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ABSTRACT. In this paper we produce families of complete, non-
compact Riemannian metrics with positive constant ogo—curvature
on the sphere S™, n > 4, with a prescribed singular set A given
by a disjoint union of closed submanifolds whose dimension is pos-
itive and strictly less than (n — \/n — 2)/2. The gy—curvature in
conformal geometry is defined as the second elementary symmetric
polynomial of the eigenvalues of the Schouten tensor, which yields
a fully non-linear PDE for the conformal factor. We show that
the classical gluing method of Mazzeo-Pacard (JDG 1996) for the
scalar curvature still works in the fully non-linear setting. This is a
consequence of the conformal properties of the o5 equation, which
imply that the linearized operator has good mapping properties in
weighted spaces. Our method could be potentially generalized to
any oy, 2 < k < n/2, nevertheless, the numerology becomes too
involved.
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1. NOTATIONS AND PRELIMINARIES

Let (M, g) be a compact smooth n—dimensional Riemannian mani-
fold without boundary and let 2 < 2k < n. Taking advantage of this
second assumption, we introduce the following formalism for a confor-
mal change of metric

4k
where the conformal factor v > 0 is a smooth positive function. In this
context g will be referred as the background metric.

Let Ricy, Ry be the Ricci tensor and scalar curvature of g, respec-
tively. The Schouten tensor with respect to the metric g is given by

Ag = ﬁ <RZ.C9 — ﬁRgg> .
1



2 M.F. ESPINAL AND M.D.M. GONZALEZ

For the conformal metric (1.1), the Schouten tensor of g, is related to
the one of g by the conformal transformation law

(1.2)
A

D%+ (TLQ]“;L ~u2du @ du —

“?|dulg,

gu = g T nok o= 2k)2u

where D? and | - | are computed with respect to the background metric
g.

We define the oy—curvature as the k-th elementary symmetric func-
tion of the eigenvalues of the (1,1)-tensor g~'4,

(0" A = D A,

11 <...<i

and the positive cone as set of metrics

Iy ={g: 0_1<971Ag)’ o ,ak(gflAg) > 0}.

Fixed a background metric, the op—Yamabe problem consists in finding
a conformal metric in the positive cone I} of constant oj—curvature.
This is a fully non-linear equation for the conformal factor w,

(1.3) on( 9y Ag) =277 (7).

The objective of this paper is, given A a smooth, compact, closed p-
dimensional submanifold of S™, to construct complete metrics on S™\ A
of positive constant oy—curvature (and in the positive I'y cone) that are
conformal to the canonical metric on S and become singular exactly
on A. It is known that a restriction on the dimension p needs to be
imposed - see the discussion below. In the proof we follow the classical
gluing method of Mazzeo-Pacard [33] for the scalar curvature, which is
a semilinear problem. Our main contribution here is to show that their
scheme can be adapted to the fully non-linear equation (1.8) thanks to
the conformal properties of the problem.

We remark that, even though this method could work for any 2 <
k < n/2, we have some computational difficulties that restrict our main
Theorem to k£ = 2; however, we conjecture that it is true for other
values of k. In any case, we will try to state the results as generally as
possible.

The semilinear case, that is, for £ = 1, is already well known in
the literature. In addition to the aforementioned reference [33], we
underline the classical result of Schoen-Yau [42], where they show that
the Hausdorff dimension of the singular set A must satisfy dimy(A) <
22 We cite also Mazzeo-Smale [35], where they consider singular
sets on the sphere that sufficiently close to an equatorial subsphere,
Fakhi [15] when the singular set A is a submanifold with boundary,
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and Chan-Gonzdalez-Mazzeo [9] for singular sets that allow corners or
edges.

For a general k > 1, a necessary condition for the existence of com-
plete metrics on S™\ A conformal to the standard one was given by one
of the authors in [17]. More precisely, if

Ul(Bgu) > CO >0 and O'Q(Bgu), ce 7Uk(Bgu) >0

for some integer 1 < k < n/2, then

Y
dimy(A) < —.

The most representative example of such solutions is S™ \ SP with
its canonical metric, which is conformal to the product S*77~! x HP*!
with its standard metric (a picture can be found in [3, Figure 1]). Its
Schouten tensor is diagonal and, modulo a multiplicative factor of 1/2,
its eigenvalues are 1 and —1, with multiplicities n —p — 1 and p + 1,

respectively. Then we can compute
(1.4)

k
2k Herl Snfpfl o n—p-— 1 b +1 —1 k—i __.

1=0

For point singularities (p = 0) there is a rich geometry of Delaunay-
type solutions (Chang-Han-Yang [12], Li-Han [27]). In this paper we
will restrict to higher dimensional singularities, that is, p > 0. We set
(1.5)

pri=sup{p>0: o (H* x S"P7N), ... op(HT x S"P1) > 0}.

Exact formulas can be given for £ = 2, 3. Indeed,

n—+/n—2 n—2—+/3n—2

— > P3= .
2 2

It was also shown in [17] that, for fixed k > 1, we have the asymptotic
bound

Po =

n o 24++/n
2 2

as n — oo

5~ Ci(k)vin < pi <

for some constant C (k).

We conjecture that a necessary condition for the existence of solu-
tions to the o,—Yamabe problem in the positive cone with singular set
a p—dimensional, compact, closed submanifold is

0<p<ps.

Our main result states that this is indeed sufficient in the particular
case k = 2:
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Theorem 1.1. Let A be a subset of S™ which is a closed submanifold
of dimension p, such that 0 < p < po. Then there exists a complete
metric g on S™ \ A, conformal to the canonical metric g. on S", with
constant ao—curvature (and in the positive Ty cone), that is singular
exactly on A.

Remark 1.2. Since our proof is local, the same conclusion is true if A
is a finite union of disjoint submanifolds with the specified restrictions.

Remark 1.3. Note that, for k = 2, the restriction of being in the I'y
cone is easily satisfied since
n—1
o,
2n

no matter what the sign of oy is (see [48] for a proof of this classical
inequality).

oy <

Let us make some comments on related bibliography. In the paper
Mazzieri-Ndiaye [37] they construct constant o) metrics with isolated
singularities by gluing Delaunay-type metrics. In the publication Silva-
Santos [46], the authors use asymptotic matching to find solutions to
the oo—Yamabe problem with isolated singularities. Another relevant
paper is Guan-Lin-Wang [20], which showcases a gluing construction of
manifolds of positive o,—curvature by connected sums of compact man-
ifolds. A more recent paper is by Duncan-Wang [14], which contains
complementary existence results.

Finally, we remark that our gluing method is very versatile and can
be applied in many other settings, for instance, in non-local problems
1, 8].

1.1. Scheme of the proof. As we have mentioned, our starting point
is to use the gluing method of Mazzeo-Pacard [33] in order to construct
positive solutions to (1.3).

First of all, note that by stereographic projection, it is equivalent to
consider the problem in S™\ A or R”\ A with the canonical metrics gsn
or grn, respectively.

For technical reasons, once a background metric g has been fixed, it
is convenient to denote

2n

(1.6) B,, = 2k gy g 1A

Gu 2k Gu

so that

(1.7) By, = UQBg +g97" [—uD2u + 2 du ® du — n1€2k|d“|§g] ’
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where all derivatives are taken with respect to the background metric
g. We can also write the positive cone as

If={u>0:01(By,),...,01(B,,) >0}
Now we reformulate the o,—equation (1.3) as
(1.8) N(u,g) :=u *oy (B,,) — cu 2 =0,

where we have set

o 2kn _(n n—2k\"
=0 T ST \k % )

Remark that our arguments rely on the good conformal proper-

ties of the equation. Indeed, if two metrics g; and ¢ are related by
4k /(n—2k)
Uy

g1 = u**/("=2k) g then the non-linear operator from (1.8) en-
joys the following conformal equivariance property

2kn

(1.9) N (a1, 91) = (w/ug) 7= 70N (u, g).
The linearized operator of N'( -, g) about w is defined as
d
(1.10) L{u,g) [l = 7| N (utsp,9).
s=0

As a direct consequence of the property (1.9), we have the following
conformal equivariance property for the linearized operator

_ _2kn _
(1.11) L(uy, g)le] = (u/w)” 7= Lu, g) [(u/ur) @]
The normalization we have chosen for N' may seem arbitrary at first
sight. However, it is the one that makes this linearized operator resem-
ble the Laplacian (see formula (4.4) in Section 4), thus recovering the
original setting of [33].

The main idea in the proof of Theorem 1.1 to obtain a solution to
(1.8) is, first to construct an approximate metric, written in the form

gﬁ — Z—L;Lk/(nf2k)g7

with the right asymptotic behavior near the singularity, and then find
a perturbation ¢ such that

(1.12) N (e + ¢, g) = 0.
For simplicity, once u,. and g have been fixed we will simply write

Lely] := L(ae, 9)[#]-
Then, equation (1.12) is equivalent to

(1.13) Le[o] 4 fe + Qcle] = 0,
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where we have defined

(114) fe = /\/’(ﬂg,g),
(1.15) Qelp] := N(tc + ¢, 9) — N(tc, g) — L[]

Most of the analysis in this paper is concerned with the study of the
mapping properties of the linearized operator in weighted spaces. More
precisely, if L. has a right inverse, we can write (1.13) as

p=—L(Qclul + fo)-

A fixed point argument will show the existence of a solution .

Our reasoning will involve a delicate choice of parameters p and v.
For future reference, we summarize our choices in Figure 1.1 below.

R E p=0+

i : l i : i i |
-1 (0) 0

4 Xo,+ Xgl

[NThS]

_n=4
4

FI1GURE 1. Our choice of parameters p and v.

We conclude the Introduction with some notation remarks. Denote
the codimension of A by

N=n-—np.
For one-variable functions 1,9, we will write
. . ¥
pr~@o iff 0<c¢ <lim— < ¢y
P2
and

o1 X g iff lim 22 = 1.

¥2
The notation ¢ = O(r”) means, not only an estimate for the function

¢, but also for its derivatives (with the corresponding order).

Acknowledgements. The authors would like to thank Rafe Mazzeo,
Lorenzo Mazzieri, Frank Pacard and Mariel Saez for their useful advice.
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2. THE MODEL R™ \ R? IN CYLINDRICAL COORDINATES

In this Section we consider the model R™ \ R?| that is the building
block in our construction. First note that R™ \ R? is diffeomorphic to
R; x Sév ~! x R, so we may write the Euclidean metric in polar-Fermi
coordinates

(2.1) gp = dr* +rigy + dop d2% ® dz’,

where o, = 1,...,p will refer to coordinates z € RP, and gy is the
canonical metric on the sphere S¥~!. Subindexes 4, j will refer to co-
ordinates 6 € SV~

We describe now the spherical harmonic decomposition of SV 1. Let
{\; };”;1 be the eigenvalues for —Ay repeated according to multiplicity,
with eigenfunctions {e;(#)}, that is,

(22) —Agej = )\jej7 j = O, 1, ce
In particular,

M =0, \j=N-1 forj=1,...,N, andsoon.

2.1. Cylindrical coordinates. Our first observation is that it is more
convenient to use a (conformal) cylinder-type metric as background.
For this, we set

Goy = At + gg + €*'6,5 dz* @ d2P.

Then, denoting the radial coordinate by r = e™*

geyr are conformally related by

, we see that g and

(2.3) JE = e’2t(dt2 + gg) + Oop d2° ® dzP = e’2tgcyl.
We also change the notation for the conformal factor from u to v where
(2.4) u(r, 0, z) = T_ngik%v(— logr,0,2).

Thus we can record any conformal change by

4k 4k

(25) gu = um.gE = ’Un72kgcyl.

With some abuse of notation, we will denote this conformal metric as

4k

(26) Go = V72K Gy

for a conformal factor v > 0.
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Cylindrical coordinates provide a convenient framework for calcula-
tions. The Schouten tensor for g, is diagonal and

(gcyl Agcyl)t = _%7

(gcyl Agcyl) = +2 5;’
(gcylAgcyl) = _% 5/3 :
Define

_ n—2k 2%k _2n
By, = "5 von-® g LA,
Then, since

Ay = Auy— _1D211+( 2k” 2 v VoV — —%) v 2 |VU|§Cylgcyl,

where all the derivatives and norms are calculated with respect to the
background metric g.,;, we have

Bgv = gc—y% [n%% Qchl —vD%*» n_"% — —n_k% |Vv|§cylgcyl] ,
and thus
t _
(Bgv)t = _n4k2k — 00V + 5 (0w)* = - 2k Vol Geyl?
i 2k 02
(Bgv)j - 51 n— Qk ’Vv|gc1/l 5]’
(Bgv)g — [_nZka 02 —v 0 — o \Vv\g yl]

+ [0 Oapv + - Duv 6’511} e 2.

Notice that, for a function v = v(t), the matrix B,, is diagonal and

(Bgv)i: —EEEE T — v 4 20 =k,
(2.7) (Bgv); = ["F 0" — L 0°]0) = k2 0,
(Bo)y = [ = 585 v* — v — 25 0°]05 = k3 6.

Its eigenvalues are k1, kg, k3 with multiplicities 1, N — 1, p, respectively.

Now, the covariance property (1.9) implies that

(28) N(u7 gE) = TQN(”? gcyl)7
where we have defined
(2.9) 0=~z (= + 2k — 1)

Thus we can rewrite original equation (1.3) in this notation as

(2.10) ok(By,) = cv.
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Assume that we have an approximate solution U,(r) and define
Ur) = r_ngik%ve(— log ).
Then, the covariance property (1.11) yields

n—2k
(2.11) Lep :=L(Ue, gp)lp] = r¢L(ve, geyt) [T 2+ ).
We observe that L. resembles the Laplacian operator in polar coordi-
nates, indeed, a more explicit formula will be given in equation (4.4)
below. Nevertheless, the operator L(v,, g.,) has better mapping prop-
erties in weighted Sobolev spaces that we will explain in Section 6.

2.2. The fast-decay ODE solution. In the paper [19] the authors
construct a very particular solution U; = U;(r) for our problem (1.8)
on R™\ RP that yields a complete metric near the singular set {r = 0}
and has fast decay as r — oco. Here is the first place where we encounter
the restriction £ = 2. More precisely:

Proposition 2.1. [19] For each 0 < p < py, there exists a positive
solution Uy = Uy (r) for the equation

(2.12) o3 (B,,) =cu?! in R"\RP
satisfying:
e When r — 0, the solution has the precise asymptotic behavior

n—4

Up(r) <X veor™ 4
where

16

—1
(2.13) (Vo) "3 = Cpp2 (Z) > 0.

and the constant ¢, o is defined in (1.4).
o When r — +00,
4

U1 (t) ~ T_ao_%

for some o € (O, "T’A‘).
o 1T U is uniformly bounded for all r > 0.

o The metric gy, = (Ul)%gg belongs to the positive cone T'y .

Sketch of the proof. Although we will not give the full proof of this
result, which is contained in [19], the key idea is to use the framework
in cylindrical coordinates we have just presented and to find a solution
v1 to (2.10) that only depends on the radial variable t.

From the formulas in (2.7) one is able to write o9(B,,) in a reason-
ably simple form. Standard phase-plane analysis for the ODE (2.10)
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completes the proof. Now we recover U; by setting, in the notation
(2.4),

Ui(r) = r’%vl(— log r).

Corollary 2.2. For e > 0 we rescale

(2.14) U.(r) = e *T'U, <f) .

€

Then U, is a solution of (1.8) in R"\RP that only depends on the radial
variable. Moreover,

(2.15) Ue(r) X oo rUT, when r<<e
and
(2.16) Ue(r) ~ €00 T when T >> e

In the following, we will set
o = g + "7_4,

Uc(r) = r’nT%ve(— logr),

and
8

(2.17) Gv. = V& Geyt-
3. THE APPROXIMATE SOLUTION

Although in this Section we fix k = 2, we will try to state our results
for any & < n/2 when possible. Indeed, this restriction is only necessary
in Section 3.3.

Let A be a smooth, closed submanifold in S of dimension p, such
that 0 < p < pi. Here we construct an approximate solution . to
problem (1.8) on S™ \ A which is singular exactly at A with a precise
blowup rate and, in addition, remains in the positive cone I'y. For
this, we first need to look at the model case R \ {0} (this is, p = 0,
n = N), which already contains the main ideas.

3.1. Matching asymptotics - an isolated singularity R" \ {0}.
Let r = |z| be the radial variable in R, § = £ the angular variable.
In the classical gluing paper of [33], the global approximate solution
. is constructed from the model solution U, given in (2.14), extended
to zero with the introduction of a cutoff in a ball of radius ry >> e.
This does not work for general o, since such approximate solution may
not be in the positive cone I'y . Instead, we need to make a more refined
choice of this cutoff based on Lemma 7 from [22], where the authors
are able to transplant an isolated singularity with given asymptotics to
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any conformally flat metric, while still remaining I'} cone. We remark
that this Lemma is the key ingredient in the construction from [20]
of manifolds of positive o,—curvature by connected sums of compact
manifolds. It is also the basic idea in the proof of our Proposition
3.2 below for matching asymptotics in the case of higher dimensional
singularities, so we reproduce its proof in detail.

Lemma 3.1. [22] Let By be the unit disk in RY with the Euclidean

metric |dz|?. Let
4k

g = g |da]”
be a smooth metric on By satisfying go € T} for k < N/2. Then, for
any 0 < oy < X2k there exists a conformal metric

k
g= ufvélfk%]al:x|2 on B\ {0}
in the positive T} cone, satisfying the following:
o u(x) = ug(z) for |z| € (ro, 1],
o u(z) = |x|™ for |x| € (0,75],
for some 0 <r3 <rg<1.

Proof. To follow the proof in [22], we change again the notation for the
conformal factor, writing

(3.1) g=e Xgy = e 2t qy|? = UV |dx|?,

2k

— 55 log ug. The transformation law for the

where we have set wy =
Schouten tensor is

(3.2) Ay = D’w+ Vw® Vw — 5| Vul? go + Ag,.
In this particular case, using |dz|? as the background metric,
Ay = D*(w + wp) + V(w + wp) ® V(w + wp) — 2|V(w + wp)|*]
= D?w+ Vw® Vw+ Vw® Vwy + Vw ® Vw
— (3IVP + (Yoo, V) I + Ay,

where all the derivatives are taken with respect to the Euclidean metric
on RV,

The idea is to transplant an isolated singularity at the origin, staying

inside the positive cone T}, by doing a careful study of the transition
region. Thus we seek w so that

w=0 near r=1,
w=aglogr —wy mnear r =0,
and such that A, remains in the positive cone I';. Here we have defined

Qg = N%k2k o1 € (0, 2)
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As a first approximation, we impose

W(r) = 9(r)

r

for some suitable transition function ¢(r) satisfying
¢(r)=0 mnear r=1,
¢(r) =ay mnear r=0.

We calculate

2 / 2
Ag—%[NxNJF((ﬁ (br ¢)9®9+A90+O(|Vwoy)

sTe

With some abuse of notation, we have
Uk’(g_lAg) = 6_2k(w+WO)0k(Ag)7

where the A, in the right hand side is understood as a (1, 1)-tensor, i.e.,
a matrix (this will not create confusion since the background metric is
Euclidean).

We will take ¢ as follows: first, let Cy = max |Vwyl|, fix 7 € (0,1/2)
to be specified later, and choose

(3.3) ro = min{3, Co7}.

Let ¢(r) = 0 for r € [rg, 1), so that g = go. With this choice we make
sure that it is enough to look at the asymptotic behavior when r — 0.

Next, since Ay, is in the positive cone, which is open, we can take
r € (0,79) and ¢ : [r1,79) — [0, az) non-increasing such that A, also
belongs to the positive cone and ¢(ry) > 0.

Let us figure out what conditions we need to impose in order to
extend ¢ to the whole interval (0,71). From our previous calculations
we can estimate

2 ! 2
Ag_MINxN+(¢ ¢ 2¢)9®9—T
2r2 r?

Consider first the unperturbed matrix

ji 2¢—¢2]N><N+(¢/ ¢2_2¢)9®€

272 72

¢

+ Ay = Jr 4+ Ay,

It has eigenvalues

-9 2 /
Y = g;ﬁ—;—gzﬁ + ﬂ of multiplicity 1,
r
2¢ — ¢*

or2

¥y = of multiplicity N — 1,
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so one easily sees that

k /
() = = D! (2¢_¢2) {N—2k+2k ro

k(N = k)! 2r2 2¢ — @2
We find ¢ a solution of the ODE
r¢’ 1
o=

with initial condition given by the above value for ¢(ry). This ODE is
easily integrated, yielding

20
S drm

¢(r)

Y

for some small constant 6 > 0. Actually, it can be taken such that
1
0 << r{*. With such a choice,

% + 126 — ¢
U= 4k rz v

2

2r2 7

4
of the eigenvalues of J, for some 7 small enough depending only on
k, N. We conclude that J, belongs to the positive cone in the region
(0,71). By the convexity of oy, also A, = J. + A, € T} .

Then choose o € (0,71) such that ¢(ry) = g, which is possible
because 0 < as < 2 by hypothesis. Define ¢(r) = as on [0,72]. The
statement of the Lemma follows by smoothing out the conformal metric
g, which is already C't.

which means that the perturbation 72 is small compared to the value

0

3.2. Matching asymptotics - higher dimensional singularities
R"™ \ R?. Now we refine Lemma 3.1 in order to account for higher
dimensional singularities. Most of the proof works for any value of
k < n/2. However, we need to restrict to the value k¥ = 2 in order to
avoid heavy numerology.

Assume that we are in the model case

R™\R? = R} x S)'~* x RE.

with the Euclidean metric in polar-Fermi coordinates gg, given by (2.1).
We write coordinates y = (x,z), where z € RP and x the normal
coordinate in RV \ {0}. Set r = |z], 0 = £. For fixed p > 0, let
T, .= {r < p} be a tubular neighborhood of R? in R".
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4k

Proposition 3.2. Set k=2, n>5 and 0 < p < pi. Let go = u} " gp
be a smooth metric on Ty satisfying go € F;. Then, for any 0 < a; <

”_k%, there exists a conformal metric

g = u%gE on Ti\{r =0}
in the '} cone, satisfying the following:
o u=uy(r,0,z) forin TI\T,
o u(r,0,z) =r= in T ,\{r =0},
for some 0 <r3 <rg<1.
Proof. As above, we change the notation for the conformal factor, tak-
ing the same conventions as in (3.1).
We seek w so that
w=0 near r=1,

w=aslogr —wy near r =20,

and such that A, remains in the positive cone I'y. Here we also take

g = nszk a1. As a first approximation, we impose w to be of the form
r
)
r

for some transition function ¢(r).

We will choose rg > 0 small enough, and set ¢(r) = 0 for rp < r <
1. Next, since Ay, € I'}, an open set, we can take r; € (0,r9) and
¢ @ [r1,70) — [0, 1) non-increasing such that A, also belongs to the
positive cone and ¢(ry) > 0 (but very small).

Now,

or(g Tt A,) = e Tl g (g2l A).

By straightforward calculation from (3.2) we have that

(3.4) Ay = Ay +J + E(6),
where R
5 Jo O
J = N
{0 JJ
for
. 9% — 2 / 2_9 . 2
Jo = ¢2r2¢ Inyn + (% + ¢ 2 d)) A0 and J, = —%Ipxp,
and F is the perturbation term. We take ¢ exactly as above, i.e.,
20
(r) :

:(5—1-7‘%
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for some small constant § > 0 determined by the given ¢(r1). With
such a choice, the eigenvalues of the matrix J are

2k + 1 2¢ — ¢? 2¢ — ¢* ?
3.5 = — 0y = T
(3:5) ! 4k 2 22 272’
with multiplicities 1, N — 1 and p, respectively. At this point we con-
centrate in the case k = 2. After some tedious but straightforward
calculation, one has that for such ¢, both

) 193:

] N -1
oo(J) = (N — 1)19s + ptvUs + ( ) )193 n (];)193
+p(N — 1)d2003 > 0,
al(j) =+ (N — 1)y + pd3 > 0,

which means that J is in the positive cone.

Moreover, the error term E(¢) can be estimated as above by
¢
(36) B <75
for some 7 small enough but depending only on n, p, wy, which is only a
small perturbation of the eigenvalues (3.5). Since the matrix J belongs
to the positive cone, also does A, in the region 0 < r < r;. Then choose
r9 € (0,71) such that ¢(ry) = ag, which is possible because 0 < ay < 2
by hypothesis and define ¢(r) = ay on [0,73]. The statement of the
Proposition follows by smoothing out the conformal metric g, which is
already C1! by construction. O

3.3. Fermi coordinates. Now we consider a general singular set A,
which is taken to be a smooth compact, connected, closed, submanifold
in R™ of dimension p.

Let 7, be the tubular neighbourhood of radius p around A. It is well
known that 7, is a disk bundle over A; more precisely, it is diffeomor-
phic to the bundle of radius p in the normal bundle N’'A. The Fermi
coordinates will be constructed as coordinates in the normal bundle
transferred to 7, via such diffeomorphism. More precisely, let r be the
distance to A, which is well defined and smooth away from A for small
p- Let also z be a local coordinate system on A and 6 the angular
variable on the sphere in each normal space N;A. We denote by B, the
ball of radius p in N'A at a point z € A. Finally we let x denote the
rectangular coordinate in these normal spaces, so that r = |z|, § = Tl
Thus we can identify 7, with B, x A, parameterized with coordinates
y = (x,2), v € B,, z € A. Moreover, any metric g on 7, can be
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compared to the canonical metric gg from (2.1). Indeed,

1 0 O(r)
(3.7) g= 0 r’g+0@")  O@?) ,
O(r) O(r?) gr +O(r)

where gp is the metric on A. This expansion is classical, see, for in-
stance, [16].

We can redo the arguments in Proposition 3.2 using Fermi coordi-
nates near A (say, in a neighborhood 77), to obtain the following gluing
result:

Proposition 3.3. Set k =2, n > 5, 0<p < px, N =n—p. Let
4k

go = ul Fgrn be a smooth metric on a tubular neighborhood T; of A

in R™ satisfying go € T}, Fiz any 0 < oy < "_,fk. Then there exists a
conformal metric

g:uﬁan on Ti\{r=0}
that belongs to the positive cone T} and satisfies the following:
(3.8) u(r,0,z) = ug(r,0,z) in T\ T,
(3.9) u(r,0,z) =r=* in T, \{r = 0},
for some 0 <r3 <ry < 1.
Proof. As mentioned, we follow the proof of Proposition 3.2; the only
difference is to keep track of the extra perturbation terms. More pre-
cisely, the Euclidean metric gg» in Fermi coordinates (given in the

formula (3.7)) near the singular set differs from the model metric (2.1)
in two ways:

e Perturbation terms of order (at least) O(r) as r — 0.
e In the z direction the flat metric |dz|? is replaced by ga.

Similarly to the above, equation (3.4) is rewritten as

Ay = Ay + J + E(0)

where R
A Jo O
J = -
{0 JJ
for
R 20 — 2 / 2_2 . 2
J(): ¢ ¢]N><N+ ﬂ‘i‘gb §b 9@9 and J1:—¢—g/\,
2r2 r 72 272

and F is the perturbation term.



GLUING FOR A FULLY-NON-LINEAR EQUATIONS 17

To handle the block J; we work in small enough neighborhoods of
z € A and write gp in normal coordinates. Now, for the term E(¢) we
claim that we still have that [E(¢)| < 7% for some small enough 7 as
in Proposition 3.2. To see this, one needs to control the O(r) terms in
the expansion of the metric gg» in Fermi coordinates from (3.7). For
instance, for the inverse of the metric we have

1+ 0(r) O(r) O(r)
(ge)'=| O@) 7r7%g+00"")  0OQ1) |,
o(r) O(1) gx' +0(r)
the Christoffel symbols of ggn
F:r = O(T’), F:@ = O(TQ)v F:z = O(T)a
[ =rgo+O(r?), T, =0(r), I, =0(),

and the Hessian of a function w = w(r)

Orrw 4+ O(r)Orw O(r?)d,w O(r)o,w
(3.10) D*w = O(r?)d,w —[rge + O(r*)]0,w  O(r)dyw
O(r)o,w O(r)oyw O(1)0,w

Therefore, the perturbation terms do not change the eigenvalues as
r — 0. The rest of the proof follows similarly as in Proposition 3.2. [

3.4. Construction of #%.. From the discussion in the previous Sub-
sections we can build our approximate solution ..

First we take any non-degenerate smooth, conformally flat metric
on R™ that belongs to the positive cone I'} and decays fast enough at
infinity, denoted by

4k
n—2k

gT = UT gRrn.

Remark 3.4. In order to avoid complications at infinity, we will take the
metric go to be a compact metric on R” U {oo}. For instance, a metric
coming from a perturbation of the canonical metric on the sphere after
stereographic projection. This is equivalent to working on a domain
bounded 2\ A with boundary conditions as in the original setting of
Mazzeo-Pacard [33].

Proposition 3.3 allows to construct a globally defined metric

4k

G = Ul Fgpn  on R™\ A
that belongs to the positive cone T} and such that u; ~ 77t as r — 0.
Observe that the quantities rg, 73 do not depend on ¢, but they can be
taken small enough when needed while keeping rg, 73 >> e.
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Now we would like to glue this metric to the model singularity com-
ing from considering the conformal factor Uc(r) from (2.14) near the
singular set. For this, we restrict to £ = 2 and rescale

k

(3.11) ge = [eaou*]niﬁ JRn.-
Looking at the asymptotic behavior from (2.16), it is clear that we can
patch both functions €*°u; and U, in a tubular neighborhood 7, \ 7,
with p > p/ >> € in order to construct a globally defined metric

_ak
(3.12) G- = ul *grn on R™MA
in the positive cone I'} with the required asymptotics. Indeed, the
behavior of our approximate solution u, near the singular set is given

by
_ _n—2k
e = U, X veer™ 2 when r <<e,

which yields a complete metric near the singular set.

3.5. Estimates. In the following Lemma we check that, indeed, . is
a good approximate solution. For this, it is better to switch to the v-
notation in cylindrical coordinates. Thus, with some abuse of notation,
we set grn oy to be the Euclidean metric on R™ but using cylindrical
Fermi coordinates A. The approximate . in this new setting will be
denoted by v., and the new metric by (3.12) by

4k

= —n—2k n
Ge,cyl = e gRrn eyl ON R \A

Proposition 3.5. Set k = 2. There exists By > 0 such that, for each

(3.13) v < Bo
we have the estimate
(3.14) TN (Ue, g eyr) = O(™)

in a tubular neighborhood T,, for some By = f1(7, ap) > 0.

Proof. First of all, away from the singular set, this is, r >> €, v, is
essentially a factor €¢*°, thus by keeping track of this rescaling in our
definition of the nonlinear operator (1.8) we have

N (€, gpn ey1) = O(max{e, ex0la2kT11)

from where (3.14) follows.

The dangerous region is a tubular neighborhood 7, = {r < ae} for
some constant a > 0. Here recall that u, < U;, and a similar relation
holds also for all derivatives. Similarly, v. < v;. In order to calculate
N (v1, grn ) in this region we need to compare background metric ggn
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in Fermi coordinates given (3.7) to the model gg from (2.1) as we did
in the proof of Proposition 3.3.
To do so, we define the metrics

4k 4k
n—2k

g, = U gre  and gy, = U] P gp, for Uy = Ui(r).

We will show that the eigenvalues of the perturbed matrix B, are
very close to those of the unperturbed matrix By, . For this, recall
the definition of the tensor B from (1.7) for a conformal change g, =
wi e g. The calculations in the proof of Proposition 3.3 imply that
By,. and By, are close as 7 — 0 (one can also refer to the arguments
in the proof of Proposition 2.19 of [35]). From the formula (3.10) for
the Hessian D?U;, we also obtain some perturbation terms of order
o(l) as r — 0.

Similar arguments hold for the v-notation in cylindrical coordinates.
Indeed, in this small neighborhood one has that

N (v, gat) = O(")

for some B > 0. This completes the proof of the Proposition.

4. THE LINEARIZED OPERATOR

We fix @, the approximate solution from Section 3.2 above. Even
though we need to restrict to k = 2, the results in this Section could
potentially work for any k. We let L. := L(@,, grn) be the linearized
operator around ., as defined in (1.10), and take a conformal pertur-
bation of the metric (3.12), i.e, we set for s € R,

s gs = (U + scp)ﬁgw.
Let B, be the symmetric (1, 1)-tensor given by
(4.1) B, := 22k (. + sgo)n mg A,
Recalling the definition (1.10) we have
= {(=2k + Du_*0y,(Bo) — c(q — 2k + 1)u? >} ¢

d O'k(]BS).

s=0

(4.2)

4 ﬂ_2k+1

We use a well known formula (see [48]) for the linearization of oy

d

(4.3) Z-ok(B.) = tr (T’“‘l(Bs)%> :
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where, for any integer 0 < m < k, the m-th Newton tensor for a
(1,1)-tensor B is defined as

T"(B) :=o0pnl —opmB+...+ (=1)"B™.

Note that, for a metric in the positive cone T}, its Newton tensor is
positive definite for m = 0,...,k — 1. In particular, this implies that
L. is elliptic.

Remark 4.1. The fundamental observations about linearized operator
L. are the following:

e Away from the singularity, we have a usual uniformly elliptic
operator. Note that we have carefully chosen the normalization
in (1.8), so that, as ¢ — 0, L. converges to Ly, := L(uy, grn)
with the potential —c(q — 2k + 1)u?=2* removed (this term had
a higher order in €, thus vanishes at the limit). Here g, us are
given by our choice of background metric in Section 3.3.

e Near the singularity set, one can check that L. is in the class
of elliptic edge operators from [31]. More explicit formulas will
be given below.

4.1. The model linearization. We first consider the linearized oper-
ator around the model solution U, on R™ \ RP. For the convenience of
the reader, we summarize here some results on the linear theory and
postpone the proofs (which are mostly technical) until Section 5.

Proposition 4.2. The operator L. has the following expression:
(4.4)

L[] = Ay(r)p + Ailr) As(r

i+ A+ PO Ao+ (),

for some smooth, bounded coefficients A(r), € =0,1,2,3,4, satisfying
5, A5, Ay > 0.
In addition, the following limits exist: for £ =0,1,2,3,4,
: € (V)
11_{% Ay(r) =58,

: € _ c0)
Tlggo Ayr) =58,
Note that these limit values are independent of e. This allows to
define the limit operators

i

B(O)
45)  LOfp] == 0 + ——Op+ 3508, + — e+ YA,
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as r — 0, and

5(00) (o0)

(4.6) L] == 55 Brp+ 650 ,.,wﬂ Ngo+ B A,

as r — 00.

The crucial observation here is that, since coefficients ﬁéo), ﬁf‘”, (=
0,1,2,3,4, do not depend on ¢, neither do the indicial roots for L..
Indeed, we may characterize all indicial roots as follows:

Proposition 4.3. Assume k = 2 and ﬁZE 0 <p<py. Foreach j =
0,1,..., there exist two indicial roots X for the operator L. asr — 0.
These satzsfy

. X(()?i can be real or complex. In the former case,

n—4a (0) n—4 (0)
—T <Xo~ <5~ "7 <Xos
while in the latter, Re(% ) =

o forj > 1, ng): are real numbers. In addition, we have the

monotonicity

p n—4
2 4

<0 <R l?) <

[NJS]

_ n-4
4

(4.7) o o 0
< Re(xg}) < X\ < xih <.

o It holds x\” = —1— "4,
As r — o0, the picture is similar and, for each 7 = 0,1,..., there
exist two indicial roots Xg'?i) for L. which satisfy:

e Forallj, X}Oi) are real numbers. In addition, we have the mono-

tonicity
oo n— n—3
B e T o
<ot <X <8y <
e [t holds
() _  n—4 (n—3) \/4p+5p2—5pn+pn2 —p2n
(49) "S> xY =t - D) :
e Forj=1,
(4.10) W = 1~ ap— nt
and

(4.11) X > 0.
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Next, we give a “divergence-form” version for £, with the introduc-
tion of an integrating factor. Indeed, let

Hi(r) =exp [
Note that both functions are strictly positive. It holds

(4.12)
Lap = (M) ()0, (i)} + As(rio + P8 A 1 sy,

2

Af(s) 1 — Asr)
SAS(5) ds and (H) (r) = )’

N

=

which shows that a natural space to work is L*(R™ \ RP) with the
(weighted) scalar product

(4.13) (p1,P2) :/ / HE(r) 12 dzdbdr,
0o Jsv-1Jgre

for which L. is self-adjoint.

4.2. A closer look at L.. Let us go back to the general case R" \
A. Recall that L. = L(4,, ggn) is the linearized operator around the
approximate solution .. Note that, in a tubular neighborhood 7,(A)
around the singular set the background metric is written as (3.7), which
can be compared to the model (2.1). More precisely:

Proposition 4.4. For functions supported in T,(A) that do not depend
on the z variable, we have that

(4.14) L.= L.+ D,

where D is a second order differential operator (at most) that satisfies,
for functions of the form ¢ = O(r®) asr — 0,

Dy = O(r*2+7),
for some o > 0.

Remark 4.5. To handle the dependence on the variable z, we just need
to recall that our arguments rely on localization and rescaling near a
fixed point A, around which we use normal coordinates.

Proof of Proposition 4.4. As in [33, Section 4.2], in the neighborhood
T,(A), the difference between L. and L. comes from the extra terms
of the metric in R” \ A from (3.7) with respect to the model metric in
R™\RR? from (2.1) as we did in the proof of Proposition 3.3. Controlling
the error terms in the metric yields the desired result. 0
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5. EXPLICIT CALCULATIONS IN THE MODEL CASE

In this Section we work with the model case R™ \ R? and give the
proof of the statements in Section 4.1. Note that, even if we need to
restrict to £ = 2, many of our arguments are valid for any k once a
model solution Uj is available.

We will use the v-notation, using the metric g,, given in (2.17), which
is more convenient in the following calculations. Take now a conformal
perturbation of the metric g,, on R"\R? i.e, for s € R, set

s+ gs = (ve + Sw)ﬁ [dt* + go + € 6ap dz® ® dzﬁ] :
and consider B, the symmetric (1, 1)-tensor given by

(5.1) By =222y 4 sw)%gs’lAgs.

Now let L, := L(ve, geyi) be the linearized operator in this setting, that
is,

d
LJw] : = 2 N (ve + sw, Geyr)
s=0

d
_ 241 ) @
— { ds

where we have used that v, is an exact solution of (2.10).
Proposition 4.2 in Section 4.1 follows from the following Lemma:

ou(B.) cqm)q—lw} |

s=0

Lemma 5.1. The linearized operator for the model in cylindrical co-
ordinates is given by

(5.3) L[w] = afw + a$0,w + a50,w + a§Apw + ale” AL w,

where the coefficient functions aj = ay(t) are given in (5.6). Moreover,
as, as, ay have a sign, so this is an elliptic operator.

Proof. We follow the calculations in [37] for the RV\{0} case. First
recall from (2.7), for By(:= By,,), that

(Bo), = =52 (v0)* — vetic + 250 = ki,
(5.4) (Bo); [y k2] 60— ey 6,
@ n— . \2ca a
(BO)B = — 4’3k (Uﬁ + n3k2k: UE> 56 =: K3 55’
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and the rest of the entries of the matrix vanish. Moreover, for the
diagonal matrix B,

(55) [T’“‘I(Bo)E:[Z(—l)'“‘lm <Bo>“m] 5 = 8,01,

(=D "o (Bo)rs m] 85 =: S50

Note that, since g,. belongs to the positive cone I'}, then its (k — 1)-
Newton tensor T%~! is positive definite, so the quantities S, S, S5 are
strictly positive. We recall from (5.1) that

B, = 2k (ye + sw)? gcyl Ager — (Ve + Sw)gcyl D?(v, + sw)
+ 5k Yoyl Td(ve + sw) @ d(ve + sw) — |d(ve + sw))? o l],
from where it is easy to calculate its variation:
d(Bs)t 2(n—k) -
Tt m0F Ow + 5 0 (Orw) — ("5 ve + ) w,
d(BS)j = —v, g;l (Dgw)l o UE 52 atw + n 2k Ve 51
ds ls=0 i e
d(B;)"
B _ —2t 2k
r P —Ve € " Oupw + [ —=r U } 55 oyw

+ [— ”;jk Ve + 2')6] w5g.

Substituting (5.4) above one arrives at

d(B,)"
(ds )t - (Ue)il (Bo)i w = r?—_izlic (06)71(@6)211} — Ve Oyw
+ 27(zn QIZ)Ufat k% w,
d(B,)’

L= 0w (Bo)i + sk () (0 8w +

ds ls=
— ve(g0)" (Djw)yy — 725 8 b Oyw,
d(B,)"
ds : =0 (ve) ™ w (Bo)§ + 755 (ve) 7 (0e) 05 w — "Fvd5w

+ [—vﬁ — ni—k% 1}6} 05 0w — v, e 2 Ounpw.
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Now, we can use the formula
kow(Bo) = tr (T" ' (By) - Bo)

to write
d

I or(Bs) = kow(Bo) (ve) 'w

s=0
+ 51 |:_n 2k (ve)™ (@e)z nlk?k — Ve Opw + ( veatw]
+5 [ (N = 1)(v) 7 (0)*w + (N — 1) 272 vew — vlgw
-2 (N_ l)veatw]

n—2k

W+ p (—ve — 2220,) Opw

+ S5 [ p(ve) " (D) w — g

—vee_ZtAzw] )

Thus, using that v, is an exact solution to (2.10), we obtain that
Lw] = apw + a10,w + as0yw + azAow + age” > Aw
for
(5.6)
ag = v T {(k — q)ev? ! — 2= S0 02 4+ B (N — 1) Sou 10?

—l—ﬁpsgv_lqﬂ — + (V= 1)%5 2’“52@6 — %nge} ,

ay = v 2t { e k) g — —= 2k(N — oSy +p (—ve - = kae) 53}

1y = —U;2k+251,
a3 = —v WG,
g = —v PG,

This completes the proof of the Lemma.

Now we consider the proof of Proposition 4.3. Remark that the
change of notation from u to v in (2.4) (and from ¢ to w) changes the
indicial roots; nevertheless, their general structure ramians the same.
For instance, compare the indicial roots for £, from (4.7) to those of

L, from (5.9).

5.1. Indicial roots as r — 0. For this section we restrict to the case

k = 2. Unfortunately the calculations become extremely messy, even
if elementary, for larger values of k.
To study the behavior of L, as r — 0, i.e., t — 400, we define

by = lim ay(t), ¢=0,1,2,3,4.
t——+o0
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We will give a precise formula for these coefficients below (in particular,
they do not depend on ¢).

Note that from (2.15) we have that v. — v, as t — 4o00. Using
(5.4) we can show that the matrix By(t) converges to B, for

(BOO)E = _n2k2k: (UOO)2>
(BOO);' = nZk% (UOO)25{>

(Boo) = =3 (ve0) 05
Then from (5.5) we have

5% = [P (Bt = 402 (0 — 2p — 1),
S5° = [TI(BOO)]é- = 2492 (n —2p — 3),
S5¢ = [T'(Bwo)]§ = "5 03 (n — 2p — 1),

which yields

8

Recalling (2.1

bo= (2%52)°[(2 — @)enpe — (p+ 1)(n —2p — 1) + (N — 1)(n — 2p — 3)]
= — (2%) (4p* + 8p — 4np — 5n + 4 + n?).

The behavior of L. when t — +oo, that is, r — 0, is given by the
normal operator

(5.7) L [w] = bow + biOyw + baOyw + bsAgw + bye ' A w,
and the indicial operator
(58) Léo) [w] = b(]’w + blatw + bgattw + bgAgw,

We consider now the spherical harmonic decomposition of SV~ and
project the operators (4.6) and (5.8) over each eigenspace. For this, we
set

Lgo) [U}] = bow + blatw + anttw - b3>\jw + b4€72tAZU)
and

LY [w] = bow + bidyw + bydyyw — bshjw.
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We look for solutions of Lé?) [w] = 0 of the form w(t) = e **. Such «
must satisfy the quadratic equation

fj((l/) = bo — bg/\j - blO[ + bQOZQ = 0.

An elementary analysis of these parabolas yields that, for each j =
0,1,..., there exist two indicial roots vf solution of f;(a)) = 0 satisfy-
ing:

e 75 can be real or complex. In the former case,
0<% <§<,

while in the latter, Reyy = £ > 0.
e For y > 1, V;E are real numbers. In addition, we have the

monotonicity
(5.9) .. <7 <97 <Reyy <E<Reqyy <o <9 <.
e It holds 7, = —1.
Indeed, the vertex of every parabola is located at o = —21’71 = L.
2

For the first statement, just note that f5(0) < 0 under the hypothesis
0 < p < py (and this is sharp). For the second statement, note that
fj(a) is non-decreasing in j. In addition, for j = 1, the polynomial
fi(a) has roots exactly at « = —1 and a = p + 1, which shows our
claim.

Observe that, similarly to the calculation in (4.12), it is possible to

give a self-adjoint version of L., denoted by L.,
(5.10) Lw] = G50 + a50u W + a50e@ + a5e AL,

for some coefficients a; which can be calculated from the original a, as
in the proof of (4.12). We will not need its precise expression, only the
limit operator as r — 0: more precisely, the conjugate operator to L

is defined by
(5.11) LO@] = e ' LOe

and similarly, for Léo),

‘o] = Do + byOy 0 + b3 A + bye 2 AL,

LEO) [w] = eigtLéO) [Q%tw] = bow + b20yw + bsAgw,

where we have defined
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Remark 5.2. The advantage of the conjugate operator L, is that it is
self-adjoint and the indicial roots as » — 0 (which will be denoted
by (5]i) are centered at the origin, fact that makes the Hilbert space
analysis more clear.

5.2. Indicial roots as r — oco. We now calculate the indicial roots of
L. asr — oo, i.e., t — —oo. For this, we define
dy= lim ay(t), ¢=0,1,2,3,4.
t——+o00

In this limit, v, behaves as e*e®’. We have that By(t) converges to
B_, ast — —o0, where

(B-oo)t = 02 (=" + 755500 -

(B_oo)i = v? (2522 — 02) o7,

J 4k n2k
(Boso)§ = 02 (—"525) (1 + 7200)” 05,

from where
ST =0 (" (n—2p— 1) — agp + 2= ) = 25y,
Sy =02 (%4 (n — 2p — 3) — agp + aj2=242) =1 0?25y
Sy = vf ( 3 fn—2p—1) —ap(p—1) + a32;7+*f) =: v6233.
Then, the expressions in (5.6) imply

(5.12)
dy = {—z—jslao + ﬁ(n —p— 1)52043

+20pssag — B5ts + (n—p — 1) 25 hsy — pigtss ),

dy = {2?__42)04031 - ﬁ( —p—Dagsy +p (—1 - ﬁao) 53} )
dy = — (%52 (n—2p — 1) — agp + o2="41)
dy = — (2541 — 2 — 3) — agp + aZ2=283),
dy=— ("t (n—2p—1) — ap(p — 1) + ag2=242) .
Indicial roots are calculated as the roots the quadratic polynomial
do — dg)j — dioe + dpa® =0, j=0,1,...

Even though we could proceed as in Subsection 5.1, the expressions of
the coefficients from (5.12) are so involved that we prefer to take a dif-
ferent path. In any case, for each j = 0,1, ..., there exist two indicial
roots 193»[, with similar monotonicity.

To prove the remaining statements for in Proposition 4.3 on the
behavior of the indicial roots at infinity we need to switch back to the
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u-notation. Full details of the proof will be postponed until Section 8§,
however, let us give here the main ideas:

We start with the ; = 0 mode, that corresponds to the radially
symmetric solutions. The fundamental observation is that knowing an
exact solution for the non-linear ODE (2.12), one can produce radially
symmetric solutions of its linearized equation using dilation invariance,
as explained in Remark 8.4. But we know precisely the behavior as r —
oo of the fast-decaying solution U; for (2.12); indeed, in Proposition

2.1 we showed such solutions must satisfy U ~ r~% . The precise value
of ai was calculated in the paper [19] and it is given by

(5.13) Ozi=n_4—p(n_3)i\/4p+5p2—5pn+pn2—p2n
. 0 4 2(n—1) 2(n — 1)
+

(we denote ap = o ). From here we conclude that —ag are the two
indicial roots for j = 0.

Note also that the expression inside the square root in formula (5.13)
is always positive in our range of p. This implies that, for all 7, all the
indicial roots are real numbers. Summarizing our discussion, we have
(4.8).

We can also give explicit formulas for j = 1. Using rotational invari-
ance from Remark 8.6 one can find solutions in the kernel for j = 1,
and this yields (4.10). Finally, to show (4.11), one just needs to check
that

—22 4 p"E 4+ 14 a0 >0,
which follows from simple algebra for n > 5.

6. FUNCTION SPACES

The objective of this section is to set up the functional analytic
framework on R™ \ A.

Remark 6.1. In general, it would be necessary to control the asymptotic
behavior of a function both near the singular set and at infinity. Thus
one should work with weighted spaces on R™ \ A with two parameters
(one near A, another one at infinity). However, thanks to Remark
3.4 we are only considering metrics with a very precise behavior at
infinity that comes an initial compact manifold and it is not necessary
to introduce a weight at infinity, which is equivalent working on a
domain '\ A with zero Dirichlet condition (compare the statements of
Theorems 2 and 3 in [33]).

In order to simplify our presentation, we will write the function do-
main as 2 \ A with this understanding and only introduce a weight
near the singular set A.
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6.1. Weighted Holder spaces. We now define the weighted Holder
spaces Cﬁ""(Q \ A), following the notations and definitions in Section 3
of [33]. Intuitively, these spaces consist of functions which are products
of powers of the distance to A with functions whose Holder norms are
invariant under homothetic transformations centered at an arbitrary
point on A.

Let u be a function in a tubular neighbourhood 7 := 7, of A and
define

T (r +7)*uly) — u(y)|
U = sup |u| + su ,
lloo = suplul+ sup e e+ G g )0 — O

where y, 4/ are two points in T and (r, 6, 2), (', ', ') their Fermi coor-
dinates.
Definition 6.2. The space C5*(Q\ A) is defined to be the set of all
u € CH(Q\ A) for which the norm

!

||u||c(l)’0‘ = ||u||Clvf"(Q\7;/2) + Z ||VJU||CO,a(Tp)
j=0

is finite.

Now we consider a function d behaving as the Fermi coordinate r in
a tubular neighborhood 7, of A and a positive constant (say, identically
1) away from the singular set. Then a function u belongs to C;;*(Q2\ A)
if and only if

u=d"t for some ueC(Q\A).
This space is endowed with the natural norm
— "
[ullgre == lld™"ullgie-

Basic properties of these norms can be found in [33, Section 3].

In the particular setting of R™ \ R? it will be necessary to introduce
weighted Holder spaces with respect to the r variable for functions
having different behaviors near » = 0 and r = oc.

First, in the case of an isolated singularity, this is, R™ \ {0}, given
any 1, e € R, for R > 0 fixed we set

CL(Br\ {0}) = {u=r"¢ : ¢ € Ct"(Br\ {0})},
CLo(RN\ Bp) = {u=1"¢ : ¢ € C;"(RY \ Bp)},

and thus we can define:
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Definition 6.3. The space C;*,,(RY \ {0}) consists of all functions u
for which the norm

lellgge,, = b I ullao+ s "l
RN\ By

is finite. The spaces C;% (R™ \ R?) are defined similarly, in terms of the
(global) Fermi coordinates (7,6, z) and the weights r#t, r#2.

6.2. Weighted Sobolev spaces. As we have discussed, L. is second
order linear, elliptic operator, uniformly elliptic away from the singular
set A where it has the structure of an edge operator from [31]. Here we
try to make a an effort to present Mazzeo’s theory of edge operators in
a more transparent way.

A possibility is to work with the “self-djoint” version of L., which
near the singular set is essentially (4.12). Another approach is to pass to
the Fermi variable ¢ = —logr and introduce the “conjugate” operator
L. which, near the singular set, is written as (5.10). This operator is
fully characterized both near A and near infinity (and it is independent
of € at both places).

Moreover, since the weight in the function space is not relevant unless
we are near the singular set (recall that we are ignoring the contribution
from infinity, as explained in Remark 6.1), for our purposes it is enough
to consider, for § € R, the norm

74_ 25—
(6.1)  llell72a) :/Q © dy+/ /SN / P=20-1 dzdfdr.

The last term in the expression (6.1) above has a more user friendly
expression in the variable ¢ = —logr. Indeed, using the same notation
as in (5.11), if we set

(6.2) Q= AT w=d T

then, taking into account that d = r on near the singular set, it sim-

plifies to
/ / / w2e®" dzdfdt.
logp JSN-1 JA

Finally, weighted Sobolev spaces Wf 2 are defined similarly.

6.3. Duality. We will consider the spaces LZ(Q2\ A) and L?5(Q \ A)
to be dual with respect to the natural pairing

(6.3) L x L5 3 (W, W) W, Ws.
Q\A



32 M.F. ESPINAL AND M.D.M. GONZALEZ
Fixed 6 € R, the dual of
LO: L2(R™\ RP) — L3(R™\ R?)
is given by
(6.4) (LOY* = =20 L0020 12 (R™\ RP) — L2 (R™\ R?).

We do not claim that L. is self-adjoint. Nevertheless, relative to the
pairing (6.3), the adjoint of

L. : L2(Q\ A) — LZ(Q\ A)

is still a second order elliptic operator with the same structure acting
on

(L) : L25(Q\ A) = L25(Q\ A).

We will show in Proposition 7.1 that L. (and thus, the original L)
is semi-Fredholm when 6 > 0 not an indicial root. This implies that

(6.5) ker((ILo)")* = Rg(L.).

Thus an easy way to prove that such L. is surjective is to check that
its adjoint is injective.

7. A PRIORI ESTIMATES AND L? SEMI-FREDHOLM PROPERTIES

Let L. be the linearized operator around @. in R™ \ A, that is,
L(te, grn). Fredholm properties for this type of operators were shown
in Mazzeo [31] in great generality (using the theory of edge operators)
and we refer to this paper for the complete proofs. Here, instead, we
consider a simple PDE approach for the L? theory which was presented
in the lecture notes [39].

For the sake of clarity, as mentioned in Remark 6.1, we will work
with functions that are supported in a domain €2 in order to avoid the
complications as r — oo. B

Fixed € > 0, the operator L, : L3(2\ A) — L3(2\ A) is linear and
unbounded, densely defined and has closed graph. Our main result in
this Section proves (semi)-Fredholm properties, encoded in the a-priori
estimate from Proposition 7.1 for solutions of the equation

(7.1) Law=h in Q\A.

Using the notation in Remark 5.2, we will denote by (5jF the indicial
roots of L as r — 0 (recall that they do not depend on ).
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Proposition 7.1. Let § # 5}, § > 0 and take W € L2, h € L2
satisfying (7.1). Then

(72) 1 2@ < € (Pl + 18200

for V' any compact set in Q\ A, and some constant C(V') not depending
on w.

Note that there is no dependence on € in the conclusion of the Propo-
sition. The proof follows from a series of Lemmas:

Lemma 7.2. (Localization) It is sufficient to prove the Proposition for
functions in L2 supported in T,(A) for some small p.

Proof. Introduce a cutoff y identically one on 7,/2(A), vanishing outside
T,(A). Then

hy = f[:e([ﬁx) = yL.@ + []16, x|w.
Thus if inequality (7.2) is true for wy, it is also true for w by adding a
compactly supported term. O

Lemma 7.3. (Reduction to the model case) For functions supported
on T,(A) for some small p, it is enough to prove (7.2) for the model

operator LO instead of L.

Proof. First recall Proposition 4.4 (and Remark 4.5) to reduce the prob-
lem to study the model operator L. (or its conjugate L.). Next, because
of the ODE study from Proposition 2.1, we have for some ¢ > 0, in a
small enough neighborhood {r < ae} for some a > 0,

y4 —ot
||D (ve — UOO)”LOO(T,,(A)) <Cpe™?, £=0,1,...
Thus it is clear that
L.=LO1 +0(e")).

Now, for points a bit further away from A, say, for r >> ¢, the operator
L. does not depend on € (at least, up to lower order terms), and it

is a regular uniformly elliptic operator so standard Sobolev estimates
hold. O

Now we give the proof of Proposition 7.1 for the model LO), Assume,
for now, that ¢§; := (5;-r > 0 for all j. Recall the definition of the (conju-
gate) operator from (5.11); after projection over spherical harmonics,
it becomes

LO@ = (by — bad)) @ + 020y + bye A0, by, by < 0.
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Take the Fourier transform in the variable z, and set
Kjw:= Eo,jw + byOpw — bye | (Pw,

where we have defined BOJ = 130 —0bsj, ¢ the Fourier variable and w the
Fourier transform of @w. Now we make the change by|¢|*e™?" = bye 2"
and work in the variable 7. This operator reduces (up to a negative
multiplicative constant) to

(7.3) Kjw = 0w — 6w —e 7w, forw=uw(r).

Define the space L}(dr) the weighted space with respect to the variable
7 and weight €7, and let us study the mapping properties of K ; in
L3(dr).

Note that for functions supported on 7 € (79, 00) for 7y big enough,
the term —e~?7 is just a perturbation and can be ignored. Thus, for

each fixed j, we consider the equation
(7.4) Riw=1 for Rjw:=0,w—dw.

For simplicity, we take 79 = 0 in the next Lemma. The dependence
on 7y will be retaken in Lemma 7.5, in order be able to go back to the
variable .

Such £; is a totally characteristic operator and has good Fredholm
properties.

Lemma 7.4. If 6 not an indicial root, for every solution w(t) of (7.4)
supported on (0,00) we have

(7.5) [wllzz2@r < Cllllz2(ar)-

Proof. First we show that the estimate is true if —0; < 0 < ¢;. Multiply
equation (7.4) by e27w:

A Y o
0 0 0

Integration by parts, noting that the boundary terms vanish, yields
(7.7)

—/ W(Oyrw)e®” dT:/ (0rw)?e®T d7+25/ w(0,w)e®T dr.
0 0 0

For the last term in (7.7),

25/ o-w)e 25Td7'—5/ O-( 257d7'— 262/ w2e®7 dr.
0
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Substitute the two expressions above into (7.6) to obtain

/ (0rw)?e®T dr + (5J2 — 20%) / X7 dr = / Ywe®™ dr
0 0

g(A wQ%ﬁh) (4 we%nh)2

On the other hand, Holder estimates in (7.8) above will give

(7.9)

00 00 % 0 2
5/ WX dr < </ w?e?™ dT) (/ (0,w)%e®T dT)
0 0 0

and thus,

(7.10) 52/ w?eT </ (0.w)2e®™ dr.
0 0

Substituting (7.10) into (7.9) implies

(5]2- — 52)/ w2e®T dr < (/ 2e?T dT) (/ w2e?0T dT) )
0 0 0

To finish, just note that 07 — ¢* > 0 because of our hypothesis, so that

[e's) 1 [e's)
2 26T 2 26T
A w e dr S ((5]2——(52>2 A w (& dT,

Now we prove estimate (7.5) if § > 0, (the remaining case § < —0, is
very similar). First remark that problem (7.4) is an ODE, which has a
unique solution. Using the variation of constants formula, it is written

as
1 +o0 +o0o 1
W= W <B+/T By — B_/T BVZ)) = W(wl + wo),

where BT = %7 and B~ = ¢ %7 and W the Wronskian. We proceed
as follows: first, for the term wy := B~ [ B4, use integration by parts

o) 0o 2
||w1||%§(d7—) = / 2057 (/ e5j'r¢) 270 dr
0 T
_ /VOO8 1 6—26j7'+257 /00 e5jT¢ ? dr
. \as 2o, :

1 )
1 201 dT.

T o—6;

as desired.
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To finish, just use Holder inequality:

1
o0 2
||w1||%§(d7) 5 (/ f26267—d7—) ||W1||L§(d7—)‘
0

For the first term of w; the inequality is proved similarly. U

Now we go back to the problem
. W = or W= 0w—0;w—e ~w,
(7.11) Kjw=1 for Kjw=0 &3 27

in order to understand the dependence on 7. While estimate (7.5)
should still be true, the constant C' would depend on 7y. This is not
enough to go back to the variable ¢ (recall that we are working in
general with functions supported on 7,(A). The strongest assumption
0 > 0 will provide this extra control, as we will show in the following
Lemma:

Lemma 7.5. Fiz § > 0 not an indicial root. Let w(T) be a solution of
(7.11) supported on T € (19,00), 179 € R. Then

(7.12) ||WHL§(dT) < CH?/JHLg(dT)?
for a constant C' independent of w and 7.

Proof. The proof goes similarly to that of Lemma 7.4. First, in the
case 0 < 0 < d;, one can repeat the proof line by line, noting that the
additional term — [ w?e*™e?™ has the right sign and can be dropped
while keeping the inequality.

The case 6 > 9, is more delicate, since involves Bessel functions. We
can still write the solution to problem (7.4) as

+o0 oo
w= % <B+/T B™y — B/T B+w> = %(Wl + w2),

where
By (1) := K5, ("), B_(1):=1I5(eT),

where I, K5, are the modified Bessel functions of the second kind.
Their asymptotic behavior is well known and, indeed, when 7 — 400,
BT (1) ~ €% and B=(7) ~ e %7. The Wronskian W is well known
and has constant value (see [50], Chapter III, formula (80)).
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We will give the proof for the term w; := B fTOO B_1). An analogous
argument yields the estimate for w,. First use integration by parts

ot 22,

_ / :O By(r)* < / " B_(o)(0) da>2 b g

oo o0 2
= / 0- (ﬁe%TJrQ&jT) e "B (1)* (/ B_(o)Y(0) da) dr
T0 J T

= J1 + Jo,
where
1 b 0
J1 = 5+, /TO 625TB+(7-)ZB_(7‘)¢(7')/T B_(0)Y(o)dodr

5 i 5; /OO e*7 B (1) B_(1)i(7)wy (1) dr

just nothing that B, (7)B_(7) is a uniformly bounded positive function.
Finally, Holder’s inequality yields
C
0+9;

00 1/2 00 1/2
(/ @/1(7)26257 dT) (/ wl(T)Qez‘;T dT)
C 0 70

= m||¢||L§(dT)HW1HL§(dT)

J1 <

On the other hand,
1 oo _ _ ‘T oo

RTET : 2T (e By (1)?) /T B_(o)Y(o)dodr
1 00 s

TR /TO e*70, log (e 27 B, (7)?) wi (1) dr.

Calculate, for s =e™7

Jy =

Y

25, 0, B (7) s0sKs.(s)
2651 2 T2+
j — _5. _TTTN 7 = - - — 7
O, log (e By(1)?) =2 [ d; + B.(7) } 2 [ j 75,(5)
8175jas<85j K(Sj (S)) > 07
K(;j (S)
using Property 3.71 in [50] which implies 9,(s% Ks,(s)) < 0. By the

crucial hypothesis 6 > 0, the term J; has a sign and can be dropped.
From the estimate for J; we have that

||W1||2L§(dr) < O||¢||i§(dr)=

=2
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for functions supported in (7p, +00) but now this constant C' is inde-
pendent of 7y, as desired.
O

Finally, taking Fourier transform back will complete the proof of
Proposition 7.1. If Redy = 0, then one needs to consider Bessel func-
tions with complex argument. Nevertheless, modifications are minimal.

8. INJECTIVITY OF THE MODEL OPERATOR
Let p be a weight satisfying
n— 0 0
(8.1) b — 2t <Re(xgl) < 4 < Xik-

We let £, to be the variable coefficient operator which is given by (4.4)
evaluated at € = 1, that is,
(8.2)

1 1
Lae] = Ao+ 2 o 4 Al 0+ 2ol

r 72

The aim of this Section is to prove:

Proposition 8.1. The only solution ¢ € C;;5(R" \ R?) of

(8.3) Lip=0 inR"\R?

15 = 0.

8.1. The normal operators £® and £(>). We study first the con-

stant coefficient operators £® and £ on R \ RP; precise formulas
are given in (4.5) and (4.6).

Proposition 8.2. Any solution ¢ € CZ:S(R” \ R?) of LO¢p =0 must
vanish identically.

Proof. First remark that it is enough to study injectivity of the pro-
jected operators

5£0) (0)

£716) = 570 + =0 + 50w — N + AP Ao = 0.

J

Recalling the discussion in Section 7, this can be reduced to proving
injectivity for each equation

(8.4) Orrw — 5J2-w —eTw=0, foow=w(r), TER, j=0,1,...
under the assumption that w has the behavior

( _{O(ré) as r —0,
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Here we have defined
Si=p—L+22>0.

Let us look then at equation (8.4). For any j, this is a Bessel ODE
which has two linearly independent solutions, given by the modified
Bessel functions of second kind K5, (1) and I, (r) in the variable r = e™".
Since the asymptotic behavior of the Bessel functions is well known,
any solution with such behavior as r — 0 cannot be bounded as r — oo,

which is not possible because the choice of function space. O

Proposition 8.3. Similarly, any solution ¢ € Ci:g(R” \ R?) of
£(°°)<p =0

must vanish identically.

Proof. Tt is the same proof as in Proposition 8.2, using the asymptotics

of the Bessel functions, but with the new indicial roots. First, for each

7, there are two solutions. However, the one that is not exponentially
growing as r — 0o is not in the kernel thanks to condition (4.9). [

8.2. Beginning of the proof of Proposition 8.1. The first observa-
tion is that, since U, only depends on the radial variable, the coefficients
A}, ¢ =0,1,2,3,4 only depend on r as well, so one can project over
spherical harmonics and show injectivity for each operator

Lijo=0 o=¢(rz),r>02z€eR
for j =0,1,.... Here

Al(r Al(r
85) £150 = Ao+ 00,04 a2, o i) A

2

Next, as we did in Section 7, Fourier transform in the variable z
reduces to the problem to study the operator

1
Jiw = Ag(r)w + Al—(m@rw + A3(r) 0w — A
r
This is an ODE in the variable » € R for each fixed {. Indicial roots
for this problem were given in Proposition 4.3. We will consider the
different values of j in the following paragraphs.
The first observation is that, for 7 = 0, our choice of weight p >

— Ai(n)¢fw = 0.

As(r)

Re(X(()(Br) prevents having any solution in the kernel with behavior O(r#)
as r — 0.

Next, in Sections 8.3 and 8.4 we try to understand the effect of
symmetries of the equation. It will be useful to consider the reduced
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operator (when p = 0 so there is no variable z) and ¢ = 1, which is
given by

Al(r) Aj(r)

&go + A%(marrga + T—QAGSO?

Lo = A(l)(T)QO +

and its spherical harmonic projection

1 1
A b+ A (1) — 1y 22

r 72

L1 50 = Aj(r)p +

8.3. Non-degeneracy in the radial direction. Even if it is not
needed in our discussion, let us take a detour to characterize the kernel
of the operator £, (that is, for j = 0), given by

Aj(r)

21,0[90] = ‘A(l)<7n)90 + 87“90 + A%(T)arr% Y= gp(?‘),

and prove that it is non-degenerate. We start with an immediate ob-
servation:

Remark 8.4. The oj-equation is dilation invariant. This implies that
the function

Py = r@rUl + %Ul

is a solution to the linear problem £ gp; = 0.

We will show in the next Lemma that this is actually the only pos-
sible solution. For this, it is better to go back to the tilde-notation
consider the conjugate operator £,y and the corresponding solution
Wy.

Lemma 8.5. Any other solution to
(8.6) L10w =0

that decays to zero ast — oo must be a multiple of wy.

Proof. Let wy, ws be two solutions of (8.6) that decay to zero as t 4 oo,
that is, of the form w; = a;(1+ 0;(1))e%’, i = 1,2, as t — +o0, o; # 0.
Define its Wronskian W (t) := wjws — wiw)

W(t) = {17/1{172 — {1711’17; = a1a2(§1 — G + O(l))e(<1+<2)t'

Since the Wronskian is constant, then we must have ¢ = ¢. Let
us assume, by rescaling, that a; = as = 1. Now look at the next
order. For this, we write w; = e%' + al(1 + Oi(l))eci(l)t, i = 1,2, as
t — o0, 0451) # 0. The same argument will yield that gl(l) = §2(1).
Inductively, we will be able to conclude that w; = ws, since we have
analytic continuation for the solutions of this ODE. U



GLUING FOR A FULLY-NON-LINEAR EQUATIONS 41

8.4. Rotational invariance implies non-degeneracy. Now we use
rotational invariance to show injectivity for the first non-zero mode,
this is, for Ay = ... = Ay = N — 1 (recall the notation in (2.2)).
Assume that p = 0 for now and study £, ; for j =1,..., N.

Remark 8.6. Notice first that rotational invariance yields that
21((9jU1):O, jzl,,N

Since 0; = e;0,, then ¢, := 0,U; belongs to the kernel of £, ; for each
j=1,..., N.

Recall that, in addition,

_n=4_q

Qo(r) <11 as r— 0,

and

ap—"2 1

Qo(r) ~or™ 07 as 1 — 00.

By contradiction, assume that ¢; is a solution to £ ;¢; = 0 in the
space ij;g. Looking at (4.11), one knows that it behaves like
—Oco—nT_Al—l

o;(r) ~r as r — o0.

We also have, by our choice of x in (8.1), that

©
w; <X+ as r—0.

Then there is a (non-trivial) linear combination of ¢, and ¢; that de-

cays faster than P07 =1 45 1 — 00, Looking at the different behav-
iors as r — 0, we see that this combination is non-vanishing. Looking
at the indicial roots Xﬁo), this is a contradiction since no (non-trivial)

solutions can decay faster at r — oc.

Now, to pass from £;; to £y, 7 =1,..., N we need to take Fourier
transform in z and use the same continuity argument as in [33, Propo-
sition 4], considering the Fourier variable |¢|* as a parameter.

8.5. The higher modes. To complete the proof of Proposition 8.1 it
remains to study the case 7 > N.

We consider first the eigenvalue problem for £, g = np. Although
we know that 0 is an eigenvalue, we have no information on its Morse
index. Let 7y be the first eigenvalue. It is well known (thanks to
self-adjointness with respect to the scalar product (4.13)), that its cor-
responding eigenfunction g is strictly positive.



42 M.F. ESPINAL AND M.D.M. GONZALEZ

Now, let ¢; be a solution to £, jo; = 0, for j > N, which can be
written as L 0p; = Ajp; after we have taken Fourier transform in the
variable z. Combining this equation with £; g¢¢ = nopo we arrive to

(Aj = m0)ejeo = woliow; — iLiopo-
Integrate this expression in the set where {¢; > 0} with respect to

the weighted L? space from (4.13), and use the divergence theorem to
obtain that

(A — 770)/ pipoH" dr = / H! {eodsp; — 00500} ds.
{@;>0} {p;=0}

Here 7/ is the exterior normal to the integration set. It is easy to check
that dyp; < 0. Then, from the above formula we reach a contradiction

unless
/ wjoH dr = 0.
{p;>0}
In particular, this implies that ¢; = 0, as desired.

9. INJECTIVITY OF L,

Let p be a weight as in (8.1). We rely on the results of the previous
Section to show injectivity in weighted Holder spaces for small e.
Looking back at (2.11) and Proposition 4.4, we know that

Le: Cr(Q\ A) = Cpry (2 \ A).

n—2

Proposition 9.1. There exists €y such that for all 0 < € < €, the
operator L is injective in Co*(2\ A).

The idea is to use a contradiction argument as ¢ — 0 which, after
rescaling, reduces the problem to the model operator £;. This is a
rather standard argument by now (see [33] or [15, Proposiion 3.1] for
the scalar curvature case). Thus, assume that there exists a sequence
{e}, ¢ — 0 such that L; := L, is not injective, i.e., there exists
Y1 € Cﬁ’o‘ with IL;ip; = 0. Rescaling, we can always assume that

leilleg =1,
Then there exists y; € €\ A such that
(9.1) L>d " oi(y) > 5,

where d; := d(y;) and d is the function defined in Definition 6.2. Now,
since {2 is taken to be a compact manifold, up to a subsequence we can
find yo € Q) such that y; — yq.

We will need a preliminary convergence Lemma:
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Lemma 9.2. Consider p > £ — ”7_4 not an indicial root. Given a

sequence {1} in Co%, if ||<pl||cz,a < C, then it has a convergent subse-
quence. This is still true if we only have [|pi|lca < C but each ¢ is a

solution of the homogeneous equation LL;p = 0.

Proof. We use elliptic estimates and Ascoli’s theorem in compact sets.
Note that, if we have convergence of a subsequence in a compact set,
the estimate (7.2) will convergence in weighted L?-spaces. Elliptic es-
timates again will yield the desired conclusion. 0

There are several possibilities according to the position of yj:

Case 1: we first assume that yg € A. Note that yg could be the
point at infinity. However, this point is not distinguished in 2 as we
have pointed out in Remarks 3.4 and 6.1.

For ¢ small enough, the operator IL. coincides with the operator L,,
from Remark 4.1. By Lemma 9.2, the sequence {¢;} converges (up to
passing to a subsequence) to some ¢ in Q2 \ A satisfying

(9.2) Ly 0o =0 in Q\A.

Then, since A has Hausdorfl dimension p < n — 2 and u = O(d"),
we can apply classical removability of singularity results for quasilinear
equations (see, for instance, Chapter 3.1.3 in [30], or the original [44])
to conclude that ¢y can be extended to a weak solution of Ly, ¢o = 0
in the whole 2. Then we must have ¢y = 0 by our non-degeneracy
hypothesis on g;. This yields a contradiction with (9.1).

Case 2: Assume now that yo € A. Let r, = dist(x;, A) to be the
radial Fermi coordinate, and rescale

&1(y) = ¢ "oy + ).

Then Lemma 9.2 implies that, up to a subsequence, ¢; converges to
¢o € C)o(R™RP), a solution of Ly = 0 in R™\RP for some linear
operator L.

There are three possibilities for L according to the behavior of ¢, /7,
since the approximate solution u, has a different behavior in each
regime (recall Corollary 2.2):

First, if ¢/r, — 00, then we are in the situation (2.15), and L
reduces to be the operator £ from (4.5) in R® \ RP. Because of
Proposition 8.2, ¢y must be identically zero. Contradiction again with
(9.1).

Second, assume ¢ /r; — C # 0. Without loss of generality, we can
take C' = 1, otherwise rescale. Then, taking into account the scaling
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(2.14), L coincides with the operator £; in expression (8.2). We can
use Proposition 8.1 to reach a contradiction as above.

Finally, if ¢;/r; — 0, the operator L is £>) from (4.6) defined in
R™\ RP, and we argue as in the previous cases, using Proposition 8.3

to conclude. This completes the proof of Proposition 9.1.
O

Remark 9.3. Proposition 9.1 could be rewritten line by line with the op-
erator L, replaced by (L.)*. Indeed, the main ingredient is the relation
(6.4) and the characterization of L. in terms of £, from Proposition
4.4.

For injectivity in Lebesgue spaces, first set
n—4
(9:3) 0=p—5+"
Then:

Corollary 9.4. For every e € (0,¢), (Lo)* is injective in L3 (Q\ A),
and thus, L. is surjective in L* 5(Q\ A).

Proof. First use Remark 9.3 to obtain injectivity in Holder spaces.
Then, classical regularity estimates allow to pass from Lebesgue spaces
to Holder spaces. This implies, in particular, that injectivity holds in
weighted L2 spaces if we choose a parameter by (9.3).

For the second assertion, simply recall the relation (6.5). U

Finally, we will prove an auxiliary result that will be needed in the
next Section:

Lemma 9.5. Assume u satisfies (8.1). There exists ¢g > 0 and C > 0
such that, for every e € (0,€), if ¢ € C2*(2\ A) is a solution to

(L))" =h
for h € Cﬁfg(Q \ A), then
(9.4) 19 llgze < CllAllgoe,

Proof. This a contradiction argument very similar to the proof of Propo-
sition 9.1(see also Remark 9.3) and thus, we omit it. O

10. UNIFORM SURJECTIVITY OF L,

We have just shown that for each fixed e, the operator

L : L2520\ A) — L25(Q\ A)
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is surjective. Now we would like to construct a right inverse for LL.. For
that we set

Lo:=L.od®oLf: L25(Q\ A) = L*,(Q\ A).

This L. is an isomorphism (with suitable boundary conditions (or
growth at infinity) and thus, it has a bounded two-sided inverse

Ge: L25(Q\A) = L25(Q\ A).
In particular, ]Ee o ([N}6 = I, which means that
(10.1) Ge = d2(L)*d?Ge : L2521\ A) = L25(Q\ A)

is a bounded right inverse for L, that maps into the range of d~23(IL,)*.

In particular, an analogous result is true for G, with the usual shift
of indexes. Now we choose

n—4 : R n—4
(10.2) v < & — 12 dlightly larger than v/ := —6 + £ — 2=

and restrict this inverse to the smaller set Co% (€ \ A). Then
Ge : CO%(Q\ A) — L2 (Q\ A).
Let us improve the regularity of this inverse:
Proposition 10.1. If ¢ € L% (2 \ A) is a solution of L.p = h for
h e Co%(Q\ A), then we have that ¢ € C>*(Q\ A) for v close enough

tov, vV <.

Proof. Rescaled Schauder estimates immediately imply that the solu-
tion ¢ € C5*(Q\ A). However, the main statement in this Proposition
is an improvement of weight from v/ to v. This fact follows from the
work of Mazzeo [31, Theorem 7.14], where they show that a change in
the asymptotics of ¢ is created only by the crossing of an indicial root,
and this cannot happen if v and v/ are close enough. U]

In summary, there exists a (bounded) right inverse for
Lo : C2%(Q\ A) = CU%(Q\ A),
given by
Ge 1 Cp (2 \ A) — C2¥(Q\ A).

The main result in this Section is the following:

Proposition 10.2. There exists ¢g > 0 such that, for all € € (0, €),
the norm of G, does not depend on e.
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Proof. The proof is very similar to [33, Theorem 6] and [15, Proposition
4.4]. As in the proof of Proposition 9.1, we argue by contradiction.
Assume that there exist sequences {€}, {h}, {1} satisfying o, = G hy
and

sup{d "|ly|} =1 but sup{d ’|p} =m — 0
O\A O\A
as ¢, — 0.

We denote L; := L, G; := G, and recall that, by the duality relation
(10.1), ¢ = d**(IL)*a; for ¢y € Cz}a with p/ very close to u. Now rescale

. " hh o -y
Qri=—, h=—, Y=
my my my

Choose a point y; € 2\ A where

5 <d(y) " au(y) <1

By compactness, we can show that, up to a subsequence, y; — yo for
some 7y € (2. There are two cases depending on the location of yy:

Case 1: Suppose that yo € 2\ A. Arguing as in Case 1 in the proof
of Proposition 9.1 we reach a contradiction using non-degeneracy.

Case 2: Now assume that yo € A, and let r; := dist(y;, A) to be the
radial Fermi coordinate, and rescale
@i(y) = Py + ),

and similarly with the other functions. Since ||@i[|;2.« < C, we can find
a convergent subsequence to a function ¢, satisfying

(10.3) Lpo=0 inR"\R”

for some operator L that we will study below. One may also check
that ¢; converges to a function vy, thanks to the bounds in Lemma
9.5. Moreover, this limit satisfies

(10.4) B0 = L* (o),

Take Fourier transform of equations (10.3) and (10.4) in the variable
z, denoting the Fourier variable by (, and the transformed operator by
K. Then the both equations reduce to

KCLUO = 0,

WO:K&‘('ZDO n RR\RP
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Hence 0 = K¢(wy) = K¢K(wp). Multiply this equation by @, and
integrate by parts to obtain, for each fixed (,

/ | K {woo|*r? dr = 0.

This implies that @y = 0, which yields a contradiction.

The linear operator L (and its Fourier version K) will depend on
the behavior of the quotient ¢;/r;. First, if ¢/r; — oo, we have that
L = L£© because of (2.15). Second, assume that ¢/r; — 1; then
L = L, defined in R"\RP. Finally, if ¢, /r, — 0, it holds that L = £(>).
But in all these cases the above argument works. O

Remark 10.3. In addition to (10.2), we will impose further restrictions
on v. Indeed, we need to ask that v also satisfies

(105) 27t <v<min{=2! + 1, —Re(x;)))}.

Recalling the values of p and 0 in (8.1) and (9.3), respectively, it is
clear that these are compatible choices. A summary can be found in
Figure 1.

11. NONLINEAR ANALYSIS

Now we go back to our original equation (1.13). We restrict to k = 2
and set . to be the approximate solution constructed in Section 3.3.

For this part, it is better to switch back again to the v-notation in
cylindrical coordinates and consider the equation

(111) N(”aQR’Hcyl) = 'U_2k+10'k (Bgv) — qu—2k+1 =0,
which is equivalent to

Lele] + fe + Qcle) = 0,

where we have defined

fe = N(0e, grn eyt),
Qc[w] := N (Ve + W, grneyt) — N (Ve grneyt) — Le[w]-
We fix
V=v-+ "774.
From the discussion in the previous Section we have that the operator
Le: CZ%(Q\A) = C(Q\ M),
has a right inverse

Ge:COY(Q\A) = C2(Q\ A)
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with norm independent of € (see Proposition 10.2). Now we can define
the operator

(11.2) T.(w) = —G(QcJw] + f.).
A fixed point of T, will yield a solution to equation (11.1).

Our first claim is that, for the error term f, there exists a uniform
constant C' such that for all € € (0, ¢) it holds

1illgne < C™

as long as 7 < 5. This follows from Proposition 3.5, since a C* esti-
mate follows from a (weighted) L> bound of f.. Note that this imposes
a further restriction v < By — %‘, which is still compatible with (10.5).

Now we give an estimate for the quadratic term. Let m be the

uniform bound for ||G||. Then
H@eﬂﬂcgﬂ <mCe'.
Define the set
B(ey,0) == {w € C2*(Q\ A) : [wlleze < oel'},
and choose ¢ large enough so that G, f. € B(ey, 0/2).

Lemma 11.1. For ¢y small enough, we have

_ ~ 1
Q) ~ Qe < 51w — e
for all wy,wy € B(ep,0), € € (0, €).
Proof. This is just Lemma 5.2 in [15] or Lemma 9 in [33]. O

Recalling the definition of the operator T, from (11.2), we have just
seen that is a contraction on B(eg, o) for €y small enough. This yields
a solution w to (11.1), as desired.

Now we can go back to the u-notation. We have just produced a
solution u. + ¢ that yields a complete metric near A. Indeed, one the
one hand, @, behaves like voor™ "7 as 7 — 0 (see (2.15)). On the other
hand, thanks to the choice v > —224 from (10.5), ¢ = O(r") has a less
singular behavior which is not seen near A.

In order to complete the proof of Theorem 1.1, we need to prove
that @, + ¢ is positive. First, looking at its asymptotic behavior near
A, this is the case for points near singular set. Away from A we have
a uniformly elliptic semi-linear equation (recall that our initial metric
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g+ was already in the positive cone). Then, positivity holds from the
application of the maximum principle in the positive cone ([29]).
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