and
the escape time for non-degenerate diffusion. We can compare in particular [36, Theorem
2] with our treatment of Question 2, where we provide quantitative bounds from above
and below for the mean exit time in the case of degenerate diffusion, that is the generic
overparametrized situation. Two regimes in the SDE model of SGD, that dominated by
drift, and the diffusive one, were considered in [16] and applied to elementary architec-
tures: these results should be compared directly with our theoretical study in Section 2,
where we can obtain general quantitative results of mass concentration around minima in
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the drift regime.
Two observed features of the SGD that are reproduced by the SDE continuous model

are the scaling law, which is intrinsic in the limiting procedure, and the implicit regu-
larization. This second one has been studied for SDE in a long series of works. In [21],
under the assumption of the existence and uniqueness of a steady state obtained by a
divergence-free force, the authors show that the Fokker-Planck trajectories are mono-
tone minimizer of the KL-divergence with respect to the steady state, hence justifying
a Bayesian inference of the SGD, and show that such a state is not a minimum of the
loss function itself but rather of a regularization in terms of the Shannon entropy. In
[70] the authors assume the covariance of the SDE to be close to the Hessian of the loss
function and deduce different escape time estimates from minima depending on the local
spectral properties of the Hessian, hence defining an implicit bias towards flat minima.
Still modeling the noise covariance with the Hessian of the loss, [46] discuss yet another
form of implicit bias in SGD through a continuous SDE model: they show that in the
presence of a manifold of minima, SGD does not randomly walks on that manifolds once
it reaches it, but rather continues to minimize the trace of the Hessian, hence stabiliz-
ing around the flattest region of the minima. They obtain this result by first observing
that the dynamics that is normal to the manifold approximately behaves like a constant-
covariance Ornstein-Uhlenbeck process, and deduce asymptotically reaching the manifold
of minima, and then study the tangent dynamics. The techiques that we introduce that
allow us to obtain a rigorous proof of existence of stationary states for the SDE with the
true covariance matrix, and a proof of the decay in the non degenerate case, may provide
insight on how to consider the tangent dynamics for a general state dependent noise.

Limitations of the SDE model of SGD have been pointed out in several occasions. In
[71] the whole approximation procedure is questioned in terms of heuristic arguments con-
cerning the forcing of the scaling law in the limiting procedure, and the difference between
the covariance matrix and the more commonly considered Hessian. More recently, [43]
have considered the possible deviations of the SDE approximation of SGD for large values
of the quotient between learning rate and batch size, by directly comparing trajectories
of SGD with a fine discretization of the SDE. Large learning rates are indeed often used
in practice to provide an implicit regularization bias [3, 29, 47].

Extensions of SDE modeling of SGD currently include proof of stochastic approxima-
tion for adaptive schemes such as ADAM [49], while [33, 62] have considered non-Gaussian
noise.

Another notable mathematical approach to modeling the dynamics of neural network
parameters trained via SGD relies on mean field limit techniques. When the number of
neurons in a layer grows to infinity, the empirical distribution of the network parameters
evolves according to a deterministic partial differential equation, expressed as a Wasser-
stein gradient flow, see for instance the survey [27]. This perspective allows one to bypass
the complexities of individual parameter updates and instead analyze the global behavior
of the parameter distribution. However, this approach is limited to shallow networks or
to deep linear networks, where a well-posed infinite-width limit can be established. In
particular, [59] rigorously proves a Law of Large Numbers and a Central Limit Theorem
quantifying fluctuations around the mean field trajectory, while [23] shows that in a deep
linear network, the infinite-width limit exhibits exponential convergence to a continuous-
time limit.

12



2 Analysis in the drift regime
The dynamics of the parameters evolving according to the SGD present two different
regimes of behaviour. On the first regime, which we call the drift regime, the diffusion is
weaker than the drift term ∇L and the latter is the one who determines the behaviour
of the learning process. This fact leads to a concentration phenomena around the local
minima of the loss function L whenever the effective learning rate ε > 0 is small enough.
As we will discuss in Section 3, once the concentration at small time has occurred, the dif-
fusion tends to spread out the parameters. In this section, we are interested in quantifying
this concentration behaviour at small times, which can be formulated as

Q1: How do parameters evolve in the first stage of training with SGD?

To this aim, we study the probability density function ρ of the stochastic process
associated to the SGD. Let us recall that ρ satisfies the equation

∂tρ = ∇ ·
(
ε2∇ · (Q(x)ρ) + ρ∇L(x)

)
on (0,∞)× Rd ,

ρ(0, x) = ρ0(x) in Rd ,

(19)

with ∇ · A = (∇ · A1·, . . . ,∇ · Ad·) and A ∈ Rd×d. In this framework, we will address the
above question by obtaining lower bounds for the following quantity:∫

BR(x0)

ρ(t, x) dx ,

with x0 ∈ Rd being a local minimum of L and R > 0 being certain radius. Nevertheless,
before performing a local analysis, let us show a global concentration estimates when L
is strictly convex in the whole space Rd. This can be easily deduced from the following
upper bound of the second moments of ρ.

Lemma 2.1. Assume that L is λ-convex with λ > 0, L has a unique minimum in x0 with
L(x0) = 0 and 0 ≤ tr(Q(x)) ≤ σ for every x ∈ Rd. If ρ0 ∈ P2(Rd), then ∀t > 0∫

Rd

|x− x0|2ρ(t, x) dx ≤
(∫

Rd

|x− x0|2ρ0(x) dx− ε2
2σ

λ

)
e−λt + ε2

2σ

λ
.

Proof. Let us differentiate the second moment of the solution.

d
dt

∫
Rd

|x− x0|2ρ(t, x) dx = ε2
∫
Rd

tr(QD2(|x− x0|2))ρ(t, x) dx

−
∫
Rd

∇
(
|x− x0|2

)
· ∇Lρ(t, x) dx

= 2ε2
∫
Rd

tr(Q(x))ρ dx− 2

∫
Rd

(x− x0) · ∇L(x)ρ dx

Note that since L is λ-convex and x0 is any minimum, we have

(x− x0) · ∇L(x) ≥ L(x)− L(x0) +
λ

2
|x− x0|2 ≥

λ

2
|x− x0|2 .

13



Using this estimate and 0 ≤ tr(Q(x)) ≤ σ we obtain

d
dt

∫
Rd

|x− x0|2ρ(t, x) dx ≤ 2ε2σ − λ

∫
Rd

|x− x0|2 ρ(t, x) dx .

The result follows by integrating this expression in [0, t].

Once we have estimated the second moment of ρ, it is possible to obtain a concentration
estimate by Chebyshev’s inequality.

Corollary 2.2. Under the assumptions of Lemma 2.1, we have that for every R > 0 and
t > 0∫

BR(x0)

ρ(t, x) dx ≥ 1− 1

R2

[(∫
Rd

|x− x0|2ρ0(x) dx− ε2
2σ

λ

)
e−λt + ε2

2σ

λ

]
. (20)

Proof. For estimate (20), we use Chebyshev’s inequality: For any µ-measurable function
f , R > 0 and 1 < p < ∞ it holds that

µ
({

x ∈ Rd : |f(x)| > R
})

≤ 1

Rp

∫
Rd

|f(x)|pdµ(x) .

Hence, considering µ = ρ(t), f(x) = |x− x0| and p = 2, we obtain∫
|x−x0|>R

ρ(t, x) dx ≤ 1

R2

∫
Rd

|x− x0|2ρ(t, x) dx .

Then, we use Lemma 2.1 and the fact that ρ(t) ∈ P(Rd) to control the second moment
and to conclude.

Example 4: non degenerate case. We remark that Lemma 2.1 and Corollary 2.2
does not implies the convergence to δx0(x) in any sense due to the error term ε2 2σ

λ
.

However, this error seems to be unavoidable whenever there is a diffusion term. Let us
consider the case Q(x) = σ

d
I and L(x) = λ

2
|x − x0|2 for every x ∈ Rd with σ, λ > 0. In

this case, the fundamental solution is smooth and reads as

ρ(t, x) =
1(

2π ε2σ
λd

(1− e−2λt)
)d/2 exp(− λd|x− x0|2

2ε2σ(1− e−2λt)

)
.

Moreover, we know that ρ(t) → ρ∞ uniformly in compacts, in 2-Wasserstein distance and
in L2(Rd, ρ−1

∞ ) with

ρ∞(x) =
1(

2π ε2σ
λd

)d/2 exp(−λd|x− x0|2

2ε2σ

)
.

However, ρ∞ does not concentrate in x0 due to the exponential tails. Indeed, the second
moment is ∫

Rd

|x− x0|2ρ∞(x) dx = tr
(
ε2σ

λd
I

)
=

ε2σ

λ
.

One may think that this is not a representative example since the diffusion is non-
degenerate. Nevertheless, let us consider the degenerate case where the operator is not
even hypocoercive.

14



Example 5: degenerate case. Assume L(x) = λ
2
|x|2 with global minimum at x0 = 0

and the diffusion matrix

Q(x) =


σ 0 . . . 0
0 0 . . . 0
... . . . ...
0 . . . 0

 ,

with σ, λ > 0. Note that this operator is not hypocoercive since λIei = λei and ei ∈ ker(Q)
for any i = 2, . . . , d. Given an initial datum ρ0 ∈ P2(Rd), the solution to

∂tρ = ∇ ·
(
ε2Q∇ρ+ λxρ

)
,

is the following:

ρ(t, x) =
eλ(d−1)t√

2π ε2σ
λ
(1− e−2λt)

∫
R
exp

(
−λ|x1 − x̃1e

−λt|2

2ε2σ(1− e−2λt)

)
ρ0
(
x̃1, x

′eλt
)
dx̃1 ,

with x′ = (x2, . . . , xd) ∈ Rd−1. Due to the tail decay of ρ0 ∈ P2(R2), the stationary
solution is

ρ∞(x) =
1√
2π ε2σ

λ

exp

(
−λ|x1|2

2ε2σ

)
δ0′(x

′)

See Theorem 4.13 for a 2-Wasserstein convergence of ρ(t) → ρ∞ when t → ∞. Note that
even in this very degenerated case the second moment of the invariant measure is given
by ∫

Rd

|x|2ρ∞(x) dx =
1√
2π ε2σ

λ

∫
R
|x1|2 exp

(
−λ|x1|2

2ε2σ

)
dx1 =

ε2σ

λ

Based on this simple example, we aim to estimate this error that the diffusion generates
in the concentration phenomena around local minima. As in the example, the main
influent parameters are the λ-convexity of the loss function in the basin of attraction,
the effective learning rate ε > 0 and the L∞-norm of the matrix Q, which quantify the
diffusion. From an application perspective, these parameters establish the likelihood that
the weights of the neural network will fall into the nearest local minimum.

2.1 Local mass concentration

In this section, we show that in the first steps of the learning process, the parameters
tends to concentrate with high probability around the local minima of the loss function.
Assuming without loss of generality that 0 is a local minimum of L, we would like to
obtain an estimate on the following quantity

P{Xt ∈ Bε(0)} =

∫
Bε(0)

ρ(t, x) dx . (21)

The main problem is that the variation of this quantity depends on the flux on the
boundary of Bε(0) which is a priori unknown. Namely, if we try to differentiate this
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quantity using the equation of the probability density function, we obtain

d
dt

∫
Bε(0)

ρ(t, x) dx =

∫
Bε(0)

∇ ·
(
ε2∇ · (ρQ) + ρ∇L

)
dx

=

∫
|x|=ε

(
ε2∇ · (ρQ) + ρ∇L

)
· x

|x|
dx

Since this variation is complicated to estimate with (21) to close the differential inequality,
we will consider a different quantity with a controllable variation. To motivate this new
approach, let us consider the following continuity equation (ε = 0){

∂tµ = ∇ · (µ∇L)

µ(0, x) = µ0(x)
(22)

with L being λ-convex with λ > 0 and a global minimum at 0. It is well known that if
µ0 ∈ P2(Rd), then the solution µ(t) converge to δ0 in the Wassertstein topology [1], but
we are interested in the speed of concentration. Moreover, the associated flow dynamic is{

d
dt
Φt(x) = −∇L(Φt(x))

Φ0(x) = x.

and the solution of (22) is the pushforward µ(t, x) = (Φt)#µ0(x). In order to show the
concentration velocity of Φt(x), let us compute the variation in time of the Euclidean
distance from Φt(x) to the global minimum at 0:

d
dt
|Φt(x)− 0|2 = 2

d
dt
Φt(x) · (Φt(x)− 0) = −2∇L(Φt(x)) · (Φt(x)− 0)

≤ −λ|Φt(x)− 0|2 ,

which implies that
|Φt(x)| ≤ e−

λ
2
t|x| ∀t > 0. (23)

Hence, the flow tends to concentrate particles starting from a point x ∈ Rd around 0 with
exponential velocity. This phenomena can be understood in the sense of the following
lemma.

Lemma 2.3. Let L be a λ-convex function with λ > 0 and let µ be a solution to (22) in
the sense of [1] with µ0 ∈ P2(Rd). Then, for every t > 0 it holds that∫

BR(t)(0)

µ(t, x) dx ≥
∫
BR0

(0)

µ0(x) dx

with R(t) = R0 e
−λ

2
t.

Proof. Recall that µ(t, x) = (Φt)#µ0(x). Then,∫
BR(t)(0)

µ(t, x) dx =

∫
Φ−1

t (BR(t)(0))

µ0(x) dx .

Since R(t) = R0 e
−λ

2
t and (23) holds, we have that

Φt(BR0(0)) ⊆ BR(t)(0) ,

and the result follows.
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Considering the diffusion equation (19) for ρ. Compared with the result in the lemma
above, we expect that the probability of a suitable shrinking ball should be non decreasing
up to an error depending on ε and before certain time. Namely, our goal is to obtain a
lower bound in terms of the initial datum ρ0 of the form∫

BR(t)(0)

ρ(t, x) dx ≥
∫
BR0

(0)

ρ0(x) dx− c(ε, t)

with an appropiate shrinking radius R(t) and c(ε, t) tending to 0 as ϵ goes to 0. Since we
want to use the equation of ρ and test it with the characteristic function χBR(t)(0)(x), we
use the following C1,2 approximation cut-off function

φ(t, r) =


1, if r ≤ R(t)

1− 2
δ2R(t)2

(r −R(t))2, if R(t) < r ≤ (1 + δ
2
)R(t)

2
δ2R(t)2

((1 + δ)R(t)− r)2, if (1 + δ
2
)R(t) < r ≤ (1 + δ)R(t)

0, if (1 + δ)R(t) < r .

(24)

for some radius R(t) to be chosen later and some small constant δ > 0. In terms of this
test function, the result reads as follows.

Theorem 2.4. Assume that L is λ-convex in B(1+δ)R0(0) with a minimum at 0 and λ > 0.
Let ρ be a weak solution of (3) with 0 ≤ Q(x) ≤ σId×d for every x ∈ B(1+δ)R0(0). Then,
for any time dependent radius R(t) satisfying

R′(t) ≥ −λ

2
R(t) ∀t > 0 , (25)

it holds that for every T > 0 and φ as in (24)∫
Rd

φ(T, |x|)ρ(T, x) dx ≥
∫
Rd

φ(0, |x|)ρ0(x) dx− Cε2
∫ T

0

1

R(t)2
dt (26)

with C > 0 depending only on δ, σ and d.

Proof. We want to differentiate the quantity in (26), therefore let us compute the deriva-
tives of the test function f .

∂tφ(t, r) =


4

δ2R(t)2
(r −R(t))rR′(t)

R(t)
, if R(t) < r ≤ (1 + δ

2
)R(t)

4
δ2R(t)2

((1 + δ)R(t)− r)rR′(t)
R(t)

, if (1 + δ
2
)R(t) < r ≤ (1 + δ)R(t)

0, otherwise .

∂rφ(t, r) =


− 4

δ2R(t)2
(r −R(t)), if R(t) < r ≤ (1 + δ

2
)R(t)

− 4
δ2R(t)2

((1 + δ)R(t)− r), if (1 + δ
2
)R(t) < r ≤ (1 + δ)R(t)

0, otherwise .

∂rrφ(t, r) =


− 4

δ2R(t)2
, if R(t) < r ≤ (1 + δ

2
)R(t)

4
δ2R(t)2

, if (1 + δ
2
)R(t) < r ≤ (1 + δ)R(t)

0, otherwise .
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Let us recall the gradient and the Hessian matrix of radial functions with respect to x.

∇φ(t, |x|) = ∂rφ(t, |x|)
x

|x|
,

D2φ(t, |x|) = ∂rrφ(t, |x|)P0 +
∂rφ(t, |x|)

|x|
(Id×d − P0) ,

with P0 =
x
|x| ⊗

x
|x| being the projection matrix with respect to the vector x

|x| . Now, let us
differentiate the desired quantity and use the equation of ρ:

d
dt

∫
Rd

φ(t, |x|)ρ(t, x) dx =

∫
Rd

∂tφ(t, |x|)ρ(t, x) dx

+ε2
∫
Rd

tr
(
Q(x)D2φ(t, |x|)

)
ρ(t, x) dx−

∫
Rd

∇φ(t, |x|)·∇L(x)ρ(t, x) dx

Note that this differentiation is formal, however we can make it rigourous by integrating
the expression above in time and using Definition 1.1 for weak solutions of (3).

Then, we have to use the previously calculated derivatives of φ. We will compensate
the integral term of ∇L with the one with ∂tφ and the integral with ϵ will be the error.
In order to simplify the computation we split the integrals in two regions, depending on
the time dependent radius R = R(t):∫

Rd

∂tφρ dx+ ε2
∫
Rd

tr
(
QD2φ

)
ρ dx−

∫
Rd

∇φ · ∇Lρ dx

=

∫
R≤|x|≤(1+ δ

2
)R

[
∂tφ+ ε2tr

(
QD2φ

)
−∇φ · ∇L

]
ρ dx

+

∫
(1+ δ

2
)R≤|x|≤(1+δ)R

[
∂tφ+ ε2tr

(
QD2φ

)
−∇φ · ∇L

]
ρ dx

=I + II

Let us estimate the first term.

I =

∫
R≤|x|≤(1+ δ

2
)R

[
∂tφ− ∂rφ

x

|x|
· ∇L+ ε2tr

(
Q

(
∂rrφP0 +

∂rφ

|x|
(Id×d − P0)

))]
ρ dx

=
4

δ2R2

∫
R≤|x|≤(1+ δ

2
)R

[
(|x| −R)|x|R

′

R
+ (|x| −R)

x

|x|
· ∇L

]
ρ dx

− 4ε2

δ2R2

∫
R≤|x|≤(1+ δ

2
)R

[
tr (QP0) +

(|x| −R)

|x|
tr (Q (Id×d − P0))

]
ρ dx .

Using the λ-convexity of L and the bounds for the traces of the product of nonnegative
matrices 0 ≤ tr(QP0) ≤ σd and 0 ≤ tr(Q(Id×d − P0)) ≤ σd(d− 1), we obtain

I ≥ 4

δ2R2

∫
R≤|x|≤(1+ δ

2
)R

(|x| −R)|x|
(
R′

R
+

λ

2

)
ρ dx

− 4ε2

δ2R2

∫
R≤|x|≤(1+ δ

2
)R

[
σd+

(
1− R

|x|

)
σd(d− 1)

]
ρ dx .
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Therefore, if the time dependent radius satisfies R′(t) ≥ −λ
2
R(t), the first integral above

is nonnegative. Moreover, since ρ is a probability measure we obtain the following lower
bound for the second integral

I ≥ −4σd2

δ2
ε2

R2(t)
. (27)

For the integral on the other region, II, we follow the same argument. First, we use the
explicit expressions of the derivatives of φ.

II=

∫
(1+ δ

2
)R≤|x|≤(1+δ)R

[
∂tφ− ∂rφ

x

|x|
· ∇L+ ε2tr

(
Q

(
∂rrφP0 +

∂rφ

|x|
(Id×d − P0)

))]
ρ dx

=
4

δ2R2

∫
(1+ δ

2
)R≤|x|≤(1+δ)R

[(
(1 + δ)R− |x|

)
|x|R

′

R
+

(
(1 + δ)R− |x|

)
x

|x|
· ∇L

]
ρ dx

+
4ε2

δ2R2

∫
(1+ δ

2
)R≤|x|≤(1+δ)R

[
tr (QP0)−

(1 + δ)R− |x|
|x|

tr (Q (Id×d − P0))

]
ρ dx .

Then, we use the λ-convexity of L and 0 ≤ tr(QP0) ≤ σd and 0 ≤ tr(Q(Id×d − P0)) ≤
σd(d− 1) to obtain that

II ≥ 4

δ2R2

∫
(1+ δ

2
)R≤|x|≤(1+δ)R

(
(1 + δ)R− |x|

)
|x|
(
R′

R
+

λ

2

)
ρ dx

− 4ε2

δ2R2

∫
(1+ δ

2
)R≤|x|≤(1+δ)R

(
(1 + δ)R

|x|
− 1

)
σd(d− 1)ρ dx .

Hence, the differential inequality for the time dependent radius R′(t) ≥ −λ
2
R(t) implies

that

II ≥ −4(1 + δ)σd2

δ2(1 + δ
2
)

ε2

R2(t)
.

Finally, we conclude by combining both estimates of I and II,

d
dt

∫
Rd

φ(t, |x|)ρ(t, x) dx = I + II ≥ −C
ε2

R(t)2
,

with C = 4σd2

δ2
(1 + 1+δ

1+δ/2
) and integrating the inequality in time on [0, T ].

Note that the shrinking condition (25) of the radius R(t) coincide with the concentra-
tion velocity of the flow map (23) associated to the continuity equation (22). The main
idea is that if the radius decreases slower than the flow map concentrates, the mass in the
shrinking balls will be almost preserved, up to an error depending on ε.

Despite the error term not being sharp, it is impossible to prove the estimate (26) with
C = 0 due to the diffusive nature of the equation of ρ. Indeed, if we consider the case
Q(x) = I in R2 with a double well potential L(x, y) = (x2− 1)2+ y2, it is easy to see that
even if the mass of the initial datum is concentrated in one of the local minimums, half of
the mass will reach the neighbourhood of the other local minimum. A simple proof can
be done studying the local mass of the unique steady state ρ∞(x, y) = c exp(−L(x,y)

ε2
).

Now, we use Theorem 2.4 with a decreasing radius satisfying R′(t) ≥ −λ
2
R(t) in

order to obtain an explicit control of the error term. Thus, a natural choice R(t) is the
exponentially decreasing radius, which we have considered previously in the non diffusive
case in Lemma 2.3 and satisfies condition (25) with equality.
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Corollary 2.5. Under assumptions of Theorem 2.4, if we choose the radius to be

R(t) = R0 e
−λ

2
t ,

then for every T > 0 it holds that∫
Rd

φ(T, |x|)ρ(T, x) dx ≥
∫
Rd

φ(0, |x|)ρ0(x) dx− ε2
C

R2
0λ

(
eλT − 1

)
, (28)

with C > 0 depending only on δ, σ and d.

Proof. Let us substitute the definition of the radius in the error term of (26).

−C

∫ T

0

ε2

R(t)2
dt = −ε2

C

R2
0

∫ T

0

eλt dt = −ε2
C

R2
0λ

(
eλT − 1

)
.

The above result gives us a lower bound for the mass concentrated around a ball
centered in the local minimum of L. We are now in the position to prove Theorem 1.2.

Proof of Theorem 1.2. Letting T = Tε in (28), with Tε :=
2
λ
log
(

R0

aεα

)
, gives that for every

0 < t < Tε we have∫
Rd

φ(t, |x|)ρ(t, x) dx ≥
∫
Rd

φ(0, |x|)ρ0(x) dx− ε2
C

R2
0λ

(
eλTε − 1

)
=

∫
Rd

φ(0, |x|)ρ0(x) dx− ε2−2α C

a2λ
.

Clearly the error term can be made smaller than β by choosing ε0 > 0 small enough,
namely

ε2−2α
0

C

a2λ
≤ β .

This gives the desired estimate for all ε ∈ (0, ε0) and all 0 < t < Tε∫
Rd

φ(t, |x|)ρ(t, x) dx ≥
∫
Rd

φ(0, |x|)ρ0(x) dx− β .

Finally, we notice that we can replace t = 0 by t = t0 by the time shift invariance of the
equation.

3 Analysis in the diffusion regime
After a first concentration phenomena near local minima of the loss function L, the
diffusion will allow the parameters of the neural network to jump from one local minimum
of L to another one. This property of the diffusion is the main advantage of using the
SGD as a learning process with respect to the classical Gradient Descent, since it allows to
avoid local minima of L which could be attractors at first steps. Thus, the main question
that we want to address in this section is the following:

Q2: How long does SGD take to escape from a local minimum?
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To this end, we focus on how the diffusion affects the dynamics of the learning process.
In particular, we want to estimate the mean exit time from a neighborhood of a local
minimum of the loss function. Lower bounds for the mean exit time can be obtained
without further assumption. On the other hand, some non-degeneracy condition on the
diffusion is needed in order to ensure that the mean exit time is finite. Indeed, as a
counterexample, consider the case with no diffusion at all, presented in (22), which leads
to the deterministic flow map{

d
dt
Φt(x) = −∇L(Φt) · Φt(x)

Φ0(x) = x .

In this case, all the mass splits and concentrates in the local minima of L, with no jump
from one minimum to another one, i.e. the mean exit time is infinite.

Recall that the stochastic process describing the dynamics of the parameters when
learning with SGD satisfies (2), that is,{

dXt = −∇L(Xt) dt+
√

2ε2Q(Xt)dWt

X0 = x ,

with the degenerate but nonnegative matrix Q(x) ≥ 0, i.e. vTQ(x)v ≥ 0 for every v ∈ Rd

and every x ∈ Rd. Due to the degeneracy of Q, obtaining estimates on the Mean Exit
Time (MET) from a basin of attraction of L is not obvious. Recall also that the MET
u(x) = E[τxΩ] from an open set Ω ⊂ Rd given an initial point x ∈ Ω satisfies (5), that is{

−Au(x) = 1, in Ω

u(x) = 0, on ∂Ω

where
Au(x) = ε2tr

(
Q(x)D2u(x)

)
−∇L(x) · ∇u(x).

This family of equations contains, as special cases, the non diffusive scenario (Q(x) ≡ 0,
i.e. pure drift) and the non-degenerate diffusive scenario (Q(x) ≥ δId×d).

In the non-diffusive case, the mean exit time is u(x) = +∞ for all x ∈ Ω. Indeed, the
flow map Xt is deterministic and describes the concentration of the parameters around
the local minima of the loss function L. Hence, there is no possibility for Xt to escape
from a neighbourhood of a local minimum of L in any time.

In the non-degenerate diffusive case, by Kramer’s Law, u(x) < +∞ for every x ∈ Ω.
Indeed, even if the drift term ∇L pushes Xt into the local minimum, the diffusion in every
direction ensures the boundedness, see Appendix C.

In this section, we provide lower and upper bounds for the solution u to (5) under
mild conditions on Q and L, allowing for degeneracies.

Theorem 3.1. Let Ω = BR(0) ⊂ Rd, let L be λ-convex in BR(0) with λ > 0 and a local
minimum at 0, and assume that 0 ≤ Q(x) ≤ σId×d for every x ∈ BR(0). Then,

w(x) =
R2 − |x|2

2ε2dσ
,

is a subsolution of (5), in the sense that −Aw(x) ≤ 1 for all x ∈ BR(0).
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Proof. Note that

∇w(x) = − 1

ε2σd
x and D2w(x) = − 1

ε2σd
Id×d .

Therefore,

−ε2tr
(
QD2w

)
+∇L · ∇w =

tr (Q)

σd
− 1

ε2σd
x · ∇L ≤ tr (Q)

σd
− λ

2ε2σd
|x|2 ≤ 1 ,

where we have use the λ-convexity of L in the first inequality and the bound tr(Q) ≤ σd
in the second inequality. Since w(x) = 0 if |x| = R, we conclude that w is a subsolution
of (5).

In order to obtain an upper bound for the Mean Exit Time, some non-degeneracy in
the diffusion is required. Indeed, it suffices to have a positive lower bound of Q in one
direction and some smoothness condition in L. We begin by showing the simpler case
with Theorem 3.2 in order to emphasize the main idea, and then prove the general case
with Theorem 3.3. Note that the non degeneracy assumption on Q is essential, while the
condition on L can be dropped in many cases, for instance on bounded domains.

Theorem 3.2. Let Ω be an open set, let L(x) ≥ 0 and 0 ≤ Q(x) ≤ σId×d for every x ∈ Ω.
Assume that there exits β,Λ > 0 and i ∈ {1, . . . , d} such that

(Q(x))ii ≥ β and ∂xi
L(x)xi ≤ Λx2

i +
ε2β

2
∀x ∈ Ω .

Then, defining R = max{|xi| : x ∈ Ω} we have that

w(x) =
2

Λ

(
e

ΛR2

2βε2 − e
Λx2i
2βε2

)
,

is a supersolution of (5) in Ω, in the sense that −Aw(x) ≥ 1 for all x ∈ Ω.

Proof. Note that

∂xi
w(x) = − 2

βε2
xie

Λx2i
2βε2

∂xixi
w(x) = − 2

βε2
e

Λx2i
2βε2

(
Λ

βε2
x2
i + 1

)
.

Therefore, using the assumptions on Q and on L we obtain

−ε2tr
(
QD2w

)
+∇L · ∇w = 2

(Q(x))ii
β

e
Λx2i
2βε2

(
Λ

βε2
x2
i + 1

)
− 2

βε2
e

Λx2i
2βε2 ∂xi

L(x)xi

≥ Λ

βε2
x2
i + 2− Λ

βε2
x2
i − 1 = 1 .

On the other hand, if x ∈ ∂BR(0) we have that xi ≤ R and hence w(x) ≥ 0.

Note that we can generalize the result above whenever there exists a direction v ∈ Sd−1

where Q is strictly elliptic in that direction.
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Theorem 3.3. Let Ω be an open set, let 0 ≤ Q(x) ≤ σId×d for every x ∈ Ω. Assume that
there exits β,Λ > 0, i ∈ {1, . . . , d} and a vector v ∈ Sd−1 such that

vTQ(x)v ≥ β and (∇L(x) · v) (v · x) ≤ Λ(v · x)2 + ε2β

2
∀x ∈ Ω .

Then, defining R = max{|v · x| : x ∈ Ω} we have that

w(x) =
2

Λ

(
e

ΛR2

2βε2 − e
Λ(v·x)2

2βε2

)
,

is a supersolution of (5) in Ω.

Proof. Note that

∇w(x) = − 2

βε2
e

Λ(v·x)2

2βε2 (v · x)v

D2w(x) = − 2

βε2
e

Λ(v·x)2

2βε2

(
Λ

βε2
(v · x)2 + 1

)
v ⊗ v .

Therefore, using the assumptions on Q and on L along with tr(Qv⊗v) = vTQv, we obtain

−ε2tr
(
QD2w

)
+∇L · ∇w =2

tr(Q(x)v ⊗ v)

β
e

Λ(v·x)2

2βε2

(
Λ

βε2
(v · x)2 + 1

)
− 2

βε2
e

Λ(v·x)2

2βε2 (∇L(x) · v)(v · x))

≥ Λ

βε2
(v · x)2 + 2− Λ

βε2
(v · x)2 − 1 = 1 ,

since e
Λ(v·x)2

2βε2 ≥ 1. On the other hand, if x ∈ ∂Ω we have that (v · x)2 ≤ R2 and hence
w(x) ≥ 0.

Thanks to the semigroup property of the Markovian process described by (2), we
can use the subsolution and supersolution of Theorems 3.1 and 3.3 starting at any time
t0 > 0. This allows us to estimate the time that the learning process will spend after the
concentration phenomena occurred in the drift regime.

We are now in the position to prove Theorem 1.3 and 1.4. Note that, in order to make
use of the classical comparison principle [24] in the next proofs, we are requiring that the
mean exit time is a viscosity solution of (5).

Proof of Theorem 1.3. Using the comparison principle for degenerate elliptic equations in
[24, Theorem 3.3], we obtain that

u(x) = E
[
τxBR(0)

]
≥ w(x) =

R2
0 − |x|2

2ε2σd
,

since u is a solution of (5) by construction and w is a subsolution of (5) by Theorem 3.1.
Note that the Markovian property of the stochastic process (2) allows the time shifting
of the initial datum. We conclude recalling that |x| ≤ r.

By similar a argument we can obtain an upper bound for the mean exit time.
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Proof of Theorem 1.4 Using the comparison principle for degenerate elliptic equations in
[24, Theorem 3.3], we obtain that

u(x) = E [τxΩ] ≤ w(x) =
2

Λ

(
e

ΛR2

2βε2 − e
Λ(v·x)2

2βε2

)
,

since u is a solution of (5) by construction and w is a supersolution of (5) by Theorem 3.3.
Note that the Markovian property of the stochastic process (2) allows the time shifting
of the initial datum. We conclude recalling that |v · x| ≤ |x| ≤ r.

4 Asymptotic behaviour of the SGD
In this section, we analyze the asymptotic behaviour of the distribution of parameters of a
neural network while training with SGD. Starting from an initial parameter configuration
and a dataset, we aim to determine the final parameter probability distribution after
prolonged SGD implementation. We will study this problem within the framework of the
continuous stochastic process that approximates the SGD and its associated probability
measure. The central question we will address is:

Q3: Does the distribution of neural network parameters converge using SGD?

To answer this question is delicate, and we propose two different method: duality
and entropy methods. Both methods provide partial results about the convergence of the
transition probability of the stochastic approximation to an invariant probability measure.

The duality method for a wide class of nondegenerate Fokker-Planck equations was
introduced by Porretta in 2024 [58]. The first step consists of proving the time decay of
oscillations of the solutions of the dual equation, often referred to as Orstein-Uhlenbeck
or backward Kolmogorov. As a second step, this decay can be translated into a decay of
the moments of the probability measure that solves the original Fokker-Planck equation.
Finally, the third step consists of showing that the convergence of the moments implies
the existence of an invariant probability measure and the convergence to it. The main
drawback of this method is that, to the best of our knowledge, it only works with nonde-
generate diffusion, i.e. 0 < δI ≤ Q ≤ σI with σ ≥ δ > 0. In order to adapt this method
to the present setting, we propose a variant of the SGD adding some random noise at
each step of the learning process.

A nowadays more standard approach to study the asymptotic behavior of Fokker-
Planck equations is the entropy method [10, 11], also known as the Bakry-Emery method.
The relative entropy - a special Lyapunov function - quantifies how far is the probability
at time t from the invariant probability measure. The first stability property, i.e. con-
vergence to an invariant probability measure, can be proven by showing that the relative
entropy decays to 0 as time goes to infinity. A more delicate analysis is then required
to quantify the possible decay rates of the entropy. In general, even for the standard
Fokker-Planck equation (Q = I and L(x) = |x|2), exponential decay holds only under
additional assumptions, typically the boundedness of the first and second moment for the
initial data (see e.g. [66, Sec. 4.1]). A quantitative exponential decay of the relative
entropy can be proven by means of a weighted Poincaré type inequality which in turn is
equivalent to the entropy-entropy production inequality.

In the present setting, the exponential decay follows by establishing a suitable Poincaré
inequality obtained by using the results of [5] and [53]. The main limitations of this
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approach are that either the diffusion matrix must be non-degenerate with Q ≡ σI or,
when Q is allowed to be degenerate, the loss function L must be quadratic.

4.1 Duality method for Noisy SGD

Let us consider a data set {(xi, yi)}Ni=1 and the total loss function

L(θ) =
1

N

N∑
i=1

Li(θ) ,

where each Li(θ) for i = 1, . . . , N is the partial loss function associated to the datum
(xi, yi). Then, the stochastic gradient descent with constant learning rate η > 0 and
batch size |Bn| = b > 0 reads as follows

θn+1 = θn −
η

b

∑
bi∈Bn

∇Lbi(θn) ∀n ≥ 0 , (SGD)

with Bn = {bi}bi=1 ⊂ {1, 2, . . . , N} being a batch of indexes chosen with uniform distribu-
tion at each step n. We know by [45] and [26] that we can approximate (SGD) with the
stochastic process defined by (2):

dXt = −∇L(Xt) dt+

√
η

b
Σ(Xt)dWt ,

where Q(x) := Σ2(x) = cov [∇Lbi(x)] ≥ 0 reads explicitly

Q(x) =
1

N

N∑
i=1

∇Li ⊗∇Li −∇L⊗∇L.

Note that the noise in the above equation is typically degenerate: indeed, rank(Σ(x)) ≤
N − 1 and, in most real case scenarios, the number of parameters to be learned exceeds
the size of the dataset, that is N < d.

In order to obtain a nondegenerate SDE, we propose another learning iteration with
a suitable extra noise {Zn}n≥0, which we call Noisy Stochastic Gradient Descent:

θn+1 = θn −
η

b

∑
bi∈Bn

∇Lbi(θn) + ηZn. (NSGD)

In what follows, our choice for {Zn}n≥0 is that of a family of i.i.d. Gaussian variables

Zn ∼ N (0, δId×d) ∀n ≥ 0 .

This extra noise does not depend on the characteristics of the learning process, and a
priori may provide an invariant probability measure that is independent of the data set
and the loss function. However, more sophisticated choices of noise could be considered,
based on the loss function. We have chosen the simplest noise that allows to apply the
results of [58], in the form of Theorem 4.2 below, indeed, our choice of noise leads us to
the following nondegenerate SDE.
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Lemma 4.1. The process (NSGD) is the Euler-Maruyama approximation of

dXt = −∇L(Xt) dt+
√

η Qδ(Xt)dWt , (29)

with Qδ(x) := b−1Q(x) + δId×d.

Proof. The proof follows by a slight modification of the one in [44, Theorem 1]. See
Appendix A for the details.

By standard theory, we can associate to (29) the following Ornstein-Uhlenbeck type
equation for u(t, x) = E[Xt]{

∂tu = η
2
tr(Qδ(x)D

2u)−∇L(x) · ∇u =: −Lδu

u(0, x) = u0(x) ,
(30)

Analogously, the probability density function of Xt satisfies the L2(Rd)-dual equation of
(30), that is, the Fokker-Planck equation{

∂tρ = ∇ ·
(
η
2
∇ · (ρQδ(x)) + ρ∇L(x)

)
=: −L∗

δρ

ρ(0, x) = ρ0(x) ,
(31)

where ∇ · (ρQδ(x)) is the divergence taken column-wise.
The goal is to prove convergence results for the distribution of the parameters θ in

(NSGD). In order to do that, we prove that there exists a stationary state of equation
(31) and the solution ρ converges to it as time goes to infinity. We are in the position to
use the theory of [58] and establish the asymptotic behavior of the above non-degenerate
Ornstein-Uhlenbeck and Fokker-Planck type equations, by exploiting the duality between
(30) and (31), and proving that the weighted oscillation of u implies convergence of the
moments of m. The weighted oscillation that we will consider is the following

[u]⟨·⟩k = sup
x,y∈Rd

|u(x)− u(y)|
⟨x⟩k + ⟨y⟩k

,

with ⟨x⟩k = (1 + |x|2)k/2. This turns out to be a Lyapunov function of Lδ (see [58]).

Theorem 4.2. [58, Theorem 3.5.] Assume that the diffusion matrix Qδ(x) = b−1Q(x) +
δId×d with δ > 0 satisfies that there exist σ0, σ1 > 0 such that

∥
√

Qδ(·)∥∞ ≤ σ0 , and ∥
√
Qδ(x)−

√
Qδ(y)∥ ≤ σ1|x− y| ∀x, y ∈ Rd . (32)

Assume that the drift term ∇L(x) satisfies that there exist α,R > 0 and γ ≥ 2 such that

∇L(x) · x ≥ α|x|γ ∀x ∈ Rd with |x| ≥ R, (33)

and there exists c0 > 0 such that

(∇L(x)−∇L(y)) · (x− y) ≥ −c0|x− y| ∀x, y ∈ Rd . (34)

If ρ ∈ C([0, T ) : Mk(Rd)) is a viscosity solution of (31), then

∥ρ(t)∥Mk
≤ Kδ e

−ωt∥ρ0∥Mk
∀t ∈ (0, T ) , (35)

provided that ρ0 ∈ Mk(Rd) and
∫
Rd dρ0(x) = 0.
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The above theorem is written for zero mean valued solutions. As shown in [58], it can
be easily extended to the case of non-zero mean valued solutions with finite k-moments:
the linearity of the equation allows to show both existence of a stationary solution ρδ∞,
and to show the convergence ρ(t)

t→∞−−−→ ρδ∞ in appropriate topologies, noticing that the
mass of both ρ and ρδ∞ need to be the same.

Corollary 4.3. [58, Theorem 5.7] Under the assumptions of Theorem 4.2, if ρ0 ∈ Pk(Rd),
then there exists a unique stationary measure ρδ∞ ∈ P(Rd) such that

L∗
δρ

δ
∞ = 0 in Rd . (36)

Moreover, it holds that

∥ρ(t)− ρδ∞∥Pk
≤ Kδ e

−ωt ∀t > 0 . (37)

Remark (About convergence rates). (i) In the next section we will consider the limits
as δ → 0+. A careful examination of the proof of Theorem 4.2 reveals that the
constant Kδ of formula (35) blows up when δ → 0+. On the other hand, the
convergence rate ω > 0 only depends on α and k, but not on δ. However, it can
not be computed explicitly because the proof is not constructive. Also, as far as we
know, the above convergence results cannot be applied to the general framework of
degenerate diffusion matrices, as described in [58].

(ii) Corollary 4.3 holds for the nondegenerate equation(31) and proves exponential con-
vergence of solution ρ(t) to the unique invariant measure ρ∞ with the same mass.
This holds whenever the growth of the potential L is (super)quadratic, namely γ ≥ 2.
A complementary result of [58], that we not consider here, allows to show the same
convergence, but only with polynomial decay rates, in the case when γ ∈ (0, 2).
Indeed, since we are considering approximations of Machine Learning processes, in
practice, one can always modify L at “infinity” to have (super)quadratic growth.

(iii) To the best of our knowledge, convergence to a stationary measure in the case of
degenerate Fokker-Planck type equations with a non-quadratic loss function L, has
not been proved.

We conclude this section by recalling a technical lemma of [58], used in the proof of
the above results, that we will need in what follows.

Lemma 4.4. [58, Lemma 3.1.] If there exist α, γ,R > 0 such that

∇L(x) · x ≥ α|x|γ ∀x ∈ Rd with |x| ≥ R, (38)

and there exists σ < +∞ such that

∥Qδ(x)∥∞ ≤ σ ∀x ∈ Rd , (39)

then, for every β > 0 there exists Kβ > 0 such that

Lδ⟨x⟩k ≥ (α− β)k ⟨x⟩k+γ−2 −Kβ ∀x ∈ Rd (40)
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4.2 Existence of steady states: proof of Theorem 1.5

In this section we prove, under mild condition, the existence of at least one stationary
measure for our Fokker-Planck type equations, as stated in Theorem 1.5, whose statement
we recall here.
Consider the degenerate Fokker-Planck equation

∂tρ = ∇ ·
(

η

2b
∇ · (ρQ(x)) + ρ∇L(x)

)
=: −L∗ρ . (41)

If (32), (33) and (34) hold, then there exists an invariant probability measure ρ∞ ∈ P(Rd)
such that ∫

Rd

Lφ(x)dρ∞(x) = 0 ∀φ ∈ Cb(Ω) . (42)

The idea of the proof is to consider the invariant measures of the nondegenerate equation
with diffusion matrix Qδ(x) = b−1Q(x) + δId×d and apply Prokhorov’s Theorem. By
Corollary (4.3), we know that for each δ > 0 there exists ρδ∞ ∈ P(Rd) such that

−L∗
δρ

δ
∞ = ∇ ·

(η
2
∇ · (ρδ∞Qδ(x)) + ρδ∞∇L(x)

)
= 0 .

In order to prove that the sequence {ρδ∞}δ>0 is tight we will use ⟨x⟩k as a Lyapunov
function. Notice that for any ε ∈ (0, 1), by Lemma 4.4, it holds that

Lδ⟨x⟩k ≥ k⟨x⟩k−2(α|x|γ − K̄) ,

with K̄ := d(σ+1)(d+k−2). Hence, we can find two nonnegative functions ϕ, χ ∈ C2(R2)
such that lim

|x|→∞
ϕ(x) = +∞, χ is compactly supported and

Lδ⟨x⟩k ≥ ϕ(x)− χ(x) ∀δ ∈ (0, 1) . (43)

Now, let us prove that {ρδ∞}0<δ<1 is tight, that is, for any ε > 0 there exists Uε ⊂ Rd

such that
∫
Uε

dρδ∞(x) > 1 − ε for every δ ∈ (0, 1). Using L∗
δρ

δ
∞ = 0 and inequality (43),

we obtain

0 =

∫
Rd

⟨x⟩kL∗
δρ

δ
∞ dx =

∫
Rd

Lδ⟨x⟩kdρδ∞(x) ≥
∫
Rd

(ϕ(x)− χ(x))dρδ∞(x) ,

and hence

0 ≤
∫
Rd

ϕ(x)dρδ∞(x) ≤
∫
supp(χ)

χ(x)dρδ∞(x) ≤ ∥χ∥∞ ∀δ ∈ (0, 1) .

On the other hand, since ϕ(x) → +∞ when |x| → ∞, for any n > 0 there exists Rn > 0
such that ϕ(x) ≥ n for x ∈ BRn . Thus,∫

Bc
Rn

n dρδ∞ ≤
∫
Bc

Rn

ϕ(x) dρδ∞ ≤ ∥χ∥∞ ⇒
∫
Bc

Rn

dρδ∞ ≤ ∥χ∥∞
n

,

which implies ∫
BRn

dρδ∞ > 1− ∥χ∥∞
n

∀n > 0 .
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Therefore, we can apply Prokhorov’s Theorem to obtain that there exists ρ∞ ∈ P(Rd)
such that ρδ∞ ⇀ ρ∞ in P(Rd) up to a subsequence.

It remains to prove that ρ∞ solves the equation. For any φ ∈ C∞
c (Rd), it holds that

0 ≤
∣∣∣∣∫

Rd

Lφ(x)dρ∞(x)

∣∣∣∣ = ∣∣∣∣∫
Rd

Lφ(x)dρ∞(x)−
∫
Rd

Lδφ(x)dρδ∞(x)

∣∣∣∣
≤
∣∣∣∣∫

Rd

Lφ(x) d(ρ∞ − ρδ∞)(x)

∣∣∣∣+ ∣∣∣∣∫
Rd

(Lφ(x)− Lδφ(x))dρδ∞(x)

∣∣∣∣
≤ ⟨Lφ, ρ∞ − ρδ∞⟩Cb(Rd),M(R) + ∥Lφ− Lδφ∥Cb(Rd)

δ→0+−→ 0 ,

which concludes the proof, since ∥Lφ−Lδφ∥Cb(Rd) ≤ C δ∥φ∥C2(Rd) , for some C > 0 .

Existence of stationary states -possibly measures- for general Fokker-Plank equations
nowadays is a classical topic, we refer for instance to Chapter 2 of [19] and references
therein. In particular, similar results have been obtained in [19, Corollary 2.4.4], with
slightly different assumptions and proofs. Uniqueness is in general a delicate issue and in
general may turn out to be false.

4.3 The question of convergence to stationary measures

Once existence of stationary measures is established, the next natural question would be
which solutions converge to it (for large times), and this will be explored in the next sec-
tion. In general we cannot expect better than convergence in a topology compatible with
measures, since stationary solutions may happen to be purely measures (not functions),
in view of the Examples 6 and 7 below, see also Example 8 in the next section. Also,
since the diffusion matrix can be highly degenerate, so that, heuristically, part of the flow
can be driven by “pure transport”, in which case, the stationary solution can be a “pure
measure”. This motivates the following example.
Example 6. Let us consider the following transport equation{

∂tρ(t, x)! = ∇ · (Cxρ(t, x)) in (0,∞)× Rd ,

ρ(0, x) = ρ0(x) in Rd ,
(44)

where C ∈ Rd×d with C > 0. Notice that ρ∞(x) = δ0(x) is a stationary measure since if
we multiply by a test function φ ∈ C1

c (Rd) and we integrate, it holds that∫
Rd

x · ∇φ(x) dδ0(x) = x · ∇φ(x)

∣∣∣∣
x=0

= 0 ∀φ ∈ C1
c (Rd) .

The equation above has the following explicit solution ρ(t, x) = etr(C)tρ0(e
Ctx), since

∂tρ(t, x) = tr(C)etr(C)tρ0(e
Ctx) + etr(C)t+t

(
(Cx) · ∇ρ0(e

Ctx)
)
= ∇ · (Cxρ(t, x)) .

Notice that the solution ρ(t, x) preserve the mass: using the change of variable

y = eCtx and dy =
∣∣det eCt

∣∣ dx = etr(C)t dx ,

we obtain ∫
Rd

ρ(t, x) dx =

∫
Rd

etr(C)tρ0(e
Ctx) dx =

∫
Rd

ρ0(y) dy ∀t > 0 .
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Let us show the convergence of the solutions of (44) to δ0 whenever ρ0 ∈ P2(Rd).
Let us consider the equation above as a gradient flow for the second moments in the
Wasserstein space, namely,{

∂tρ(t, x)! = −gradW2
E [ρ] := ∇ ·

(
ρ(t, x)∇

(
δE
δρ
[ρ]
))

ρ(0, x) = ρ0(x) ∈ P2(Rd) .

with
E [ρ] := 1

2

∫
Rd

xT CTC x dρ(x) &
δE
δρ

[ρ] = Cx .

Notice that the global minimum of the energy is attainted at E [δ0] = 0. As it can be
seen in [28, Lemma 4.4.3] since E is λ-convex with some λ > 0 (in particular, for any
λ ∈ (0, λ1(C

TC)), it holds that for every ρ ∈ P2(Rd)

λ

2
W 2

2 (ρ, δ0) ≤ E [ρ]− E [δ0] ≤
1

2λ
⟨gradW2

E [ρ], gradW2
E [ρ]⟩ρ .

This estimates above for the λ-convex energy are the analogous of

φ(x)− φ(x0) ≥
λ

2
|x− x0|2 & |∇φ(x)|2 ≥ 2λ (φ(x)− φ(x0)) ,

whenever x0 ∈ Rd is the unique minimum of a λ-convex function φ ∈ C1(Rd).
Hence, following equation (4.18) of [28] we obtain

d
dt
E [ρ] = ⟨gradW2

E [ρ], ∂tρ⟩W2 = −⟨gradW2
E [ρ], gradW2

E [ρ]⟩ρ ≤ −2λE [ρ] ,

which implies the decay of the energy

E [ρ] ≤ e−2λtE [ρ0] .

Indeed, since E [δ0] = 0, we have

λ

2
W 2

2 (ρ, δ0) ≤ E [ρ]− E [δ0] = E [ρ] ≤ e−2λtE [ρ0] .

Thus, there is exponential Wasserstein convergence to the Dirac’s delta at zero. In con-
clusion, if we assume a condition on the decay of the initial datum ρ0(x) when |x| → ∞,
such as finite second moments, then the solution converge to δ0.

A similar phenomena can also happen in the case of non-zero diffusion matrix (still
very degenerate), as the next example shows. See also Example 8 in the next section for
a generalization to higher dimensions.

Example 7. Let us analyze the fundamental solution of the following degenerate Fokker-
Planck equation:

∂tu = ∇ ·
((

1 0
0 0

)
∇u+ u

(
1 0
0 1

)(
x
y

))
in (0,∞)× R2 . (45)
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In this case, condition (II) is not satisfied since(
1 0
0 0

)
︸ ︷︷ ︸

Q0

(
0
0

)
=

(
0
1

)
and

(
1 0
0 1

)
︸ ︷︷ ︸

C

(
0
1

)
=

(
0
1

)
.

This orthogonality between the diffusion direction and the pure drift direction suggest
that the fundamental solution should be of the form

H(t, x) = g(t, x)h(t, y) ,

where g is the fundamental solution for the one dimensional problem

∂tg = ∂x1 (∂xg + xg) in (0,∞)× R , (46)

and h solves the one dimensional transport equation

∂th = ∂y (yh) in (0,∞)× R . (47)

Using the explicit solutions of (46) and (47), we conclude that the fundamental solution
of (45) is

H(t, x, y) =
2√

2π(1− e−2t)
e
− 2 x2

(1−e−2t)︸ ︷︷ ︸
g(t,x)

etδ0(e
ty)︸ ︷︷ ︸

h(t,y)

.

Thus, if we want to obtain the solution of the Cauchy problem associated to (54) with
initial datum u0 regular enough, we have just to convolve u0 with the fundamental solu-
tion:

u(t, x, y) =
(
H(t, ·, ·) ∗ u0

)
(x, y) =

∫
R

∫
R
g(t, x− x̃)h(t, y − ỹ)u0(x̃, ỹ)dx̃dỹ

= et
∫
R
g(t, x− x̃)u0(x̃, e

ty)dx̃

Notice that for the asymptotic behaviour is not clear what should be the steady states.
On the one hand, fixed y ∈ R,

(
g(t, ·) ∗ u0(·, y)

)
(x) converge to the gaussian

g∞(x) =
1√
2π

e−
x2

2 .

But on the other hand, if we fix x ∈ R, then
(
h(t, ·) ∗ u0(x, ·)

)
(y) converge to δ0(y) as a

measure. Therefore, our educated guess for the steady state is

u∞(x, y) =
1√
2π

e−
x2

2 δ0(y) .

as

u∞

y

x
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Lemma 4.5. Let u be a solution of (45) with initial datum u0 ∈ L1(R2)∩P2(R2). Then,

u(t) → u∞ as t → ∞ ,

in 2-Wasserstein sense.

Proof. As shown in [2, Theorem 2.7], we can prove the 2-Wasserstein convergence by

i) Convergence of second moments:∫
R2

(|x|2 + |y|2)u(t, x, y) dx dy t→∞−→
∫
R2

(|x|2 + |y|2)u∞(x, y) dx dy .

ii) Weak convergence of measures: ∀φ ∈ Lip(R2) ∩ L∞(R2)∫
R2

φ(x, y)u(t, x, y) dx dy
t→∞−→

∫
R2

φ(x, y)u∞(x, y) dx dy .

Step 1.Convergence of second moments. Note that the second moment of u∞ is∫
R2

(
|x|2 + |y|2

)
u∞(x, y) dx dy =

∫
R
|x|2g∞(x) dx = 1 .

Then, it suffices to prove that the following tends to 0:∣∣∣∣∫
R2

(
|x|2 + |y|2

)
u(t, x, y) dx dy − 1

∣∣∣∣
=

∣∣∣∣∫
R2

(
|x|2 + |y|2

)(∫
R
g(t, x− x̃)etu0(x̃, e

ty)dx̃
)

dx dy − 1

∣∣∣∣
≤
∣∣∣∣∫

R2

|x|2
(∫

R
g(t, x− x̃)etu0(x̃, e

ty)dx̃
)

dx dy − 1

∣∣∣∣
+

∣∣∣∣∫
R2

|y|2
(∫

R
g(t, x− x̃)etu0(x̃, e

ty)dx̃
)

dx dy

∣∣∣∣
≤
∣∣∣∣∫

R

(∫
R
|x|2g(t, x− x̃) dx

)(∫
R
u0(x̃, y) dy

)
dx̃− 1

∣∣∣∣
+ e−2t

∣∣∣∣∫
R2

g(t, x− x̃)

(∫
R
|y|2u0(x̃, y) dy

)
dx̃ dx

∣∣∣∣
= : I + II ,

with
uX
0 (x̃) =

∫
R
u0(x̃, y) dy .

In order to estimates I, note that∫
R
|x|2g(t, x− x̃) dx = 1 + e−2t(|x̃|2 − 1) .
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Since uX
0 ∈ P2(R), it holds that

I =

∣∣∣∣∫
R

(∫
R
|x|2g(t, x− x̃) dx

)
uX
0 (x̃)dx̃− 1

∣∣∣∣
=

∣∣∣∣∫
R

(
1 + e−2t(|x̃|2 − 1)

)
uX
0 (x̃)dx̃− 1

∣∣∣∣
≤ e−2t

(∫
Rd

(|x|2 + |y|2)u0(x, y) dx dy + 1

)
t→∞−→ 0 .

On the other hand, we have that

II = e−2t

∣∣∣∣∫
R

(∫
R
g(t, x− x̃) dx

)(∫
R
|y|2u0(x̃, y) dy

)
dx̃
∣∣∣∣

= e−2t

∣∣∣∣∫
R

(∫
R
|y|2u0(x̃, y) dy

)
dx̃
∣∣∣∣

≤ e−2t

(∫
R2

(|x̃|2 + |y|2)u0(x̃, y) dy

)
t→∞−→ 0 ,

and the convergence of the second moments follows.
Step 2. Weak convergence of measures. For any φ ∈ Lip(R2) we want to prove that the
following quantity tends to 0 as t goes to ∞:∣∣∣∣∫

R2

φ(x, y) (u(t, x, y)− u∞(x, y)) dx dy

∣∣∣∣ .
By substituting the explicit expression of u and u∞, we obtain∣∣∣∣∫

R2

φ(x, y)

(∫
R
g(t, x− x̃)etu0(x̃, e

ty)dx̃− g∞(x)δ0(y)

)
dx dy

∣∣∣∣
=

∣∣∣∣∫
R2

(
φ(x, e−ty)− φ(x, 0) + φ(x, 0)

)(∫
R
g(t, x− x̃)u0(x̃, y)dx̃

)
dx dy

−
∫
R
φ(x, 0)g∞(x) dx

∣∣∣∣
=

∣∣∣∣∣
∫
R2

(∫ e−ty

0

∂rφ(x, r)dr

)(∫
R
g(t, x− x̃)u0(x̃, y)dx̃

)
dx dy

−
∫
R
φ(x, 0)

(∫
R
g(t, x− x̃)uX

0 (x̃)dx̃− g∞(x)

)
dx

∣∣∣∣
≤A+B ,

where

A =

∣∣∣∣∣
∫
R2

(∫ e−ty

0

∂rφ(x, r)dr

)(∫
R
g(t, x− x̃)u0(x̃, y)dx̃

)
dx dy

∣∣∣∣∣
≤ e−t∥∇φ∥L∞(R2)

∫
R2

g(t, x− x̃)

(∫
R
|y|u0(x̃, y) dy

)
dx̃ dx

≤ e−t∥∇φ∥L∞(R2)

(∫
R2

(|x|+ |y|)u0(x, y) dx dy

)
t→∞−→ 0
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and

B =

∣∣∣∣∫
R
φ(x, 0)

(∫
R
g(t, x− x̃)uX

0 (x̃)dx̃− g∞(x)

)
dx

∣∣∣∣
≤
(∫

R
|φ(x, 0)|2 g∞(x) dx

)1/2(∫
R

[
uX(t, x)− g∞(x)

]2
g−1
∞ (x) dx

)1/2

=

(∫
R
|φ(x, 0)|2 g∞(x) dx

)1/2

∥uX(t)− g∞∥L2(g−1
∞ )

t→∞−→ 0 ,

with uX(t, x) =
∫
R g(t, x−x̃)uX

0 (x̃)dx̃ being the solution to (46) with initial datum uX
0 .

4.4 Entropy method

Once we have established the existence of a stationary measure (in the general case) we
address the question of convergence towards it, possibly with rates. As already mentioned,
we shall use entropy methods, and for this reason we shall assume that the stationary
measure ρ∞ is indeed an L1 function, that we fix throughout this section. We explore
possible adaptations to our problem of the classical entropy method introduced by Bakry
and Émery in [10], see also [11]. Recall the stochastic approximation of order 1 of the
SGD defined by

dXt = −∇L(Xt) dt+

√
η

b
Σ(Xt)dWt ,

together with the following Fokker-Planck equation for the associated probability density
function ρ : ∂tρ = ∇ ·

(
ε2∇ · (Q(x)ρ) + ρ∇L(x)

)
ρ(0, ·) = ρ0 ∈ L2(Rd, ρ−1

∞ dx).
(48)

where ε2 = η
2b

. Entropy methods aim at obtaining differential inequalities between the
entropy functional and its time derivative (entropy production), by means of suitable
functional inequalities, typically of weighted Poincaré type. There may be several possible
entropies for the above equation, however the following choice seems the most appropriate.

Lemma 4.6 (Entropy and Entropy production). Let us consider the following relative
entropy associated to ρ∞,

E (µ | ρ∞) =
1

2

∫
Rd

(
µ(x)

ρ∞(x)
− 1

)2

ρ∞(x) dx .

Then, its derivative along the Fokker-Planck flow (48) is given by the Fisher information,
or entropy production:

I (µ | ρ∞) =

∫
Rd

∇
(

µ(x)

ρ∞(x)

)T

Q(x)∇
(

µ(x)

ρ∞(x)

)
ρ∞(x) dx

More precisely,

d

dt
E(ρ(t)|ρ∞) = −ε2I (ρ(t) | ρ∞) , for all t > 0. (49)
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Remark. An immediate consequence of the assumption ρ0 ∈ L2(Rd, ρ−1
∞ dx), is that the

entropy is finite for all times, indeed E(ρ0|ρ∞) < ∞, hence the above lemma implies
E(ρ(t)|ρ∞) < ∞ for all t > 0.

Proof. Let us differentiate the entropy and use the equation of ρ to obtain

d
dt
E(ρ(t) | ρ∞) =

∫
Rd

∂tρ(t)

(
ρ(t)

ρ∞
− 1

)
dx

=

∫
Rd

∇ ·
(
ε2Q∇ρ(t) + ρ(t)

(
∇L+ ε2∇ ·Q

))(ρ(t)

ρ∞
− 1

)
dx

=

∫
Rd

∇ ·
(
ρ∞ε2Q∇

(
ρ(t)

ρ∞

))(
ρ(t)

ρ∞
− 1

)
dx

+

∫
Rd

∇ ·
[
ρ(t)

(
ε2Q

∇ρ∞
ρ∞

+ ε2∇ ·Q+∇L

)](
ρ(t)

ρ∞
− 1

)
dx .

After integration by parts in the second integral above, we have that

d
dt
E(ρ(t)|ρ∞) =− ε2I(ρ(t) | ρ∞)−

∫
Rd

(
ε2Q

∇ρ∞
ρ∞

+ ε2∇ ·Q+∇L

)
· ∇
(
ρ(t)

ρ∞

)
ρ(t) dx

=− ε2I(ρ(t) | ρ∞)− 1

2

∫
Rd

(
ε2Q

∇ρ∞
ρ∞

+ ε2∇ ·Q+∇L

)
· ∇
(
ρ2(t)

ρ2∞

)
ρ∞dx

=− ε2I(ρ(t) | ρ∞)− 1

2

∫
Rd

(
ε2Q∇ρ∞ + ρ∞

(
ε2∇ ·Q+∇L

))
· ∇
(
ρ2(t)

ρ2∞

)
dx

=− ε2I(ρ(t) | ρ∞) +
1

2

∫
Rd

∇ ·
(
ε2∇ · (Qρ∞) + ρ∞∇L

) ρ2(t)
ρ2∞

dx .

Note that the second term vanishes since ρ∞ is a steady state, satisfying equation (42).

In order to establish a differential inequality for the entropy, we need a relationship
between the entropy and its entropy production, which typically takes the form of a
weighted Poincaré inequality associated to (48).

Definition 4.7 (Poincaré inequality). Let Q(x) ≥ 0 in the sense of matrices, for every
x ∈ Rd. We say that a Poincaré inequality holds with respect to ρ∞ ∈ P(Rd) if there
exists λ > 0 such that, for all f ∈ L2(Rd, ρ∞ dx)

λ

∫
Rd

(
f −

∫
Rd

fρ∞ dx

)2

ρ∞ dx ≤ ε2
∫
Rd

(
∇fTQ(x)∇f

)
ρ∞ dx. (50)

Indeed, letting f = µ/ρ∞ with
∫
Rd µ(x) dx = 1, the above inequality reads as the

entropy-entropy production inequality

E(µ|ρ∞) ≤ ε2

λ
I (µ | ρ∞) . (51)

Note that f ∈ L2(Rd, ρ∞ dx) if and only if µ ∈ L2(Rd, ρ−1
∞ dx) .

The above Poincaré inequality is relevant because it allows to derive exponential decay
of the entropy, and show convergence towards ρ∞ with precise rates, given by λ > 0.
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Proposition 4.8. A Poincaré inequality rewritten in the form (51) holds for any µ ∈
L2(Rd, ρ−1

∞ dx) if and only if there is an exponential convergence (with rate λ > 0) of the
relative entropy between the solution ρ(t) of (48) starting at ρ0 ∈ L2(Rd, ρ−1

∞ dx) and the
steady state ρ∞, that is

E (ρ(t) | ρ∞) ≤ e−λtE (ρ0 | ρ∞) ∀t ≥ 0 . (52)

Proof. One implication follows by using the Poincaré inequality with f = ρ(t)/ρ∞ in the
equivalent form (51) to obtain a closed differential inequality

d
dt
E(ρ(t) | ρ∞) = −ε2I(ρ(t) | ρ∞) ≤ −λE(ρ(t) | ρ∞) .

The result follows by integrating the above inequality in [0, t].
The other implication, follows by differentiating in time (52) and using (49):

−ε2I(ρ(t) | ρ∞) =
d
dt
E(ρ(t) | ρ∞) ≤ −λe−λtE(ρ0 | ρ∞) ,

Finally, the Poincaré inequality (50) for f = ρ0/ρ∞, follows by choosing t = 0 and
ρ0 = µ.

Proving weighted Poincaré inequalities for a general nonnegative matrix Q and a
general loss function L is a difficult challenge, in particular since the form of ρ∞ is not
explicit (except some special cases). To the best of our knowledge, only very partial
results, under quite strong conditions, appear in the literature. We collect them hereafter,
adapted to our notations.

Theorem 4.9. [53] Assume that Q(x) = σId×d for every x ∈ Rd and L is a nonnegative
Morse function satisfying

lim inf
|x|→∞

|∇L(x)| ≥ c1 ,

lim inf
|x|→∞

(
|∇L(x)|2 −∆L(x)

)
≥ −c2 ,

for some c1, c2 > 0. Then the unique invariant probability measure of (48) is

ρ∞(x) = c e−
L(x)

ε2σ ,

with c > 0 being a normalization constant, and the Poincaré inequality (50) holds.

In the isotropic framework presented in Theorem 4.9, we can use Proposition 4.8 to
conclude the following entropy convergence.

Corollary 4.10. Under the conditions of Theorem 4.9, it holds that

E (ρ(t) | ρ∞) ≤ e−λtE (ρ0 | ρ∞) ∀t > 0 . (53)

If we want to consider more general diffusion matrices Q which can be degenerate, only
few results are available. In this context of entropy methods, Fokker Planck equations with
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constant yet degenerate diffusion matrix Q0 and quadratic loss function L(x) = 1
2
xTCx

are studied by Arnold and Erb in [5]. Namely,{
∂tu = ∇ · (Q0∇u+ uCx) in (0,∞)× Rd ,

u(0, x) = u0(x) in Rd ,
(54)

For related Fokker Planck equations see [4, 6]. In [5], the authors adapted the entropy
method for equation (54) under following assumptions:

(I) Confinement potential: C is positive definite.1

(II) Hörmander condition: There are no eigenvectors of C in kerQ0.

Assumption (I) ensures that the mass is not escaping at infinity along the flow. However,
the idea behind Hörmander condition (II) in the equation (54) is that if there is a point
where diffusion is not acting, then the drift term will push it to the diffusion regime, see
the discussion of (54) in [35].

According to [5, Theorems 3.1 and 4.9], conditions (I) and (II) are equivalent to the
existence and uniqueness of a steady state in L1(Rd) and imply the convergence of the
solution of (54) to it.

Theorem 4.11. [5, Theorem 3.1] There exists a unique steady state u∞ ∈ L1(Rd) of (54)
if and only if conditions (I) and (II) hold. Moreover, the steady state is a non-isotropic
Gaussian of the form

u∞(x) = c e−
xTK−1x

2 ,

with K being the unique, symmetric, and positive definite solution of the Lyapunov equa-
tion

2Q0 = CK +KC .

We will denote by λmax(C) and λmin(C) the maximum and minimum eigenvalues of a
nonnegative definite matrix C, respectively.

Theorem 4.12. [5, Theorem 4.9] Let conditions (I) and (II) hold, and let u be the
solution to (54) with u0 ∈ L1(Rd) ∩ P(Rd) and E(u0 |u∞) < ∞. Then, for every t > 0

E (u(t) |u∞) ≤ c e−2γtE(u0 |u∞)

with c > 1 and γ = λmin(C) if all the eigenvalues of C are different. If C has repeated
eigenvalues, then γ = λmin(C)− δ for every δ > 0.

There are interesting cases that fall out of the hypothesis of Theorem 4.12. Let us
consider the following example where Hörmander’s condition (II) does not hold on a given
subspace. In this case there is still a steady state, but it will not be smooth anymore. As
a consequence, the convergence to equilibrium can only happen in a suitable weak sense.

1Note that the authors in [5] address a slightly more general problem where C is not necessarily
symmetric and hence they assume that C is positive stable, i.e. all eigenvalues has positive real part.
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Example 8. Let us consider the equation for the function u : (0,∞) × Rn × Rd−n with
x ∈ Rn, y ∈ Rd−n and matrices Q0, C0, C1, C2, C3 with the corresponding dimensions:∂tu = ∇x,y ·

[(
Q0 0

0 0

)(
∇xu

∇yu

)
+ u

(
C0 C1

C2 C3

)(
x

y

)]
in (0,∞)× Rn × Rd−n

u(0) = u0 on Rn × Rd−n

(55)
In order to construct the solution of (55), we need the fundamental solution g defined in
(0,∞)× Rn of the equation

∂tg = ∇ · (Q0∇g + gC0x) in (0,∞)× Rn .

If Q0 and C0 satisfy assumption (II), then (see e.g. [5, Lemma 2.5]) we have the explicit
expression for g given by

g(t, x) =
1

(2π)d/2 det(W (t))
exp

(
−xTW−1(t)x

)
,

where

W (t) =

∫ t

0

eC0(s−t)Q0e
CT

0 (s−t) ds

is a positive definite matrix for all t > 0. In addition, if also condition (I) is satisfied there
exists a unique steady state g∞ as in Theorem 4.11.

Theorem 4.13. Assume Q0, C0 ∈ Rn×n satisfy (I) and (II) in Rn. Let C1 = 0 ∈
Rn×(d−n), C2 = 0 ∈ R(d−n)×n and C3 ∈ R(d−n)×(d−n) be positive definite. Let us consider
the equation (55) with u0 ∈ L1(Rd) ∩ P2(Rd) such that∫

Rn

(∫
Rd−n

u0(x, y) dy

)2

g−1
∞ (x) dx < +∞ .

Let γ = γ(Q0, C0) be as in Theorem 4.12 and let λ = min{2γ, 2λmax(C3)}. Then

i) The solution u(t) converge exponentially fast to u∞ weakly in measures:∣∣∣∣∫
Rd

φ(x, y) (u(t, x, y)− u∞(x, y)) dx dy

∣∣∣∣ ≤ κ1e
−λt ∀φ ∈ Lip(Rd) , (56)

with κ1 depending on u0, φ and g∞.

ii) There is exponential decay of the second moments:∣∣∣∣∫
Rn

∫
Rd−n

(|x|2 + |y|2)(u(t, x, y)− u∞(x, y)) dx dy

∣∣∣∣ ≤ κ2e
−λt , (57)

with κ2 depending on u0 and g∞.

As a consequence,
u(t, x, y) −→ u∞(x, y) := g∞(x)δ0(y)

in the 2-Wasserstein distance as t → +∞.
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Proof. We will prove i) and ii) for the solution u which is given by

u(t, x, y) = etr(C3)t

∫
Rn

g(t, x− x̃)u0(x̃, e
C3ty)dx̃ ,

see also Example 6 in Section 4.3.
Proof of i). By substituting the explicit expression of u and u∞ and the change of variables
y′ = eC3ty, we obtain∣∣∣∣∫

R2

φ(x, y) (u(t, x, y)− u∞(x, y)) dx dy

∣∣∣∣
=

∣∣∣∣∫
Rd

φ(x, y)

(∫
Rn

g(t, x− x̃)etr(C3)tu0(x̃1, e
C3ty)dx̃− g∞(x)δ0(y)

)
dx dy

∣∣∣∣
=

∣∣∣∣∫
Rd

(
φ(x, e−C3ty)− φ(x, 0) + φ(x, 0)

)(∫
Rn

g(t, x− x̃)u0(x̃, y)dx̃
)

dx dy

−
∫
Rn

φ(x, 0)g∞(x) dx

∣∣∣∣
≤
∫
Rd

∣∣φ(x, e−C3ty)− φ(x, 0)
∣∣ (∫

Rn

g(t, x− x̃)u0(x̃, y)dx̃
)

dx dy

+

∣∣∣∣∫
Rd

φ(x, 0)

(∫
Rn

g(t, x− x̃)u0(x̃, y)dx̃− g∞(x)

)
dx dy

∣∣∣∣
= : A+B .

Here,

A =

∫
Rd

∣∣φ(x, e−C3ty)− φ(x, 0)
∣∣ (∫

Rn

g(t, x− x̃)u0(x̃, y)dx̃
)

dx dy

≤ ∥∇φ∥L∞(Rd)

∫
Rd

|e−C3ty|
(∫

Rn

g(t, x− x̃) dx

)
u0(x, y)dx̃ dy

≤ e−∥C3∥t∥∇φ∥L∞(Rd)

∫
Rn

∫
Rd−n

|y|u0(x, y) dx dy
t→∞−→ 0 ,

with the induced norm for positive matrices ∥C3∥ = λmax(C3). For the second term, let
us define the marginal functions

uX
0 (x) =

∫
Rd−n

u0(x, y) dy and uX(t, x) =

∫
Rn

g(t, x− x̃)uX
0 (x̃)dx̃ .

Then,

B =

∣∣∣∣∫
Rn

φ(x, 0)

(∫
Rd

g(t, x− x̃)uX
0 (x̃)dx̃− g∞(x)

)
dx

∣∣∣∣
≤
∫
Rn

∣∣φ(x, 0)∣∣ ∣∣uX(t, x)− g∞(x)
∣∣ dx

≤
(∫

Rn

|φ(x, 0)|2 g∞(x) dx

)1/2(∫
Rn

[
uX(t, x)− g∞(x)

]2
g−1
∞ (x) dx

)1/2

=

(∫
Rn

|φ(x, 0)|2 g∞(x) dx

)1/2 [
E
(
uX(t) | g∞

)]1/2
≤ c e−λt

(∫
Rn

|φ(x, 0)|2 g∞(x) dx

)1/2 [
E
(
uX
0 | g∞

)]1/2 t→∞−→ 0 .
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Note that in the second inequality above we have use Cauchy-Schwarz inequality and in
the last inequality the entropy decay of Theorem 4.12. Moreover, this convergence implies
the weak convergence in measure, see [1, Theorem 8.8].
Proof of ii). First, note that∣∣∣∣∫

Rd

(
|x|2 + |y|2

)
(u(t, x, y)− u∞(x, y)) dx dy

∣∣∣∣
=

∣∣∣∣∫
Rd

(
|x|2 + |y|2

)(
etr(C3)t

∫
Rn

g(t, x− x̃)u0(x̃, e
C3ty)dx̃− g∞(x)δ0(y)

)
dx dy

∣∣∣∣
≤
∣∣∣∣∫

Rd

|x|2
(
etr(C3)t

∫
Rn

g(t, x− x̃)u0(x̃, e
C3ty)dx̃− g∞(x)

)
dx dy

∣∣∣∣
+

∣∣∣∣∫
Rd

|y|2
(
etr(C3)t

∫
Rn

g(t, x− x̃)u0(x̃, e
C3ty)dx̃

)
dx dy

∣∣∣∣
=:A+B .

Let us estimate both addends independently. Note that using Fubini-Tonelli and the
change of variable y′ = eC3ty we obtain

A =

∣∣∣∣∫
Rn

|x|2
(∫

Rn

g(t, x− x̃)uX
0 (x̃)dx̃− g∞(x)

)
dx dy

∣∣∣∣
=

∣∣∣∣∫
Rn

|x|2
(
uX(t, x)− g∞(x)

)
dx dy

∣∣∣∣ ,
using the same notation for marginals functions as above. Then, using Cauchy-Schwarz
inequality and the entropy decay of Theorem 4.12, it holds that

A ≤
(∫

Rn

|x|4g∞(x) dx

)1/2(∫
Rn

(uX(t, x)− g∞(x))2g−1
∞ (x) dx

)1/2

=

(∫
Rn

|x|4g∞(x) dx

)1/2 [
E
(
uX(t) | g∞

)]1/2
≤
(∫

Rn

|x|4g∞(x) dx

)1/2

c e−λt
[
E
(
uX
0 | g∞

)]1/2 t→∞−→ 0 .

For the second term B, consider again the change of variable ỹ = eC3ty

B = e−2∥C3∥t
∣∣∣∣∫

Rd−n

∫
Rn

|ỹ|2
(∫

Rn

g(t, x− x̃) dx

)
u0(x̃, ỹ)dx̃dỹ

∣∣∣∣
≤ e−2∥C3∥t

∫
Rn

∫
Rd−n

(|x̃|2 + |ỹ|2)u0(x̃, ỹ)dx̃dỹ t→∞−→ 0 ,

since |y|2 = e−2∥C3∥t|ỹ|2 with the induced norm for positive matrices ∥C3∥ = λmax(C3).
The convergence in Wasserstein metric follows by i) and ii), see the characterization

[1, Theorem 8.8].

4.5 Some conclusions and open questions

In the previous section we have seen that in some cases, the convergence of the distribution
of parameters towards a steady state can also be exponentially fast: this holds under quite

40



restrictive conditions on Q and L. However, we think that this special situation is what
happens to the distribution of the parameters near local minima of the loss function
L. The heuristic reason is that L should be λ-convex close to a minimum, and also Q
should be (practically) constant there. Let us be more precise: assuming all the necessary
regularity for ρ, the behaviour of the stochastic process with probability density function
ρ near the critical points of L can be understood as follow. Recall that ρ satisfies

∂tρ = ∇ ·
(
ε2Q(x)∇ρ+ ρ (∇L(x) + ε2∇ ·Q(x))

)
on (0,∞)× Rd ,

ρ(0, x) = ρ0(x) in Rd ,

(58)

with ∇L(x) = 1
N

∑N
i=1∇Li(x) and

Q(x) =
1

N

N∑
i=1

∇Li(x)⊗∇Li(x)−∇L(x)⊗∇L(x) .

Suppose that x0 ∈ Rd is a local minimum of L, so that ∇L(x0) = 0. The goal is to obtain
an asymptotic expansion in a neighbourhood of x0 of (58) when ε is small. We consider

x = x0 + εz ,

and assuming enough regularity of the loss functions Li for i = 1, . . . , N we can compute
the Taylor expansion of ∇L and Q around x0:

∇L(x) = ∇L(x0) + εD2L(x0)z + ε2D3L(x0)[z, z] + o
(
|εz|2

)
Q(x) =

1

N

N∑
i=1

∇Li(x0)⊗∇Li(x0)−∇L(x0)⊗∇L(x0)

+
ε2

N

N∑
i=1

[(
D2Li(x0)z

)
⊗
(
D2Li(x0)z

)
−
(
D2L(x0)z

)
⊗
(
D2L(x0)z

)]
+ o(|εz|2) .

Since ∇L(x0) = 0, the first order expansion reads as follows:

∇L(x) = εD2L(x0)y + o(|εz|)

Q(x) =
1

N

N∑
i=1

∇Li(x0)⊗∇Li(x0) + o(ε) = Q(x0) + o(|εz|) .

Now, let us consider the function ũ(t, z) := ρ(t, x(z)) = ρ(t, x0 + εz). Assuming enough
regularity for ũ, we have

∇zũ(t, y) = ε∇xρ(t, x(z)) ,

∇z · (A ∇zũ(t, z)) = ε2∇x · (A ∇xρ(t, x(z))) ,

for any matrix A ∈ Rd×d. As a consequence we can write the equation for ũ as follows:

∂tũ = ∇ ·
(
Q(x0)∇ũ+ ũ D2L(x0) y

)
+ ε2 ∇ · (O(1)∇ũ+ ũ O(1)) , (59)
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This suggests that the behaviour of ρ near a critical point x0 of L is governed by the
following equation:{

∂tu = ∇ · (Q0∇u+ uCz) in (0,∞)× Rd ,

u(0, z) = ρ0(x0 + εz) in Rd ,
(60)

and we observe that now, the diffusion matrix is constant and symmetric, indeed Q0 =
Q(x0), C = D2L(x0) ∈ Rd×d and Q(x0) ≥ 0. Also, since x0 is a local minimum we have
D2L(x0) ≥ 0. This allows to apply the convergence results of Theorem 4.13, and get
exponential decay towards a steady state.

The conclusion that we draw from the above discussion is that the behaviour of the
parameters of the neural network during the learning process and their final distribution,
can be understood through equation (60), more precisely, when Theorem 4.13 applies
we obtain that there exists a steady state u∞ so that weak convergence in measure is
exponentially fast, that is (56) holds, and the second moments converge strongly and
exponentially fast, namely (57) holds, i.e.,∣∣∣∣∫

Rn

∫
Rd−n

(|x|2 + |y|2)(u(t, x, y)− u∞(x, y)) dx dy

∣∣∣∣ ≤ κ2e
−λt ,

for suitable κ2, λ > 0.

Open Questions. We shall present a number of technical issues that we do not prove
in this paper and would eventually lead to a rigorous proof of the above heuristic result.

i)Regularity. The first issue is undoubtedly the regularity of the solution ρ to problem
(58), that can be obtained through the regularity of the “heat” kernel or fundamental
solution to (58). We expect partial regularity in the “non degenerate” variables and we
conjecture this to be enough to justify rigorously the above expansions.

ii)Localization error estimates. The next step would be to quantify the error between
the original solution ũ of (59) and the localized solution u of (60) (in each neighbourhood
of the local minima) when ε > 0 is small (and fixed momentarily). We need suitable norm
estimates for all t > 0, of the form

∥ũ(t)− u(t)∥ ≤ c(ε, t) .

The main issue would be to show that the error term c(ε, t)
ε→0+−−−→ 0 possibly with quan-

titative estimates of its behaviour.

iii)Building a global approximated solution. Assuming that the error term above
can be controlled at each minima, it seems reasonable to approximate the solution ρ of
(58) by a combination of the localized solutions of (60) around each local minimum.

Let us be more precise: let {x1, . . . , xM} denote the local minima of L, and ui the
corresponding solution to the localized equation (60) around the local minimum xi (for
any 1 ≤ i ≤ M). We conjecture that the global behaviour of ρ should be given by

ρ(t, x) ≈
M∑
i=1

mi(t) ui

(
t,
x− xi

ε

)
∀t > 0 ∀x ∈ Rd , (61)
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where mi(t) represents the mass concentration/splitting around each local minimum xi

at time t > 0 and satisfy
∑M

i=1mi(t) = 1 for all t > 0.
Another challenge would be to show that the above approximation holds for all (suffi-

ciently large) times. This would give information about the invariant probability measure
(i.e., the global steady state), that should be well approximated by

ρ∞(x) ≈
M∑
i=1

mi(∞) ui,∞

(
x− xi

ε

)
∀x ∈ Rd ,

where ui,∞ are the stationary solutions as in Theorem 4.13, with diffusion matrix Q(xi)
and drift matrix D2L(xi).

iv)Sharp mass displacement and splitting. A crucial question in the above ap-
proximation would be to obtain sharp information about the portion of mass mi(t) that
gradually concentrates around the minima xi of L, together with its dependence on the
initial distribution ρ0. The local masses mi represent the probability of the parameters
of the neural network to be xi ∈ Rd after training with SGD. As we have shown in Ex-
ample 6, when Q(x) = 0 for every x ∈ Rd, Equation (58) becomes a “pure transport”
equation and the initial datum ρ0 will determine completely the asymptotic behaviour of
ρ(t). Given a datum ρ0, a delicate issue is to be able to estimate in the sharpest possible
way which portion of its mass concentrate around each of the xi, after we have entered
the asymptotic regime. Another crucial issue would be to relate the asymptotic regime,
i.e. the smallest time for which the approximation of point iii) is effective, with the mean
exit times studied in Section 3.
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Appendices

A Approximation of the Noisy SGD
Theorem A.1. Let {θn}n≥0 denote the sequence given by (NSGD) and let Xt be the
stochastic process defined by{

dXt = −∇L(Xt) +
√

η
(
b−1Q(Xt) + δId×d

)
dWt

X0 = θ0
(62)

Then, assuming the same conditions of [44, Theorem 1], it holds that (62) is a weak ap-
proximation of order 1 of (NSGD), that is, for every function g : Rd → R with polynomial
growth there exists C > 0 independent of η so that∣∣∣∣E[g(Xnη)

]
− E

[
g(θn)

]∣∣∣∣ < C η ∀n ≥ 0 .

Proof. Let us follow the same steps of the proof of [44, Theorem 1]. First we recall the
following Lemma.

Lemma A.2. Let 0 < η < 1. Consider a stochastic process {Xt}t≥0, t ≥ 0 satisfying

dXt = b(Xt)dt+ η1/2σ(Xt)dWt,

with X0 = θ0 ∈ Rd. Define the one-step difference Λ := Xη − θ0, then we have

i) E[Λi] = bi(θ0)η +
η2

2

(∑d
j=1 bj(θ0)∂jbi(θ0)

)
+O(η3).

ii) E [ΛiΛj] =
(
bi(θ0)bj(θ0) + σσT

ij(θ0)
)
η2 +O(η3).

iii) E
[∏s

j=1 Λij

]
= O(η3) for all s ≥ 3, ij = 1, . . . , d.

Therefore, we apply Lemma A.2 with Xt as in (62) and we get

i) E
[
Λi

]
= −η ∂iL(θ0) +O(η2).

ii) E
[∏s

j=1 Λij

]
= O(η2) for all s ≤ 2, ij = 1, . . . , d.

On the other hand, we consider the first step of the iteration (NSGD)

Λ̄ := θ1 − θ0 = − η

b

∑
bi∈B1

∇Lbi(θ0) + ηZ0 ,

and we proceed with the analogous computations:

i) E
[
Λ̄i

]
= −η ∂iL(θ0) + E

[
Z0,i

]
= −η ∂iL(θ0) .

ii) E
[
Λ̄iΛ̄j

]
= η2 ∂iL(θ0) ∂jL(θ0) + η2E

[
Z0,i Z0,j

]
= η2 ∂iL(θ0) ∂jL(θ0) + η2Cov(Z0,i , Z0,j)

a = η2 ∂iL(θ0) ∂jL(θ0) + η2δ δij = O(η2) ,
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where δij is the Kronecker delta and we have used that E
[
Z0

]
= 0, Var(Z0) = δId×d

together with the fact that θ0 and Z0 are independent.

Now, we will need a key result linking one step approximations to global approximations.

Theorem A.3 (Theorem 2 and Lemma 5 of [54]). Let α be a positive integer and let L be
smooth enough with controlled growth. Assume, in addition, that there exist two functions
G1, G2 with polynomial growth so that∣∣∣E[ s∏

j=1

Λij

]
− E

[ s∏
j=1

Λ̄ij

]∣∣∣ ≤ G1(x)η
α+1,

for s = 1, 2, . . . , 2α + 1 and

E
[ 2α+2∏

j=1

|Λ̄ij |
]
≤ G2(x)η

α+1.

Then, there exists a constant C such that for all g with polynomial growth we have∣∣E[g(Xnη)]− E[g(xn)]
∣∣ ≤ Cηα ∀n ≥ 0 .

Hence, we conclude the proof of Theorem A.1 by applying Theorem A.3 with α = 1.

B Deduction of the Mean Exit Time problem
Let us recall some classical connections between stochastic processes and PDEs, and in
order to focus on the main ideas, we keep it at the heuristic level. See [19, 56, 57, 60] for
the precise statements with all the assumptions needed to make these results rigorous.

Consider a stochastic process in Rd defined by the following stochastic differential
equation {

dXt = b(Xt) dt+ a(Xt)dWt,

X0 = x

with sufficiently smooth functions a : Rd → Rd×d and b : Rd → Rd, where Wt is the stan-
dard Brownian motion. The infinitesimal generator associated to this stochastic process
is given by

Af(x) = lim
t→0

Ex[f(Xt)]− f(x)

t

=
1

2
tr
(
a(x)Ta(x)D2f(x)

)
− b(x) · ∇f(x) .

The two main differential equations related with this operator are the following:
Kolmogorov backward equation: Using Ito’s Lemma one can deduce{

∂tu(t, x) = Au(t, x), in R+ × Rd

u(0, x) = f(x) in Rd .
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Under suitable assumptions on the functions a, b it is known by Dynkin’s formula [56,
Chapters 7-8] that the solution represents the expected value of the function f applied to
the stochastic process, namely,

u(t, x) = Ex [f(Xt)] .

Fokker-Planck equation: Let us consider A∗ to be the adjoint operator of A with
respect to the L2(Rd) scalar product. Then, the Fokker-Planck equation associated to the
process Xt reads as follows{

∂tρ(t, x) = A∗ρ(t, x), in R+ × Rd

ρ(0, x) = ρ0(x) in Rd .

The solution to this equation when ρ0 = δ is the conditional probability p(Xt = x|X0 = x).
Beside these two classical parabolic differential equations, there are also elliptic dif-

ferential equations associated to the operator A which describes certain properties of the
stochastic process, such as the mean exit time of the stochastic process from a domain
Ω ⊂ Rd.
Mean Exit Time equation:[57, Chapter 7.2] Since the mean exit time is time-indepen-
dent, let us denote it by

u(x) = E[τxΩ] ,

with
τxΩ := inf{t > 0 : Xt ̸∈ Ω, X0 = x} .

This mean exit time satisfies the following elliptic equation{
Au(x) = −1, in Ω

u(x) = 0, otherwise.
(63)

For the sake of clarity, let us show a heuristic proof of the deduction of this equation.

Proof. Let u : Rd → R be the solution to (63) and let us consider the stochastic process
u(Xt) with X0 = x. By Ito’s Lemma, we have that

d (u(Xt)) = Au(Xt) dt+ a(Xt)∇u(Xt)dWt .

Integrating in [0, t] we obtain

u(Xt)− u(x) =

∫ t

0

Au(Xs)ds+
∫ t

0

a(Xs)∇u(Xs)dWs .

Since above identity holds for every time t > 0, let us choose t to be equal to

τ
T
= min{T, τxΩ} ,

in order to obtain

u(Xτ
T
)− u(x) =

∫ τ
T

0

Au(Xs) ds+

∫ τ
T

o

a(Xs)∇u(Xs)dWs . (64)
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By construction of τ
T

we know that

Xs ∈ Ω ∀x ∈ Ω ∀0 < s < τ
T
,

and hence
Au(Xs) = −1 ∀0 < s < τ

T
.

Using this property in (64), we obtain that

u(Xτ
T
)− u(x) = −τ

T
+

∫ τ
T

0

a(Xs)∇u(Xs)dWs .

Next step is to take the expectation in both sides of the equality. For this purpose, note
that under mild assumptions on a we have

E
[∫ τ

T

0

a(Xs)∇u(Xs)dWs

]
= 0 ,

since E [τ
T
] ≤ T < +∞. Thus, we obtain that

E
[
u(Xτ

T
)
]
= u(x)− E [τ

T
] .

Since E [τ
T
] ≤ E [τxΩ] < +∞ and the trajectories of Xs are continuous, we can tend

T → +∞ using Dominated Convergence Theorem,

E
[
u(XτxΩ

)
]
= u(x)− E [τxΩ] .

Finally, note that by construction XτxΩ
∈ ∂Ω and hence u(XτxΩ

) = 0. Then, we conclude

u(x) = E [τxΩ] .

C Kramers’ Law
The simplest example of the Mean Exit Time problem presented before is the one associ-
ated to the stochastic process

dXt = −∇L(Xt) dt+
√
2ε2dWt . (65)

The main advantage of this process is that the invariant probability measure is unique an
explicit, namely, its density is given by

ρ∞(x) = c e−L(x)/ε2 ,

with a normalizing constant c > 0. If the function L has different local minima, for
example x1, x2 ∈ Rd, a natural question to ask is what is the mean time that needs Xt to
reach a neighbourhood of x2 if X0 = x1. In 1940, Kramers addressed this problem from a
physical point of view in [40], where he developed what it is now known as the Kramers’
Law to describe the mean transition time of an overdamped Brownian particle between
local minima in a potential landscape. If we define

τx1
x2

= min{t > 0 : Xt ∈ BR(x2), X0 = x1} ,
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Kramers Law in the one-dimensional case, d=1, reads

E
[
τx1
x2

]
⋍

2π√
L′′(x1)|L′′(z)|

e(L(z)−L(x1))/ε2 . (66)

Here, z ∈ Rd is call the relevant saddle point and it is the maximum point of L among
all the paths from x1 to x2, that is, z is the point where the communication height

H(x1, x2) = inf
φ:x1→x2

(
sup
y∈φ

L(y)

)
is attained. In the multidimensional case, a similar result holds assuming that the Hessian
D2L(z) has a single negative eigenvalue. Thus, Kramers’s Law for d ≥ 2 reads

E
[
τx1
x2

]
⋍

2π

|λ1(z)|

√
|det(D2L(z))|
det(D2L(x1))

e(L(z)−L(x1))/ε2 , (67)

with λ1(z) < 0 being the unique negative eigenvalue of D2L(z). Despite Kramers’ Law
being a well-known fact in physics since the mid-20th century, the rigorous mathematical
proof did not arrive until 2004, thanks to Belgrund and Gentz in [14]. They showed that
(67) is an equality up to an error of order ε| log(ε2)|3/2 by using analytical tools based on
estimates on the Green function and the capacity, see [13, Theorem 3.3].

However, another approach to this problem is the theory of large deviation, which
gives a mathematically rigorous framework to the path-integral method used in physics.
Considering the stochastic process in (65), the large deviation principle states that for
small ε, the probability of sample paths being close to a set Γ of function φ : [0, T ] → Rd

behaves like
lim
ε→0

2ε2 logP{(Xt)0≤t≤T ∈ Γ} = − inf
φ∈Γ

I(φ) ,

with I being the action function

I(φ) =
1

2

∫ T

0

∣∣∣∣ d
dt
φ(t) +∇L(φ(t))

∣∣∣∣2 dt .

This large deviation principle can be stated roughly as

P{(Xt)0≤t≤T ∈ Γ} ⋍ e
− inf

Γ
I/2ε2

.

Note that the action function presented above can be written as

I(φ) =
1

2

∫ T

0

∣∣∣∣ d
dt
φ(t) +∇L(φ(t))

∣∣∣∣2 dt

=
1

2

∫ T

0

∣∣∣∣ d
dt
φ(t)−∇L(φ(t))

∣∣∣∣2 dt+ 2

∫ T

0

d
dt
φ(t) · ∇L(φ(t)) dt

=
1

2

∫ T

0

∣∣∣∣ d
dt
φ(t)−∇L(φ(t))

∣∣∣∣2 dt+ 2

[
L(φ(t))− L(φ(0))

]
.

Hence, if φ satisfies the time-reversed system d
dt
φ = ∇L(φ), the first term of the action

function above vanishes. Connecting a local minimum x1 to a point in the basin of
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attraction of x2 with such a solution is possible if one allows for an arbitrarily long time.
Therefore, the quasipotential is given by

L̄ = 2
[
inf
∂Ω

L− L(x1)
]
,

with Ω ⊂ Rd being a neighbourhood of x1. In the case of double-well potential, if Ω is
chosen such that it is cointained in the basin of attraction of x1 and its boundary is close
to the relevant saddle point z, the large deviation principle reads

lim
ε→0

ε2 logE
[
τx1

BR(x2)

]
= L(z)− L(x1) .

It is possible to generalize this large deviation approach to stochastic processes of the
form {

dXt = −∇L(Xt) dt+
√
2εa(Xt)dWt

X0 = x ,
(68)

with a non-degenerate matrix a(x) ∈ Rd×d. In this case, the invariant probability measure
is not explicit in general, nevertheless it is possible to write the action function as

Ia(φ) =

∫ T

0

∣∣∣∣a(φ(t))−1

(
d
dt
φ(t) +∇L(φ(t))

)∣∣∣∣2 dt ,

if φ is absolutely continuous, d
dt
φ is square integrable and φ(0) = x; in any other case

Ia(φ) = +∞. Under restrictive condition on L and a, a large deviation principle for (68)
was proven in [25, 64].

Theorem C.1. [67, Theorem 12.1] Assume that ∇L and a are bounded and Lipschitz
continuous. If aT (x)a(x) is uniformly elliptic, then the following large deviation principle
holds for every t > 0:

i) Upper bound. For any closed set Γc ⊂ (C([0, T ]))d,

lim
ε→0

ε2 logP{(Xt)0≤t≤T ∈ Γc} ≤ − inf
φ∈Γc

Ia(φ)

ii) Lower bound. For any open set Γo ⊂ (C([0, T ]))d,

lim
ε→0

ε2 logP{(Xt)0≤t≤T ∈ Γo} ≥ − inf
φ∈Γo

Ia(φ)

Hence, roughly speaking, for the stochastic process defined in (68) we have that

P{(Xt)0≤t≤T ∈ Γ} ⋍ e
− inf

Γ
Ia/2ε2

.

This approach provides a method to compute likelihood of rare events in stochastic sys-
tems. For a practical explanation of the techniques used to derive sharp asymptotic
estimates, refer to [31].
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