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The reaction term f(z,x) is a Carathéodory function that exhibits a
(p — 1)-superlinear growth with respect to z € R near to oo

f(z2)

|| =00 |(E|p72$

= 400 uniformly for a.a. z € Q.
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multiplicity results for quasilinear elliptic equations, J. Math. Anal.
Appl. 286 (2003), 32-50.

—Apu =X ut+u”, u>0in Q, u=0o0n 0N .
The authors show the existence of at least two positive solutions for
A €]0, A[ and of at least one positive solution for A\ = A.
—Apu=Au|"tu+g(u), in Q, u=0on 9Q .

This problem admits at least two positive solutions for A €]0, A™[, two
negative solutions for A €]0, A~[ and a nodal solution for
A €]0,min{A~, AT}
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Dyt Blul P = [z, u(z) in 9, S

AR-condition
There exists p > p and M > 0 such that

0 < uF(z,2) < f(z,z)x for a.a. z € Q, all |x| > M. (2)
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Mathematical bac

cHQ) = {u e CHQ): % =0 on 89} )

— =l
and W,P(Q) = CL(€Q2)  where || - || is the usual norm on W (£2).
C}(Q) is a Banach space with ordered positive cone

Cy={ueCLQ): u(z)>0forall z€Q} .

intCy ={ueCr(Q): u(z)>0foral z€Q} .
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Mathematical background

— — 0
Cl@) = {u cc'@: 2 =0on 89} ,
on
—Ill
and W,P(Q) = CL(€Q2)  where || - || is the usual norm on W (£2).
C}L(Q) is a Banach space with ordered positive cone

Cy={ueCLQ): u(z)>0forall z€Q} .
intCy ={ueCr(Q): u(z)>0foral z€Q} .

— div(|Du(2)[P"2Du(z)) = X|u(z)|p_2u(z) in Q, % =0on00Q. (3)

A number A € R for which problem (3) has a nontrivial solution , is
an eigenvalue of (—A,, W,1P(Q)) and @ is a corresponding
eigenfunction.

A >0, and A\g = 0 is an eigenvalue with corresponding eigenspace R.
By up we denote the corresponding LP-normalized eigenfunction, i.e.

Ug(z) = —r. If o(p) is the set of all eigenvalues of (3), then the

.
Q1%

increasing sequence {A, },>o of the ”LS-eigenvalues” is contained in
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Assumptions on a

H(a) : a(z,y) = h(z, |ly|))y for all (z,y) € Q x RN with h(z,t) > 0 for
all (z,t) € Q x (0, 4+00) and
(i) a € CO%*(Q x RN RM)NCHQ x RV \ {0},RY) with 0 < a < 1;
(ii) for all (z,y) € Q x RN\ {0}, we have ||Dya(z,y)|| < c1||y||P~2 for
some c¢; >0, 1 < p < o0;
(iii) for all (z,y) € Q x RV \ {0} and all £ € RY, we have

(Dya(z, )€, )y > collyllP~*[[€]|* for some co > 0

(iv) the R-valued function G(z,y) defined by D,G(z,y) = a(z,y) and
G(2,0) =0 for all (z,y) € Q x RY, satisfies

B(z) < pG(z,y) — (a(z,y),y)r~ for a.a. z € Q with § € L*(Q).
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The map V
Let V : WHP(Q) — WLP(Q)* be the nonlinear map defined by

(V(u),y) = /Q (a(z, Du), Dy)p~ dz for all u,y € WoP(Q).  (4)

If hypotheses H(a) hold, then V' defined by (4) is maximal monotone
and of type (9)4, that is

for every sequence {z,}n,>1 C W1P(Q) such that z,, — z in W1P(Q)
and limsup,,_, .. (V(zy),z, — ) <0, one has z, — x in W, P(Q).
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Main of two constant sign solutions Existence of ano

Examples

In what follows 0 € C*(Q) and 6(z) > 0 for all z € Q.

a(z,y) = 0(2)|lylIP "y with 1 < p < co.
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Examples

In what follows 0 € C*(Q) and 6(z) > 0 for all z € Q.

a(z,y) = 0(2)|lylIP "y with 1 < p < co.

a(z,y) = 0(2) (lyllP~2y +1n (1 + y|P~2) y) with p > 2.
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Examples

In what follows 0 € C*(Q) and 6(z) > 0 for all z € Q.

a(z,y) = 0(2)|lylIP "y with 1 < p < co.

a(z,y) = 0(2) (lyllP~2y +1n (1 + y|P~2) y) with p > 2.

IIyII” 2y+elyll™2y — (c=1)y) iyl > 1.

l<rt<p<gq, 1#2,

{ ||y||p 2y + llylle—2y) if lyll <1
=)
where ¢ = —2
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Examples

In what follows 0 € C*(Q) and 6(z) > 0 for all z € Q.

a(z,y) = 0(2)|lylIP "y with 1 < p < co.

a(z,y) = 0(2) (lyllP~2y +1n (1 + y|P~2) y) with p > 2.

IIyII” y+cllyl™?y —(c—1y) if llyll > 1.

{ IIyllp 2y +[lyll*~?y) if lyll <1
—g <T<p<gq,T#2,

where ¢

- 2, | JUIPy
o) =00:) (P =2y + L2 )

0<c<4dplp—1) if1<p<2, 0<c<

(p—1)2
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Main of twec nstant sign solutions Existence of

Assumptions on f

H(f)
z2€Q f(2,0) =0 and
(i) |f(z,2)| < a(z) + c|z|"~! for a.a. z € Q, all z € R with

: f: QxR — Ris a Carathéodory function such that for a.a.
|
a€L>®(Q)y,c>0,1<p<r<p
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Assumptions on f

H(f): f: QxR —Ris a Carathéodory function such that for a.a.

z2€Q f(2,0) =0 and

(i) |f(z,2)| < a(z) + c|z|"~! for a.a. z € Q, all z € R with
aELOO(Q)+,c>0 l<p<r<ps

(i1) if F(z,2) = [y f(z,8)ds and £(z,2) = f(2,2)z — pF(z,x), then

F(z,x)

|z] =00 ‘.’E|p

= 400 uniformly for a.a. z € Q (5)

and there exists 8* € L1(Q), such that

E(z,2) <&(z,y)+ B (2)for aa.z € Q,all0 <z < yory < <0;

(6)
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Assumptions on f

H(f): f: QxR —Ris a Carathéodory function such that for a.a.

z2€Q f(2,0) =0 and

(i) |f(z,2)| < a(z) + c|z|"~! for a.a. z € Q, all z € R with
aELOO(Q)+,c>0 l<p<r<ps

(i1) if F(z,2) = [y f(z,8)ds and £(z,2) = f(2,2)z — pF(z,x), then

F(z,x)

|z] =00 ‘.’E|p

= 400 uniformly for a.a. z € Q (5)

and there exists 8* € L1(Q), such that

E(z,2) <&(z,y)+ B (2)for aa.z € Q,all0 <z < yory < <0;

(6)

(7i7) there exists A\* > p{lle such that

r
A* <lim i(I)lf m uniformly for a.a. z € Q;
xr—r

[P
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(iv) there exist functions w,, w_ € C1(Q) such that

w_(z) <e_ <0<cy <wy(z) foral z€Q,
V(w_) <0< V(wy) in WHP(Q)*

and

esssupaf(-,wi () < By <0< B <essinfof(,w-(-));
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(iv) there exist functions w,, w_ € C1(Q) such that

w_(z) <e_ <0<cy <wy(z) foral z€Q,
V(w_) <0< V(wy) in WHP(Q)*

and

esssupaf(-,wi () < By <0< B <essinfof(,w-(-));

(v) for every p > 0 there exists §, > 0 such that for a.a. z € Q,
z = f(z,2) 4 0,|z[P~? is nondecreasing on [—p, p|.
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Example

The following function satisfies hypotheses H(f):

o= { ( nllaf Pz —2al"%a) - iflal <1

|z[P~ 2z n |z — nlz|"2z) if |z| > 1.

with n > pﬁle, 1<7<p<q<+oo. Note that f(-) does not satisfy

the AR-condition (2).
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Existence of two constant sign solutions Existence

First result
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Main Existence of two constant

First result

If hypotheses H(a) and H(f) (i), (iv), (v) hold, then problem (1) has
at least two nontrivial, constant sign smooth solutions

ug € intCy, vg € —int Cy and

w_(2) <vo(2) <0 < up(z) <wy(z) for all z € Q.
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First result

If hypotheses H(a) and H(f) (i), (iv), (v) hold, then problem (1) has
at least two nontrivial, constant sign smooth solutions

ug € intCy, vg € —int Cy and

w_(2) <vo(2) <0 < up(z) <wy(z) for all z € Q.

We introduce the following Carathéodory truncations-perturbations of

f(Z, )
~ 0 itz <0
filz,z) = f(z,x) + 2Pt if0<z<wq(z) and
flzwi(2) +wi(2)P7 fwi(z) <w
R fzyw_(2) + lw_(2)[P2w_(2) ifz<w_(2)
fo(zx) = flz,2) + |x|P~ 22 ifw_(z) <z <0 (7)

0 ifo<x.
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Existence of two constant sign solutions Existence o

We set F\i (z,2) = fow fi (2,s)ds and consider the C*-functionals
P+ : WHP(Q) — R defined by

~

1 N
Px(u) = / G(z,Du)dz—i—];Hqu—/ Fi(z,u)dz for allu € WhP(Q).
Q Q
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Existence of two constant sign solutions Existence o

We set ﬁi (z,2) = fow fi (2,s)ds and consider the C*-functionals
P+ : WHP(Q) — R defined by

1 N
Px(u) = / G(z,Du)dz—i—];Hqu—/ Fi(z,u)dz for allu € WhP(Q).
Q Q

e ¢, is coercive and sequentially weakly lower semicontinuous. So,
by the Weierstrass theorem, we can find ug € W1?(Q) such that

P (uo) = inf [G1(u) 1 ue WP (Q)] =y . (8)
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Existence of two constant sign solutions Existence o

We set ﬁi (z,2) = fow fi (2,s)ds and consider the C*-functionals
P+ : WHP(Q) — R defined by

~

1 N
Px(u) = / G(z,Du)dz—i—];Hqu—/ Fi(z,u)dz for allu € WhP(Q).
Q Q

e ¢, is coercive and sequentially weakly lower semicontinuous. So,
by the Weierstrass theorem, we can find ug € W1?(Q) such that

P (uo) = inf [G1(u) 1 ue WP (Q)] =y . (8)

OUO#O.
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Existence of two constant sign solutions Existence o

We set ﬁi (z,2) = fow fi (2,s)ds and consider the C*-functionals
P+ : WHP(Q) — R defined by

1 N
Px(u) = / G(z,Du)dz—i—];Hqu—/ Fi(z,u)dz for allu € WhP(Q).
Q Q

e ¢, is coercive and sequentially weakly lower semicontinuous. So,
by the Weierstrass theorem, we can find ug € W1?(Q) such that

P (uo) = inf [G1(u) 1 ue WP (Q)] =y . (8)

@ Ug 75 0.
o Acting on

0= @, (uo) = V(uo) + [uo|"*uo — N7, (uo), (9)

where Nf+(') = f+(~, u(+)) for all u € W,1P(Q), with suitable test
functions we deduce
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Existence of two constant sign solutions Existence of a

We set ﬁi (z,2) = fow fi (2,s)ds and consider the C*-functionals
P+ : WHP(Q) — R defined by

1 N
Px(u) = / G(z,Du)dz—i—];Hqu—/ Fi(z,u)dz for allu € WhP(Q).
Q Q

e ¢, is coercive and sequentially weakly lower semicontinuous. So,
by the Weierstrass theorem, we can find ug € W1?(Q) such that

P (uo) = inf [G1(u) 1 ue WP (Q)] =y . (8)

@ Ug 75 0.
o Acting on

0= @ (uo) = V (uo) + |uo|""*ug — N7, (uo), (9)
where Nf+(') = f+(~, u(+)) for all u € W,1P(Q), with suitable test
functions we deduce

o up €[0,wy]={uecWhP(Q): 0<u(z) <wi(z) ae. inQ}, that
is

—diva(z, Dug(2)) = f(z,uo(z)) a.e. in Q, 68% =0on 0. (10)
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@ Ug €O+\{O}
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Main Existence of two constant sign solutions Existence of ano

@ Ug € O+ \ {0}
e Using H(f)(v) and H(f)(iv), we obtain 0 < ug < w..
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Main Existence of two constant sign solutions >

@ Ug € O+ \ {0}
e Using H(f)(v) and H(f)(iv), we obtain 0 < ug < w..

o Working with @_, we obtain a nontrivial negative solution
vg € —int Cy, with w_(z) < wvp(z) <0 for all z € Q.
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Main Existence of two constant sign solutions Existence of ano

Mathematical background for the second existence

result

Let X be a Banach space and X* its topological dual. Let
¢ € CY(X). We say that ¢ satisfies the ”C-condition at the level
¢ € R” (the C.-condition for short), if the following is true:

"Every sequence {z, }n>1 € X such that
o(xn) = cand (1 + ||za|)¢' (2,) — 0 in X* as n — oo,

admits a strongly convergent subsequence”.
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Main Existence of two constant sign solutions Existence of ano

Mathematical background for the second existence

result

Let X be a Banach space and X* its topological dual. Let
¢ € CY(X). We say that ¢ satisfies the ”C-condition at the level
¢ € R” (the C.-condition for short), if the following is true:

"Every sequence {z,}n>1 C X such that
o(xn) = cand (1 + ||za|)¢' (2,) — 0 in X* as n — oo,
admits a strongly convergent subsequence”.

Theorem (MPT, [3])

If o € CY(X) and r > 0 satisfies

max{p(zo), p(z1)} < inflp(z) : |z = zol = 7] =1, [lz1 — 20l > 7

¢ = inf er maxg<i<1 p((t)), with

I'={y€C([0,1],X): v(0) = zo, (1) =21}, and

@ satisfies the C.-condition,

then ¢ > n and c is a critical value of ¢. Moreover, if ¢ = n,, then ¢
has a critical point x € X such that o(z) = ¢ and ||z — zo|| = 7.
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ns Existence of ano

If o : WHP(Q) — R is the energy functional for problem (1) defined by

o(u) = / G(z,Du)dz — / F(z,u)dz for all u € WHP(Q),
Q Q

then from (7) it follows that @i, w,] = P[0, w,] and

Olw_,0] = P—|[w_,0], and so from the proof of Theorem 1 it follows

that ug, v are both local C}(Q)-minimizers of ¢, hence the result

below guarantees that ug, vy are also local WP (£2)-minimizers of ¢.
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ns Existence of ano

If o : WIP(Q) — R is the energy functional for problem (1) defined by

o(u) = / G(z,Du)dz — / F(z,u)dz for all u € WHP(Q),
Q Q

then from (7) it follows that ¢|(0, w,] = P40, w,] and

Olw_,0] = P—|[w_,0], and so from the proof of Theorem 1 it follows
that ug, v are both local C}(Q)-minimizers of ¢, hence the result
below guarantees that ug, vy are also local WP (£2)-minimizers of ¢.

Theorem (Motreanu-Papageorgiou, [9])

If up € WP(Q) is a local C}(Q)-minimizer of @, i.e. there exists
po > 0 such that

¢(uo) < @(ug +h) for all h € Cr(Q), [hllca ) < po

then ug € CL(Q) and ug is a local WP (Q)-minimizer of ¢, i.e. there
exists p1 > 0 such that

¢(uo) < @(uo + h) for all h € W, P(Q), [[A]l < p1.
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Main of two constant sign solutions E: nce of ano

Second Existence Result

Theorem 2

If hypotheses H(a) and H(f) hold, then problem (1) has two more
nontrivial, constant sign smooth solutions

ueintCy, up <u, up #u, v € —intCy, v <wg, U#vg.
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Main b ence of twec n olutions Existence of ano

Second Existence Result

Theorem 2

If hypotheses H(a) and H(f) hold, then problem (1) has two more
nontrivial, constant sign smooth solutions

ueintCy, up <u, up #u, v € —intCy, v <wg, U#vg.

We consider the following Carathéodory truncation-perturbation of
the reaction f(z,x):

~ f(zu0(2)) +uo ()P~ if @ < ug(2)
h—|—(z,$):{ (0 x)_|_;pg 1 lfUO(Z)O<iZ? and

~ B ( 71-) ‘x|p_2x ifz < 'UO(Z)
)= { ol P 2ue) e £, D

We set Hy(z,z) = IN h(z, s)ds and consider the C'-functionals
Yyt WhP(Q) = R defined by
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Main e of two constant sign solutions Existence of ano

o~

Py (u) = / G(Z,Du)dz—&—lHqu—/ ﬁi(z,u)dz for allu € W1P(Q).
Q p Q
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Main e of two constant sign solutions Existence of ano

o~

Py (u) = / G(Z,Du)dz—&—lHqu—/ ﬁi(z,u)dz for allu € W1P(Q).
Q p Q

° 1Z+ satisfies the C-condition.
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Main e of two cons sign solutions Existence of ano

o~

Py (u) = / G(Z,Du)dz—&—lHqu—/ ﬁi(z,u)dz for allu € W1P(Q).
Q p Q

° 1Z+ satisfies the C-condition.
e We obtain a nontrivial positive smooth solution of (1),
Uy € intC’+, ug < Ug.
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Main e of tv s sign solutions Exi ce of ano

o~

Py (u) = / G(Z,Du)dz—&—lHqu—/ ﬁi(z,u)dz for allu € W1P(Q).
Q p Q

° 1Z+ satisfies the C-condition.

e We obtain a nontrivial positive smooth solution of (1),
Uy € intC’+, ug < Ug.

o If 5y # ug, then we are done.
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Main of two constant sign solutions Existence of ano

o~

Py (u) = / G(Z,Du)dz—&—lHqu—/ ﬁi(z,u)dz for allu € W1P(Q).
Q p Q

° 1Z+ satisfies the C-condition.

e We obtain a nontrivial positive smooth solution of (1),
Uy € intC’+, ug < Ug.

o If 5y # ug, then we are done.

o If ug = g then it is a local WP (2)-minimizer of zZ+. If it is not
an isolated critical point of 1Z+, then we have a whole sequence of
distinct positive smooth solutions u, € int Cy of (1) such that
Un, > ug for all n > 1 and so we are done.
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Main of two constant sign solutions Existence of ano

o~

Py (u) = / G(Z,Du)dz—&—lHqu—/ ﬁi(z,u)dz for allu € W1P(Q).
Q p Q

1Z+ satisfies the C-condition.
We obtain a nontrivial positive smooth solution of (1),
Uy € intC’+, ug < Ug.

If 4y # ug, then we are done.

If ug = g then it is a local W}P(Q))-minimizer of zZ+. If it is not
an isolated critical point of 1Z+, then we have a whole sequence of
distinct positive smooth solutions u, € int Cy of (1) such that

Un, > ug for all n > 1 and so we are done.

If ug = g is an isolated critical point of zZ+ then we can apply
the MPT and we obtain a € W,}'?(£2) such that

U > wug, UFuu € intCy, and solves (1). (12)
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Main of two constant sign solutions Existence of ano

o~

Py (u) = / G(Z,Du)dz—&—lHqu—/ ﬁi(z,u)dz for allu € W1P(Q).
Q p Q

1Z+ satisfies the C-condition.
e We obtain a nontrivial positive smooth solution of (1),
Uy € intC’+, ug < Ug.

o If 5y # ug, then we are done.

o If ug = g then it is a local WP (2)-minimizer of zZ+. If it is not
an isolated critical point of 1Z+, then we have a whole sequence of
distinct positive smooth solutions u, € int Cy of (1) such that
Un, > ug for all n > 1 and so we are done.

o If ug = 4g is an isolated critical point of zZ+ then we can apply
the MPT and we obtain a € W,}'?(£2) such that

U > wug, UFuu € intCy, and solves (1). (12)

o Similarly, working this time with 12)\_, we obtain a second
negative smooth solution v € —int C., v < vy, U # vg.
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A variational characterization of \;

Proposition (Aizicovici-Papageorgiou-Staicu [1])

Let 0BF" = {u € LP(Q) : |lull, = 1} and S = WLP(Q)NoBF". We
have:
A1 = infy g max_y<i<1 [|[DY(E)|5, where

T'={7€C(-1,1],8): F(~1) = ~Tp, F(1) = T}
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Third Existence Result

Theorem 3.1

If hypothesis H(a) and H(f) hold, then problem (1) has a nontrivial
smooth solution y € C}(Q) such that vo <y < g, y # vo, Y # Ug -
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Third Existence Result

Theorem 3.1

If hypothesis H(a) and H(f) hold, then problem (1) has a nontrivial
smooth solution y € C}(Q) such that vo <y < g, y # vo, Y # Ug -

o Let p = max{||ug||oc, ||v0]loc} and take 6, > 0 as in hypothesis

H(f)(v).
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Third Existence Result

Theorem 3.1

If hypothesis H(a) and H(f) hold, then problem (1) has a nontrivial
smooth solution y € C}(Q) such that vo <y < g, y # vo, Y # Ug -

o Let p = max{||ug||oc, ||v0]loc} and take 6, > 0 as in hypothesis
H(f)(v).

o We introduce the following Carathéodory
truncation-perturbation of f(z,x):

f(z,v0(2)) + 0p|vo(z)|p’2vo(z) if © <wvo(z)
I(z,2) = f(z,x) + Hp|x\p_2x ifvg(z) <z <wup(z) (13)
f(z,uo(2)) + ,up(2)P ! if ug(z) < x.
fo z,8)ds.
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Third Existence Result
Theorem 3.1

If hypothesis H(a) and H(f) hold, then problem (1) has a nontrivial
smooth solution y € C}(Q) such that vo <y < g, y # vo, Y # Ug -

o Let p = max{||ug||oc, ||v0]loc} and take 6, > 0 as in hypothesis
H(f)(v).

o We introduce the following Carathéodory
truncation-perturbation of f(z,x):

f(z,v0(2)) + 0p|vo(z)|p’2vo(z) if © <wvo(z)
I(z,2) = f(z,x) + Hp|x\p_2x ifvg(z) <z <wup(z) (13)
f(z,uo(2)) + ,up(2)P ! if ug(z) < x.
fo z,8)ds.

° The correspondlng energy functional 7 : W!P(Q) — R defined by
0
u) = / G(Z,Du)dz+;p||UH§—/ L(z,u)dz for allu € W}P(Q)
@ Q

is CL.
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o li(z,x) =l(z,+aF) and Ly (z,2) = [ l+(z,s)ds
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o li(z,x) =l(z,+a%) and Ly (z,2) = [ l+(z,s)ds
o 71 : WhP(Q) — R defined by

0
7 (u) = / G(z,Du)der?pHqu—/ Li(z,u)dz for allu € WP(Q).
Q Q
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o li(z,x) =l(z,+a%) and Ly (z,2) = [ l+(z,s)ds
o 71 : WhP(Q) — R defined by

0
7 (u) = / G(z,Du)der?pHqu—/ Li(z,u)dz for allu € WP(Q).
Q Q
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o li(z,2) = (2, +a%) and Li(z,2) = [; l+(z,5)ds
o 71 : WhP(Q) — R defined by

0
Te(u) = / G(z,Du)der?pHquf/ Li(z,u)dz for allu € WP(Q).
Q Q

o K, ={ueWrr(Q): 7'(u) = 0} C [vo, uo],
Ky ={ueW,P(Q): 7 (u) =0} C [0, ug),
K, ={ueWwhr(Q): 7" (u) =0} C [vg, 0].

o Ifue K, and @ ¢ {0, up}, then @ € intCy, 4 <ug <uisa
third positive solution of (1) so we are done. Similarly for K.
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o li(z,2) = (2, +a%) and Li(z,2) = [; l+(z,5)ds
o 71 : WhP(Q) — R defined by

0
Te(u) = / G(z,Du)der?pHquf/ Li(z,u)dz for allu € WP(Q).
Q Q

o K, = {ue WiP(Q): 7(u) = 0} C [vn, o),
K+ :{’LLEW%’p( ): Tjr( ):0} [07 uO]?
K, ={ueWwhr(Q): 7" (u) =0} C [vg, 0].

o Ifue K, and @ ¢ {0, up}, then @ € intCy, 4 <ug <uisa
third positive solution of (1) so we are done. Similarly for K.

o K. ={0,up}, K;_ = {vo, 0}.
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o li(z,2) = (2, +a%) and Li(z,2) = [; l+(z,5)ds
o 71 : WhP(Q) — R defined by

0
Te(u) = / G(z,Du)der?pHquf/ Li(z,u)dz for allu € WP(Q).
Q Q

o K, = {ue WiP(Q): 7(u) = 0} C [vn, o),
K+ :{’LLEW%’p( ): Tjr( ):0} [07 uO]?
K, ={ueWwhr(Q): 7" (u) =0} C [vg, 0].

o Ifue K, and @ ¢ {0, up}, then @ € intCy, 4 <ug <uisa
third positive solution of (1) so we are done. Similarly for K.

o K. ={0,up}, K;_ = {vo, 0}.

e ug and vy are local WP (2)-minimizer of 7.
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l+(z,x) = (z,22%) and L (z,2) = [ 1+(2, s)ds
71 : WHP(Q) — R defined by

0
Te(u) = / G(z,Du)der?pHquf/ Li(z,u)dz for allu € WP(Q).
Q Q

— {w e WEP(Q) : (u) = 0} C [vp, o),
K+ :{’LLEW%’p( ): Tjr( ):0} [07 uO]?
K, ={ueWwhr(Q): 7" (u) =0} C [vg, 0].

If e K, and @ ¢ {0, ug}, then t € int Cy, 4 <ug <uis a
third positive solution of (1) so we are done. Similarly for K.
K + = {O? Uo}, K. = {’Uo, O}

up and vg are local W, (Q)-minimizer of 7.

As before, we may assume that wug is an isolated critical point of
7. Since 7 satisfies the C-condition we can use the MPT. So, we
can find y € WP(Q) such that

7(vo) < 7(uo) <7, < 7(y) = inf max 7(y(t)),  (14)

where I' = {y € C ([0, 1], W1?(Q)) : ~(0) = vo, ¥(1) = uo} and
(y)=0. (15)
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o From (14) we see that y ¢ {ug, vo}, while from (15) it follows
that y € [vo, uo].
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Five Solut

o From (14) we see that y ¢ {ug, vo}, while from (15) it follows
that y € [vo, uo].

o It remains to show that y # 0. To this end, by virtue of (14) it
suffices to produce a path v, € I' such that 7,, <0 = 7(0).
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Five Solut

o From (14) we see that y ¢ {ug, vo}, while from (15) it follows
that y € [vo, uo].

o It remains to show that y # 0. To this end, by virtue of (14) it
suffices to produce a path v, € I' such that 7,, <0 = 7(0).

e We can find s* € (0,1) and a continuous path 7, such that
Yo = s*7 connects —s*uy and s*ug and satisfies

TH, < 0. (16)
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Five Solut

From (14) we see that y ¢ {ug, vo}, while from (15) it follows
that y € [vo, uo].

It remains to show that y # 0. To this end, by virtue of (14) it
suffices to produce a path v, € I' such that 7,, <0 = 7(0).

We can find s* € (0,1) and a continuous path 7, such that
o = 8*4 connects —s*uy and s*uy and satisfies

TH, < 0. (16)

We can find two continuous path 4, and 4_, connecting
respectively s*1g and ug and —s*%y and vg. These paths satisfies

Tz, <0, 75 <0. (17)
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Five Solut

From (14) we see that y ¢ {ug, vo}, while from (15) it follows
that y € [vo, uo].

It remains to show that y # 0. To this end, by virtue of (14) it
suffices to produce a path v, € I' such that 7,, <0 = 7(0).

We can find s* € (0,1) and a continuous path 7, such that
o = 8*4 connects —s*uy and s*uy and satisfies

TH, < 0. (16)

We can find two continuous path 4, and 4_, connecting
respectively s*1g and ug and —s*%y and vg. These paths satisfies

Tz, <0, 75 <0. (17)

Concatenating 7_, 7y and 74, we produce a path 7, € T' such
that
TR, < 0,

hence, owing to (14) we deduce y # 0.
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Five Solut

Theorem 3.2
If hypotheses H(a) and H(f) hold, then problem (1) has at least five
nontrivial smooth solutions

ug, € int Cy, ug < U, ug # U, vg, 0 € —int Cy, U < vg, vg £V

a’ndyec'rlb(ﬁ>\{0}7vogy§u07 y#u()a y#v[]'
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