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Abstract. We show that the fractional wave operator, which is usually stud-
ied in the context of hypersingular integrals but had not yet appeared in math-

ematical physics, can be constructed as the Dirichlet-to-Neumann map asso-

ciated with the Klein–Gordon equation in anti-de Sitter spacetimes. Several
generalizations of this relation will be discussed too.

1. Introduction

It is a classical result in potential theory that the Dirichlet-to-Neumann map
of the harmonic extension problem in the upper half-space is given by the square
root of the Laplacian. This relation can be generalized to encompass all fractional
powers of the Laplacian, and has recently made a major impact in the theory of
nonlocal elliptic equations [3].

Indeed, for any α ∈ (0, 1) this relation connects the multiplier

(1.1) [(−∆)αf ]̂(ξ) := |ξ|2αf̂(ξ)

on Rn, which is a nonlocal operator of the form

(1.2) (−∆)αf(x) = cn,α

∫
Rn

f(x)− f(x′)

|x− x′|n+2α
dx′ ,

with a local elliptic equation in n + 1 variables. Specifically, given a function f
on Rn let us consider the function u on Rn × R+ that solves the boundary value
problem

∆xu+ ∂yyu+
1− 2α

y
∂yu = 0 in Rn × R+ ,(1.3)

u(x, 0) = f(x) , lim
y→∞

f(x, y) = 0 ;

it was shown in [3] that

(−∆)αf(x) = cα lim
y→0+

y1−2α∂yu(x, y) .

This reduces to the ordinary derivative ∂yu(x, 0) in the case of the square root of the
Laplacian (α = 1

2 ), and in fact for all values of α it provides the natural Neumann
datum associated with the elliptic operator (1.3). Note that a generalized formula
for higher powers α ∈ (0, n2 ) has been established in [4, 5].

Our first objective in this paper is to derive an analogous relation for fractional
wave operators, by which we will always mean a fractional power of the usual
wave operator � := ∂tt −∆ and not an evolution equation driven by a fractional
power of the Laplacian or, more generally, a generator of a suitable semigroup
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(for fine information on the latter in various contexts, cf. [11, 19, 20]). Note that
this cannot be seen as an analytic continuation of the elliptic case and that in
fact several nontrivial choices need to be made, starting with the very definition
of the fractional wave operator. This is due to the fact that the symbol of the
wave operator, |ξ|2 − τ2, is not positive definite, so one cannot immediately define
�α through this quantity to the power of α as in (1.1), and can also be seen in
the integral formula (1.2), since formally replacing the squared Euclidean distance
|x− x′|2 by its Minkowskian counterpart

|x− x′|2 − (t− t′)2

in the denominator leads to an integral that is too singular to be well defined.
The analytic difficulties associated to dealing with fractional powers of hyperbolic
operators will become apparent already in Section 2.

There is a considerable body of classical work on fractional wave operators, which
have never appeared naturally in a physical problem but which are studied in detail
in the theory of hypersingular integrals (see e.g. [18] and references therein). In
particular, the fractional wave operator �α is defined for all noninteger α as the
multiplier

(1.4) �̂αf(τ, ξ) := σα(τ, ξ) f̂(τ, ξ) ,

where the symbol σα is defined as

(1.5) σα(τ, ξ) := (|ξ|2 − τ2)αχ+(τ, ξ) + eiπα sgn(τ)(τ2 − |ξ|2)αχ−(τ, ξ),

with χ±(τ, ξ) denotes the indicator function of the set ±(|ξ|2 − τ2) > 0. Equiva-
lently, choosing the principal branch of the complex logarithm one can write

(1.6) σα(τ, ξ) := lim
ε→0+

(
|ξ|2 − (τ − iε)2

)α
.

It should be noted that this is in fact a natural definition of �α in the sense that
σα(τ, ξ) raised to the power of 1/α gives |ξ|2 − τ2, i.e., the symbol of the wave
operator.

Our second objective in this paper is of a more geometric and physical na-
ture. Specifically, we will show that the fractional wave operator, as considered
in the theory of hypersingular integrals, does arise in gravitational physics as the
Dirichlet-to-Neumann map of the Klein–Gordon equation (1.8) in anti-de Sitter
spaces. Hyperbolic equations for fields in anti-de Sitter backgrounds with nontriv-
ial data on their conformal boundaries have attracted much attention over the last
two decades, especially in connection with the celebrated AdS/CFT correspondence
in string theory [15, 25]. Indeed, this conjectural relation establishes a connection
between conformal field theories in n dimensions and gravity fields on an (n + 1)-
dimensional spacetime of anti-de Sitter type, to the effect that correlation functions
in conformal field theory are given by the asymptotic behavior at infinity of the
supergravity action. Mathematically, this involves describing the solution to the
gravitational field equations in (n + 1) dimensions (which, in the simplest case of
a scalar field reduces to the Klein–Gordon equation) in terms of a conformal field,
which plays the role of the boundary data imposed on the (timelike) conformal
boundary.

To present the specifics of this connection in the simplest case, let us start by
recalling the basic structure of the anti-de Sitter (AdS) of dimension n+1, which is
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a Lorentzian manifold of negative constant sectional curvature (which we set here
to −1) and, as such, satisfies the Einstein equations with a negative cosmological
constant. For concreteness, we will consider the AdS half-space (see e.g. [1] for a
mathematical analysis of the problem and [2] for the physics of this space). The
metric can be written using Poincaré coordinates (t, x, y) ∈ R× Rn−1 × R+ as

(1.7) g+ :=
dt2 − dy2 − |dx|2

y2
,

where |dx|2 denotes the standard flat metric on Rn−1.
Analytically, here one can take boundary conditions on the set y = 0 (which is

conformal to the n-dimensional Minkowski space) and decay conditions at y =∞.
This makes it the obvious generalization of the half-space model of the (n + 1)-
dimensional hyperbolic space, which one describes in terms of the Poincaré coordi-
nates (y, x) ∈ R+ × Rn through the metric

g+
H :=

dy2 + |dx|2

y2
,

which is the natural setting for (1.3) after a conformal change.
While we prefer to stick to the AdS half-space in this Introduction, let us mention

that in Section 4 we will also consider in detail the problem for the usual AdS space,
whose conformal timelike infinity is the cylinder R × Sn−1. This is sometimes
referred to as the global AdS space in the context of the AdS/CFT conjecture and
can be covered by two half-space AdS charts. The results are qualitatively the same
but the algebra is less transparent. We will also encounter the same behavior when
we analyze more general stationary asymptotically anti-de Sitter metrics, again in
Section 4.

Let us then consider the Klein–Gordon equation with parameter µ in the AdS
space (1.7),

(1.8) �g+φ+ µφ = 0 ,

where �g+ is the wave operator associated with the AdS metric:

�g+φ := y2(∂ttφ−∆xφ− ∂yyφ)− (1− n)y∂yφ.

Physically, µ is the mass of the particle modeled by the Klein–Gordon equation
plus a negative contribution from the scalar curvature of the underlying space [22,
Section 4.3]. For our purposes, it is convenient to assume that the parameter

α :=

(
n2

4
+ µ

)1/2

takes values in the interval (0, n2 ).
We then have that Equation (1.8) can be rewritten as a wave equation with

coefficients singular at y = 0,

∂ttφ−∆xφ− ∂yyφ−
1− n
y

∂yφ+
4α2 − n2

4y2
φ = 0 .(1.9)

A simple look at the singularities of the equation reveals that the solutions are

expected to scale at conformal infinity as y
n
2±α. Then, since we are assuming

α > 0, the natural Dirichlet condition for this problem is

(1.10) lim
y→0+

yα−
n
2 φ(t, x, y) = f(t, x) .
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If one prefers to prescribe a Neumann condition [23], one must instead impose

lim
y→0+

y1−2α ∂y
(
yα−

n
2 φ(t, x, y)

)
= h(t, x) ,

for α ∈ (0, 1), and a generalized Neumann condition α ∈ (1, n2 ), as we will see below.
With this notation in place, the main result of the paper is that the fractional wave
operator �α (in flat space) is the Dirichlet-to-Neumann map associated to switching
on a nontrivial boundary datum in an anti-de Sitter space:

Theorem 1.1. For any function f ∈ C∞0 (Rn), let φ be the solution of the Klein–
Gordon equation (1.8) with this Dirichlet boundary condition (Eq. (1.10)) and trivial
initial data at −∞: φ(−∞, x, y) = φt(−∞, x, y) = 0. Assume moreover that the
mass parameter α takes values in (0, 1). Then for any smooth enough function f
one has the identity

�αf(t, x) = cα lim
y→0+

y1−2α ∂y
(
yα−

n
2 φ(t, x, y)

)
for an explicit constant cα = −22α−1Γ(α)/Γ(1 − α). More generally, if α ∈ (0, n2 )
is not an integer and we write α = m+ α0, with m := bαc the integer part, then

�αf(t, x) = cα lim
y→0+

y2(1−α0)
(1

y
∂y

)m+1(
yα−

n
2 φ(t, x, y)

)
,

with cα := (−1)m+12α+α0−1 Γ(α)

Γ(1− α0)
.

Several remarks are in order. First, an elementary observation is that this iden-
tity, which obviously applies to much for general data by the bounds that we es-
tablish in this paper, implies that the well-known estimates for the fractional wave
operator immediately translate into assertions about the Dirichlet datum of the
solution and its associated Neumann condition, and viceversa. Second, it is worth
emphasizing that this relation can be generalized to more general asymptotically
AdS metrics, as we will do it Section 4. A third comment is that Theorem 1.1 im-
plies for α ∈ (1, n2 ) the operator �α can be naturally interpreted as the scattering
operator of the manifold. In Riemannian signature, this connection is discussed
in detail in [4], and quite remarkably the interest in the the conformally covariant
operators on the boundary that it defines (see e.g. [10, 16, 8]) was originally fueled
by work of Newman, Penrose and LeBrun [14] on gravitational physics quite in the
spirit of Maldacena’s AdS/CFT correspondence.

Recall that, in the Lorentzian case, the construction of the scattering operator
for a general asymptotically AdS metric was carried out in [21], but the resulting
operator was not characterized.

The paper is organized as follows. In Section 2 we will recall some basic facts and
definitions about fractional wave operators in a form that is particularly convenient
for our purposes, and in particular, a convolution formula with a singular kernel. In
Section 3 we will analyze the Klein–Gordon equation and establish the main result
in the half-space region of anti-de Sitter space. This identity will be extended to
more general asymptotically AdS spaces, and to the global AdS space, in Section 4.

2. Fractional powers of the wave operator

In this section we will recall some basic facts about fractional powers of the wave
operator, as defined in (1.4). In the following we will see that, just as in the case
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of the fractional Laplacian [13], one can represent �αf as a regularized integral
depending analytically on the power α when f is a sufficiently smooth function.
To derive this result in full generality, we will need the analytic continuation of the
classical hyperbolic Riesz potential [17], which will be explicitly constructed when
the power is not a positive half-integer.

A careful analysis of the poles of the multiplier (1.5) shows that one can regard
σα as a tempered distribution on Rn, analytic in the parameter α for α 6= −n2 − k
with k a non-negative integer (cf. e.g. [9, Chapter III]). This property is of crucial
importance to recover the fractional wave operator as a convolution

�αf = kα ∗ f,
where the kernel kα coincides with the inverse Fourier transform of σα in a sense
that will be specified later on. Notice that, while this relation holds true distribu-
tionally, it is not easy to transform it into a pointwise converging formula due to
the singularities that the multiplier presents on the light cone.

To regularize the integrals that appear, we will use Riesz distributions. Let us
recall that, for any complex parameter α with Reα > n

2 − 1, Rα is the distribution
whose action on a function ϕ ∈ C∞0 (Rn) is given by the absolutely convergent
integral

〈Rα, ϕ〉 = Cn,α

∫
K+

+

(t2 − |x|2)α−
n
2 ϕ(t, x) dt dx, ϕ ∈ C∞0 (K+

+),

where we write the points in Rn as (t, x) ∈ R× Rn−1, the set

K+
+ := {(t, x) ∈ Rn : t2 > |x|2, t > 0}

is the forward causal cone and the constant Cn,α takes the value

(2.1) Cn,α :=
21−2απ1−n2

Γ(α) Γ
(
α+ 1− n

2

) .
A straightforward computation shows that the map α 7→ 〈Rα, ϕ〉 is analytic in

the half-plane Reα > n
2 − 1. It is well-known (see e.g. [12]) that this mapping

can be analytically continued to the whole complex plane by means of the identity
�Rα+1 = Rα. Hence for any complex number α it makes sense to consider the
convolution of the distribution Rα a smooth compactly supported function f ∈
C∞0 (Rn), which we will denote by Iαf and call the hyperbolic Riesz potential of f .
Notice that for Reα > n

2 − 1 the Riesz potential simply reads as

(2.2) Iαf(t, x) =

∫
K+

+

(s2 − |y|2)α−
n
2 f(t− s, x− y) ds dy.

In the following proposition we establish the relationship among the powers of
the wave operator, the Riesz distribution and its associated potential, showing
that, as in the Euclidean case, it is possible to understand �αf as a regularized
integral represented by the analytic extension of the Riesz potential. This relation
was essentially stated in [18] using the results of [9] on the Fourier transform of
analytically continued quadratic forms, but we prefer to sketch the proof here rather
than to refer to vague variations on results from the above references.

Proposition 2.1. Let α be a complex number such that α+ n
2 is not a non-positive

integer. Then the Fourier transform of Rα is the function

(2.3) R̂α(τ, ξ) = σ−α(τ, ξ),
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so, in particular, for any function f ∈ C∞0 (Rn) the αth power of the wave operator
is given by

(2.4) �αf = I−αf.

Proof. Let us first assume that Reα > n
2 − 1. The Fourier transform R̂α is then

the distribution given by

〈R̂α, ϕ〉 = 〈Rα, ϕ̂〉 = Cn,α

∫
K+

+

(t2 − |x|2)α−
n
2 ϕ̂(t, x) dt dx

= Cn,α lim
ε→0+

∫
K+

+

(t2 − |x|2)α−
n
2 e−εtϕ̂(t, x) dt dx

= Cn,α

∫
Rn

lim
ε→0+

(∫
K+

+

(t2 − |x|2)α−
n
2 e−iξxe−t(ε+iτ) dt dx

)
ϕ(τ, ξ) dτ dξ,

where we have used dominated convergence and Fubini’s theorem.
The inner integral is computed (for n > 3; the case n = 3 is much simpler) by

first passing to polar coordinates (r, φ1, φ2, . . . , φn−2) with r > 0, φj ∈ [0, π] for
j = 1, . . . , n− 3 and φn−2 ∈ [0, 2π]:

x1 = r cos(φ1), xj = r cos(φj)

j−1∏
i=1

sin(φi), xn−2 = r

n−2∏
i=1

sin(φi),

with dx = rn−2 sinn−3(φ1) sinn−4(φ2) · · · sin(φn−3) dr dφ1 dφ2 · · · dφn−2 the volume
element. On the other hand, we also need the well-known representation formulas
[24] for the Bessel functions

Jν(z) =
zν

2νΓ(ν + 1
2 )
√
π

∫ 1

−1

eizs(1− s2)ν−
1
2 ds, Re(ν) > − 1

2 , z ∈ C

Kν(z) =

√
πzν

2νΓ(ν + 1
2 )

∫ ∞
1

e−zw(w2 − 1)ν−
1
2 dw, Re(ν) > − 1

2 , |Arg(z)| < π
2 ,

(2.5)

and the Bessel integral∫ ∞
0

rµ+ν+1Kµ(ar)Jν(br)dr =
(2a)µ(2b)νΓ(µ+ ν + 1)

(a2 + b2)µ+ν+1
,

for Re ν + 1 > |Reµ| and Re a > Im b. Making then the change s = cos(φ1) and
using the above integral formulas, it is not difficult to check that in the half-plane
Reα > n

2 − 1,∫
K+

+

(t2 − |x|2)α−
n
2 e−iξxe−t(ε+iτ) dt dx

=
2π

n−2
2

Γ(n−2
2 )

∫ ∞
0

dr rn−2

∫
{t2>r2}

(t2 − r2)α−
n
2 e−t(ε+iτ)dt

∫ 1

−1

(1− s2)
n
2−2e−i|ξ|rs ds

= 2απ
n
2−1Γ(α+ 1− n

2 ) · |ξ|
3−n
2 (ε+ iτ)

n−1
2 −α

·
∫ ∞

0

dr rαKα+ 1−n
2

(r(ε+ iτ))Jn−3
2

(r|ξ|)

=
1

Cn,α
(|ξ|2 + (ε+ iτ)2)−α,
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where we have used in the second line that the surface of the (n−3)-sphere is given
by 1

Γ(
n
2−1)

· 2π n2−1. Taking now the limit as ε→ 0+ we get (2.3).

To complete the proof we recall that, as pointed out right before introducing the
concept of Riesz distribution, σα defines a tempered distribution that is analytic
for any complex α except for α = −n2 − k with k ∈ N. Therefore, although we have
proved (2.3) when the parameter takes values in a certain open set of the complex
plane, this relation must hold in the whole domain where Rα can be analytically

continued. Moreover, since by definition �̂αf = σαf̂ for all α, it is also true that
�αf = R−α ∗ f = I−αf . The proposition then follows. �

The above proposition is roughly the analog of the formula (1.2) for the frac-
tional Laplacian, which for 0 < α < n allows us to write the fractional Laplacian
(−∆)−αf , up to a multiplicative constant, as the convolution of f with the locally
integrable function |x|2α−n. Notice, however, that the singularities in the integral
kernel are much stronger here.

For the benefit of the reader we shall next record an explicit formula for �αf
in terms of integrals regularized via suitable finite difference operators, which we
borrow from [18, Eq. (9.93)], and connect it with the previous proposition. Before
we can state the result, let us first introduce some further notation. For q a real
parameter and k, l ∈ N, let us denote the q-number of k, its q-factorial and the
q-binomial coefficient as

[k]q =
1− qk

1− q
, [k]q! = [1]q[2]q · · · [k]q,

(
l

k

)
q

=
[l]q!

[k]q! [l − k]q!
(k 6 l),

respectively. In addition, let us define the q-functions

(2.6) Clk = qk( k+1
2 −l)

(
l

k

)
q

, Alµ =

l∑
k=0

(−1)kqkµClk,

with µ ∈ C and where we omit the dependence on q for notational simplicity.
We are now ready to write down the integral formula for �αf . For simplicity we

will assume that f ∈ C∞0 (Rn), but the result it is still true e.g. for Cl(Rn) functions
that decay fast enough at infinity, with l > 2α.

Proposition 2.2. Let us take a real α ∈ (0, l2 ), where l ∈ N and we assume that
α is not a half-integer. Then for any f ∈ C∞0 (Rn) the fractional wave operator �α

is given by the absolutely convergent integral

(2.7) �αf(t, x) = Cn,−α

∫
R+×Rn−1

∆l,α
s,yf(t, x)

s
n
2 +α|y|n+2α−1

ds dy,

where ∆n,α
s,y stands for the difference operator

∆l,α
s,yf(t, x) =

1

Al
∗
n
2−1+αA

l
2α

l∗∑
j=0

l∑
k=0

(−1)j+kCl
∗

j C
l
k

(1 + qjs)2α

(2 + qjs)
n
2 +α

f
(
t−qk|y|, x− qky

1 + qjs

)
,

l∗ is the integer part of n+l−1
2 , q 6= 1 is a positive constant, Clk and Alµ are the

q-functions defined in (2.6), and the constant Cn,α is given by (2.1).

Proof. By Proposition 2.1 the result is equivalent to showing that the integral (2.7)
represents the extension of I−αf to the strip 0 < α < l/2. Firstly, observe that this
integral converges absolutely on this interval except for integers and semi-integers
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values of α. Indeed, a tedious but straightforward computation of the Taylor series
of ∆l,α

s,yf about zero combined with the fact that Alm = 0 for 0 6 m 6 l − 1 as a
consequence of the well-known identity [6]

l∑
k=0

qk
(k−1)

2 zk
(
l

k

)
q

=

l−1∏
k=0

(1 + zqk)

applied to z = −q1+m−l, reveal that

|∆l,α
s,yf | 6 Cqsl

∗
|y|l‖Dlf‖∞ +O

(
sl
∗
|y|l+1‖D(l+1)f‖∞

)
for (s, y) close to zero and where Cq is a real constant that depends only on q. From
this bound and since f vanishes at infinity, it immediately follows that the integral
is finite when α ∈ (0, l2 ) except for the zeros of Al

∗
n
2−1+α and Al2α, which correspond

to the points of the form α = k
2 , k ∈ N when q 6= 1 is a positive real number.

Now we need to prove that the formula above actually represents the analytic
continuation of the Riesz potential from the half-plane Reα > n

2 − 1 to the range

α ∈ (0, l2 ). Note that by (2.4) and the form of the differences operator, it suffices to
show that (2.7) coincides with the expression of the potential given in (2.2) replacing
α by −α. This assertion can be readily checked by introducing new variables

u := qk|y|, v := qk
|y|

1 + qjs

and changing to polar coordinates in y. Incidentally, since the above substitutions
also remove the dependence of the operator �αf on the parameter q, then one can
safely choose any positive q other than the limit value q = 1. �

Remark 2.3. It is worth noticing that even in the simplest case, 0 < α < 1 and
n = 2, the formula for the fractional wave operator is much more involved than its
Euclidean counterpart and cannot be deduced from it. This reflects the different
nature of the singularities of the corresponding kernels: the entire light cone in
the hyperbolic case and a single point in the Euclidean setting. Remarkably, in
the simple case that we are now discussing (n = 2, 0 < α < 1) there is another
realization of �α (cf. [18, Theorem 9.30]) that is easier to compare with its fractional
Laplacian analog:

(2.8) �αf(t, x) =
C2,−α

21+2α

∫
K+

+

Ts,yf(t, x)

(s2 − y2)1+α
ds dy,

where we are using the finite difference operator

Ts,yf(t, x) := f(t, x)− f
(
t− s+y

2 , x− s+y
2

)
− f

(
t− s−y

2 , x+ s−y
2

)
+ f(t− s, x− y).

Note that one can readily use this formula and the crude approximations

Ts,yf(t, x) = −sy �f(t, x) +O(s2 + y2) , Γ(−1 + ε)−1 = −ε+O(ε2)

to prove the pointwise convergence of �αf(t, x) to �f(t, x) as α→ 1.

3. The Klein–Gordon equation in AdS spaces

In this section we will connect the fractional powers of the wave operator with
the solutions to the mixed initial-boundary problem corresponding to the Klein–
Gordon equation in an anti-de Sitter space. Our specific goal here is to give a
local realization of the fractional wave operator as a Dirichlet-to-Neumann map



FRACTIONAL WAVE OPERATORS VIA DIRICHLET-TO-NEUMANN MAPS 9

that is the Lorentzian counterpart of the relation for the fractional Laplacian de-
rived in [3] and extended in [4]. For this purpose, we will use a Laplace–Fourier
transform in order to transform our wave equation into an ODE that contains the
relevant information about the solution at infinity, which will enable us to derive
the Dirichlet-to-Neumann map in Fourier space.

Recall that our starting point was the Klein–Gordon equation

�g+φ+
(
α2 − n2

4

)
φ = 0,

where �g+ denotes the wave operator associated to the AdS metric (1.7). As
discussed in the Introduction, this equation can be thought as a wave equation
with coefficients that are singular at conformal infinity and whose indicial roots are
n/2±α. For simplicity, we will henceforth assume that α is not a half-integer (i.e.,
2α 6∈ N) in order to ensure that the solution does not have a logarithmic branch
cut. The argument carries over to the case that α 6∈ N with minor modifications.

Let us begin with the analysis of the wave equation (1.9). For this, is convenient
to define the function

u(t, x, y) := yα−
n
2 φ(t, x, y) ,

which satisfies the equation

(3.1) ∂ttu−∆xu− ∂yyu−
1− 2α

y
∂yu = 0

with Dirichlet datum

(3.2) u(t, x, 0) = f(t, x) .

We shall next prove a bound for u that will be needed later in this section. To state
it, let us consider the weighted Lebesgue space

L2
α := L2(Rn+, y1−2αdx dy) ,

endowed with the norm

‖v‖2L2
α

:=

∫
Rn+
v2 y1−2αdx dy ,

and denote by Ḣ1
α (respectively, Ḣ1

α,0) the closure of C∞0 (Rn+) (respectively, C∞0 (Rn+))
with respect to the norm

‖v‖2
Ḣ1
α

:=

∫
Rn+

(
|∇xv|2 + (∂yv)2

)
y1−2αdx dy .

In the following theorem we only state a qualitative result for boundary data
f ∈ C∞0 (Rn), which is what we need in the paper, but in the proof we provide
quantitative estimates that obviously extend the result to data in more general
function spaces.

Lemma 3.1. Let k be the lowest integer such that k > 1+α
2 . Given a boundary

datum f ∈ C∞0 (Rn) and an integer j < k, define

uj(t, x, y) := y2j χ(y)�jf(t, x) ,

where χ(y) is a fixed smooth cutoff function identically 1 in y < 1 and 0 in y > 2,
and �j denotes the j-th power of the wave operator � = ∂tt −∆x. Then there are
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real numbers cj and a function v ∈ L∞(R, Ḣ1
α) such that

(3.3) u(t, x, y) :=

k−1∑
j=0

cjuj(t, x, y) + v(t, x, y) ,

is the unique solution of Equation (3.1) with trivial initial data u(−∞, x, y) =
ut(−∞, x, y) = 0 and boundary condition u(t, x, 0) = f(t, x).

Proof. Let us consider the initial condition

(3.4) u(t0, ·) = ut(t0, ·) = 0 ,

where t0 is any number such that f(t, x) = 0 for all t < t0. We shall see in the proof
that the solution is independent of the choice of t0, so it is equivalent to imposing
u(−∞, ·) = ut(−∞, ·) = 0.

We shall start by considering an auxiliary non-homogeneous Cauchy problem of
the form

∂ttv −∆xv − ∂yyv −
1− 2α

y
∂yv = F (t, x, y),(3.5a)

v(t0, ·) = vt(t0, ·) = 0.(3.5b)

We shall next show that if F ∈ L1(R, L2
α), there is a unique solution

v ∈ L2
loc(R, Ḣ1

α,0) ∩H1
loc(R, L2

α)

to this equation. Notice that the fact that v(t, ·) takes values in Ḣ1
α,0 means that

we are imposing the boundary condition v|y=0 = 0.
To prove this, we will use an a priori estimate for the energy associated to the

solution v, which we define as

Ev(t) :=
1

2

∫
Rn+1

+

(v2
t + |∇xv|2 + v2

y) y1−2α dx dy.

To prove this estimate, it is standard that by a density argument one can assume
that v is in C∞0 (Rn+1

+ ), differentiate under the integral sign and integrate by parts
to find that

d

dt
Ev(t) =

∫
Rn+

(vtvtt +∇xvt · ∇xv + vyvyt) y
1−2αdx dy

=

∫
Rn+
vt

(
vtt −∆xv − vyy −

1− 2α

y
vy

)
y1−2αdx dy

=

∫
Rn+
F vt y

1−2αdx dy

6 C‖F (t, ·)‖L2
α
Ev(t)

1/2 .

Using now Grönwall’s inequality, we arrive at

Ev(t)
1/2 6 Ev(t0)1/2 + C

∣∣∣∣ ∫ t

t0

‖F (t′, ·)‖L2
α
dt′
∣∣∣∣,

which, by the trivial initial conditions, readily implies the estimate

(3.6) sup
t∈R

(‖v(t, ·)‖Ḣ1
α

+ ‖vt(t, ·)‖L2
α

) 6 C
∫ ∞
−∞
‖F (t′, ·)‖L2

α
dt′,
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thereby ensuring that v ∈ L∞(R, Ḣ1
α,0). It is standard that this estimate leads

to the existence of a unique solution v ∈ L2
loc(R, Ḣ1

α,0) ∩H1
loc(R, L2

α) to the prob-
lem (3.5).

To apply the estimate (3.6) in our problem, let us set

v(t, x, y) := u(t, x, y)−
k−1∑
j=0

(−1)jy2jχ(y)∏j
l=1 4l(l − α)

�jf(t, x) ,

where the product is to be taken as 1 when l = 0. Using now that(
∂yy +

1− 2α

y
∂y

)
yj = j(j − 2α) yj−2 ,

a direct calculation shows that

(3.7) ∂ttv −∆xv − ∂yyv −
1− 2α

y
∂yv =

(−1)ky2k−2χ(y)∏k−1
l=1 4l(l − α)

�kf +

k−1∑
j=0

χj(y)�jf ,

where χj(y) is a smooth function whose support is contained in the interval [1, 2].
Moreover, by construction v satisfies the initial and boundary conditions

v(t0, x, y) = vt(t0, x, y) = v(t, x, 0) = 0.

The point now is that, as the right hand side of (3.7) behaves as y2k−2 and vanishes
for y > 2, it is easy to see that it is in L1(R, L2

α), so the estimate (3.6) ensures
that u written as in (3.3) is the unique solution of (3.1) satisfying the boundary
condition u|y=0 = f and vanishing initial data. �

Remark 3.2. Arguing as in [7, Proposition 5.2], we could have proved higher regu-
larity estimates for the solution in suitable weighted spaces, but we will not need
that result. The global L∞ bound in time, on the contrary, will be essential and is
not proved in the aforementioned paper, as it does not hold for the more general
equations there considered.

Given a positive real parameter α that is not a half-integer, let us write it as
α = α0 + m, where m denotes its integer part and α0 ∈ (0, 1). The generalized
Dirichlet-to-Neumann map Λα is then defined as in [4, Theorem 3.3]

(3.8) Λαf(t, x) = cα lim
y→0+

y2(1−α0)
(1

y
∂y

)m+1

u(t, x, y),

with

cα := (−1)m+12α+α0−1 Γ(α)

Γ(1− α0)

an inessential normalizing factor.
The following theorem, which is the central result of this paper, is essentially a

rewording of Theorem 1.1:

Theorem 3.3. Given a positive real number α that is not an integer and f ∈
C∞0 (Rn), let u be the solution of the initial-boundary problem in the Poincaré-AdS
space (3.1) with Dirichlet datum (3.2) and initial data u(−∞, ·) = ut(−∞, ·) = 0.
Then the map Λα defined in (3.8) is given by the αth power of the wave operator:

(3.9) Λαf = �αf.
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Proof. To begin with, let us start by noticing that the solution with the initial
condition u(−∞, ·) = ut(−∞, ·) = 0 is well defined, and it can be equivalently
defined by the condition u(t0, ·) = ut(t0, ·) = 0 where t0 is any number such that
f(t, x) = 0 for all t < t0. In what follows, t0 will denote a number with this
property.

Consider the Laplace transform of u(t, ·),

U(s, ·) =

∫ ∞
t0

e−s(t−t0) u(t, ·) dt,

where s = ε + iτ with ε > 0 and τ ∈ R. Notice this expression converges as a
vector-valued function because u is a Banach-space valued L∞ function of time by
Lemma 3.1. (When α < 1, the norm is simply that of Ḣ1

α, while for α > 1 the norm
must also control the terms uj appearing in (3.3), for example by decomposing

u(t, x, y) =: χ(y)

k−1∑
j=0

y2j ūj(t, x) + v(t, x, y)

and adding the L∞ norm of the functions ūj and the L∞(R, Ḣ1
α) norm of v).

Furthermore, observe that one can then recover u through the inverse Laplace
transform formula

u(t, ·) =
1

2πi

∫ ε+i∞

ε−i∞
es(t−t0) U(s, ·) ds,

where the integration contour is the vertical line of numbers whose real part is
ε > 0.

We tackle the problem of finding explicit solutions to problem (3.1)-(3.2) as
follows. First, we apply the Laplace transform on the equation for u to remove the
time derivatives by integration by parts and then use the trivial initial conditions
in the LHS above,∫ ∞

t0

e−s(t−t0) utt(t, ·) dt = s2U(s, ·)− ut(t0, ·)− su(t0, ·) = s2U(s, ·)

to find that U(s, x, y) satisfies the equation

∂yyU(s, x, y) +
1− 2α

y
∂yU(s, ξ, y) + (∆x − s2)U(s, x, y) = 0.

Next we take the Fourier transform in space with respect to the variable x,
which here is denoted with a tilde to avoid confusions with the space-time Fourier
transform. This yields the ODE

∂yyŨ(s, ξ, y) +
1− 2α

y
∂yŨ(s, ξ, y)− (|ξ|2 + s2)Ũ(s, ξ, y) = 0.

The general solution of this equation can be written as a linear combination of
Bessel functions multiplied by a certain power of y, and spans a two-dimensional
vector space. However, by Lemma 3.1 the solution u(t, ·) is given by the sum of a

function bounded in Ḣ1
α and other terms that are uniformly bounded in y, so we

may discard the independent solution that grows exponentially in y as y → ∞ to
arrive at the formula

(3.10) Ũ(s, ξ, y) =
21−α

Γ(α)
yα(|ξ|2 + s2)

α
2 Kα(y

√
|ξ|2 + s2)F̃ (s, ξ),
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where Kα denotes the modified Bessel function of the second kind defined in (2.5).
The constant (which depends on s and ξ) has been chosen to ensure that the
Dirichlet condition is satisfied:

Ũ(s, ξ, 0) = F̃ (s, ξ).

Here and in what follows, F (s, x) denotes the Laplace transform of f(t, x), com-
puted as above, and the tilde denotes the Fourier transform in space.

Therefore, using the identities(
1

z

d

dz

)k
(zνKν(z)) = (−1)kzν−kKν−k(z), k = 0, 1, 2, . . .

Kν(z) =
Γ(ν)

2

(z
2

)−ν
+O(z−ν+1), 0 < |z| �

√
ν + 1, ν > 0,

for modified Bessel functions (cf. [24]), we readily infer that the Dirichlet-to-Neumann
map (3.8) reads in the Laplace-Fourier space as

Λ̃αF (s, ξ) := cα lim
y→0+

y2(1−α0)
(1

y
∂y

)m+1

Ũ(s, ξ, y) = (|ξ|2 + s2)αF̃ (s, ξ).

The key point now is that one can relate the inverse Laplace transform with the
inverse Fourier transform in time using the freedom in the choice of the parame-
ter ε. To show this, notice that by the Laplace inversion formula, we have that the
Dirichlet-to-Neumann map in the variables (t, ξ) can be written as

Λ̃αf(t, ξ) =
1

2πi

∫ ε+i∞

ε−i∞
es(t−t0)(|ξ|2 + s2)αF̃ (s, ξ) ds

=
1

2π

∫ ∞
−∞

∫ ∞
t0

e(ε+iτ)(t−t′)(|ξ|2 + (ε+ iτ)2)αf̃(t′, ξ) dτ dt′.

Since the latter integral does not depend on the value of ε and f is smooth with
compact support in {t > t0}, by the dominated convergence theorem one can take
the limit as ε→ 0+ inside the integral to find that

Λ̃αf(t, ξ) =
1

2π

∫ ∞
−∞

eiτtσα(τ, ξ)f̂(τ, ξ) dτ,

with σα as in (1.6) and f̂(τ, ξ) denoting the Fourier transform of f with respect to
both time and space variables as in Section 2. Taking now the Fourier transform
with respect to the time, we obtain

Λ̂αf(τ, ξ) = σα(τ, ξ)f̂(τ, ξ),

proving our claim. �

A consequence of the proof is an explicit formula for the spacetime energy of the
solution in terms of its boundary datum that is analogous to the result in Euclidean
signature from [3]:

Corollary 3.4. With u and f be as in Theorem 3.3, the total energy of u is∫
Rn+1

+

[
(∂yu)2 + |∇xu|2 + (∂tu)2

]
y1−2α dt dx dy = Cα

∫
Rn
σα(τ, ξ) |f̂(τ, ξ)|2 dτ dξ ,

with Cα a nonzero constant.
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Proof. We first note that the Laplace transform of the function u(s, ·) at s = ε+ iτ ,

U(ε+ iτ) =

∫ ∞
0

e−iτte−εtu(t, ·) dt,

is the Fourier transform of the function e−εtu(t, ·). Thus by Plancherel theorem we
can write

(3.11)

∫ ε+i∞

ε−i∞
|U(s, ·)|2 ds =

∫ +∞

−∞
|U(ε+ iτ, ·)|2 dτ =

∫ ∞
0

e−2εt|u(t, ·)|2 dt.

Now we consider the energy for equation (3.1), given by

E =

∫ ∞
0

y1−2α

∫
Rn−1

∫ ∞
0

[
(∂yu)2 + |∇xu|2 + (∂tu)2

]
dt dx dy

= lim
ε→0

∫ ∞
0

y1−2α

∫
Rn−1

∫ ∞
0

[
(∂yu)2 + |∇xu|2 + (∂tu)2

]
e−2εt dt dx dy,

which, using Plancherel identity (3.11) for the Laplace transform, becomes

E = lim
ε→0

∫ ∞
0

y1−2α

∫
Rn−1

∫ ε+i∞

ε−i∞

[
|∂yU(s, x, y)|2 + |∇xU(s, x, y)|2

+ s2|U(s, x, y)|2
]
ds dx dy.

Now we take Fourier transform in the variable x, yielding

E = lim
ε→0

∫ ∞
0

y1−2α

∫
Rn−1

∫ ε+i∞

ε−i∞

[
|∂yŨ(s, ξ, y)|2+(|ξ|2+s2)|Ũ(s, ξ, y)|2

]
ds dξ dy.

Substituting the explicit expression (3.10) we arrive at

E = lim
ε→0

∫ ∞
0

y1−2α

∫
Rn−1

∫ ε+i∞

ε−i∞
(|ξ|2 + s2)

[
|K ′1(y

√
|ξ|2 + s2)|2

+ |K1(y
√
|ξ|2 + s2)|2

]
|F̃ (s, ξ)|2 ds dξ dy,

where, for simplicity, we have set K1(y) :=
21−α

Γ(α)
yαKα(y). A change of variable

allows us to integrate in y, obtaining

E = lim
ε→0

Cα

∫
Rn−1

∫ ε+i∞

ε−i∞
(|ξ|2 + s2)α|F̃ (s, ξ)|2 ds dξ

with Cα an explicit constant, as claimed. �

4. Application to other asymptotically AdS metrics

Our point in this section is to show that the identities established in Theorem 1.1
remain valid in considerably more general situations. We will illustrate this fact
by connecting other fractional wave operators with the Dirichlet-to-Neumann map
(or, more generally, the scattering operator) of two simple classes of static asymp-
totically AdS manifolds:
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Fractional waves in product spaces. Consider a compact Riemannian manifold M
of dimension n−1 endowed with a Riemannian metric g0 and take the natural wave
operator on R×M, which is

�0 := ∂tt −∆g0 ,

where ∆g0 stands for the Laplace-Beltrami operator on M.
SinceM is compact, we can take an orthonormal basis {Yj}j∈N of eigenfunctions

of the Laplacian ∆g0 , which satisfy

−∆g0Yj = λ2
jYj ,

and write any L2 function f on M (depending on t as a parameter) as the L2-
convergent series f(t, ·) =

∑
j fj(t)Yj(·). Let us denote by (�0f)j(t) the jth com-

ponent of the function �0f in this basis. Taking the Fourier transform with respect
to t we obtain that

�̂0fj(τ) = (λ2
j − τ2)f̂j(τ)

and, given a real parameter α, we can define here the αth power of the wave operator
as the pseudo-differential operator that in the Fourier space reads as

(4.1) �̂α0 fj(τ) := σα(τ, λj)f̂j(τ),

with σα the function defined in (1.6).
Consider now an (n+ 1)-dimensional Lorentzian spacetime with the metric

(4.2) g+ :=
dt2 − dy2 − g0

y2
,

where t ∈ R is the time coordinate and y ∈ R+ is a spatial coordinate. Comparing
with the metric defined in (1.7), it is clear that the Klein-Gordon equation with
parameter µ := (α2 − n2/4) associated to the metric (4.2) then takes the form

∂ttφ−∆g0φ− ∂yyφ−
1− n
y

∂yφ+
4α2 − n2

4y2
φ = 0 ,

where one must prescribe some suitable initial-boundary conditions for the scalar
field φ. As in the last section, the above equation can be rewritten in terms of the
rescaled function u := yα−

n
2 φ as

(4.3) ∂ttu = ∆g0u+
1− 2α

y
∂yu+ ∂yyu,

where we take trivial initial data at time −∞ and prescribe the boundary condition
at timelike conformal infinity: u|y=0 = f .

We can next define the (generalized) Dirichlet-to-Neumann map through its
coefficients

(4.4) (Λαf)j = cα lim
y→0+

y2(1−α0)
(1

y
∂y

)m+1

uj ,

with cα as before, α = α0 +m, m = bαc the integer part of α and α0 ∈ (0, 1).
By means of expansion in eigenfunctions of the Laplacian ∆g0 and the Laplace

transform in time (together with the vanishing initial conditions), the equation
(4.3) can be transformed into our well known ordinary equation

∂yyUj(s, y) +
1− 2α

y
∂yUj(s, y)− (λ2

j + s2)Uj(s, y) = 0,
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with boundary condition Fj(s) = Uj(s, 0), where

Uj(s, y) :=

∫ ∞
t0

e−s(t−t0) uj(s, y) dt

is the Laplace transform of the coefficient uj with s = ε+ iτ and ε a fixed positive
constant. Notice that Uj can be shown to be well defined for ε > 0 by an L∞ bound
in time that goes exactly as in Lemma 3.1.

Arguing just as in the previous section, we find that the Dirichlet-to-Neumann
map in the transformed space reads as

ΛαFj := cα lim
y→0+

y2(1−α0)
(1

y
∂y

)m+1

Uj(s, y) = (λ2
j + s2)αFj(s),

and therefore, by the inverse Laplace transform formula and the Fourier transform
in time,

Λ̂f j(τ) = σα(τ, λj)f̂j(τ).

Thereby, we can identify the Dirichlet-to-Neumann map in the Lorenztian space
with metric (4.2) with the powers of the wave operator �0.

The global anti-de Sitter space. Consider now the global anti-de Sitter mentioned
in the introduction, which is diffeomorphic to Rn+1 and one can describe through
spherical coordinates

(t, r, θ) ∈ R× R+ × Sn−2 ,

which cover the whole manifold modulo the usual abuse of notation at the origin.
In these coordinates the metric of AdSn+1 reads as

(4.5) g+ := (1 + r2)dt2 − 1

1 + r2
dr2 − r2gSn−2 ,

where gSn−2 is the canonical metric on the unit (n− 2)-dimensional sphere, associ-
ated with the coordinate θ.

In this space we can picture the spatial limit r → +∞ as the cylinder Rt× Sn−2

with the standard metric

g0 := dt2 − gSn−2 ,

which defines the timelike conformal infinity of the spacetime.
Let us now focus on the Klein–Gordon equation on this anti-de Sitter space with

the natural Dirichlet datum

lim
r→∞

r
n
2−αφ(t, r, θ) = f(t, θ),

f ∈ C∞0 (Rn+1) and trivial initial conditions at time −∞. Upon expanding the
operator �g+ associated to the metric (4.5), we obtain the Klein–Gordon equation

∂ttφ =
1 + r2

r2
∆θφ+ (1 + r2)2∂rrφ

+ (1 + r2)
(n− 1

r
+ (n+ 1)r

)
∂rφ− (1 + r2)

(
α2 − n2

4

)
φ .

(4.6)

As before, in order obtain the scattering operator we take a basis {Yj}j∈N of
spherical harmonics of energy λ2

j := j(j + n− 3). They satisfy the equation

−∆θYj = λ2
jYj ,
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with ∆θ the Laplace-Beltrami operator on Sn−2. Introducing the coefficients

φj(t, r) :=

∫
Sn−2

φ(t, r, θ)Yj(θ) dθ ,

one can apply the Laplace transform and expand the Klein–Gordon equation in the
basis of spherical harmonics to obtain an ODE in the variable r,

(4.7) (1 + r2)∂rrΦj +
(n− 1

r
+ (n+ 1)r

)
∂rΦj +

( s2

1 + r2
+
λ2
j

r2
+α2− n

2

4

)
Φj = 0 ,

where

Φj(s, r) :=

∫ ∞
t0

e−s(t−t0) φj(t, r) dt

is the Laplace transform of φj(r, θ).
The explicit solution of this equation is a combination of certain powers of r

multiplied by ordinary hypergeometric functions. Discarding the solution that is
not locally in H1 at the origin, r = 0, we then obtain

Φj(s, r) = cj(s)r
βe−

i
2 log(1+r2)s

2F1

(
1
2 (β−is+ n

2 −α), 1
2 (β−is+ n

2 +α), β+ n
2 ,−r

2
)
,

where

β :=
1

2

(
2− n+

√
4λ2 + (n− 2)2

)
.

The coefficient cj(s) is readily computed using that Fj(s) := limr→∞ r
n
2−αΦj(s, r)

must be the Laplace transform of the jth component of the boundary datum.
The transformed Dirichlet-to-Neumann operator is then readily shown to be

ΛαFj(s) := lim
r→∞

r1+2α∂r(r
n
2−αΦj(s, r)).

Using now the explicit solution, we obtain that

ΛαFj(s) =
Γ(−α)Γ

(
1
2 (β − is+ n

2 + α)
)
Γ
(

1
2 (β + is+ n

2 + α)
)

Γ(α)Γ
(

1
2 (β − is+ n

2 − α)
)
Γ
(

1
2 (β + is+ n

2 − α)
) (β − is+ n

2 − α)Fj(s),

which can be written using the Fourier transform in time as

Λ̂f j(τ) := lim
ε→0+

ΛαFj(ε+ iτ).

It should be noticed that in the limit of large frequencies of the multiplier σα(τ, λj)
is, up to some numerical factor, the principal symbol of the scattering operator in
this globally defined AdS space, as one would have expected.
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[4] S.-Y. A. Chang, M.d.M. González, Fractional Laplacian in conformal geometry, Adv. Math.
226 (2011) 1410–1432.
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