WHEN IS A RIEMANNIAN SUBMERSION HOMOGENEOUS?

LUIS GUIJARRO AND GERARD WALSCHAP

Abstract. We study the structure of the most common type of Riemannian submersions, namely those whose fibers are given by the orbits of an isometric group action on a Riemannian manifold. Special emphasis is given to the case where the ambient space has nonnegative curvature.

1. Introduction

Ehresmann showed that a submersion π : M → B with compact fibers is always a locally trivial fibration; i.e, any b ∈ B has an open neighbourhood U in B such that π^{−1}(U) is homeomorphic to a product U × F (see [3], [4]). It is important to note that although in the original statements of these theorems (or of their extensions in [8]) the reference is to bundles, this word is not used with its usual meaning of fiber bundle, namely a space admiting trivializations with a Lie group as structure group (see [9] for definitions). In this note we improve Ehresmann’s result to homogeneous submersions; i.e, to Riemannian submersions with “fibers” given by orbits of an isometric group action on the space: specifically, such submersions are bundles with a homogeneous space as fiber that are associated to a principal G-bundle, where G is the holonomy group of the submersion. Furthermore, the latter has a natural principal G-connection determined by the horizontal spaces of the original submersion.The above scenario is next examined from a different perspective: since almost every Riemannian submersion is homogeneous, we try to determine criteria ensuring that a given Riemannian submersion is not of that type. This is done in terms of the substantiality of the O’Neill A-tensor of the submersion. Finally, we use Wilking’s dual foliation to show that a homogeneous submersion on a space of quasipositive curvature always has a Lie group as fiber.

2. The holonomy of a homogeneous metric fibration

We will use what is by now standard terminology and notation for Riemannian (also called metric) foliations. Such a foliation F on a Riemannian manifold M induces an orthogonal splitting T M = V ⊕ H of the tangent bundle of M, with the vertical distribution V tangent to F. A curve in M is said to be horizontal if it is everywhere tangent to the horizontal distribution H. When the leaves of F are given by the fibers of a (necessarily Riemannian) submersion π : M → B, we also refer to π as a metric fibration.

Let G × M → M denote an isometric action by principal orbits of a compact Lie group G on a complete Riemannian manifold M. The orbit space B := M/G is also a manifold,

1991 Mathematics Subject Classification. 53C20, 53C12.

The first author was supported by research grant MTM2004-04794-MEC. Most of this work was done during a visit of the second author to Madrid, financed in part by funds of the aforementioned grant. 1

and inherits the quotient metric from B for which π : M → B becomes a Riemannian submersion. π is then said to be a homogeneous submersion or fibration.

2.1. The holonomy group of π is a Lie group: For b ∈ B, we define the holonomy group Hol(b) of π at b to be the group consisting of holonomy diffeomorphisms of π^{−1}(b) induced by loops in B based at b (recall that a loop c at b induces a holonomy diffeomorphism of π^{−1}(b) that maps p ∈ π^{−1}(b) to the endpoint of the horizontal lift of c starting at p). For a general Riemannian submersion, Hol(b) need not to be a Lie group, as observed for instance in [1], remark 9.57. Nonetheless, we will see that this can not happen for a homogeneous fibration:

Lemma 2.1. Hol(b) is a Lie group.

Proof: Identify π^{−1}(b) with G/H where H is the isotropy group of some p ∈ π^{−1}(b). Denote by h : G/H → G/H the holonomy diffeomorphism associated to some loop σ̄ based at b. If σ is the lift to M starting at some p ∈ π^{−1}(b), then g · σ is the lift of σ̄ at the point g · p. Thus h(g · p) = g · h(p), and h is a G-equivariant diffeomorphism of G/H. The collection of such diffeomorphisms is precisely N(H)/H, where N(H) is the normalizer of H in G, which is known to be a Lie group (see for instance [2]). The connected component of the identity in Hol(b) lies in the connected component of the identity of N(H)/H as a connected algebraic subgroup, and is therefore a Lie subgroup ([14] or [5]). The collection of connected components can be identified with π_1(B), which is countable, thereby establishing the claim. □ Remark: The correspondence between Hol(b) and N(H)/H is as follows: if h(H) = aH, then a ∈ N(H)/H. This forces the action of Hol(b) in G/H to be on the right: if gH ∈ G/H and a ∈ N(H)/H is the element corresponding to the holonomy diffeomorphism h, then h(gH) = gh(H) = gaH = (gH)a.

2.2. Fiber bundle structure of M over B. Fix some b_0 ∈ B, and denote π^{−1}(b_0) by F_0.

Theorem 2.2. π : M → B is a fiber bundle with base M, fiber F_0, and structure group Hol(b_0).

Proof: Choose some open covering of B by convex balls B(b_α, r_α) of radius r_α centered at b_α, and a corresponding set of minimal geodesics c_α : [0, 1] → B with c_α(0) = b_0, c_α(1) = b_α. For each α define ϕ_α : B_α × F_0 → π^{−1}(B_α) by ϕ_α(b, f) = h_b ∘ h_α(f), where h_α is the holonomy map between F_0 and F_{bα} obtained by lifting c_α, and h_b is the corresponding map for the unique geodesic c_b in B_α joining b_α and b. It is clear now from their definition that the transition maps correspond to elements in Hol(b_0) obtained by lifting a composition of c_α’s and c_b’s. The smoothness of such maps in b is immediate. □ It is worth pointing out that a similar statement for an arbitrary Riemannian submersion was obtained in [7] when the submersion has totally geodesic fibers. This restriction is lifted here, although we have to compensate by assuming homogeneity of the submersion (since, as noted earlier, an arbitrary Riemannian submersion need not be a fiber bundle).

2.3. The holonomy group of a homogeneous submersion. Since π : M → B is a fiber bundle all of whose transition maps live in Hol(b_0), we may consider its associated principal bundle π_P : P → B. We claim that P can be described as the set S of all possible holonomy diffeomorphisms h : F_0 → F_b for b ∈ B, with the bundle projection sending each map 2

h : F_0 → F_b to b. To see this, consider the action of Hol(b_0) on S given by precomposition. This is clearly a free action preserving the fibers of the projection. Also in the notation of Theorem 2.2, the maps ψ_α : π^{−1}_P (B_α) −→ Hol(b_0);

h −→ h_{−cα} ∘ h_{−cb} ∘ h,

are Hol(b_0) invariant (here, −c denotes the curve t → c(1 − t)); in fact, if h_0 ∈ Hol(b_0), then

ψ_α(h_0h) = h_{−cα} ∘ h_{−cb} ∘ (h ∘ h_0) = ψ_α(h) ∘ h_0 = h_0ψ_α(h).

This allow us to construct trivializations of S with the same transition functions as those of the bundle π : M → B, and S → B must therefore be the associated Hol(b_0)-principal bundle, which from now on will be denoted P → B.

As a consequence, we get a Hol(b_0) action on F_0 × P whose quotient F_0 ×_{Hol(b0)} P is equivariantly diffeomorphic to M. In the above description of P , the diffeomorphism Φ : F_0 ×_{Hol(b0)} P → M is given by Φ([m, h]) = h(m), where [m, h] is the class of (m, h) in F_0 ×_{Hol(b0)} P .

Recall that a G-connection on a principal G-bundle π_P : P → B is a distribution ~H on P that is complementary to the kernel of π_{P ∗} and invariant under the action of G; i.e., g_∗ ~H_p = ~H_{gp}, for g ∈ G and p ∈ P . The holonomy group of the connection at b ∈ B is, as usual, the group of diffeomorphisms of the fiber over b obtained by lifting loops at b to curves everywhere tangent to ~H. We claim that the horizontal distribution of the submersion π : M → B induces in a natural way a connection on P → B, the holonomy group of which coincides with the holonomy group of π.

To this end, consider a point p = h_c ∈ P and a curve c_0 : [t_0, t_1] → B with c_0(t_0) = π_P (h_c). By the definition of π_P , the curve c^p_0 : [t_0, t_1] → P defined as c^p_0(t) = h_{c0|[t0,t]} ∘ h_c is a lift of c_0 to P with c^p_0(t_0) = h_c. In order to see how the horizontal spaces for the submersion π induce horizontal spaces for a connection in P , we proceed as follows:

(1) Fix some m ∈ F_0; after following the inclusion P → F_0 × P , h_c → (m, h_c), by the projection ρ : F_0 × P → F_0 ×_{Hol(b0)} P , and then by the diffeomorphism Φ : F_0 ×_{Hol(b0)} P → M, we obtain a map ψ : P → M sending the curve t → c^p_0(t) to t → h_{c0|[t0,t]} ∘ h_c(m); the tangent vectors to the latter curves fill the horizontal space of π at h_c(m). Moreover, the restriction of Φ_{∗[m,hc]} to ρ_∗(0 × T_{hc} P ) must be onto the horizontal space H at M. As a consequence we can find a unique distribution ~H in P that is ψ-related to H; i.e., such that ψ_∗ ~H = H ∘ ψ.

(2) ~H is Hol(b_0)-invariant: since [m, c^p_0] is H-horizontal in M, [h(m), c^p_0] = [m, hc^p_0] is also horizontal for h ∈ Hol(b_0). Therefore h_∗ ~H = ~H ∘ h.

Finally, we still have to show that Hol(b_0) is the holonomy group of this connection on P ; but this is clear once we compute this group at b_0: the fiber of P at b_0 is precisely Hol(b_0), and the horizontal lifts of loops c_0 in B to P are of the form c^p_0, which map the point h_c to h_{c0} ∘ h_c, the right action of Hol(b_0) on itself. We have proved:

Theorem 2.3. Consider the Riemannian submersion from Theorem 2.2, and the associated principal Hol(b_0)-bundle π_P : P → B. Given m ∈ F_0, define ψ : P → M by ψ(h_c) = h_c(m), for h_c ∈ P . Then there is a unique connection ~H on the principal bundle π_P that is ψ-related to the horizontal distribution H of the submersion π, ψ_∗ ~H = H ∘ ψ. The holonomy group of 3

this connection coincides with the holonomy group of the submersion acting on itself by right multiplication.

3. Homogeneous versus substantial

When dealing with foliations rather than fibrations, some extra care is needed. Let F be a Riemannian foliation on a manifold M. F is said to be homogeneous if there is an isometric group action on M that preserves the foliation, and such that the isotropy group of each leaf is transitive on the leaf. If this only holds in a neighborhood of each point of M, then F is said to be locally homogeneous, cf. also [6]. In particular, leaves need not share the same topology. One such example is that of the orbit foliation of the R-action on S^3 given by (t, (z_1, z_2)) → (e^{it}z_1, e^{iαt}z_2) for z_1, z_2 ∈ C, |z_1|^2 + |z_2|^2 = 1. When α is irrational, then exactly two leaves are circles, whereas the others are immersed copies of R. We will say that F is substantial at p ∈ M if the A-tensor is onto the vertical space at p; i.e, if for any v ∈ V_p, there exist x, y ∈ H_p such that A_xy = v. When this holds at every point of M, we say F is substantial. Notice that the version of substantiality that we are using here is weaker than that used in [6].

Theorem 3.1. Let F be a homogeneous foliation on M. If F is substantial, then the action is free. In particular, if F is a homogeneous fibration that is substantial at one point, then it is a principal bundle fibration.

Proof: Consider p ∈ M. We claim the isotropy group G_p of the action of G at p is trivial, so that the action is free. The derivative of any g ∈ G_p must fix the horizontal distribution at p, for if g_∗x = y, then for any t, g ∘ exp(tx) = exp(tg_∗x) = exp(ty); i.e., exp(tx) and exp(ty) belong to the same fiber, and thus project to intersecting geodesics downstairs. This implies that x = y.

Next, consider a vertical vector v ∈ M_p. Since the foliation is substantial, v can be written as A_xy for some horizontal x, y. Extend the latter to basic fields X, Y . Now, any basic field is g-related to itself, and therefore so is the bracket [X, Y ]. Since this is also true for the basic horizontal component of [X, Y ], it holds for the vertical component. When evaluated at p this component is just 2A_xy. Thus, g_∗v = g_∗A_xy = A_xy = v, and the derivative of g is the identity. Since g is an isometry, it is the identity map. This establishes the first statement. For the fibration case, observe that by the above argument, if F is substantial at p, then the isotropy group at p is trivial. Since orbits are equivariantly diffeomorphic, all isotropy groups are trivial. Thus, the action is free, and the second statement now follows from Theorem 2.2. Notice that in this case, the bundle described in Theorem 2.3 is usually a reduction of the G-principal bundle M → B := M/G, because Hol(b_0) is identified with a subgroup of G acting on G by right multiplication. □ Theorem 3.1 implies that a substantial metric fibration must have a Lie group as fiber, if it is to be homogeneous. We can give now an example of a nonhomogeneous metric fibration:

Corollary 3.2. The Hopf fibration S^{15} → S^8 is not homogeneous.

Proof: The fiber is S^7, which is not a Lie group. Furthermore, the fibration has totally geodesic fibers and the total space has positive sectional curvature, implying that the fibration is fat in the sense of Weinstein [10], and therefore substantial in a strong sense: Indeed, the fact that a plane spanned by a horizontal x and a vertical v has positive curvature implies 4

that A^∗_xv ≠ 0, where A^∗_x : V → H denotes the pointwise adjoint of A_x. Thus, A_x is onto for any nontrivial horizontal x. □ The other Hopf fibrations (over complex and quaternionic projective spaces) are of course homogeneous. Together with the one above, they are known to be the only metric fibrations of Euclidean spheres [6], [11].

4. Obstructions due to the dual foliation.

Wilking has shown that a metric foliation F on M induces another so-called dual (possibly singular) foliation that contains the horizontal distribution of F, and used it to prove that when M has positive curvature, any two points in M can be connected by a piecewise smooth horizontal geodesic [12]. In fact, this conclusion holds also under the weaker condition of nonnegative sectional curvature and positive curvature at least at one point. This latter situation is often refered to as quasipositive curvature, see for instance [13].

In this section we explore some consequences of Wilking’s connectedness theorem on homogeneity of metric foliations:

Lemma 4.1. Let F be a homogeneous metric foliation on a manifold M. If γ : [0, a] → M is a horizontal geodesic, then the isotropy groups of the action coincide for every point of γ.

Proof: This is contained in [2], but we sketch a (more geometric) proof here for completeness. Let p = γ(0) and u = γ̇(0). If h ∈ G_p, then, as observed in the proof of Theorem 3.1, its derivative h_∗ fixes the whole horizontal space at p, and thus (h ∘ γ)(t) = h(exp_p tu) = exp_p(th_∗u) = γ(t). It follows that G_p is contained in the holonomy group of any point γ(t). By symmetry, it must equal that group. □

Theorem 4.2. Let G act with principal orbits by isometries on a quasipositively curved manifold M. Then the isotropy group of any point is a normal subgroup of G, and the fiber of M → M/G is a Lie group.

Proof: Let p ∈ M, and denote by H its isotropy group. By Wilking’s dual foliation theorem and the previous lemma, the isotropy group of any other point must coincide with H. But it is easy to see that if g ∈ G, then the isotropy group of q = gp is gHg^{−1}, so that H is normal in G, and the fiber G/H is a Lie group. □ Notice that this provides another proof of Corollary 3.2.

Corollary 4.3. Under the above hypothesis, if G is a simple group, then the action of G on M is either free or transitive.

Proof: Since G contains no nontrivial normal subgroups, it follows that the isotropy group of any point must be either the identity or the full group G. □ We saw in the proof of Theorem 4.2 that under the given hypotheses, all points share the same isotropy group. Thus, H is in the kernel of the representation, and we deduce the following:

Corollary 4.4. Let G act with principal orbits by isometries on a quasipositively curved manifold M. If the action is effective, then it is necessarily free. 5

References

[1] Arthur L. Besse. Einstein manifolds, volume 10 of Ergebnisse der Mathematik und ihrer Grenzgebiete (3) [Results in Mathematics and Related Areas (3)]. Springer-Verlag, Berlin, 1987.

[2] Glen E. Bredon. Introduction to compact transformation groups. Academic Press, New York, 1972. Pure and Applied Mathematics, Vol. 46.

[3] Charles Ehresmann. Sur les espaces fibrés différentiables. C. R. Acad. Sci. Paris, 224:1611–1612, 1947. [4] Charles Ehresmann. Les connexions infinitésimales dans un espace fibré différentiable. In Colloque de topologie (espaces fibrés), Bruxelles, 1950, pages 29–55. Georges Thone, Liège, 1951.

[5] Morikuni Goto. On an arcwise connected subgroup of a Lie group. Proc. Amer. Math. Soc., 20:157–162, 1969.

[6] Detlef Gromoll and Karsten Grove. The low-dimensional metric foliations of Euclidean spheres. J.

Differential Geom., 28(1):143–156, 1988.

[7] Robert Hermann. A sufficient condition that a mapping of Riemannian manifolds be a fibre bundle.

Proc. Amer. Math. Soc., 11:236–242, 1960.

[8] Gaël Meigniez. Submersions, fibrations and bundles. Trans. Amer. Math. Soc., 354(9):3771–3787 (electronic), 2002.

[9] Norman Steenrod. The Topology of Fibre Bundles. Princeton Mathematical Series, vol. 14. Princeton University Press, Princeton, N. J., 1951.

[10] Alan Weinstein. Fat bundles and symplectic manifolds. Adv. in Math., 37(3):239–250, 1980. [11] Burkhard Wilking. Index parity of closed geodesics and rigidity of Hopf fibrations. Invent. Math., 144(2):281–295, 2001.

[12] Burkhard Wilking. A duality theorem for riemannian foliations in nonnegative sectional curvature.

Geometric and Functional Analysis, to appear.

[13] Hung Hsi Wu. The Bochner technique in differential geometry. Math. Rep., 3(2):i–xii and 289–538, 1988. [14] Hidehiko Yamabe. On an arcwise connected subgroup of a Lie group. Osaka Math. J., 2:13–14, 1950.

Department of Mathematics, Universidad Autónoma Madrid Department of Mathematics, University of Oklahoma

6