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THE PROBLEM

− div(a(z,Du(z)) = f(z, u(z)) in Ω,
∂u

∂n
= 0 on ∂Ω . (1)

Nikolaos S. Papageorgiou,
National Technical University, Departement of Mathematics, Zagrafou
Campus, Athens 15780 (Greece).
G. Barletta-N. S. Papageorgiou: A Multiplicity theorem for
p-superlinear Neumann problems with a nonhomogeneous differential
operator, preprint.
Ω ⊆ RN is a bounded domain with a C2-boundary ∂Ω, n(·) stands for
the outward unit normal on ∂Ω and ∂u

∂n = (Du, n)RN is the normal
derivative of u on ∂Ω.
a : Ω× RN → RN .
The reaction term f(z, x) is a Carathéodory function that exhibits a
(p− 1)-superlinear growth with respect to x ∈ R near to ±∞

lim
|x|→∞

f(z, x)

|x|p−2x
= +∞ uniformly for a.a. z ∈ Ω.
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equation, Proc. London Math. Soc. 91 (2005), 129-152.

−4pu = f(z, u) in Ω, u = 0 on ∂Ω .
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nonzero solutions with exact sign for a p-Laplacian equation, Discrete
Cont. Dyn. Systems 24 (2009), 405-440.
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Hölder local minimizers and global multiplicity for some quasilinear
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−4pu = |u|r−2u+ λ|u|q−2u in Ω, u = 0 on ∂Ω .
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0 < µF (z, x) ≤ f(z, x)x for a.a. z ∈ Ω, all |x| ≥M . (2)
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C1
n(Ω) =

{
u ∈ C1(Ω) :

∂u

∂n
= 0 on ∂Ω

}
,

and W 1,p
n (Ω) = C1

n(Ω)
‖·‖

where ‖ · ‖ is the usual norm on W 1,p(Ω).
C1
n(Ω) is a Banach space with ordered positive cone

C+ =
{
u ∈ C1

n(Ω) : u(z) ≥ 0 for all z ∈ Ω
}
.

intC+ =
{
u ∈ C1

n(Ω) : u(z) > 0 for all z ∈ Ω
}
.

− div(|Du(z)|p−2Du(z)) = λ̂|u(z)|p−2u(z) in Ω,
∂u

∂n
= 0 on ∂Ω . (3)

A number λ̂ ∈ R for which problem (3) has a nontrivial solution û, is
an eigenvalue of (−∆p,W

1,p
n (Ω)) and û is a corresponding

eigenfunction.
λ̂ ≥ 0, and λ̂0 = 0 is an eigenvalue with corresponding eigenspace R.
By û0 we denote the corresponding Lp-normalized eigenfunction, i.e.
û0(z) = 1

|Ω|
1
p
N

. If σ(p) is the set of all eigenvalues of (3), then the

increasing sequence {λ̂n}n≥0 of the ”LS-eigenvalues” is contained in
σ(p).
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Assumptions on a

H(a) : a(z, y) = h(z, ‖y‖)y for all (z, y) ∈ Ω× RN with h(z, t) > 0 for

all (z, t) ∈ Ω× (0,+∞) and

(i) a ∈ C0,α(Ω× RN ,RN ) ∩ C1(Ω× RN \ {0},RN ) with 0 < α < 1;

(ii) for all (z, y) ∈ Ω× RN \ {0}, we have ‖Dya(z, y)‖ ≤ c1‖y‖p−2 for
some c1 > 0, 1 < p <∞;

(iii) for all (z, y) ∈ Ω× RN \ {0} and all ξ ∈ RN , we have

(Dya(z, y)ξ, ξ)RN ≥ c0‖y‖p−2‖ξ‖2 for some c0 > 0 ;

(iv) the R-valued function G(z, y) defined by DyG(z, y) = a(z, y) and
G(z, 0) = 0 for all (z, y) ∈ Ω× RN , satisfies

β(z) ≤ pG(z, y)− (a(z, y), y)RN for a.a. z ∈ Ω with β ∈ L1(Ω) .
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The map V

Let V : W 1,p
n (Ω)→W 1,p

n (Ω)∗ be the nonlinear map defined by

〈V (u), y〉 =

∫
Ω

(a(z,Du), Dy)RN dz for all u, y ∈W 1,p
n (Ω). (4)

If hypotheses H(a) hold, then V defined by (4) is maximal monotone
and of type (S)+, that is
for every sequence {xn}n≥1 ⊆W 1,p

n (Ω) such that xn ⇀ x in W 1,p
n (Ω)

and lim supn→+∞〈V (xn), xn − x〉 ≤ 0, one has xn → x in W 1,p
n (Ω).
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Examples

In what follows θ ∈ C1(Ω) and θ(z) > 0 for all z ∈ Ω.

a(z, y) = θ(z)‖y‖p−2y with 1 < p <∞ .

a(z, y) = θ(z)
(
‖y‖p−2y + ln

(
1 + ‖y‖p−2

)
y
)

with p > 2 .

a(z, y) =

{
θ(z)

(
‖y‖p−2y + ‖y‖q−2y

)
if ‖y‖ ≤ 1

θ(z)
(
‖y‖p−2y + c‖y‖τ−2y − (c− 1)y

)
if ‖y‖ > 1 .

where c = q−2
τ−2 , 1 < τ < p ≤ q, τ 6= 2,

a(z, y) = θ(z)

(
‖y‖p−2y + c

‖y‖p−2y

1 + ‖y‖p

)
,

0 < c < 4p(p− 1) if 1 ≤ p < 2, 0 < c <
4p

(p− 1)2
if p ≥ 2 .
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Assumptions on f

H(f) : f : Ω× R→ R is a Carathéodory function such that for a.a.
z ∈ Ω f(z, 0) = 0 and

(i) |f(z, x)| ≤ a(z) + c|x|r−1 for a.a. z ∈ Ω, all x ∈ R with
a ∈ L∞(Ω)+, c > 0, 1 < p < r < p∗;

(ii) if F (z, x) =
∫ x

0
f(z, s)ds and ξ(z, x) = f(z, x)x− pF (z, x), then

lim
|x|→∞

F (z, x)

|x|p
= +∞ uniformly for a.a. z ∈ Ω (5)

and there exists β∗ ∈ L1(Ω)+ such that

ξ(z, x) ≤ ξ(z, y) + β∗(z) for a.a. z ∈ Ω, all 0 ≤ x ≤ y or y ≤ x ≤ 0;
(6)

(iii) there exists λ∗ > c1
p−1 λ̂1 such that

λ∗ ≤ lim inf
x→0

pF (z, x)

|x|p
uniformly for a.a. z ∈ Ω ;
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(iv) there exist functions w+, w− ∈ C1(Ω) such that

w−(z) ≤ c− < 0 < c+ ≤ w+(z) for all z ∈ Ω ,

V (w−) ≤ 0 ≤ V (w+) in W 1,p
n (Ω)∗ ,

and

esssupΩf(·, w+(·)) ≤ β+ < 0 < β− ≤ essinfΩf(·, w−(·)) ;

(v) for every ρ > 0 there exists θρ > 0 such that for a.a. z ∈ Ω,
x→ f(z, x) + θρ|x|p−2 is nondecreasing on [−ρ, ρ].
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Example

The following function satisfies hypotheses H(f):

f(x) =

{
η
(
|x|p−2x− 2|x|r−2x

)
if |x| ≤ 1(

|x|p−2x ln |x| − η|x|τ−2x
)

if |x| > 1 .

with η > c1
p−1 λ̂1, 1 < τ < p < q < +∞ . Note that f(·) does not satisfy

the AR-condition (2).
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First result

Theorem 1

If hypotheses H(a) and H(f) (i), (iv) , (v) hold, then problem (1) has
at least two nontrivial, constant sign smooth solutions

u0 ∈ intC+, v0 ∈ −intC+ and

w−(z) < v0(z) < 0 < u0(z) < w+(z) for all z ∈ Ω .

We introduce the following Carathéodory truncations-perturbations of
f(z, ·):

f̂+(z, x) =

 0 if x < 0
f(z, x) + xp−1 if 0 ≤ x ≤ w+(z)

f(z, w+(z)) + w+(z)p−1 if w+(z) < x
and

f̂−(z, x) =

 f(z, w−(z)) + |w−(z)|p−2w−(z) if x < w−(z)
f(z, x) + |x|p−2x if w−(z) ≤ x ≤ 0

0 if 0 < x .
(7)
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We set F̂±(z, x) =
∫ x

0
f̂±(z, s)ds and consider the C1-functionals

ϕ̂± : W 1,p
n (Ω)→ R defined by

ϕ̂±(u) =

∫
Ω

G(z,Du)dz+
1

p
‖u‖pp−

∫
Ω

F̂±(z, u)dz for all u ∈W 1,p
n (Ω) .

ϕ̂+ is coercive and sequentially weakly lower semicontinuous. So,
by the Weierstrass theorem, we can find u0 ∈W 1,p

n (Ω) such that

ϕ̂+(u0) = inf
[
ϕ̂+(u) : u ∈W 1,p

n (Ω)
]

= m̂+ . (8)

u0 6= 0.
Acting on

0 = ϕ̂′+(u0) = V (u0) + |u0|p−2u0 −Nf̂+(u0) , (9)

where Nf̂+(·) = f̂+(·, u(·)) for all u ∈W 1,p
n (Ω), with suitable test

functions we deduce
u0 ∈ [0 , w+] = {u ∈W 1,p

n (Ω) : 0 ≤ u(z) ≤ w+(z) a.e. in Ω}, that
is

− div a(z,Du0(z)) = f(z, u0(z)) a.e. in Ω,
∂u0

∂n
= 0 on ∂Ω . (10)
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u0 ∈ C+ \ {0}.

Using H(f)(v) and H(f)(iv), we obtain 0 < u0 < w+.

Working with ϕ̂−, we obtain a nontrivial negative solution
v0 ∈ −intC+, with w−(z) < v0(z) < 0 for all z ∈ Ω.

G. Barletta NONAUTONOMOUS SECOND ORDER PERIODIC SYSTEMS



Introduction Mathematical background Main Five Solutions Theorem BibliographyExistence of two constant sign solutions Existence of another pair of constant sign solutions

u0 ∈ C+ \ {0}.
Using H(f)(v) and H(f)(iv), we obtain 0 < u0 < w+.

Working with ϕ̂−, we obtain a nontrivial negative solution
v0 ∈ −intC+, with w−(z) < v0(z) < 0 for all z ∈ Ω.

G. Barletta NONAUTONOMOUS SECOND ORDER PERIODIC SYSTEMS



Introduction Mathematical background Main Five Solutions Theorem BibliographyExistence of two constant sign solutions Existence of another pair of constant sign solutions

u0 ∈ C+ \ {0}.
Using H(f)(v) and H(f)(iv), we obtain 0 < u0 < w+.

Working with ϕ̂−, we obtain a nontrivial negative solution
v0 ∈ −intC+, with w−(z) < v0(z) < 0 for all z ∈ Ω.

G. Barletta NONAUTONOMOUS SECOND ORDER PERIODIC SYSTEMS



Introduction Mathematical background Main Five Solutions Theorem BibliographyExistence of two constant sign solutions Existence of another pair of constant sign solutions

Mathematical background for the second existence
result

Let X be a Banach space and X∗ its topological dual. Let
ϕ ∈ C1(X). We say that ϕ satisfies the ”C-condition at the level
c ∈ R” (the Cc-condition for short), if the following is true:

”Every sequence {xn}n≥1 ⊆ X such that

ϕ(xn)→ c and (1 + ‖xn‖)ϕ′(xn)→ 0 in X∗ as n→∞,

admits a strongly convergent subsequence”.

Theorem (MPT, [3])

If ϕ ∈ C1(X) and r > 0 satisfies
max{ϕ(x0), ϕ(x1)} ≤ inf[ϕ(x) : ‖x− x0‖ = r] = ηr, ‖x1 − x0‖ > r
c = infγ∈Γ max0≤t≤1 ϕ(γ(t)), with
Γ = {γ ∈ C([0, 1], X) : γ(0) = x0, γ(1) = x1}, and
ϕ satisfies the Cc-condition,
then c ≥ ηr and c is a critical value of ϕ. Moreover, if c = ηr, then ϕ
has a critical point x ∈ X such that ϕ(x) = c and ‖x− x0‖ = r.
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If ϕ : W 1,p
n (Ω)→ R is the energy functional for problem (1) defined by

ϕ(u) =

∫
Ω

G(z,Du)dz −
∫

Ω

F (z, u)dz for all u ∈W 1,p
n (Ω) ,

then from (7) it follows that ϕ|[0, w+] = ϕ̂+|[0, w+] and
ϕ|[w−, 0] = ϕ̂−|[w−, 0], and so from the proof of Theorem 1 it follows

that u0, v0 are both local C1
n(Ω)-minimizers of ϕ, hence the result

below guarantees that u0, v0 are also local W 1,p
n (Ω)-minimizers of ϕ.

Theorem (Motreanu-Papageorgiou, [9])

If u0 ∈W 1,p
n (Ω) is a local C1

n(Ω)-minimizer of ϕ, i.e. there exists
ρ0 > 0 such that

ϕ(u0) ≤ ϕ(u0 + h) for all h ∈ C1
n(Ω), ‖h‖C1

n(Ω) ≤ ρ0,

then u0 ∈ C1
n(Ω) and u0 is a local W 1,p

n (Ω)-minimizer of ϕ, i.e. there
exists ρ1 > 0 such that

ϕ(u0) ≤ ϕ(u0 + h) for all h ∈W 1,p
n (Ω), ‖h‖ ≤ ρ1.
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Second Existence Result

Theorem 2

If hypotheses H(a) and H(f) hold, then problem (1) has two more
nontrivial, constant sign smooth solutions

û ∈ intC+, u0 ≤ û, u0 6= û, v̂ ∈ −intC+, v̂ ≤ v0, v̂ 6= v0 .

We consider the following Carathéodory truncation-perturbation of
the reaction f(z, x):

ĥ+ (z, x) =

{
f(z, u0(z)) + u0(z)p−1 if x ≤ u0(z)

f(z, x) + xp−1 if u0(z) < x
and

ĥ−(z, x) =

{
f(z, x) + |x|p−2x if x < v0(z)

f(z, v0(z)) + |v0(z)|p−2v0(z) if v0(z) ≤ x . (11)

We set Ĥ±(z, x) =
∫ x

0
ĥ±(z, s)ds and consider the C1-functionals

ψ̂± : W 1,p
n (Ω)→ R defined by
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ψ̂±(u) =

∫
Ω

G(z,Du)dz+
1

p
‖u‖pp−

∫
Ω

Ĥ±(z, u)dz for all u ∈W 1,p
n (Ω) .

ψ̂+ satisfies the C-condition.

We obtain a nontrivial positive smooth solution of (1),
ũ0 ∈ intC+, u0 ≤ ũ0.

If ũ0 6= u0, then we are done.

If u0 = ũ0 then it is a local W 1,p
n (Ω)-minimizer of ψ̂+. If it is not

an isolated critical point of ψ̂+, then we have a whole sequence of
distinct positive smooth solutions un ∈ intC+ of (1) such that
un ≥ u0 for all n ≥ 1 and so we are done.

If u0 = ũ0 is an isolated critical point of ψ̂+ then we can apply
the MPT and we obtain û ∈W 1,p

n (Ω) such that

û ≥ u0, û 6= u0 û ∈ intC+, and solves (1) . (12)

Similarly, working this time with ψ̂−, we obtain a second
negative smooth solution v̂ ∈ −intC+, v̂ ≤ v0, v̂ 6= v0.
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If u0 = ũ0 then it is a local W 1,p
n (Ω)-minimizer of ψ̂+. If it is not

an isolated critical point of ψ̂+, then we have a whole sequence of
distinct positive smooth solutions un ∈ intC+ of (1) such that
un ≥ u0 for all n ≥ 1 and so we are done.
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If u0 = ũ0 then it is a local W 1,p
n (Ω)-minimizer of ψ̂+. If it is not

an isolated critical point of ψ̂+, then we have a whole sequence of
distinct positive smooth solutions un ∈ intC+ of (1) such that
un ≥ u0 for all n ≥ 1 and so we are done.
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A variational characterization of λ̂1

Proposition (Aizicovici-Papageorgiou-Staicu [1])

Let ∂BL
p

1 = {u ∈ Lp(Ω) : ‖u‖p = 1} and S = W 1,p
n (Ω) ∩ ∂BLp

1 . We
have:
λ̂1 = inf γ̂∈Γ̂ max−1≤t≤1 ‖Dγ̂(t)‖pp, where

Γ̂ = {γ̂ ∈ C([−1, 1], S) : γ̂(−1) = −û0, γ̂(1) = û0}.
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Third Existence Result

Theorem 3.1

If hypothesis H(a) and H(f) hold, then problem (1) has a nontrivial
smooth solution y ∈ C1

n(Ω) such that v0 ≤ y ≤ u0, y 6= v0, y 6= u0 .

Let ρ = max{‖u0‖∞, ‖v0‖∞} and take θρ > 0 as in hypothesis
H(f)(v).

We introduce the following Carathéodory
truncation-perturbation of f(z, x):

l(z, x) =

 f(z, v0(z)) + θρ|v0(z)|p−2v0(z) if x < v0(z)
f(z, x) + θρ|x|p−2x if v0(z) ≤ x ≤ u0(z)

f(z, u0(z)) + θρu0(z)p−1 if u0(z) < x .
(13)

L(z, x) =
∫ x

0
l(z, s)ds.

The corresponding energy functional τ : W 1,p
n (Ω)→ R defined by

τ(u) =

∫
Ω

G(z,Du)dz+
θρ
p
‖u‖pp−

∫
Ω

L(z, u)dz for all u ∈W 1,p
n (Ω)

is C1.
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l±(z, x) = l(z,±x±) and L±(z, x) =
∫ x

0
l±(z, s)ds

τ± : W 1,p
n (Ω)→ R defined by

τ±(u) =

∫
Ω

G(z,Du)dz+
θρ
p
‖u‖pp−

∫
Ω

L±(z, u)dz for all u ∈W 1,p
n (Ω) .

Kτ = {u ∈W 1,p
n (Ω) : τ ′(u) = 0} ⊆ [v0, u0],

Kτ+ = {u ∈W 1,p
n (Ω) : τ ′+(u) = 0} ⊆ [0, u0],

Kτ− = {u ∈W 1,p
n (Ω) : τ ′−(u) = 0} ⊆ [v0, 0].

If ũ ∈ Kτ+ and ũ /∈ {0, u0}, then ũ ∈ intC+, ũ ≤ u0 ≤ û is a
third positive solution of (1) so we are done. Similarly for Kτ− .
Kτ+ = {0, u0}, Kτ− = {v0, 0}.
u0 and v0 are local W 1,p

n (Ω)-minimizer of τ .
As before, we may assume that u0 is an isolated critical point of
τ . Since τ satisfies the C-condition we can use the MPT. So, we
can find y ∈W 1,p

n (Ω) such that

τ(v0) ≤ τ(u0) < ηρ ≤ τ(y) = inf
γ∈Γ

max
0≤t≤1

τ(γ(t)), (14)

where Γ = {γ ∈ C
(
[0, 1],W 1,p

n (Ω)
)

: γ(0) = v0, γ(1) = u0} and

τ ′(y) = 0 . (15)
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third positive solution of (1) so we are done. Similarly for Kτ− .
Kτ+ = {0, u0}, Kτ− = {v0, 0}.
u0 and v0 are local W 1,p

n (Ω)-minimizer of τ .
As before, we may assume that u0 is an isolated critical point of
τ . Since τ satisfies the C-condition we can use the MPT. So, we
can find y ∈W 1,p

n (Ω) such that

τ(v0) ≤ τ(u0) < ηρ ≤ τ(y) = inf
γ∈Γ

max
0≤t≤1

τ(γ(t)), (14)

where Γ = {γ ∈ C
(
[0, 1],W 1,p

n (Ω)
)

: γ(0) = v0, γ(1) = u0} and

τ ′(y) = 0 . (15)

G. Barletta NONAUTONOMOUS SECOND ORDER PERIODIC SYSTEMS



Introduction Mathematical background Main Five Solutions Theorem Bibliography

l±(z, x) = l(z,±x±) and L±(z, x) =
∫ x

0
l±(z, s)ds

τ± : W 1,p
n (Ω)→ R defined by

τ±(u) =

∫
Ω

G(z,Du)dz+
θρ
p
‖u‖pp−

∫
Ω

L±(z, u)dz for all u ∈W 1,p
n (Ω) .

Kτ = {u ∈W 1,p
n (Ω) : τ ′(u) = 0} ⊆ [v0, u0],

Kτ+ = {u ∈W 1,p
n (Ω) : τ ′+(u) = 0} ⊆ [0, u0],

Kτ− = {u ∈W 1,p
n (Ω) : τ ′−(u) = 0} ⊆ [v0, 0].
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third positive solution of (1) so we are done. Similarly for Kτ− .
Kτ+ = {0, u0}, Kτ− = {v0, 0}.
u0 and v0 are local W 1,p

n (Ω)-minimizer of τ .

As before, we may assume that u0 is an isolated critical point of
τ . Since τ satisfies the C-condition we can use the MPT. So, we
can find y ∈W 1,p

n (Ω) such that

τ(v0) ≤ τ(u0) < ηρ ≤ τ(y) = inf
γ∈Γ

max
0≤t≤1

τ(γ(t)), (14)

where Γ = {γ ∈ C
(
[0, 1],W 1,p

n (Ω)
)

: γ(0) = v0, γ(1) = u0} and

τ ′(y) = 0 . (15)

G. Barletta NONAUTONOMOUS SECOND ORDER PERIODIC SYSTEMS



Introduction Mathematical background Main Five Solutions Theorem Bibliography

l±(z, x) = l(z,±x±) and L±(z, x) =
∫ x

0
l±(z, s)ds

τ± : W 1,p
n (Ω)→ R defined by

τ±(u) =

∫
Ω

G(z,Du)dz+
θρ
p
‖u‖pp−

∫
Ω

L±(z, u)dz for all u ∈W 1,p
n (Ω) .

Kτ = {u ∈W 1,p
n (Ω) : τ ′(u) = 0} ⊆ [v0, u0],

Kτ+ = {u ∈W 1,p
n (Ω) : τ ′+(u) = 0} ⊆ [0, u0],

Kτ− = {u ∈W 1,p
n (Ω) : τ ′−(u) = 0} ⊆ [v0, 0].
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From (14) we see that y /∈ {u0, v0}, while from (15) it follows
that y ∈ [v0, u0].

It remains to show that y 6= 0. To this end, by virtue of (14) it
suffices to produce a path γ∗ ∈ Γ such that τ|γ∗ < 0 = τ(0).

We can find s∗ ∈ (0, 1) and a continuous path γ̂, such that
γ̂0 = s∗γ̂ connects −s∗û0 and s∗û0 and satisfies

τ|γ̂0 < 0 . (16)

We can find two continuous path γ̂+ and γ̂−, connecting
respectively s∗û0 and u0 and −s∗û0 and v0. These paths satisfies

τ|γ̂+ < 0 , τ|γ̂− < 0 . (17)

Concatenating γ̂−, γ̂0 and γ̂+, we produce a path γ̂∗ ∈ Γ such
that

τ|γ̂∗ < 0 ,

hence, owing to (14) we deduce y 6= 0.
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Theorem 3.2

If hypotheses H(a) and H(f) hold, then problem (1) has at least five
nontrivial smooth solutions

u0, û ∈ intC+, u0 ≤ û, u0 6= û, v0, v̂ ∈ −intC+, v̂ ≤ v0, v0 6= v̂

and y ∈ C1
n(Ω) \ {0}, v0 ≤ y ≤ u0, y 6= u0, y 6= v0 .
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