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Degenerate parabolic equations

In this talk, we consider the following Cauchy problem:

O Oru+div f(u) — Lp(u) = g(x, t) in QT.,
1
u(x,0) = up(x) on R,
where u = u(x, t) is the solution. The operator £ will either be the
x-Laplacian A, or a nonlocal operator £* defined on C2°(R9) as
10 = [ o 2) = 60x) — 2+ DOG Lz duz),
R\{0}

where 1 is a nonnegative Radon measure. Note that (LH)* = L.
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(A))

f=(ff,. . . f)eWr(R,RY);

loc

p € W1’°°(]R) and ¢ is non-decreasing (¢’ > 0);

loc
-
g is measurable and / g (s )]l oo (ray At < 00;
0
o € L®(RY);
11> 0 is a Radon measure on R? \ {0}, and 3 M > 0
[ lelPan [ eMedue) < o
lz|<1

|z|>1
Assumption (A,) holds with M > 0.

We will drop the source term g in (most of) what follows.
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Definition (Entropy solution)
Let £ = £#. A function u € L®(Q7) N C([0, T]; LL (RY)) is an
entropy subsolution of (1) if

(i) for all nonnegative ¢ € C°(Q7) and all k € R

//Q (u— k)" 0ep + sign(u — k) *[F(u) — £(K)] - D dxdt
[ ot = o) (e£° 161+ 07 00)

+sign(u — k)L [p(u)]¢ dxdt
+ //Q sign(u — k)+g¢ dxdt > 0;

(ii) u(-,0) < ug(*) for a.e. x € RY.

A similar definition holds for £ = A.
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For the equation

Oru+divf(u) =0 in Qr
u(x,0) = up(x) on R’

we have the classical result

/ (u(x, t) —v(x, t))Tdx < / (uo(x) — vo(x)) T dx.
B(x0, M)

B(X07 M+Lft)
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For the equation

O+ divf(u) + (-A)2u=0 in Qr
u(x,0) = up(x) on R7’

Alibaud (2007) obtained the inequality

/ (u(x, t)—v(x,t))Tdx < / [K(-, t)*(uo—vo) "] (x) dx,
B(xo, M) B(xo, M+L¢t)

where K is a fundamental solution satifying

K —£K=0 in R?x(0,00)

)

K(x,0) = dg on R

. hy _ _ [e
that is, K(x,t) = F~ (e tPI")(x) for a € (0,2].



Main results

Now, our main result which is an L! contraction estimate of the
form

/ (u(x, t) — v(x,t))" dx
(2) B(xo0, M)

<

/ [CD(—-, Lot) * (ug — v0)+](x) dx,
B(xo,M+1+Lst)

where @ is the (non-smooth viscosity) solution of

rd — (£*®)t =0 in RYx(0,7)

(3) :
®(x,0) = Po(x) on R

for some 0 < ®¢ € C(RY).
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Theorem

Assume (Ar), (Ap) hold, and ® is a integrable viscosity solution of

(3). Let t € (0,T), M >0, xo € RY, and u and v be entropy sub-

and supersolutions of (1) with initial data ug, vo € L(R9) and

measurable source terms g, h satisfying

Jo" N )iy + 11AC 1)l ooy dt < co.

(a) If £=L" and (A:) holds, then the L' contraction estimate
(2) holds.

(b) If £ = A, then the L' contraction estimate (2) holds.
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There and back again

Step 1: Following in Kruzkov's footsteps, we will use a doubling of
variables technique to obtain a “Kato inequality’” or "dual equation”

for (1).

Step 2: By choosing a certain form for our test function and by a
density argument, we will start to see the contours of an L!
contraction.

Step 3: Step 2 forces us to solve a special equation.

Step 4: The solution of this special equation, and several limit
arguments, will prove our result.
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Kruzkov's doubling of variables technique gives for nonnegative

Y€ C(QT)

//Q n(u(x,t), v(x, t))0b(x, t) + q(u(x, t), v(x, t)) - DY(x, t)dx dt
" //Q ol ), v ), ) e

+ //Q 1l 0) Hx )00 O dede 20,

where n(u, v) = (u—v)* and q(u, v) = sign(u — v) T [f(u) — f(v)].
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Let ¢(x, t) = ['(x, t)O(t).
fOo<t<T,0<T eCX(Qr) and0 <O e C((0,T)), then

0< //QT(U — V), BT (x, £)0/(£) dxde

+/ O(t)(u — v)*(x, t) [atr + L DT | + Ly (£7T(x, t))+] dx dt.
Qr
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If
0 <T e (o, T]; LYRINNLE((0, T); WALRY))NC®(Q7T)NL®(QT)
satisfies
8:T + L¢|DT| + L, (£T(x,8))" <0 in Qr,
then

/ (1= v)H(x, TIM(x, T)dx < / (1o — vo)(x)F(x, 0) dx.
R

Rd
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We note that if ¢ solves
Orp(x,t) + Le|Do(x, )] <0 in Qr,
and ¢ solves
Oep(x,t) + Lo(L79(x, 1))" <0 in Qr,
then T'(x, t) = [(:, t) * (-, t)](x) solves

8:T + L¢|DI| + L, (£°T(x,t)) T <0 in Qr.
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Classically we have (see e.g. Kruzkov (1970)) that
bo.c(x, t) = [1(_007,?] * we | <\/(52 + |x — xo|2 + Lft)

Otpse(x,t) + Le|Dos(x, 1) <0 in Q.

So, the main difficulty is to solve the other equation.

solves
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We have already considered the viscosity solution of

81-(1) - (£*¢)+ =0 in Rd X (O, 7’:)
®(x,0) = do(x) on RY ’
and we see the resemblance to

Orp(x, t) + Lo(£°Y(x,t))T <0 in Q7.

But we need a smooth, integrable classical solution, and a viscosity
solution is neither smooth (it is Cp though) nor integrable (in the
general case)!
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Step 4

Theorem

Let 0 < &g € C°(Q1) (and let all of the assumptions hold). Then
there exists a unique viscosity solution ®(x, t) of

b — (£*®)T =0 in RIx(0,T)
®(x,0) = Po(x) on R

)

such that

0< ® e Go(Qs) N C([0, T]; L1(RY)).
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PROOF:

The existence, uniqueness, and comparison principle are shown in
previous papers (see e.g. Jakobsen & Karlsen (2005)), and since
the initial data is C2°, we have that ® € C, by previous results.
Moreover, ® > 0 by the comparison principle (the initial data is
chosen to be nonnegative).

The tricky, and maybe interesting result, is to show that
¢ € C([0, T]; LYRY)).
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We claim that there are C > 0, kK > 0, K > 0, such that for all
1€l =1,

®(x, t) < w(x, t) = CeKteké> in Q5.

If this is the case, then ®(x,t) < CeKte=Klx| (take & = _ﬁ for
x #0) and ® € L0, T; LY(RY)).

Moreover, ® € C([0, T]; L*(R?)) since by Lebesgue’s dominated
Kfefk\x\)'

convergence theorem (the integrand is dominated by 2Ce
||m/ D0, t+h) —d(x, )| dx =0 forall te[o, ]

To complete the proof, it only remains to prove the claim.
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Let £ = £* and assume that (A}) holds. Note that d:w = Kw
and

L4 [w(-, 1)](x)

— [ w20 - wixt) = 2 D )L (2
|z|>0 -

= w(x,t) / ez _ 1 ke z dp*(2)
0<|z|<1

- / k67 1 du*(2)
|z|>1

< Cew(x, t),

where we take k < M (with M defined in (AI)) and G, > 0.
It then follows that

dew — (L¥ [w])T = Kw + min{—L* [w], 0} > w(K — Cy).
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When £* = A, the argument is similar. We take any k > 0, and
then we observe that

drw — (Aw)T = w(K — k?).

Now, choose C such that w(-,0) > ®g in both cases, and choose
K such that w is a supersolution in both cases. Then we have that
w is a classical supersolution, and thus, a viscosity supersolution.
By comparison the claim is proved. O
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Let us continue by noting that ®5 := ® x ps (mollified in both
space and time) is a smooth classical solution of

0:®s(x, t) — (£ ds(x, 1)) > 0.
Moreover, ®s satisfies
0 < &5 € C([0, T; LN(R)) N C=(Q+) N L®(Q4),

and
[®5(+,0) — Pol| oo (re) < €0,

where C is some constant independent of > 0.
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Step 4

Let T = max{T,L, T}, 0<7< T and0 <t <7, and let

Ks(x, t) := ®s(x, Lo(T — 1)),
where L, is the Lipschitz constant of ¢. Then
0< K; € C([0, T]; LY(RY)) N C*(Q7) N L=(Q+)

solves
OtKs + L, (£°Ks)T <0 in Q+,

and satisfies
[Ks(+,7) — Pol| Loo(rey < C6,

where C is a constant independent of § > 0.
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Note that

F(x,t) = [Ks(-, ) * @5 (- 1)](x)  for  O<t<T,
gives
0 < T e C([o,7]; LLRI)NLLO, 7; WLHRI)NNC®(Q)NLZ(Q,),

and by Step 2

/ (0= V) (x,7) F(x, 7) dx g/ (1o — vo)* (x) F(x, 0) dx
R

Rd
or

[ = ) [R5 7) = 05,7 ()
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Sending 8,8, — 07 gives (after numerous Fatou's lemmas and
Lebegue's dominated convergence theorems)

/ (u(x, ) — v(x, ))* dx
B(xo0,M)

<

/ [O(—, L) * (o — ) "] (x) dx
B(Xo,M+1+Lft)

But why do we have +1 in the radius of the ball?
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After sending 4,5 — 0T, we have
[ =) () [90 % 6u( )] () dx
R

< 'i;”lérlf y ¢e(x,0) [Kg(—-, 0) * (up — Vo)ﬂ (x) dx.

Now, let C°(RY) > dg(-) := @z(- — xo), which is a mollifier in RY
centered about xp. Note that [®g * ¢-(-,7)] > 0 and that

[P0 * ¢(-,7)] (x) = 1 when |x — xo| < R — L7 — e — €. Hence, if
e+ &< 1, then

[(DO * ¢€('7 T)] (X) > 1|x—xo\§R—Lf7'—1~
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So, we get
/ 1|X—Xo\§R—LfT—1(u - V)+(X7 T) dx
Rd
< / (u— v)+(x, T) [CDO * 7(~,7’)] (x) dx.
Rd
Observe that we cannot send & — 0T here because this will violate
the inequality w(x,0) > ® in the proof that we did earlier, and we

would lose the L' bound on Kj. Thus, we need to pay the price of
+1 in the radius of the ball.

Endal, Jakobsen LY Contraction for Degenerate Parabolic Equations



Consequences

Assume (Af) and (A,) hold, (A7) holds when £ = £¥, and
g, vo € L®(R?). Let M >0, xo € R and Ly and L, be the
Lipschitz constants of f and ¢ respectively.

(a) (L' contraction). Let u and v be entropy solutions of (1) with
initial data ug, v respectively. Then for all t € (0, T),

u(-s t) = v )l L1 (B(x0,M))

< (=, Lpt) = uo — volll L1 (B(xo, Mt 14Ls1))

(b) (L' bound). Let u be an entropy solution of (1). Then for all
t E (07 T)y

Ju(, t)HLl(B(xo,M)) <|[®(—, Lpt) * |u0|||L1(B(X0,M+1+Lft))
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Consequences continued

(c) (Comparison principle). Let v and v be entropy sub- and
supersolutions of (1) with initial data wup, vo respectively. If
up < vy a.e. on RY, then

u(x, t) < v(x,t) a.e. in Qr.

(d) (L* bound). Let u be an entropy solution of (1), and let

Y 1= sup,cpd ¥ and 1 1= inf, ga ). Then

wo(x) + /O g(x,s)ds < u(x, t) < T(x) + /O 2(x, s)ds

a.e. in QT-
(e) (BV bound). Let u be an entropy solution of (1) and assume
ug € BV(RY). Then for all t € (0, T), xo € RY, and M > 0,
lu(-, ) BV(B(x0,M))
= aup 19 Lot) el ) — s
h£0 I

Endal, Jakobsen LY Contraction for Degenerate Parabolic Equations




Thank you for your attention!
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