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ABSTRACT. Let (X1,g1) and (X2, g2) be two compact Riemannian man-
ifolds with boundary (M, g1) and (Maz, g2) respectively. The Escobar
problem consists in prescribing a conformal metric on a compact man-
ifold with boundary with zero scalar curvature in the interior and con-
stant mean curvature of the boundary. The present work is the con-
struction of a connected sum X = X;#X, by excising half ball near
points on the boundary. The resulting metric on X has zero scalar cur-
vature and a CMC boundary. We fully exploit the nonlocal aspect of
the problem and use new tools developed in recent years to handle such
kinds of issues. Our problem is of course a very well-known problem
in geometric analysis and that is why we consider it but the results in
the present paper can be extended to other more analytical problems
involving connected sums of constant fractional curvatures.
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1. INTRODUCTION

Let (X;,3i), @ = 1,2, be two (n + 1)-dimensional smooth compact Rie-
mannian manifolds with boundaries M;, i = 1,2, for some n > 2, and set
gi = Gi|lm,. We assume that X; are scalar-flat in the interior and have
constant mean curvature Hy on the boundary M;.

We are interested in constructing connected sums on the boundary, pro-
ducing a new scalar-flat manifold with CMC of the boundary. This is related
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to the so-called Escobar problem (see [12]). Indeed, let u be a (positive) so-
lution on X™*! of the problem

—Axu%—%qu =0 in X,

n+l
8,,u+%‘1HMu = ”T_lHou —1 on 0X,
where Rx is the scalar curvature of X, H); the mean curvature of M = 9X,
v is the outer normal with respect to the metric g (on 0X) and Hy is a
constant depending only on the conformal structure. Therefore, the new

metric 4

g =urg
has zero curvature and the boundary has constant mean curvature with
respect to the metric §’. Escobar in his seminal paper [12] solved the pre-
vious boundary problem in most of the cases (see also [5,20,21] for later
developments on the problem).

The aim of the present work is to provide a different construction based on
connected sums. While connected sums in the interior have been obtained
in [18,25], in this paper, we construct connected sums on the boundary.
To this end, we fully use the analogy of the Escobar problem with the
Dirichlet-to-Neumann operator approach as pointed out in [9,17] (see also
the survey [13]). Following the work of Graham and Zworski [15] and many
others (see, for instance, [8,16] and the references therein), one can see that
the Dirichlet-to-Neumann operator associated to the Escobar problem is a
conformally covariant pseudo-differential operator of order 1/2.

We prove the following theorem:

THEOREM 1.1. Let (X;,§:), i = 1,2 be two smooth compact Riemannian
manifolds with boundary (M;, g:), i = Gilm,, © = 1,2. Assume that the
manifolds X; are non degenerate in the sense below, scalar-flat and with
CMC boundary. Then there exists a connected sum X1#Xo obtained by
excising an half-ball around a boundary point which is scalar-flat and has
CMC boundary.

The previous statement is well-known if one does connected sums in the
interior as in the works of Joyce [18] and Mazzeo, Pollack and Uhlenbeck [25].
Our contribution is the development of new tools to handle connected sums
on the boundary. In this case the problem becomes non-local since one has
to deal with the Dirichlet-to-Neumann operator. While Escobar’s problem
is an old one, and gluing methods for constant positive scalar curvature
are well known by now, when dealing with boundary gluing problems non-
degeneracy is the main open question.

Due to the recent progress on non-local operators in conformal geometry,
in particular [1], several major issues such as non-degeneracy can be by now
resolved. Our point of view is to consider the boundary operator directly as
a lower order perturbation in Héormander classes of the half-Laplacian.

Other gluing problems for non-local equations have been considered in
[1,3,4] with the objective of constructing singular metrics with prescribed
non-local curvature. Another problem where non-degeneracy was a crucial
point was in [2].
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2. FORMULATION OF THE PROBLEM

As in the standard case (connected sums for Yamabe metrics), the idea is
to use a perturbative argument, based on the non-degeneracy of each piece
of the connected sum. In our context, this has to be done at a pseudo-
differential level.

Let (X, g) be an (n+1)—dimensional smooth compact Riemannian mani-
fold with boundary (M = 90X, g = g|y) and consider the following boundary
problem

Liu = —Azu+ =2 1Ru = 0 in X,
(21) { g g 4an

u = f on M,
where Ry is the scalar curvature of (X, g). It has been proved in [17] and [9]
(see the case 2, v = 1/2, of Theorem 5.1) that a solution u of (2.1) exists
and is unique. This allows to define the Dirichlet-to-Neumann type operator
by
f = Pyf = yulox + "5 Hy f

where H, is the mean curvature of the boundary M with respect to the
metric g. We also denote

Qg = Fy(1).
REMARK 2.1. Notice that Q) is different from ”T_ng when Rj is not zero.

The operator pair (Lg, P;) is conformally convariant, indeed under the

change of metric g, = un— 1g, and consequently, g; = fn 1g for f = uln,
we have that

L () = wiilju) in X,
(2.2) o
BPos() = [ 1P(f)  om M.
By evaluating at the function identically one, one obtains the equation pair:
n+1

Lau = 1R un— in X,

n+1

Pyf = Qg fr7 on M,
where u|y = f.
As a consequence, the problem under consideration is written as
Lyju = 0 in X,

n+1

Pf = cfr1 on M,

for a constant c¢. In order to simplify our notation we will simply write

n+1
(2.4) Q,(f)i=f " iP,f=c
for problem (2.3) and the extension equation will be implicitly understood.
In this paper we will only consider the case ¢ positive. The Yamabe
problem in the non-positive case is much easier to handle and follows directly
from the variational methods in [12].

(2.3)
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By construction, the operator Py is a pseudo-differential operator of order
1 (recall the extension formulation for the half-Laplacian [7,9]). Further-
more,
Py = (_Ag)1/2 + Wy,
where ¥, is a pseudo-differential operator of lower order. Then the analysis
for (2.3) is inspired by equation

ntl
(_Ag)l/Zf =cfn-1.
We could think now of the problem
n+2~y
(=Ag) f=cfr=, ~v€(0,1).

The gluing construction for other powers 7 € (0,1) in order to have
connected sums of constant non-local y-curvature should still hold, but it
is more delicate since when building an approximate metric g. in Section

3, we move outside of the conformal class of g. The technicalities involved
should be the same ones as in Section 6.8 of [13].

We conclude this section by noting that a key operator is the linearization
of P, around a constant f = 1 defined on M. Since P; is linear we see that
d n+1

= — Qy(1+tv) = Pjv — ——Qqv.
dt]_g

(2.5) Lgv:=DQy(1)v p—]

3. CONSTRUCTION OF THE APPROXIMATE METRIC

To construct the approximate solution, we follow the approach of Mazzeo,
Pollack and Uhlenbeck [25] and, in particular, the one of Mazzeo and Pacard
[24]. There the gluing procedure to obtain X;#Xs is along an half-ring
around a point at infinity. Here we consider the same type of construction
at a point on the boundary.

Let (X;,gi), i = 1,2 be two manifolds with boundary (M; = 0X;,9; =
Gilam;), i = 1,2 as in the hypothesis of Theorem 1.1. Consider p; € M; =
0X1 and let {yy} be a system of normal coordinates on M; centered at p;.
We set Fermi coordinates z = (x,y) € X; and the annulus

A ={ed < |z| < 6},

where |z|? = 2% + |y|?. We will take § = §(¢) satisfying § — 0 but this will
not make a difference in the following as long as £1/2 << § as ¢ — 0.
In Fermi coordinates, the metric is written as

g1 = (dz? + dy?) + O(6?).
Thanks to the dilation
Rs: A1 32— 0z € As,

one can work on A; (the dependence of ¢ should still be taken into account,
though). The metric on A; becomes

6% (da® + dy®) + O(8*).
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Multiplying by 62 (the metric stays scalar-flat with CMC on the boundary),
one can work with the new metric

g1.s = (do? + dy®) + O(6?).

Then one reproduces the same construction on Xy in an annulus A} =
{e < || < 1}, parameterized with Fermi coordinates 2’ = (z/,y’) near a

point po € M,. Thanks to an inversion 2’ = I(z) = ZLPE, one can iden-

tify both annulus A; and A}, and we can define a smooth manifold with
boundary
X = X1 #XQ

Denote also M = 0X. Note that, often, we will just refer to the manifold
M, even though the manifold X is present in the background at all times.

Note that the annulus 4; ~ A is naturally embedded in X. Let us now
write the metric on this connected sum.

Set z = (z,y) = (rcos¢,rsin¢ ) with r € R*, ¢ € [0,7/2], # € S*~! be
the coordinates in A;. We would like to glue the background metric g; 5 to
the cylinder

p dr? + r2d¢2 + r2gin? ¢d02
0=

2
r
where we have defined the variable s = —logr. For this, consider the
approximate cylindrical metric

s = (X + (1= x0) ;) s

for x is a cutoff satisfying y = 1ifr > 2, x = 0 if r < 1. In the smaller
ball Bj(p1), this metric is isometric to a cylinder plus a small error term.
Repeat for go.

Now we glue both metrics gi s, gos by a cutoff. Let S. := —loge and
consider, as above,

= ds® + d¢? + sin® ¢ df?,

Ar={e<r<1}={0< s < S}
Let x(s) be a cutoff function on Ay, satisfying x =1 for s < S./2—1, x =0
for s > S./2+ 1.
Now repeat with A/, and recall that s = —s + S.. The approximate
solution metric g. is constructed as

ge = X(8)g1,5 + X' (5)g2,5-

On M := 0X we consider the metric g. := g:|ps. Note that g. = Ji,s on

It will be convenient to define a new variable s = s — S./2, and to write
the neck Ay ~ A} as 7o = {—5:/2 < s < 5:/2}. We let also M. 1= Te[g=z.
Then, as € — 0, this neck converges to 7o = R x S with the metric

Go = d3* + d¢? + sin® ¢ d6? = d5* + gsn,

where gs» is the standard metric on S7. Hence (7o, go) is half a solid cylinder,
with boundary given by a lower dimensional cylinder My = {¢ = 7/2} =
R x S"~! and metric gg = d5* + db>.

In Lemma 6.1 we will show that we indeed have constructed a good ap-
proximate solution.
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4. THE MODEL CYLINDER

From now on, we will take § as variable, and drop the bar in the notation
if there is no risk of confusion.

Here we calculate precisely the Fourier symbol of the operator P, in the
model cylinder. As in the previous section, let 7o = R x S} be the half solid
cylinder with the metric

Go = ds® + d¢? + sin® ¢ d?,
where s € R, ¢ € [0,7/2] and § € S*~!. Its boundary (or, more precisely,

its conformal infinity) is the model cylinder Mgy = {¢ = 7/2} = R x S}
with metric

go = ds* + db?.
Consider the spherical harmonic decomposition for S"~!. With some
abuse of notation, let p,, = m(m+n—2), m =0,1,2,... be the eigenvalues

of —Agn-1, repeated according to multiplicity. Then any function on R x
S"~! may be decomposed as u(s,0) =Y, um(s)En(0), where {Ep,(0)}y, is
the corresponding basis of eigenfunctions.

Following the construction of [11], let us write the hyperbolic AdS metric
as

1
+ 2 2y 7.2 2 192
= 1
9% 1+R2dR + (1 + R*)ds* + R*db”,
and make the change of variables
R =tan ¢.
This yields
1 . 90
4.1 ;= d¢? + ds® do?*] = :
(4.1) Jo cos2 ¢ [d¢° + ds” + sin $df”] cos2 ¢

The function ¢ = cos ¢ is a defining function for My, which is the conformal
infinity for this metric.

The conformal fractional Laplacian is calculated from the scattering oper-
ator of the Einstein metric g The operator Py, is defined as the Dirichlet-
to-Neumann operator for the extension problem (2.1) in the metric go. As
it is explained in [9] (see also [17]), P, is precisely the conformal version
of the half-Laplacian coming from scattering theory in the metric go+ . Here
note that (4.1) is not written in normal form, but for the half-Laplacian case
this is not an issue since the defining function does not appear explicitly in
(2.1).

The calculation of the scattering operator and the conformal fractional
Laplacian in this setting can be found in [10,11] and, in particular:

ProprosITION 4.1 ( [11]). Fiz v € (0,%5) and let Py(m) be the projection of

the operator PY° over each eigenspace (Ep,). Then

P (f) = Om(€) Fon-

Here = denotes the usual Fourier transform

Fle) = — s)e %8 ds
fie) = o= [ s as
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The Fourier symbol ©,, is given by

2
Fr3+3(m—1)+§i)

o) - 21" )
P(E-3+3G+m-1+5)

In this paper we are only interested in the case v = 1/2, so for the Fourier

symbol of Py, = P{% simplifies to

In addition, one can check that
(4.2) Qqo = Pgo(l) = 09(0) =

Note that this constant, in the paper [11], is denoted by ¢, 1 /2.

5. LINEAR STUDY

We endow X = X # X5 with the approximate metric g. constructed in
Section 3. Let L. be the linearized operator (2.5) around the approximate
metric gc = ge|as. The main step in the proof Theorem 1.1 is to show that £,
is invertible, provided that it is invertible on each X;, ¢ = 1, 2. Furthermore,
we need to have uniform bounds for the inverse with respect to e.

Before we study the operator L., let us look at the model cylinder gg, for
which the linearized operator has the simple formula

Lov = Py,v — kv,

where we have defined the constant x := Z—ﬂc > (0. Taking into account the

conformal transformation law for the conformal fractional Laplacian, if we
write our metric as

g0 = p2(dp® + p*db?) = p~ggn,

for p = e7® and make the change

(5.1) b=p T,

then we can see that Ly is a conjugate of a fractional Laplacian operator on
R™ with critical Hardy potential, this is,

n+1 n ~
(5.2) Lov = pi-1 | (—Agn)¥25 — 25| = pnt1 £od.

p
One should keep in mind this conjugation in the analysis below, specially

the shift in powers from (5.1).
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5.1. Elliptic regularity in weighted spaces. Consider the weight w. de-
fined as a smooth version of the function defined by

~ cosh(s)/ cosh(S;), on Tg,
Yo T 1, on X\7e.

We require that w. is smooth, and agrees with w. except on a small neighbor-
hood of the neck, where it remains bounded between % and 2. The previous
weight has been introduced by Mazzeo and Pacard in [24, Section 4]. Denote

We = w€|¢:7r/2>
its restriction to the boundary. We note for comparison that when s is fixed,
and € — 0,

wWe ~ 2e cosh(s).

Now introduce the weighted Holder spaces wtC*® endowed with their
natural norm
[0l ko = [[(@2) ™ ]|

We have the following lemma.

LEMMA 5.1. For each € > 0, the map
L. :THCEY(M) — THCh (M)
1s bounded.

Proof. Far from the point p; in M;, L. is a lower order perturbation of
(—Agi)l/Q, i = 1,2. There the weights do not play any role and thus L. is
bounded in C>.

On the other hand, near the point p1, for instance, after conjugation, L.
is also a lower order perturbation of (—Ag)l/ 2. Thus the mapping properties
of L. can be deduced from the ones of (—Ag)l/ 2 and the Lemma follows by
standard pseudodifferential calculus in weighted spaces (see the references
[22] and [26] on regularity and boundary regularity for edge operators).

O

5.2. A Liouville theorem for the model metric. One of the main re-
sults in [1] implies that the behavior of a singular solution to Lov = 0 is given
in terms of the inditial roots of the problem. This yields a Liouville theorem
for Lo (see Theorem 5.4 below). For this, in the notation of Proposition 4.1
for the spherical harmonic decomposition, set

(5.3) E(()m)v = Pljov — kv, m=0,1,...

to be the m-th projection of the operator Lg.

First, the indicial roots for Lém) are given in the following Lemma from [1],
and we refer to this paper for a more detailed asymptotic behavior. The
crucial point of the later proofs is that, even though there exists an infinite
sequence of inditial roots for each mode m = 0,1, ..., the behavior of (5.3)

is governed by the first inditial root pair; its real part will be denoted by
+
Tm-
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LEMMA 5.2. Fixm =0,1,... Both att = 400 and t = —o0, there exist two

sequences of indicial roots for ,C(()m), with no accumulation points:

{a](-m) + iT](m) 1520 and {—Gj(m) + iT;m)};ﬁo.

We denote ;- := j:a((]m). Then

a) For the mode m = 0, ’yg[ = O'éo) = 0, so we have a pair of inditial

roots that are complex conjugates with real part zero.
b) For the remaining modes m > 1, Tém) =0, so the first inditial Toot
Vi is real. Actually, for the mode m =1, 4y = —a(()l) =—1.
c) {vh} is an increasing sequence in m.

d) In addition, for all j > 1, m >0, g](.m) > ”7*1

Proof. This follows from Lemma 7.1 in [1] for the special case ¥ = % and

p = Zf%g There the indicial roots are written for the operator £y from

(5.2), but they only differ by a translation of ”Tfl Moreover, the indicial

roots at t = +o0o and at ¢ = —oo are the same in our case.
Note, however, that in [1] the lemma is stated only for p < "2

n—2y’

can easily check that it also holds for p = ZJ_F% O
Y

but one

Now we adapt Theorem 6.1, Remark 6.2. and Proposition 6.3 in [1] on

the behavior of the Green’s function for E(()m) to our setting (note that it

corresponds to the unstable case):
THEOREM 5.3. Consider the equation
(5.4) iy =h.
Assume that the right hand side h in (5.4) satisfies
—ds
h(s) = O(e(s ) as s — +oo,
O(e%®)  as s — —o0,
for some real constants 9, 6. It holds:
i. If § > 0 and 6o > 0, then a particular solution of (5.4) can be written

as
Um(8) = / h(5)Gm(s — 5)ds,
R
where
Gm(s) = dosin(705) X (—c0,0)(5) + Z el cos(7j|s])
j=1
for some constants d;, j = 0,1,.... Moreover, G,, is an even C*™

function when s # 0 and
(5.5) Un(8) = O(e7%) as s — +00, vp(s) = O(e™*) as s - —o0.

it. Now assume only that 6 + 59 > 0. If o5 < 0 < o541 (and thus
0o > —0j41), then a particular solution is

U (s) = /Rh(g)ém(s —3)d3,
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where

[oe)
Gm(s) = Z ;e cos(7;|s|).
j=J+1
Moreover, ém is an even C* function when s # 0 and the same
conclusion as in (5.5) holds.

0)

i15. All solutions of the homogeneous problem E(()

v(s) = Cf sin(TéO)s) +Cy cos(Té )s)

v =0 are of the form

5.6 (0) (O
(5:6) + ZC i cos( +ZC+ 19578 cos( ](O)S)
Jj=1 7j=1
or some real constants C; ,C., 5 = 0,1,..., and all solutions to
f l C7,Cf, j =01 d all sol
E(()m)v =0 for m > 1 are of the form
o™
(5.7) ZC e % *cos(T (m) ZC+ +0 Scos( (m)s)
7=0

iv. The only solution to (5.4), in both the cases i. and ii., with decay
as in (5.5) is precisely vy,. Moreover we have unique continuation:
any solution that decays faster than any exponential at t — oo or
t — —oo must vanish identically.

Then one obtains, as a consequence of parts i:.-iv. above, the following
Liouville theorem by choosing the weight p accordingly:

THEOREM 5.4. Assume that p € (——, 0) and p # Uo form > 0. Then
any solution to Lov = 0 satisfying |v(s,0)| < ce?® or |v(s,8)] < ce™™® must
vanish everywhere.

Proof. From statements #¢. of Theorem 5.3, all the solutions to the ho-

mogeneous problem E(m)v = 0 are given by (5.6) and (5.7). If the weight
o™

p € (=2%1,0), then by d) of Lemma 5.2, ¢’ ° > et for s > 0 and

2
(m)
e % %> et for s <0 when j > 1. SoallC’ji:OfoerL m > 0. More-

(

over, if pu # aom) for all m, using c. of Lemma 5.2, there exists J > 0 such
that — JH <p< 00 Similar to the previous argument again, e*® < e~%0°
when s > 0 for i < J (here we agree that — () = 0((] Dif i < 0) and

ets < e790% when s < 0 for i > J + 1, so C’Oi = O for all m. Combining all
the above results, one can elliminate all the nontrivial solutions to Lov = 0.
Then in this weighted space, only the trivial solution exists. O

5.3. Removability of singularities. We present here a standard result
concerning removability of isolated singularities for an elliptic problem if
the solution grows slower than its Green’s function.

PROPOSITION 5.5. Let (X, g) be a compact manifold with boundary (M, g :=
Glam). Assume Lyv =0 on M\{p} and

(5.8) ()] < Cdist(p, )", pe(1-n,0)
then u extends on all of M so that Lgv =0 on M.
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Proof. This is a standard result but we have not been able to find an exact
reference for it. In normal coordinates near p, L, is a lower order perturba-
tion of (—Ag)l/ 2 plus a zero-th order term. A classical Bocher theorem for
the half-Laplacian on a punctured ball (see, for instance, [19]) yields that
v should be the sum of a smooth function plus a constant times the funda-
mental solution of the half-Laplacian. But our hypothesis (5.8) prevents this
second case and thus the constant must be zero. Then v can be extended
smoothly all the way across the singularity. O

REMARK 5.6. This proposition has to be compared to the last statement in
Theorem 1.1 in [14].

5.4. Non-degeneracy of the linearized operator. We now prove the
main result of this section.

ProPOSITION 5.7. In the setting of Theorem 1.1, assume that the maps
Ly, : CL(M;) — C¥(M;) on M;, i = 1,2, have trivial kernel. Then for
(5.9) pe ( -

the linearized operator L. is invertible on M = 0X. Moreover, its inverse
can be bounded independently of € (small enough).

n—1

,0) and p # —a(()m) for m >0,

Proof. We only have to show that there exist a constant C' such that for all
—H2,a
v E w:Co?,
[vll1,0 < CllLev] 0,0
for some C independent of € small enough. We follow the proof of proposition

11 of [24]. By contradiction, there would exist sequences €; — 0 and {v;}
for which

il =1,

while

1£<;03lln.0,0 = 0
In particular this gives the estimates

vi(y)] < WL (),
and

|Le;vi(y)| < i@t (y)
for all y € M, where n; — 0. Let g; a point where |v;](we,)™" attains its
maximum. Possibly passing to a subsequence, different cases can occur:
(i) {qj} converges to a point ¢ in M;i\{p1} or M2\ {p2},

(it) {q;} lies in M., and |s;| < C.
(111) {q;} lies in M., and |s;| — oc.

We start by ruling out the case (). We may assume that ¢; — ¢ € My \{p1}.
Then {v;} converges in C*>“ on any compact set of M;\{p1} to v such that
Lgv = 0. Now recall that on Bc(p1)\B:(p1) we have w. varying from
H% ~ 2¢ = 2d(p1,-) to 1, so using that |v;(y)| < We,(y)", we obtain as

e — 0, that |v| < Cd(p1,-)*. Hence by Proposition 5.5 and the hypothesis
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that £, has trivial kernel, we have v = 0. However, v(q) # 0 since ||v||41,0 =
1. This yields a contradiction.

We now study cases (i7) and (ii7). For the case (i7), as e — 0, M. — Mo,
and by the assumption that {g;} stays in a compact set of My, we may take
q; — ¢ € My. But when y € My,

We, () _ coshs
We,;(q;)  coshs;

/
— ¢ cosh s,

where ¢ > 0 and the convergence is C* on any compact set. We define
Uj = waj (Qj)_#vjv
so u; — u with u(q) # 0, Lou = 0 (where the last operator is with respect
to the metric go) and |u(y)| < ccosh”(s) < cetsl. By Theorem 5.4, one has
u = 0, which contradicts to u(q) # 0.
Now consider the case (iii) and define
ui(s,0) = we,(q5) Hvj(s +s5,0).
As |vj(s + s5,0)] < cte, (s + s5,0) and

We;(s+5;)  cosh(s+ s;) cosh S, . e’, if s; = 400,
we,(s;)  coshS.. — coshs; e”®, if sj = —o0,

then u; — u with «(0,6) # 0 and w is a solution to Lou = 0. Since |u(y)| <
c(e®)* everywhere or |u(y)| < c(e™*)* everywhere, again by Theorem 5.4,
we arrive at a contradiction. U

REMARK 5.8. In Proposition 5.7 it is enough to assume that M;, Mo are
non-degenerate (in the sense that L. is well behaved only after adding a
deficiency space). This is the case if some M;, i = 1,2, is a Delaunay
metric, for instance. However, this generalization only adds technicalities in
the analysis and we are not interested in those here.

5.5. Surjectivity. To find an inverse for the linearized operator L. we set
up the problem in the Hilbert space L?(X). For this functional analysis part
we do not need to introduce weights since the manifold X = X;# X5 is com-
pact; in the noncompact case, one would need to consider weighted Lebesgue
spaces and to work with deficiency spaces (see [25] and later references).

First note that @#C® — L? if u < 0. We claim that, in weighted Lebesgue
spaces, L. : L>(M) — L*(M) is injective. To see this, let v € L? such that
L.v = 0. By Proposition 5.7, it is enough to show that v € @*CH®. But this
is a consequence of Theorem 5.3 and elliptic regularity again.

Next, since L. is a self-adjoint operator in L?, surjectivity follows imme-
diately. By elliptic regularity,one can obviously produce a right inverse G,
in the weighted space wtC?. Finally, Proposition 5.7 shows that this inverse
has norm uniformly bounded in e.

6. THE CONSTRUCTION: PROOF OF THEOREM 1.1

Let g. be the metric constructed in Section 3 for the connected sum
M =0X, X = X1#Xs. The proof of Theorem 1.1 follows from solving

Q. (f) = fﬁZiﬂPgsf = ¢ constant.
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Recalling (2.3), this equation should always be coupled with
(6.1) L (f)=0 in X,

even if not always explicitly written. Without loss of generality, let us
normalize the constant ¢ as in (4.2).

The procedure is by now standard, using a fixed point argument (see, for
instance, Section 9 in [23]). Define f = 1 + v. Expanding in Taylor series
the operator Q, one gets

Qge(]' + ’U) = an(l) —c+ L"Ev +N’5(/U)7
where N;(v) is quadratic in v. Denote
Acv = _GE(Qgs(l) - C+N€(v))ﬂ

where G, : wECY® — wWECH is the right inverse constructed in the previous
section, for u satisfying (5.9).

Then equation (2.4) is reduced to v = A.v, and we just need to show
that A. is contractive for ¢ small enough.

First we check that g. is indeed a good approximate metric:
LEMMA 6.1. Assume that < 0. Then

HQgE - CH)LL70)a S Cg?
where Ce. — 0 as ¢ — 0.

Proof. Again, we will prove the result for the weighted L* norm || - |/,0,0;
to pass to the weighted Holder norm is standard.

In order to calculate @Q,., we set up the problem (2.3) with Dirichlet
condition identically one, this is

(6.2) Lgu=0 onX.

Our second remark is that we are dealing with edge operators on mani-
folds with boundary in the sense in the sense of [22,26], so their mapping
properties are well known.

Let us relate the metric g. to gg. Assume first that we are in a neighbor-
hood where g; s lives, this is, X1\ Bi(p1). If we write §; 5 = goﬁgl, recalling
the conformal transformation law for the conformal Laplacian (2.2) and the
fact that g; is scalar flat, then equation (6.2) is simply

—Ag, (pu) =0.

But ¢ = 1 outside a neighborhood Ba(p1), so we recover the original problem
for g;.

Inside the neighborhood Ba(p1) we use normal coordinates g = |dz|?(1+
0(1)), so up to a small error, we can approximate (6.2) by

(63) —A‘dZP(QO’LL) =0.

n—1

On the other hand, in Bi(p;1) but before gluing to g2, ¢ = r~ 2 , so (6.3)
can be written as a problem in the cylinder, with metric gg, and it can be
included in the theory of edge operators, which are well behaved with respect
to weights. In the intermediate neighborhood Ba(p1)\Bi(p1) we have error
terms depending on Vi and Ay, but these are of lower order.
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Let us look closer to the neighborhood Bj(p1). In this region, equation

(6.2) is written as
—Ag,u + 7Z‘—_angou =0.

The gluing g1 5 to ga 5 using the cutoff X happens in a region {0_151/2 <
r < Ce'/?}. Since A(xu) — XAu = 2Vy - Vu 4+ uAyx =: h, we are creating
two new error terms (depending on £). Let us translate everything in the
notation s (for which our weights are adapted). Taking into account the
conformal transformation law for £, our equation is simply

Lou=nh

for h := hr—"3" . This f has support only on ¥ := {S5./2—1 < s < S./2+1}.
Adding the Dirichlet condition u = 1 to the extension problem (6.2), we
recover (4. as the Dirichlet-to-Neumann operator

(6.4) Qg. = —Oyu+ "L Hy ulpr.

When we couple the boundary operator with (6.2), we are in the framework
of studying edge operators on manifolds with boundary from [26].

We will compare (6.2)-(6.4) to the model (zero scalar curvature in the
bulk, constant mean curvature of the boundary). Standard regularity esti-
mates yield that the H? norm of « is bounded, for instance, in terms of the
L? norm in the right hand side. It is standard to add a suitable weight to
these estimates. So, as we are comparing two linear problems, to have good
estimates for the Neumann boundary term (6.4) it is enough to estimate,
in a weighted L?(dt) norm, the error terms produced in the gluing process
above, for the weight w’. Since the weight has a factor e # for pu < 0, we
only need to take into account the neck, which is the noncompact part. But
here the error term only lives in the neighborhood ¥, so

/ (we)"2h2 dtdgd ~ (SPe)* 50 as e 0.
2

This completes the proof of the Lemma.

We finally check that A, is a contraction in a suitable space. Define
Bu(re) = {v € (ws)”Cl’a Cvllan < rs}.
LEMMA 6.2. For sufficiently small € > 0, there exists a radius r- such that
Ac(Byu(re)) C Bp(re)
and 1
| Acv1 — Acva |10, < §HU1 — V21,0,

for all vi,va € By, (7¢).
Proof. For simplicity, we will show the result for the weighted C° norm, and
not C*. Modifications in the general case are straightforward.

Recalling the definition of the operator from (2.4), we have Q4 (1) = Q. ,
so Lemma 6.1 yields an estimate for the term Qg (1) — c. Then, taking into

account the discussion in Section 5.5, to complete the proof of the Lemma
we just need to bound

[Nz (v1) — Ne(v2)

0,0, < o(1)[Jv1 — v2[1,0,-
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The proof of this inequality is standard and therefore we omit the argument.
O

From the previous lemma, we have constructed a solution v € (w.)*

4
such that the metric ¢ = (1 4+ v)»-Tg. has constant Q-curvature. The
usual maximum principle for Dirichlet-to-Neumann operators (see [6], for
instance) implies that 1 + v is a positive function. Moreover, by equation

(6.1), the metric g’ = (1—1—1})ﬁ Je, has zero scalar curvature. This completes
the proof of Theorem 1.1.
O

Acknowledgements. Part of the work was done when W. Ao was
visiting the math department of Universidad Auténoma de Madrid in June
2018, she thanks the hospitality of the department. M.d.M. Gonzilez is
supported by the Spanish government grants MTM2014-52402-C3-1-P and
MTM2017-85757-P. Y.S. would like to thank E. Delay and F. Pacard for

useful dicussions.

REFERENCES

[1] Weiwei Ao, Hardy Chan, Azahara DelaTorre, Marco A. Fontelos, Maria del Mar
Gonzélez, and Juncheng Wei. On higher dimensional singularities for the fractional
yamabe problem: a non-local mazzeo-pacard program. Preprint.

[2] Weiwei Ao, Hardy Chan, Marfa del Mar Gonzdlez, and Juncheng Wei. Bound state
solutions for the supercritical fractional Schrédinger equation. Preprint.

[3] Weiwei Ao, Hardy Chan, Marfa del Mar Gonzdlez, and Juncheng Wei. Existence of
positive weak solutions for fractional Lane-Emden equations with prescribed singular
sets. Preprint.

[4] Weiwei Ao, Azahara DelaTorre, Maria del Mar Gonzélez, and Juncheng Wei. A gluing

approach for the fractional yamabe problem with prescribed isolated singularities.

Preprint.

Simon Brendle and Szu-Yu Sophie Chen. An existence theorem for the Yamabe prob-

lem on manifolds with boundary. J. Eur. Math. Soc. (JEMS), 16(5):991-1016, 2014.

Xavier Cabré and Yannick Sire. Nonlinear equations for fractional Laplacians, I:

Regularity, maximum principles, and Hamiltonian estimates. Ann. Inst. H. Poincaré

Anal. Non Linéaire, 31(1):23-53, 2014.

Luis Caffarelli and Luis Silvestre. An extension problem related to the fractional

Laplacian. Comm. Partial Differential Equations, 32(7-9):1245-1260, 2007.

Jeffrey S. Case and Sun-Yung Alice Chang. On fractional GJMS operators. Comm.

Pure Appl. Math., 69(6):1017-1061, 2016.

[9] Sun-Yung Alice Chang and Maria del Mar Gonzélez. Fractional Laplacian in confor-
mal geometry. Adv. Math., 226(2):1410-1432, 2011.

[10] Azahara DelaTorre, Manuel del Pino, Mar{ a del Mar Gonzélez, and Juncheng Wei.
Delaunay-type singular solutions for the fractional Yamabe problem. Math. Ann.,
369(1-2):597-626, 2017.

[11] Azahara DelaTorre and Maria del Mar Gonzalez. Isolated singularities for a semilinear
equation for the fractional laplacian arising in conformal geometry. To appear in Rev.
Mat. Iber.

[12] José F. Escobar. Conformal deformation of a Riemannian metric to a scalar flat metric
with constant mean curvature on the boundary. Ann. of Math. (2), 136(1):1-50, 1992.

[13] Maria del Mar Gonzdlez. Recent progress on the fractional laplacian in conformal
geometry. In Recent Developments in Nonlocal Theory. Palatucci, G. & Kuusi, T.
(Eds.).

[5

6

7

8



16
(14]
(15]
(16]

(17]

18]
[19]
[20]
[21]
[22]

23]

(24]

(25]

[26]

W. AO, M.D.M. GONZALEZ, AND Y. SIRE

Maria del Mar Gonzalez, Rafe Mazzeo, and Yannick Sire. Singular solutions of frac-
tional order conformal Laplacians. J. Geom. Anal., 22(3):845-863, 2012.

C. Robin Graham and Maciej Zworski. Scattering matrix in conformal geometry.
Invent. Math., 152(1):89-118, 2003.

Colin Guillarmou. Meromorphic properties of the resolvent on asymptotically hyper-
bolic manifolds. Duke Math. J., 129(1):1-37, 2005.

Colin Guillarmou and Laurent Guillopé. The determinant of the Dirichlet-to-
Neumann map for surfaces with boundary. Int. Math. Res. Not. IMRN, (22):Art.
ID rnm099, 26, 2007.

Dominic Joyce. Constant scalar curvature metrics on connected sums. Int. J. Math.
Math. Sei., (7):405-450, 2003.

Congming Li, Zhigang Wu, and Hao Xu. Maximum principles and bocher type theo-
rems. Proceedings of the National Academy of Sciences, 2018.

Fernando C. Marques. Existence results for the Yamabe problem on manifolds with
boundary. Indiana Univ. Math. J., 54(6):1599-1620, 2005.

Martin Mayer and Cheikh Birahim Ndiaye. Barycenter technique and the Riemann
mapping problem of Cherrier-Escobar. J. Differential Geom., 107(3):519-560, 2017.
Rafe Mazzeo. Elliptic theory of differential edge operators. I. Comm. Partial Differ-
ential Equations, 16(10):1615-1664, 1991.

Rafe Mazzeo and Frank Pacard. A construction of singular solutions for a semilin-
ear elliptic equation using asymptotic analysis. J. Differential Geom., 44(2):331-370,
1996.

Rafe Mazzeo and Frank Pacard. Maskit combinations of Poincaré-Einstein metrics.
Adv. Math., 204(2):379-412, 2006.

Rafe Mazzeo, Daniel Pollack, and Karen Uhlenbeck. Connected sum constructions
for constant scalar curvature metrics. Topol. Methods Nonlinear Anal., 6(2):207-233,
1995.

Rafe Mazzeo and Boris Vertman. Elliptic theory of differential edge operators, II:
Boundary value problems. Indiana Univ. Math. J., 63(6):1911-1955, 2014.

WEIWEI Ao

WUHAN UNIVERSITY

DEPARTMENT OF MATHEMATICS AND STATISTICS, WUHAN, 430072, PR CHINA
Email address: wwao@whu.edu.cn

MARIA DEL MAR GONZALEZ

UNIVERSIDAD AUTONOMA DE MADRID

DEPARTAMENTO DE MATEMATICAS, 28049 MADRID, SPAIN
Email address: mariamar.gonzalezn@uanm.es

YANNICK SIRE

JoHNs HOPKINS UNIVERSITY

DEPARTMENT OF MATHEMATICS, BALTIMORE, MD 21218, USA
Email address: sire@math.jhu.edu



