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Main results

{atu + (=)™ =0 in RV x (0, T),

GPME
( ) u(-,0) = uop on RV
(Think of £ as A or —(—A)?Z, but it is also more general.)

o [1-[>-smoothing.
@ Their relation with functional inequalities like
Gagliardo-Nirenberg-Sobolev:

1
HfHLZ*(R’V) S Q-e[f]2,
where

2*>2  and  Q_g[f.g] Z/f(—ﬂ)[g]-

(£ = A implies that Q_¢[f] = ||Vf||L2 RW) y

@ JE, M. BoNFORTE. Instantaneous boundedness in linear and nonlinear diffusion equations, and

related functional inequalities. In preparation, 2022.
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Linear case (m = 1). Scaling

Consider

(HE) {atu +(=A)u] =0 in RN x (0, T),

u(-,0) = up on RV

Assume that we are searching for an estimate of the form
e, )y S £ e 72 g
What are the only admissible values of o1, 027
If u solves (HE), then
i(x,t) .= ku(=x, At) for k,Z,A >0

also solves (HE) with initial data dp(x) := ku(=x,0) as long as
=2 = A. Fix & with mass M =1, then Kk = M~1=N and &y € L.



Linear case (m = 1). Scaling

Consider
- = in RN T
(HE) Oru+ (—A)[u] =0 in Nx(Q ),
u(-,0) = uo on R™.
l.e.,

G, E)oe ey < ¢ 10l1 3 g

= u(Z A oemy S A7) T2 [ u(=, 0))|7F
_ -1 —o1—=—N. o

= gO2 /\Ul(/\t) o1= UZHUOHLE(RN)

— H02_15201_N02(At)_01HUOHCL?(RN

with o1 = (N/2)02 and oo = 1.

)7

Hence, .
s t)[ oo mmy St 2 [|uol| 2y
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Linear case (m = 1). Scaling

Consider
_ _ RN
(HE) Oru+ (—A)u] =0 in RV x (0, T),
u(-,0) = ug on RV
l.e.,

30, Ollmqamy S 7 10] e
= [[u(=, At ey S AT (AL TR u(Z, 0)IITE gy
— K02~ 1/\01(/\1_.) Gl_iNUzHUOHLl(RN)

= KT NT (N ) g 72

with o1 = (N/2)J2 and oo = 1.

@ J. L. VAzQUEZ. Smoothing and decay estimates for nonlinear diffusion equations. Oxford Lecture
Series in Mathematics and its Applications, volume 33. Oxford University Press, Oxford, 2006.
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Linear case (m = 1). Heat kernel

The function

i) = [ ly)H-alx =y, ).

with
2
Hoa(x—y,t) = Fgexp(-W) (the constant is (477)_%),
is the solution of
Oru + (—=A)[u] =0 in RV x (0, T),
(HE) o+ (A n &Y (0.7)
u(-,0) = uo on R™.

N
2

Since 0 < H_a(x —y,t) St 2, we immediately have

-
(e, O oo mry <t 2 ||uol| 2 mmy.-
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Linear case (m = 1). Nash inequality

Assume (by LP-interpo. and the Gagliardo-Nirenberg-Sobolev ineq.)

17112y < 117 gy IV Il ey
(

with
12% -2

T 22 -1
Define Y (t) := Hu(t)Hiz(R,\,), and consider

V() = [ owt) =2 [ udeu = <2 [ u(-)[u] = ~2| Tulfagen)

29

_1
< YO (D) iy < ol

where 2* = 2N /(N — 2).

9 140
)Y(t) =

Solving the differential inequality gives

_1-9 _N
lu(®)f2mny = Y () S 777 uollFsmny = t2 | uollZs gy
(=) (=) (RY)
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Linear case (m = 1). Nash inequality

Assume
1Ly < 17 IV 1z
We have \
[u()2mmy St # ol 2 (mny,

and then, by duality,
l|lu(t)||L= = sup /u(t) ‘: sup /St[uo]gb'
lloll,2=1

6l a=1
— sup /s [S. [uo]]gb‘ sup ‘/Sé[uo]sé[gb]'
61221 ol
< WTUP X 15 [woll| 215 [¢]ll2 S t_7||5§[uo]||L2
1=

_n
St 2ol

@ E. H. LieB AND M. Loss. Analysis. Graduate Studies in Mathematics, volume 14. American
Mathematical Society, Providence, RI, 2001.
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Linear case (m = 1). Overview

Nagh inequalityl |
Lrlfeww Vk{)ecuﬂa qmdmb’c
+Nagh, i, ‘ o

SMDOJ&MW\ ﬂ

-7 smo()%\nmo\
1boumlli|/

Re pre gonfatian
e 7] R

O, diagonal, hoot  kernel bound ¢




Nonlinear case (m > 1). Introduction

(GPME)

Oru+ (—L)[um =0 in RV x (0, T),
u(+,0) = up on RV,

Cons:
@ We do not have a representation formula.

@ It is harder to find the correct functional set-up.

Pros:
o We still have scaling (always time-scaling).

@ Some estimates are true in the nonlinear, but not true in the
linear.
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Nonlinear case (m > 1). A nice trick

Consider the operator — £ +— | — £, i.e.,
ohut (I =™ =0 <= Gu+ (L =—-u"

Then t — Y(t) solves Y'(t) = —Y(t)'(m1) so

1

Y(t) < <(m—11)t) =y

Moreover, comparison yields (with Y(0) = c0)
1

()] ey < Y(2) < ((mll)t)ma

Holds independently of the operator! But needs “good” nonlinearity.
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Nonlinear case (m > 1). A nice trick

Consider the operator —£ — | — £, i.e.,
dut+ (I =L)u"=0 <= ut+(-L"=-u"

Then t — Y(t) solves Y'(t) = —Y(t)*H(m1), so
1 =
(e = ((m—l)t) '

Moreover, comparison yields (with Y (0) = o0)

(Ol < Y00 < (cmgye) ™

@ L. VERON. Effets régularisants de semi-groupes non linéaires dans des espaces de Banach. Ann.
Fac. Sci. Toulouse Math. (5), 1(2):171-200, 1979.
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dut+ (I =L =0 <= dut+(-L)u"=-u"

Then t — Y(t) solves Y'(t) = —Y(t)*H(m1), so
1 =
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Nonlinear case (m > 1). Tools

(GPME)

D+ (~L)uM =0 inRYx(0,T),
u(+,0) = up on RV,

We need:
o (—£)7! with kernel G_g(x — y) = [~ H-g(x — y, t) dt.
e Time scaling. up(x,t) = A1 u(x, At) solution when u is.
@ Comparison principle.

@ [P-bounds.
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Nonlinear case (m > 1). Tools

(GPME)

D+ (~L)uM =0 inRYx(0,T),
u(+,0) = up on RV,

We need:
o (—£)7! with kernel G_g(x — y) = [~ H-g(x — y, t)dt.
e Time scaling. up(x,t) := = u(x, At) solution when u is.
@ Comparison principle.

@ [P-bounds.
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Nonlinear case (m > 1). Time-monotonicity

1
e Time scaling. up(x, t) := AmTu(x,At) solution when v is.

@ Comparison principle.

Provides the well-known

u

>__ -
Ot 2 = e

@ M. CRANDALL AND M. PIERRE. Regularizing effects for u; + Ap(u) = 0 in LY. J. Funct. Anal.,
45(2):194-212, 1982.
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Nonlinear case (m > 1). “Representation formula”

ut (—O)[um =0 =  u"=—(—2)"[du]
— um = —0iu*, G_g
= mo Y G
S m oy e
Hence,
(u 1) < g [l G-slx = y)d
UX7 _(m—].)t RNUy’ —SX .y y
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Nonlinear case (m > 1). “Representation formula”

oru+ (—L)[u™ =0 — u™ = —(—£)7[0:u]
<— um = —0iux*, G_g
u
m < - "
= = (m—1)t #xGoe
Hence,
(ubs )"t [ ulrt) Eax—y)
w6 D) St fen U —e(x—y) dy.

=Jo° H g(x—y,t)dt

@ M. BonrorTE AND J. L. VAzQUEZ. A priori estimates for fractional nonlinear degenerate
diffusion equations on bounded domains. Arch. Ration. Mech. Anal., 218(1):317-362, 2015.
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Nonlinear case (m > 1). Examples

Oru+ (—L)[u™ =0

o —£=(—A)2 with a € (0,2] gives

lu(®)|po@my S N Jwoll{Fgny  where 6 := (a + N(m —1))~".

@ A. pE PaBLo, F. QUIRGs, A. RODRIGUEZ, AND J. L. VAzQUEz. A general fractional porous
medium equation. Comm. Pure Appl. Math., 65(9):1242-1284, 2012.
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Nonlinear case (m > 1). Examples

Oru+ (—£€)[u™ =0
o —£=(—A)2 with a € (0,2] gives
[u(t)|| oo rvy S t_NGHuoH‘L”f(RN) where 6 := (o + N(m — 1))~ L.
o —£=(k?—A)2 — k% with & > 0 and a € (0,2) gives

_1 1
Hu(t)HLOO(]R’V) St ’"HUOH[Tl(RN)~

o« —£= Z,N:l(—aixi)% with a € (0,2) gives

__1_
Ju(E)] oo mmvy St T + [luoll 11wy
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Nonlinear does not imply linear

Consider
Oru + (—L)[u™] =0,

with
~Sll() = 600 = | dEx = 2)dz = (1 = Jelul)
where J > 0 such that ||J[|j1gvy =1 and J € LP(RN).
o If m=1, then
u(x, t) = up(x)e™ " + W(x, t),
where W > 0 is some smooth function. Hence, no smoothing.

@ F. ANDREU-VAILLO, J. M. Mazon, J. D. Rossi, J. ToLEpDO-MELERO. Nonlocal diffusion

problems. Mathematical Surveys and Monographs, volume 165. American Mathematical Society,
Providence, RI; Real Sociedad Matematica Espafiola, Madrid, 2010.
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Nonlinear does not imply linear

Consider
Oru+ (—£)[u™ =0,

with
~2l() = 900 = | dEx = 2)dz = (1 = Jelu)
where J > 0 such that ||J[|j1gnvy =1 and J € LP(RN).
o If m=1, then
u(x, t) = up(x)e” " + W(x, t),
where W > 0 is some smooth function. Hence, no smoothing.
e If m>1, then
1
[u(E)]| oo my S 177 + [luoll 2 my-
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Thank you for your attention!

Jgrgen Endal Instantaneous boundedness



Nonlinear case (m > 1). Why not the Moser iteration?

Idea: limp_oo ||f]|p = || F]|Loo-
The Stroock-Varopoulos inequality gives

Sl = [0y =p [ 10— —p [ i -um

_ 4mp(p—1)
(p+m—1)

p+m—1

= —pQ_c[uP™t,u™ < Qglu 2 |

LP-interpo. and the Gagliardo-Nirenberg-Sobolev inequality gives
11—
11l ormy = CHHVZ&(RN)Q_QVPQ ),

where
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Idea: limp_yoo ||f]|p = || F]|Loo-
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Sl = [0y =p [ 10— —p [ i -um

_ 4mp(p—1)
(p+m—1)

p+m—1

= —pQ_c[uP™t,u™ < Qglu 2 |
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11_
||fHL’5(RN) < CHHVZ&(RN)Q_QVPQ 19),

where
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