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Abstract

We prove some existence results for the fractional Yamabe problem in the case that
the boundary manifold is umbilic, thus covering some of the cases not considered by
Gonzalez and Qing. These are inspired by the work of Coda-Marques on the boundary
Yamabe problem but, in addition, a careful understanding of the behavior at infinity for
asymptotically hyperbolic metrics is required.

1 Introduction and statement of results

Suppose that X™*! is a smooth manifold with smooth boundary M" for n > 3. A function
p is a defining function on the boundary M™ in X"*! if

p>0in X" p=0on M™, dp+#0on M".

We say that a Riemannian metric g7 on X"*! is conformally compact if, for some defining
function p, the metric § = p?¢g* extends smoothly to X" This induces a conformal class
of metrics h = g|ram on M™ as defining functions vary. The conformal manifold (M™, [h]) is
called the conformal infinity of (X"*1 g*).

A metric g is said to be asymptotically hyperbolic if it is conformally compact and
the sectional curvature approaches —1 at infinity, which is equivalent to |dp|lg = 1 on M™.
If we have that Ric[gt] = —ng™, then we call (X"*!,g7) a conformally compact Einstein
manifold. In these settings, given a representative h of the conformal infinity, there exists a
unique defining function p such that in a tubular neighborhood near M, the metric g™ has
the normal form )

gt =2t jh” ,
p
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where h, is a one-parameter family of metrics on M satisfying hg = h. In the Einstein case
we may assume that h, as an asymptotic expansion which is even in powers of p. This is only
true up to order n, but it will not be relevant to our study (see [10] for an introduction). We
also denote g = p?g+. )

For the rest of the paper, we will fix v € (0,1). The conformal fractional Laplacian Pff is
constructed as the Dirichlet-to-Neumann operator for the scattering problem for (X, ¢"). In
particular, from [16] and [11], it is known that if given f € C°°(M), then for all but a discrete
set of values s € C, the generalized eigenvalue problem

—Agru—s(n—s)u=0, in X, (1.2)
has a solution of the form
u=Fp"* +Gp®, F,GeC®X), Fly—o=1. (1.3)
The scattering operator on M is defined as
S(s)f = Glwm,

and it is a meromorphic family of pseudo-differential operators in whole complex plane. In
fact, the values s = 5, § + 1,... are simple poles of finite rank, these are called the trivial
poles. S(s) may have other poles (corresponding to the L2-eigenvalues for —Ag+), but we
will assume in the rest of the paper that we are not in such cases. More precisely, we will
require that A\j(—Ag+) > %2 — 2, if one writes s = % + for v € (0,1) (this condition on
—Ag+ was not written in [5] but it should be added in [9] for the study of the fractional
Yamabe problem). Then the conformal fractional Laplacian on (M, h) is defined as

I'(v)
T(—y)

Here the dependence on g7 is always implicitly understood. With this normalization, the

PviI = de(g +7), for a constant d., = 2%7

principal symbol of the operator Pﬁ equals that of (—A;)7. The operators Pﬁ satisfy the
following conformal covariance property: under a conformal change of metric

4

ﬁw = wn—2v B, w > 0,
we have
. Cat2y g
Ppg =w 2 Pl(wg), (1.4)
for all smooth functions ¢. One can also define “fractional order curvature”
6 h
9 = Py(1). (1.5)

From (1.4) and (1.5), we obtain the fractional curvature equation

n+42~vy 7

Plw = wn=2 Qv (1.6)




The fractional Yamabe problem for v € (0,1) was introduced in [9]. In that paper the
authors consider the following scale-free functional on metrics in the conformal class [h] given
by

) [, Q" dv;
Lh) = A=

 (fyy dvy)

I, called the y—Yamabe functional. Once h is fixed, one can write

N e waP,éwdv;L

LJw, h] := I, [hy] >,
' R

The corresponding v— Yamabe problem is to find a metric in the conformal

2n

where 2% = .
n—2y

~

class [h] that minimizes the y—Yamabe functional I,. As in the scalar curvature case one
defines the y—Yamabe constant by

Ay (M, [R]) = inf{L,[h] : b € [B]}.

It is clear that A, (M, [A]) is an invariant in the conformal class [h] when g* is fixed.
In particular, if w is a minimizer of I,[w, h], then the metric h,, has constant fractional
curvature; indeed, such w is a solution to

7 n42y

P;Lw = cwn—27. (1.7)

It is well known ([9]) that the sign of such constant ¢ is equal (or zero) to the one of A(M, [h]).

The non-local equation (1.6) on M may be written as a degenerate elliptic problem in X.
Indeed, one has the following extension problem (see [5, 9, 4]). For the rest of the paper, we
consider v € (0,1) and we write a = 1 — 27.

Lemma 1.1 ([5]). Let (X,g") be an asymptotically hyperbolic manifold as explained above.
Given f € C*°(M), the generalized eigenvalue problem (1.2)-(1.3) is equivalent to

—div(p*VU) + E(p)U =0 in (X,g),
Ulp=o=f on M,

where U = p*"u and U is the unique minimizer of the energy
F) = [ o 19VEdu+ [ BV g
X X
among all the functions V€ W12(X, p®) with fized trace V|,—o = f. Here

E(p) = p~ "7 (= Agr = s(n —5))p" .

or equivalently,

Moreover,



1. Fory € (0,3),

hp % pim o0
P f=-d ;1_r>r(1)p o,U. (1.8)

2. For~=

7

N[ =

he 1 -1
Pif =~ limd,U + "3 H .
where H is the mean curvature of (M, iL)
3. For~ € (%, 1), expression (1.8) holds if and only if H = 0.

Here the constant is given by
7oAl
In the following we assume that H = 0 in the case v € (1/2,1). Note that this is
automatically true in the Einstein case since the term h, in the normal form (1.1) for the
metric g7 only has even terms in the expansion.
We also define the functional

(1.9)

A [y (0°IVUR + B(p)U?) dug
(o U dvy P>

1,[U,h) (1.10)

As a consequence of Lemma 1.1, a minimizer TV will give a minimizer for the y-Yamabe
functional I,. In particular, if one defines

&,(X, [B]) = inf{T, [0 4] : U € WH(X, %)),

then R R
K’Y(X7 [h]) = A’Y(M7 [h])

We define the usual fractional Sobolev norm on M
HwH%—[’Y(M) = HUJH%;(M) +/MU)(—A;L) wdvﬁ,

and the weighted norm in the extension

1012120y = /X IV dog + /X U dv,,

Thus the minimization problem for the functional (1.10) is related to the well known trace
Sobolev embedding
WL2(M, p*) — HY (M) — L* (M).

(see the papers [9] and [13], and the references therein). On the Euclidean case M = R,
X = RZLFH the best constant in the Sobolev inequality above may be explicitly calculated.
Indeed, for every U € Wl’Q(RIH, y?), let w :=U(-,0), then

||wH%2* Ry < S’(n,fy) y“]VU|2 dxdy, (1.11)
( ) Rn+l
+



where

T (n72ﬁ/>
_ " 2 ny | — 22
S(nf)/) = d'yS(nv’Y)v S(nv’Y) = Fi‘UOZ(S )‘ "

Equality holds if and only if

u 2
=c|—————— , e R"™,
w(w) C(!x—x0]2+/ﬂ v

for c e R, p > 0 and x¢ € R" fixed, and U is the Poisson extension of w given by

1—a

U(z,y) = J de.
e = [ e

In addition, (1.11) allows to calculate the best 7-Yamabe constant on the sphere with its
canonical metric as the boundary of the Poincaré ball A, (S", [¢.]) by stereographic projection.

Indeed,
1

S(n,y)
The manifold version of (1.11) was considered in [13]. From their results one can show
that, in general,

Ay (S, [ge]) = (1.12)

Ay(M, [h]) > —cc.
We have all the ingredients needed to handle the fractional Yamabe problem. Indeed, as
in the standard Yamabe problem (cf. [14, 19]), one must compare the value of the Yamabe
constant to the one on the sphere:

Proposition 1.2 ([9]). Fiz vy € (0,1). Let (X" gT) be an asymptotically hyperbolic mani-
fold with conformal infinity (M, [h]) as explained above and assume, in addition, that H = 0
when y € (3,1). Then,

~

A’Y(Mv [h]) S A’Y(Sn’ [gc])'

Moreover, the strict inequality

~

Ay(M, [h]) < Ay(S™, [ge]) (1.13)

ensures that the y— Yamabe problem for (M, ﬁ) is solvable.

The question is now when the strict inequality is attained. Note that when v = 1/2, in
the conformally compact Einstein setting, the lower order term has a very simple expression
E(p) = L R; and the functional simply reduces to

7 b= (IVUZ + 2L RgU?) dug
1/2[U, h] = /Xn+1 (an U2 d“k)2/2*

Thus the 1/2-Yamabe problem is almost exactly the boundary problem proposed by Escobar
in [6] and later studied by Marques [15], Han and Li [12] and Brendle [2], for instance. The
problem consists of looking for a conformal metric on (X,g) of zero scalar curvature and



constant mean curvature on the boundary. Escobar [6] considered the case that M as a non-
umbilic point for dimensions n > 5, and some other particular cases. Marques completed the
umbilic case for large dimensions under some non-vanishing conditions on the Weyl tensor.

For the fractional Yamabe problem, the only case that has been studied so far is when
M contains a non-umbilic point under some dimension and curvature restrictions (see [9]).
In particular, there it is assumed that

p~ 2 (Rlg"] — Ric[g*|(pdp) +n?), as p — 0. (1.14)

Their main result is the construction of a suitable test function near the non-umbilic point
satisfying R
A’Y(Ma [h]) < A’Y(Sn7 [QCD

and hence the y—Yamabe problem is solvable for 7 € (0,1). Note that condition (1.14) is an
intrinsic curvature condition of an asymptotically hyperbolic manifold, which is independent
of the choice of geodesic defining functions.

On the other hand, compactness and asymptotic behavior results for Palais-Smale se-
quences for fractional Laplacian equations with critical nonlinearities such as (1.7) were con-
sidered in [17, 18, 7].

The main purpose of this paper is to use Marques results in [15] on the umbilic case
in order to give further results on the solvability of the fractional Yamabe problem for any
v € (0,1). In the proof we need to use the construction of conformally compact Einstein
metrics with prescribed conformal infinity by Fefferman and Graham [8].

Theorem 1.3. Fizn > 5. Suppose that (X", gf) is an (n—+1)-dimensional asymptotically
hyperbolic manifold with conformal infinity (M, [h]) satisfying

7" Fijlp=0 = 0, (1.15)
8,F | po = 0, (1.16)
7905y Fijlp=o = 0, (1.17)

where F' is the tensor
Flg™] = p(Riclg™] + ng™).
Assume that M is umbilic. Then if there is a point p € M such that

Ric,, ,[g](p) <0, (1.18)
then

Ay (M, [h]) < Ay(S™, [ge]),
where Ric[g] is the Ricci tensor for the metric g = p*g* and p is the geodesic defining function
that appears in the normal form of g* with respect to the choice of conformal representative
h in the conformal infinity.

Remark 1.4. As shown in Lemma 2.3 and (2.17), the condition of the existence of point p
satisfying (1.18) is intrinsic for g%, and it does not depend on the choice of the representative
in the conformal class (M, [h]). Note also that condition (1.15) is precisely (1.14). Moreover,
the umbilicity condition together with (1.15) imply that F|,—o = 0. In the Einstein case,

F=0.



Theorem 1.5. Fizn > 5+2v. Suppose that (X1, g") is an (n+1)-dimensional conformal
compact Finstein manifold with conformal infinity (M, [h]) and such that M is umbilic. Then

if there is a point ¢ € M such that W[h](q) # 0,

Ay (M, [h]) < Ay (8", [ge))-
Here W[iL] stands for the Weyl tensor of the metric h.

Remark 1.6. The condition on the Weyl tensor in the theorem above is also conformal
invariant on M. As we will see in the proof of this theorem, it is enough to assume that the
first and third terms h(Y and h®) in the expansion of the metric h, vanish, which is weaker
than the Finstein condition.

The idea of the proof of both theorems is to find a suitable test function to calculate the
value of the functional (1.10) and compare it to its value on the sphere. The first step is
to choose a particular background metric (X, g) with very precise asymptotic behavior near
p. However, in contrast to the works of Escobar [6] and Marques [15] on the 1/2-Yamabe
problem, where they are free to choose conformal Fermi coordinates on the whole extension
manifold (X, g), our freedom of choice of metrics is restricted to the boundary. Once h; € [h]
is chosen, then the metric g; is uniquely given by the defining function p; appearing in the
normal form (1.1), i.e., g1 = (p1)%g. Hence we will make some assumptions on the behavior
of the asymptotically hyperbolic manifold in order to have a suitable background metric on

the conformal infinity, and we will develop some generalized conformal Fermi coordinates.

2 Suitable conformal Fermi coordinates

We fix (X™*1, 3) a smooth Riemannian manifold with boundary M™, and let k = g|p;. As we
have mentioned in the introduction, we need to choose a very particular background metric
for X near an umbilic point p € M.

We follow the notation from [15]. Throughout this section we will make use of the
index notation for tensors; commas will denote covariant differentiation. When dealing with
manifolds with boundary, we will use the indices 1 < 4,3, k,[,m,p,r,s <nand 1 < a,b,c,d <
n+1. The Greek letters o and S will be multiindices. In Fermi coordinates on a neighborhood
M x [0,¢€) the letter ¢ will refer to the normal direction to M, and we can write

G=h+hWt+ @ 4+ B33 L Dt 4 oh).

In particular, AV is the second fundamental form on M (up to a constant factor), and the
mean curvature (up to a constant factor) is given by

1
H=="Tr; h.
n

We say that a point p € M is umbilic if the tensor T;; = hgjl.) — Hg;j vanishes at p.

We will denote V the covariant derivative and by Rgp.q the full Riemannian curvature
tensor. The Ricci tensor will be denoted by Ricg, the scalar curvature by R. The Weyl



tensor will be denoted by W. Tensors in the metric g will be over-lined; an object without
lines will be given with respect to the boundary metric h. We will also use the definition

1
Sym21zr j-"il...ir = ﬁ Z Tia(l)...ig(r);
g

where o ranges over all the permutations of the set {1,...,7}.
We finally recall that

Tr; h'® = —2Ric[g)(9,) + 3||nW| 1% (2.1)
and
Rlg) = 2Riclg)(9,) + B[R] + % (In V]2 - H?) . (2.2)

The following lemma is about expansions for the metric g;; under an additional hypothesis
on the second fundamental form at p € 90X,

Lemma 2.1 ([15]). Suppose Vahgjl-) =0 at p € OM for every |a| < 3. Then, in Fermi
coordinates around p,

g 1 _
g7 (z,t) = 5ij + *Rikjlivkﬂ?z + Ryt

3
Rzk’]l mTETITm + thtj kt T + Rtltj tt

1

1
20 Rzk]l mp + 15
1

3 Symz‘j(Rikiststj)> 2

+ Rzkis]msp> LTI TmLp
(23)
+ R titgkl T

Ryt 3T

’_‘w\}_n/\/\@

+ E(Rtitj,tt + 8Ryjts Ristj)t* + O(r°),
where r = |(x,t)|, and the curvatures are evaluated at p. In addition,

detg=1-— %Rickl,mkalwm — Rictt,kt%k

17 3 1 : 1
- gRZCtt,tt + (_%Rlckl,mp - %Rikisimsp) LT TmTp

— 1 (2.4)
— L Ricy pit*zra — ngtt,tktgxk

+ 51 (—2Ricy e — 4(Ryitj) )t + O(|(z, 1) ).

Next, as we have mentioned in the introduction, given an asymptotlcally hyperbolic man-
ifold (X "“ g") and a representative h of the conformal infinity (M™,[h]), one can find a
geodesic deﬁnlng function p such that in a neighborhood M x (0,¢) of X the metric g™ has
the form )

g+ = dp® + h,

R (2.5)



where h, is a 1-parameter family of metrics on M satisfying ho = h. We say that such g7 is
written in normal form. We write

g=p'g" =dp®+h,=dp* + h+hWp+ 1@ p2 4 BB 3 L Dt 4 o(p") (2.6)

near the conformal infinity. One may define an umbilic point p € M for the asymptotically
hyperbolic case if such point is umbilic with respect to this metric g. If every point at
the boundary is umbilic, we say that the asymptotically hyperbolic manifold has umbilical
boundary.

Note that the set of umbilic points of the boundary is a conformal invariant. Assume
that we are given p and p two different geodesic defining functions of M in X associated with
representatives i and & of the conformal infinity (M™, [ﬁ]), respectively. We may write

g" = p72(dp® + hy) = p3(dp” + hp)
near M, where R . . .
hy=h+phD +0(p?), hz=h+phY + O0(?)

near the conformal infinity. Then it was proven in [9] that
WY = (3/p)]pmph") on M.

In particular ~
H= (3/p)|,_gH on M

In the following lemmas we will present some technical results on the expansion on the
metric written in normal form (2.5)-(2.6) near the conformal infinity under some extra ge-
ometric assumptions. These will be needed in the proof of the main proposition in this
section.

Lemma 2.2. Suppose that (X"*!, g%) is an asymptotically hyperbolic manifold and p is a
geodesic defining function associated with a representative h of the conformal infinity (M™, [i@])
such that g© is written in normal form. Assume that X has umbilical boundary, and that
(1.15)-(1.17) hold. Then, for every point on the boundary p =0,

H=0, hY=o, (2.7)
Tr, h® — 2(?[’% (2.8)
B2 _ R[h];z ;_2(21)(—717%_)11?;’0%]7 (2.9)
To, 9 = R[hp],pp!p(;(; 2_(:;)— Q)Hh@)H% (2.10)

Proof. The ideas come from [9] and go back to the work of Fefferman and Graham [8] on
the construction of Einstein metrics with prescribed conformal infinity. Recall formula (2.5)
from [10]

1
ph; 4+ (1 — n)hi; — AR Ry — phklh;kh;.l + 5ph’“h;dh;j — 2pRic;j[h,) = Fyj, (2.11)

9



where h;; denotes the tensor h := h,, derivation " denotes 0,, and Ric[h,] denotes the Ricci
tensor of h, with p fixed.
In the first step, taking trace in (2.11) with respect to h, gives

pTrp b + (1= 2n) Ty b — p||W||2 + Lp(Try 1')* — 2pR[h] = Ty, F,
which implies, using (1.15), that
Tr; A =0 at p=0.
Together with the umbilicity condition we can conclude (2.7) and, as a particular consequence,
Fly—0 =0.
Next, we differentiate (2.11) with respect to p and set p = 0. We obtain

(2= n)hf; + |1 |[*hij — (Try, B hij — 5(Tej, W)hl; — WF R I — 2R = 0,F; at p = 0. (2.12)

Taking the trace, and using (2.7) and that we are umbilic we arrive at

R[h]

1—n

Tr;, n' = at p=0,

which immediately yields (2.8). As a consequence, we also have from (2.12), recalling that
we are in the umbilic boundary case and (1.16), that

~ ~

+2(1 — n)Riclh]
(n—2)(n—1)

R[h]
2

B2 —

Differentiating (2.11) three times and setting p = 0 (again, recalling that we are umbilic
so all the terms with hj; drop out) gives

24(4 — n)hl} + 12| K@ hy; — 24 Tey KR — 24RMB G B = 6 Ricij[hp] ol p=0 + OpppFijlp=0,
(2.13)
where we note that

hl;l — R hg) 7l o
ks (2)7pp 1.(2) 727l Tksp(4)7rly 4 6
+ (BFRQ P b R — R RR™) p* + O(o°).
Take trace to (2.13) gives
24(4 — 2n) Try, h™ + (12n — 24)|hP)||2 = 617 Ricyj(hy) pplp=o + Trj, OpppF | p=0,

from where we obtain (2.10), recalling (1.17). This completes the proof of the proposition.
O

10



The following lemma, together with (2.17), shows that condition (1.18) is independent of
the choice of representative in the conformal infinity (M, [h]).

Lemma 2.3. Let (X", g") be an asymptotically hyperbolic manifold with umbilical bound-
ary. Let h be another representative of the conformal class [h), and let p and j be the geodesic
defining functions associated with h and h, respectively, such that gt is written in normal
form in both cases. Assume that conditions (1.15)-(1.17) are is satisfied. Then at p =0,

Tr;, R = Trj, R 3w,

Proof. We follow [10] on the construction of the normal form for both h and h. Let p=eYp
near the conformal infinity, then
L= (") Pauyoy

which implies

20,w + p [(awpf + |vw|%lp} =0, (2.14)
and

Dpppw = _8p(|vw|%p)7 (2.15)
on p =0.
Next, since we write

gt — dp? +h+hPp? + W3 p3 + O(pY)  dp? +h+ W22 + O 5 4+ 05
- 2 - ~2 )

p P
comparing the coefficients of p?, we must have that
1. 1- -
S+ Wy, + ghwppp = §h(1)e’“’wpp +h®ev,

and thus n 3
Tr;, R 4 gwppp = Try R e3w,

We claim that w,, = 0 on p = 0. This is so because from (2.15) we can write
Wppp = —0, (R O;wdjw) = (0,h"7)0;wdjw + 20" 8;,w;w.

The first term vanishes at p = 0 since hY) = 0 on M, while the second vanishes too because
(2.14) implies that w, =0 on M.
The proof of the lemma is completed. O

Now we are ready for the main result in this section: the construction of conformal Fermi
coordinates in the asymptotic hyperbolic case.

Proposition 2.4. Suppose that (X"T!, g%) is asymptotically hyperbolic manifold with um-
bilical boundary and (1.15)-(1.17) hold. Then given a point p € M, there exists a represen-
tative h of the conformal infinity such that, for the metric written in normal form, we have:

gt =pt(dp* + h,) = p~g,
(i). H=0 on M,

11



(ii). Ric[h](p) =0 on M,
(iii). Riclg](9,)(p) =0 on M,
(iv). Rlg](p) =0 on M,

(v). The expansion for the determinant of the metric, assuming p to be the origin of the

coordinate system {z',..., 2"} on M,

) _ 1_. _
— L Ricp, (9] (p)p*zras — 3 Ricop,pi 3] (p)p’zy,

+ 3 {—2Ricopp0ld] = 4Rpips[3))*} (0) p* + O(I(, ) ).

(Ui). Sym(Rij,kl [h] + %Rpijm[h]Rpklm[hD(p) =0.
(vit). And for the derivatives of the Ricci curvature,

Ricyp pl9](p) = —3Tx;, R (p),

Ralil) __WPlh)
2(n —1) 12(n—1)"

Ricyp 19l (p) =

Here Wh)] is the Weyl tensor for the metric h.

(2.16)

(2.17)

(2.18)

Moreover, if (X, g"%) is a conformally compact Einstein manifold, written in normal form as

gt dp* +h, _ dp® +h+h®p? + bt + O(p°)
p? p? ’

we also have

Ricpp,plgl(p) = 0,
sz‘pj [g] (p) = 07
Ricpp pplg](p) = 0,

.. 7 2 j
Rpipj,ij[g](p) - };&Z’Vi](f)) - _M’

R pplg](p) = 0.

(2.19)
(2.20)
(2.21)

(2.22)

(2.23)

Proof. We fix p € M. The proof uses [14, Theorem 5.1] on the existence of conformal normal
coordinates {x!,... 2"} on M centered at p. In particular, we can choose a representative

h of the conformal infinity such that, at p:

~

(a) chw[h] = 0,

(b) Ric;jr[h] + Ricj[h] + Ric, j[h] =0,

(C) Sym(Ricijvkl [h] + %sz]m[h]Rpklm[h]) = 0’

12



(e) Rulh] = —%|W|2[ﬁ], and moreover, near p, R[h] = O(|z|?).

We immediately get that properties (i) and (vi) are true.
We know that there exists a geodesic defining function p such that we can write g™ in
normal form (2.5)-(2.6). From Lemma 2.2 and the umbilicity property we must have

R =0 and H=0 on M,
which in particular implies that
VoH =0 and V,h) =0 on M.

In the following, we will use overline for curvatures referring to g, while without overline
will mean quantities with respect to the metric h.

Next, we look at the metric g near p. Statement (%ii) follows from (2.1) and (2.8), using
(ii), while (iv) is an immediate consequence of (2.2).

Now we look at the expansion for the determinant det(g) in the umbilic case given in
(2.4). The term with xpz;x,, vanishes because of the choice of h satisfying condition (b). In
addition, recalling (2.1) and (2.8), we have that in in the umbilic case

Using (e) above we see that Ric,, ) vanishes at the point. Thus from (2.4) and the previous
remarks we obtain (v).
Finally, we show (vii). For an expansion

h, = h+h®p? + b3 p3 + KW pt 4 0(p%),

we have that
det h, = det f [1 + Ty hp? + Tr; B3P + {ﬁ R + 1(Tr, h@))2 - %Hh(?)H%} o O(p‘r’)} .
(2.24)

We first recall formula (2.8) for Tr;, h(?). Comparing the coefficients of p? in (2.24) with (2.16)

we must have that, at the point p,
R

%pp,kk = mv

and (2.18) follows from property (e) above. Next, comparing the coefficients of p® we obtain
that at the point p,
15 3
—1Ricy, = Tr; BP),

which shows (2.17).

From now on we assume that 2(3) and h(®) vanish. In this case, we have the asymptotics
hy =h+h%p? + W p* +0(p%),
In particular, (2.24) reduces to

det(h,) = det h |1 + Tr; h® p* + {Trﬁh() + 1(Tr; h®)2 — Lp@)2 }p4+0(p6)]. (2.25)
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Comparing the coefficients of in the asymptotics of (2.16) and (2.25) we conclude that,
recalling (a), (e), (2.8), (2.9) and (2.10), at a point p € M,

Ricpp, =0, (2.26)
1— R ;;

_ §Rpp,kk — m, (2.27)
1 1~ 5 h9Ricij[hy) pplp=o  R"[hy]]p=0

_t I (Ri)? = , - , 2.2
12RZCpp7pp 6 (Rp p]) 8(2 _ ’I’L) 8(2 . n) ( 8)

Equation (2.26) is precisely (2.19). On the other hand, note that

Ricis[h,] = —h¥ 1 32}%1(/?_) & hij(p) a2hiz(/)) B 32}%(0)
TP P12\ Ozi0xI Oxkox!  OxkOxI Oxiox!
+ le(hp)rzrj(hp)hpr(fj) - FZ(hp) Zj(hp)hpr(P)] .

By (2.9), taking derivatives twice in p, the expression above simplifies to

2 2
oy Oy o Ohg

1ij ps M _ _pij 7kl _

(2) 2) (2.29)
2h 9%
— -2 (Gt~ k) (),
8(232)2 Oxkdxt
Using the formula for () from (2.9)
2 2
o
2 i
() 8x’“81x (2.30)
= i +2(1— Crikii — 2(1 — [ Chei ki — i) -
Q(n —_ 2)(n — 1) ([nR, + ( n)RZCkk, ( n)RZCk & R, ]

But, contracting the Bianchi identity
Rigjm.ii + Rikijmi + Rikmiji = 0,
on the indices [, j and again k, m, we get
Ricyi i = 3R i,

so we get that expression (2.30) vanishes at p. Thus, from (2.28) and (2.29) we can conclude
that

1 1
_ERZCpp,pp - 6(Rm'pj> =0. (2.31)

On the other hand, for every point on M,
D 1 < 82§pp 05y 82§ip 82§pj >

Piri = 75 \ 9ridai dp®>  Opdxi  Dpdxi
= L5 Gas + L3155 9as

— _p@
=—h,

(2.32)
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which vanishes at the point p. Thus (2.20) holds. Moreover, putting together (2.31) with
(2.32) we arrive to conclusion (2.21).
Moreover, differentiating (2.32) on the tangential variables, recalling (2.9),

B _ Ryijhij +2(1 — n)Ricij
pPLPI) 2(n — 2)(71 — 1) 5

which, after evaluating at p yields
Ryipjij = gy Riii- (2.33)
This shows (2.22). In addition, we recall the second Bianchi identity
Raped,p + Ravpe,d + Rapdp,c = 0.
In particular, contracting
Rabed,pp + Rabpe,dp + Ravdp,ep = 0,

gives - L L
R,pp = 2RZ'CZ'p7Z'p + 2Ricpp7pp (2.34)

and contracting
Rabcd,pi + Rabpc,di + Rabdp,ci =0

yields L L -
Ricpi,pi = RZ.CppJﬁk — Rpipj,ij- (235)

Thus from (2.33) and (2.27) we conclude that
Ricyip =0 (2.36)

and the point p. Next, from (2.34), interchanging the order of covariant differentiation and
recalling (2.21),

R,pp = 2%/%}/)75 + 2(Ram‘pmaz‘ + Raiipmﬂa) = Q%Mwiv

where we have used (%ii) and (2.20) to cancel out terms. As a consequence, from (2.36), we
conclude B
R pp =0,

which is (2.23). O

3 Some technical lemmas in Rt

We only consider the case v € (0,1) \ {1/2}, since v = 1/2 is much simpler. For the rest of
the section, we also assume that n > 4 4 2.
At first, we review the following fact about Bessel functions (see section 9.6.1 in [1])

15



Lemma 3.1. The solution of ODE
Ous + =056 — 6 =0 (3.1)

maybe written as ¢(s) = sVP(s), for a = 1 — 2, where b solves that is well known Bessel
equation

s20" + sy — (2 + %) =0. (3.2)

In addition, (3.2) has two independent solutions, I, K., which are the modified Bessel func-
tions. Their asymptotic behavior is given precisely by

1 S\7 s? st
R Tersy (5) (1 Tih+D T REFDG+2) > ’

Ko~ P (2) (”4@81 0 +32<fy+814><fy+2> +)

2
L(—v) /s\7 52 st )
ARN S + ),
2 (2> ( Ay+1) 20+ (v +2)
for s = 0%, ~v ¢ Z. And when s — 400,

1 492 -1  (4y? =1)(44? -9
I”(S)N\/%es<1_ 783 + & 2!()8(3)Z )_“'>’

T _, 4y —1 (A= 1)4y* -9
KW(S)N\/;G <1+ 788 +(’Y 2!()8(s)z )+>

We have the following identities:

+

Lemma 3.2. Let ¢(s) = s7K,(s) be the solution to (3.1) (up to multiplicative constant).
Then:

/0 gt (62 + %) ds = 3(“;2) / s+ §2ds, (3.3)
/0 o 7292 ds = g_iz /0 - s2p2ds, (3.4)
/0 o sty — (@50 t3) 5)5(“ +3) /0 +Oo s"T22ds, (3.5)
/0 " gragge = 06— 0) 3)5(5 —9) /0 g, (3.6)
/O+OO sAtag2 g (n —4)(n ;(ita;)(n —3-a) /O+OO sOHag2 g (3.7)

Proof. We only prove (3.5), (3.6) and (3.7) here. Multiply (3.1) by s*"2¢’ and integrate by
parts, we get

—+o00o —+o00 9 —+o00
0= / s . ¢'ds + a/ sy ds + / s9T2 ¢/ ¢ ds
0 0 0

_a+5 /m s9T4p2ds 4+ a /m sty — 0T > /m s9T44%ds.
2 0 0 2 0

16



Then

—+00 —+00
/0 s g2 ds = gfz /0 s p2ds. (3.8)

Next, multiply (3.1) by s%"*¢(s) and integrate by parts. Using (3.8) we can get
0=-— / s*Te?ds + a / s - ¢/ds + / 59 - ¢ ds
0 0 0
+o0 +o00 +00 )
=4 / 3¢ . ¢lds — / 9T 2ds — / s ds (3.9)
0 0 0

oo a+2 ;2 10 oo a+4 2
:2(a+3)/ s pTds — / s g ds.
0 2—alo

Then (3.8) and (3.9) tell us that

+o00 _ +o00
/ Sa+4¢2d5 _ (a’ + 3)5(5 a) / Sa+2¢2dS,
0 0

and

/+oo sa+4¢’2ds _ (a —+ 5)5(0, + 3) /‘+oo Sa+2¢2ds,
0 0

so (3.5) and (3.6) are proved. Next, multiplying (3.1) by s"~4t%¢ and integrating, we can
get

+o0 —4 — oo oo
_/ 8n—4+a¢/2d8 I (n—4)(n—5+a) / stag2gs — / VAl ds. (3.10)
0 0 0

2

On the other hand, multiply (3.1) by s 3%%¢ and integrate it; we obtain

+oo _ “+o0o
/ sV s = nB+a/ sAtaglds, (3.11)
0 n—3—a 0
Finally, (3.10) and (3.11) show that (3.7) is true. O

The following lemma is very classical:

Lemma 3.3 ([3]). Given w € HY(R"™), there exists a unique solution U € WL2(RTH y¢)
for the problem

. a _ . n+1
div(y*VU) =0, in R}, (3.12)
U(z,0) =w, onR"x{0}.
In Fourier variables it is written as
U(¢y) = @(O)e(I¢ly), (3.13)
where
o(s) = c187 K (s) (3.14)
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for a constant ¢ = (—) In particular,

l1—a

Uz,y) =K, *zw—Cnv/ Y = w(T) dz,
m (e =P+ yP) e

where ICy is the Poisson kernel for the problem (3.12). In addition,
o N = —d* T a
(—Apn)Tw d,y%’li%y oyU,

where the constant d7, is given by (1.9).

Proof. We recall some details of the proof for convenience of the reader.
transform in (3.12) with respect to the variable z we obtain

—CPUCy) + 5 Uy (C,y) + Uyy(C,y) = 0
U(¢,0) = w(Q).

Thus we can write

U(¢y) = w(Qe(ICly),
where ¢(t) solves the ODE

Dust+ 20,0 =6 =0, sERy,
40)=1, lim_o(s) =
Then Lemma 3.1 gives the desired identity (3.14).

We denote |[VU|? = (05,U)?+...4 (95, U)*+(9,U)?, and |V, U|? = (95, U)*+

Lemma 3.4. Let
o= () - weR

and set U = ICy %5 w as given in (3.15). Define

Y 222(0,U) 2 dady,

\

R‘H

Y2y 2 BQU) dzdy,
x1x201U82Ud;1:dy,
y T VU 2dxdy,
Y222 (0,U)*dxdy,
a+4ya Ul|2dxzdy,

y x] 2U%dxdy.

18
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Taking Fourier

(0., U)2.

(3.16)



Then
31, =313 = I, (3.17)

and

5n% — 10n? — (a? — 2a + 25)n — 24 + 4a + 30

I3 = 2reyldad
s 20n(n + 2)(n — 3) /Rm Y vy,

3)(5 —
I4 — (a’+ )( G) / y2+aU2dIEdy,
5 RPH1
3+a 3 2 2 2
Is = — - 2a — 55)n — 2 16a — 30
5= 50nG —a)n = 3) (5n° — 30n” — (a® + 2a )n — 2a” + 16a )
. / ya+2U2d$dy,
Ry
I = MM/ ycﬂr?(]Qd%dy7
5 Rn+1
3n2 — 18n — (a? — 2a — 27)
I; =

a+2 2d du.
2(n—3)(3—a)at 1) /Riﬂy U dady

Proof. We write here ( = (&, 7) the Fourier variable for z, where 7 = (11, ...n—1) = (11,7) €
R™~! for 7 € R"2. We only calculate I3 and I here, the rest are very similar. First, note

that
= [Ty [ ekt | deanay

:/ a+2/Rn / 9em0 (. 7, )] Pdgdiidy,
= [Ty [ em(o00)(0,0)dcay,

= [t [ o Pacay
/0+°° / 10,0:U (¢, y)[PdCdy,
/;OO a+4 / (0,U (¢, y))dCdy,

+o0 .
=/ y“/ 10U (¢, y)|*d¢dy.
0 Rn

From Lemma 3.3 we can write

U(¢y) = o(|¢y)w(Q), (3.18)
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and one may prove that U is radial in the variable ¢. Then we compute

+oo R R R R
I = / yot? / [52]8§U\2 + 26U0:U + Uﬂ d¢dy
0 R™

—+o00 .
/O g+ / €210:0 P dCdy

“+oo
_ / Yo+ / £ o (1¢), y)dcdy,
0

12
and
+oo 9
I —/ yt / 110U Pd¢dy
R~
- / . L {72 1¢l, y)dcdy.
1q
Next, for any f(|¢]) radial function, we define
2 4
oo [ PODE
g |C|*
2 2
e Gl
We claim that
X, = 3Y,. (3.19)

Indeed, this is a simple symmetry argument: note that

fQ(K|)(§ + 771)4d< — 2Xa + 6Ya’
Rn ¢l
and, on the other hand, ) .
PUDE+m)* )y
R ¢l

where the last integral is computed using the change of variables

52\}5(54‘771)777 7(5 n1).

Then, from (3.19) we immediately obtain that Iy = 3I. The relation with I3 may be
computed in a similar way. This shows (3.17). Finally, the integral X, may be calculated
thanks to

P2 14 2062 1 2 1 (5(2]2
f |€;J i = S +771a+ |7/ dc
R [C] Rr [q (3.20)
=nXy+nn—1)Y, = n(n3—|—2)Xa‘

20



On the other hand, recalling expression (3.18),

+o0 R
L—- / o2 / €2(0:0 P dCdy
0 Rn
+o00
- /0 Yo+ /R €210ci ) - 63(|Cly) dCdy

+0o0
a+3 5 /
P /0 y / o 0060l (<ly)dcdy

+o0 4
a+4 £ ~2 (12
[t [ Sty cay

=:H, + Hy + Hs.

Direct calculation shows that, after the change of variables s = |(|y,

+oo
H, :/0 sa+2¢2(s) ds/ |C|€a+3 |85w\2d§,
~+o00 4 _ 9¢2)5|2
}I2 :/O Sa+3(f)(8) . ¢ (s)ds /Rn (a’ + 2)’§‘a+73‘5 |"7| w2 dCa

oo +4 412 54 2
H :/ sYT (s ds/ wd(.
T (s) g [C]0F7

Thus, using (3.19) and (3.20) for X4,

+00 N2 ¢4
M= (a=n+3) [P ds [ T

C3a—n+3) [T , Ing
iy, e [ g

3n—a—-3)(a+3) [T 005 w?
= ) /0 ) ds [ e %

3(n —a—3)(a+3) /+°° +2/ .
= a ddd
2n(n + 2) 0 Y nU cdy,

and again, thanks to (3.20), and the relation between ¢ and ¢’ given in (3.5),

1 +o0 2{4
H. = = a+4 /2d
’ 3/0 ¢ / e %
_ 1 oo a+4 4/ 2 A2
- 3n<n+2>/o 0 e %

— (a+5)(a+3) /+00ya+2/ U2d$dy
Sn(n+2) Jo n '

Next, we give the estimate for H;. Note that for w as given (3.16) we have that

w(¢) = Col¢I™ K, (IC]), (3.21)
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where K (s) is the modified Bessel function from Lemma 3.1. This is a well known formula
for which we have not found a proof, so we provide one in the Appendix. We have that

0t = Co [l (D) + 61 K4 (6] - 7
We may calculate directly from (3.20),
2
o2 e |55 (1¢) — 254D ]
Hy = 0 a+2 2 d
' n(n+2)/o s (S)/n ¢[? ‘ (3.22)
_ 3C§|Sn*1| oo a+2 2 oo n—3( g/ 2
S /0 (K (1) — G (8)/1) d

Note that K, (t) is a solution of (3.2). Thus, multiplying this equation by t"_4K§(t) and
integrating we arrive at
T o 3 gt 2 =2 o [T 4
— n— / 1 n— ! n— !/ n— /
0_/0 t KVKth—F/t K/ dt—/o "2 KL dt — /0 " K dt
+oo

2 oo 3712 e 3712 2 372
_ n— n— ! n— ! n— n—
= -5 /0 t KWdH—/o t K7 dt+T ; t Kwdt

+oo
1 (n—4) =52
+ =5 /0 t"P K dt,
from which we get

“+o00 9 1 oo oo
/ K dt = —— {(n —2) / t"BK2dt 4+ 3 (n - 4) / " K2 dt} .
0 n—4 0 0

Expanding out (3.22), taking into account the above expression we arrive at

300‘571 1‘ / a+2¢2

n(n + 2)
+oo
fn— n—3 72 n— n—5 -2
(n_4/0 32 db 4 (292 4 A 4))/0 ] det>
C3IS™HCE ((n—2)(n—54a)(n—3—a)
— n(n+2)0 < T 3) +’y(n—4)+2fy2>

“+oc0 “+o00
: /0 59202 (s) ds /0 IR dt,

where we have used (3.7) to combine both terms above, since ¢(t) := t7K,(t) satisfies (3.1).
Finally, since

+00 +00 400 ~2
Sn—l 02 a+2 42 d n—5K2 dt = a+2 42 d w (|C|) d
S [ s [t = [T e as [ Sl

— / ya+2U2d.’I}dy,
R+
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we obtain a formula for H;

2 ((n—2)(n—5+a)(n—3—a)

=09 i(n—3)

+y(n—4)+ 272> / Y2 U2 dady.
R+

From here we can calculate I, Is, I3 and, in particular,

5n2+5 1 4a% —18a — 10 —2(n-5
I3:< n + (CL+ )'I’L+ a a CL(TI, )(n +a)> /Rn+1 y2+aU2dmdy
+

20n(n + 2) "~ dn(n—3)(n+2)
_5n® = 10n? — (a — 2a + 25)n — 2® + 4a + 30 / 24002 4
- 20n(n + 2)(n — 3) L ! v
Similarly,
+o00o N2 3)(5 —
Iy = / S4+a¢2(8)d5/ ’w|3(+i) d¢ = oo / v dady.
0 R €] 5 Ry

4 Proof of Theorem 1.5

By the work of [9], it is enough to find a suitable test function such that inequality (1.13) is
strictly satisfied.
On R", we fix the conformal diffeomorphisms of the sphere

n—2y
/"L 2
wy(z) = —5——
= (pe)
which satisfy
ntgw

(=8) wy = cwy™, (4.1)

for some positive constant c. We also consider the corresponding extension U, := U(w,,)

from Lemma 3.3, that can be written as
Uu(z,y) = Ky %5 wy,.

It is clear that

1 T 1 T x
wy(r) = ——wi | — ), and Uy(z,y) = —==U <,>
(@) wal(M) o) = i (5

These functions attain the best constant in the trace Sobolev inequality (1.11). More precisely,
looking at (1.12),

Hw“H%Z*(Rn)—S(n,’y)/ VIV UL dedy. (4.2)
R}

From (4.1) we know that U, is the (unique) solution of the problem

div(y*VU,) =0 in R},

n+2 43
B lir% Y o,U, = Cn,“y(wu)nfz3 on R", (43)
Yy—
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On the other hand, if we multiply equation (4.3) by U, and integrate by parts,
/ Y| VU, |* dedy = cn,y/ (wy)? de. (4.4)
Ri—&-l Rn

Now we compare (4.4) with (4.2). Using (1.12) we arrive at
2

A" fo) = ennty | [ o " (4.5)

Note that w, is also radially symmetric and nonincreasing, so also U, = K, *; w,, is
radially symmetric and non-increasing since the kernel K, is as such.

Given any € > 0, let B, be the ball of radius € centered at the origin in R"*! and B
be the half ball of radius € in Ri'H. Choose a smooth radial cutoff function n, 0 < n < 1,
supported on Bs., and satisfying n = 1 on B.. For u << €, we choose as test function simply

Vi =nUy,
for the functional (1.10), which we recall is given by

o & Jxen1 (P*IVV 2+ E(p)V?) dug

.V, h 4.6
'Y[ ] (an VQ* d'l)ib)2/2* ( )
Step 1: Computation of the Energy in B..
Here V), = U,. By Proposition 2.4, using the expansion for \/det g,
/ ya\VUM\gdvg :/ ya[gijaiUu(aqu) + (8yUu)2]dU§
B B
= y*|VU, 2dacdy—|—/ Yy VU2 - O(|(z,y)|?)dzdy
[ eUdsdy + [ 19U -0l .
1— a 1 a _
- ngcy%y /B+ Yy 3V U, 2 dady + 3 /B+ y*|VU,[%(det g) W dzdy
= [+ T+ III+1V,
where (det §)® means the fourth order O(r*), r = |(x, y)|, in the expansion of det g.
As to I1,
| v IVUE - Ol )Py < Cu* [yl ) IV Py
Bt 5 (4.8)
e/u
= 1’[& + o(1)],
where f = o(1) means that
lim f =0,
€/ pu—ro0

and
& :—/ y*|(z,y)|¥| VUL P dxdy.
Rn+1

+
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From (3.21) and expansion formula for K, in Lemma 3.1, it is easy to check that both
Er = / Y RIVUL Pdady < +oo
R

and
/ vz’ VUL Pdady < +oo
Rn+1

+

are finite when n > 5 + 2v, as a consequence, & < 0o.

Next, we estimate the term I11,

11T = —chyy,yu?’/ Y3\ VU, [Pdady — chyy,y/ y*3(g" — 67)(0;Uh)(0,;U1)dxdy
6 B}, 6 B
e/p

15 a
= —gRyy,y,u3 /B+ Y3V U, Pdady

e/

+1° ( /R Y20 (@) ) [V U Pdady + o<1>> :
+
While using (3.3) from Lemma 3.2, recalling (3.13) and the change s = [(]y,
N2 +oo
a+3 2 _ [w]*(¢) a+3 [ 12 2
i VAV = | [ (e ) as

CB42) [ RO [Y g
- /R /O 6%(s)d

2 n [Clot2
3(a+2 “
= % /Rn+1 y* U (2, y)dady.
+
Thus, for n > 5 + 27,
a+2)— a
i = R [ Uy + 06 (19)

+

Now, we give an estimate V. But, noting the symmetry property for the curvature and
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integral,
21V = / . y VU, [2(det g) W dzdy
B¢
= [ v OV Pty + [ (@) = 65)O0)0,0,) dedy

= /B+ y?(det §) VU, |2dzdy + O(u°)

L. 1 .
= <—20chkl,mp - 90Rik:isimsp> /Bj YRy | VU, 2 dady

I 55—
~3 Z Ricyy ik /B+ y 23| VU, [2dzdy
k €

1
12
+O0(1”)

=IV.1+IV2+1V.3+0(°)

(Ricyy,yy + 2(Ryiyj)2) /B+ y VU, P dady

€

Proposition 2.4 (vi) immediately gives that IV.1 = 0. Next, we estimate IV.2. For that, we
write

J RN
V2= _5“4 > Ricyy pe(IV21 + (n — 1)IV.2.2+ IV.2.3) + po(1),
k=1

where
+oo
V21 = / / y 222 (0Uy) 2 dady,
0 n
+oo
1V.2.2 —/ / Y222 (0,Uy) 2 dady,
0 n
+oo
V2.3 = / / Y223 (0,Un ) dady.
0 n
Then Lemma 3.4 quickly yields that

1
V.2 = —iRicnygk,uél ((n + 2)]3 + 15) .
Finally, using the notation from the same lemma, we can write the term V.3 as
1 — _
V.3 = _E(Rwyy,yy + 2(Ryiy;)?)(Is + Is)u* + pto(1),
Thus, putting all together we arrive at

1 1 — _
1V = {—4Rlcyy,kk ((n + 2)[3 + I5) — ﬂ (chnyyy + Z(Ryiyj)Q) (I4 + IG)} ,IL4 + ,u40(1),

(4.10)
for n > 54 2.
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To conclude, we give the estimate for the term I in (4.7). Direct calculation shows that
x162U1 = $281U1.
In fact, the Fourier transform of x1095U7 is

O (mUL(&,m1,7)) = MmO (o(I¢|y)w1(C))

—mﬁ&wmmmw+y®w@ﬂ<w,

and we have that x10,w1 = x901w1. Thus the previous expression is symmetric with respect
to the first two variables.

Then an analogous symmetry argument yields that we may restrict to consider the fourth
order terms in the expansion of g¥/. Thus

f:/'wwmﬁmw+/ Y2 (g — 69)(O:U,)(0;U,,)dady
Bf Bt

€

= / Y| VU, |*dzdy
Bt
‘ , . , (4.11)
n /B+ <24g?z]/yyyy4 + Zgzykzlnykml + Mgf,]dmpxk:pl:pmxp> (0;U,)(0;Uy)dxdy

= /+ ya|VUN‘2dZL‘dy + Ay + Ay + As.
Be
First we estimate Ai, given by

24, = /B Gy OO, drdy.

€

Note that

n—22y

1—a o

y (@ — @) f S
G-U:—C’,(n+1—a)/ e -<~ > dz.
iU ny R (12— 3 + 42) =\ 72 + 2

Then, because of expression (2.3) for the inverse of the metric we have that

244, = /+<2Ryiyj7yy + 16RyiysRysyj)y4+a(aiUu)(6jUM>dxdy

1 - ) )
= /B+(2R16yy7yy + 16(Ryiy;)?)y T VU, 2 dady

QRicyy gy + 16(Ryiy;)2 )
= YYyy (Ryiy;) M4/+ YV UL 2 (2, ) dady.

e/n

n
Also, using again expression (2.3), we have that

_ij _op .
9yl = 2Ryiyj ki;
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(the other terms vanish thanks to (2.20)). Thus, by a symmetry argument,
4y — /B G (U (95U, dady

= 2Ryiyi i /B YT (0iU,) dady

€

+ 2Ry / Y>3 (0;U,)  dedy

i#] BE
+ Z ARyiyjij /B+ y*a2(0;U,) (0;U,,)dxdy.
i :

After changing variables and reordering, taking into account (3.17) to group some of the
terms,

445 = 2u* Ryiyi ii / . Y2 a2 (0;U7)2dady
Bf/u
+ 21" Y Ryiyiji / ) Y22} (0;U1) dady
i#j B/
+4ut Y Ryiyji / . y* i (9;U1) (0;U ) daedy
i#j B
=2u’ [Ryiyi,iill + > Ryiyigila + 2 Ryiyjijls + 0(1)}
i#] i#j
= 240 [{ Ryigiis + 2Ryivii + Y Roivis +2 Y Ry } s + 0(1)] -
i#j i#j
We conclude that

€/

4
A2 = % Z Ricyy,kk + 2 Z Ryiyj,ij / y2+ax1$2(81U1)(82U1)d1'dy + 0(1)
E i B
As to the term [+ y*|VU,|*dzdy in expression (4.11), we use the equation (4.3) to get

/ Y| VU, |*dzdy = / y°U,0,U,do — / lim U,y*0,U,
BF r r

0 y—0
€

n—2~y

C o AL(SY g o\
< cnﬁ/ wi dx < 77( d*7 9¢]) (/ wi d:c) ,
re Y r?

€

where we have used that 9,U, <0 on I'l and (4.5). In addition, the third term Az vanishes
due to the symmetries of the curvature tensor. Thus (4.11) reduces to

n—2y

A’Y(Snv [gc]) w2* T "
T (/FO b > (4.12)

[ i L i
+ {m(chy%yy + 8(Ryiyj)2)f4 + i(Rlengk +2 Z Ryiyj,ij)fg} g M40(1).
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Finally, we can give an estimate for the energy (4.7). Putting together (4.12), (4.8), (4.9)
and (4.10) we conclude that

n—2y

A (S™, [ge A 2)
/ Y| VV,|2dvg < 448" locd) / w? — MRiny y,u3/ y T U2 dxdy
BF dy ro 4 ’ BT

e/u

1—— 1 ——
+ {—4chyy,kk((n + 2)[3 + I5) — ﬂRZCy%yy(Iz; + I@)

1 —— 1 —— _
+ meyzwyj4 + i(chyy,kk + 2Ryiyj,ij)13} :“4

+o(ut),
(4.13)

for n > 5+ 2. Here we have used property (2.20) of the metric to cancel the terms Ryiyj in
the integrals I and I'V.

On the other hand, now we calculate the term [y+ E(y)Uzdvg in the energy (4.6). For

a metric gt = p~2(dp® + h,) we may explicitly calculate its Laplace-Beltrami operator, and
thus,

E(p) =p~ "7 (=Ag+ — s(n—5))p"~
n— spn_gsﬁp deth, ~n—-1+ apa_l 0pdet h,
2 det h, 4 deth,

8y det hy

We need to calculate the expansion for Jdoth, near p. But det h, = det g, thus substituting

the expansion (2.16) we arrive at
Oy det hy
\/det hy

where we have not written terms that will integrate to zero, in particular because of statement

Ea—_— E—— 1 4 - 7
=1 — Ricyy pxrrip — chyy,pr + g[—chyy,yy — Z(Ryiyj)Q] + ...,
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vi) in Proposition 2.4. Then, noting that dvz; = \/det h, dxdy, we have
g y

n—1+a Oy det h
E U2dv:—/ a1 [ Y ) 172 daed
BQL (y) wrg 4 B€+ \/m i Y
-1 L
< %ﬂRicy%y /B+ ya'HUidxdy
+ n4aRZny,kl/+ y wpm U dedy
B

n—1+a —— _

+ T (chyghyy + 2(Ryiyj)2) /B+ yaJrZUEdedy

€

+ C/ y*|(z, ) PUSdady
B

—1 .
< MRiny7yM3/+ Y U2dady
B

4
€/p
—1 _
+ %Ricyy,kklﬁ /B+ Y aiURdxdy
e/p
n—1+a 4 —=— _
" (Ricyyyy + 2(Ryiy;)?) y T2 Uz dxdy
12 B+/
e/n

+CpP (€34 0(1)).
Step 2: Computation of the energy in the half-annulus B;E \ Bf.
At first, we note that on the half-annulus,

C

]VVM; < CIVUMQ + ?(Uu)Q-

But
/ y*(Uy)?dady < /f/ y*(Ur)*dady
B \BF B;E/M\B:/M
-3
€ a
<2 <> / y*|(z,y)|* Ut dady
H B;/u\B:/u
< pPeo(1),
and

[ oINUPdsdy= [ VU Pdady
By \Be 2e/pn N e/ p

< pPedo(1).

Thus from formula (4.15) we may estimate

/B+ - yayvvﬂyg dvg < cpe Po(1).
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And similarly,
/ E(y)Vu2 dvg < cp’e3o(1). (4.17)
By \BS

Step 3: Conclusion.
Next, (4.13), (4.14), (4.16) and (4.17) show that

L&wwm@+mmﬁ@wm@

n—2y
A (S™, [ge . ? -3
< 77( d*’ l9¢]) / wi dx + n—2 1 Ricyy,yu?’/ y“HUlzd:cdy
7 re B,

+ 1 <—4Rlcyy,kk + iRlcyy,kkz + Ryl‘y]’ﬂ']’) w'
1 Ric ! Zie

+1 <—24RZny7yy + 1;/7ylyy> pt + I <—4Rwyy,kk> w
1 - n—1 +a——

+ Ig <—24Rwyy7yy> ph+ I (4RZny,kk) o

n — 1 + a T 3
+ T(chyy,yy + 2(Ryiyj)2):u4 /]R"‘H ya+2U12da:dy + 0(u4)
+

Using (2.18), (2.20), (2.21) and (2.22) to simplify the coefficients, it follows that

‘éwwm@+mwﬁ@wm@

n—2y
A, (5™, [g.)) N7 n-3 o
<Ay 1Ge 2 3 at1rr2
< i /1“0 w;, dz + 1 Ricyy 4 /B'*'/ y* Ui dxdy (4.18)
€ e/p
4—n 1 n—14a
4
R ;i I3 — I
T, {S(n—l) 3T 8m—1) " Bm-1 7}
+o(u?).

Next, using the formulas from Lemma 3.4, a direct calculation shows that
(4—n)I3—Is+(n—1+a)l; =0(n,a) / . Y T2 U dxdy,
RYF
where we have defined

1
bl = T D =3B —a) et 1) [
+ (20a? — 40a + 300)n* + (3a* — 12a® + 38a® — 52a — 585)n

+ (a+1)(6a” — 30a* — 114a + 270)] .

15n° — 90n* 4+ (—10a? 4 20a + 90)n>

Thanks to (2.19), (2.20), (2.21) and (2.22) many curvature terms vanish and the energy (4.18)
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just reduces to

/X YTV + E()V2(z, ) dvg <

n—2y

6(n. a)|W[2(p) / Y U dedy + o(1b).

n+1
R+

a b
a 48(n — 1)

It is easy to show that 6(n,a) > 0 for n > 6. It is actually possible to show the same result
for any real n > 5 4 2+ with the help of Matlab, but it is not relevant in our case. We may
conclude that

I_W[Vw }Al] < AW(STL’ [gc])7

as desired. Then the proof of Theorem 1.5 is completed in view of Proposition 1.2. U

5 Proof of Theorem 1.3

From the proof for Theorem 2, it is easy to see that

/X YNV + E(y)V2dv,

n—22y
A(S", [ge)) I N e b e a
T /M wi dv;, + 0 Ricyy 41 /B+ y T U dedy 4 o(1?).

e/n

<

In particular, all the extra information about Einstein was used only on the terms of order
1, so we have the same formula.

Direct calculation also shows that for n > 6,
/ y T UE (2, y)dady < +oo.
R

Indeed, we remind the reader that

U =a(I¢N(Icly), @) = Col¢| VKA (IC]),  (s) = 7K (s),

and that

—+00

1
ya+1U2(:c,y) d:cdy :/0 Sa+1¢2(s) dS/Rn wQ(C)T_;,_QdC

q

Looking the asymptotics from Lemma 3.1, this integral is finite when n —4 — 2+ > —1. Thus,
the existence of p € M such that Ricy,,(p) < 0 ensures the solvability of the fractional
Yamabe problem, as desired. O

n+1
R+
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6 Appendix

Lemma 6.1. The Fourier transform of the function

n—=2y
2

1 n

w(¢) = Colc[™7 KA (<),

for some constant Co = Cy(n,7), and K, the modified Bessel function from Lemma 3.1.

s given by

Proof. In the following, all the equalities will be so up to multiplicative constant that may
change from line to line. Since w is a radial function, its Fourier transform will be radial
too, and we can choose coordinate axes such that ¢ = |(|e;. Then, expanding in spherical
coordinates,

w(() = / eiim'cw(a:) dr = / / e HClcos 01 (1+ 7“2)7“1“"71 sin 2 0, db, dr.
n 0 0

It is well known ([20], page 48) that

_ 2-1 " tacosf ;. n—2
Jn_y(ar) = (ar)2 /0 e sin"™= 6 db,

and this function is real. Thus

aQ) =17 E [T ),
0
Finally, we recall (11.4.44 in [1]) that

[e%} 1/+1J
/ ril,(cw“) dr = au—lejLH(a)’
0

(14 7r2)m
SO

w(() = ICFf”Kg—u(ICD,
as desired. 0
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