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Abstract

It is well known that the number of unramified normal coverings of
an irreducible complex algebraic curve C' with group of covering transfor-
mations isomorphic to Zs @ Zs is (29 — 3 - 229 + 2)/6. Assume that C
is hyperelliptic, say C : 3*> = 29;12(3: — pa). Horiouchi has given the
explicit algebraic equations of the subset of those covers which turn out
to be hyperelliptic themselves. There are (29; 2) of this particular type.
In this article we provide algebraic equations for the remaining ones.

1 Introduction

Throughout this article we will use the same term curve to refer to an affine
algebraic curve, its complete non singular model and its associated compact Rie-
mann surface.

The problem of describing the smooth normal coverings of a given hyperel-
liptic Riemann surface C' of genus g, say with equation

2g+2

C:y?= H(l'*,ud), (1)

d=1

was raised by Maclachlan who showed (see [10]) that any smooth, or unrami-
fied, normal covering between hyperelliptic Riemann surfaces has covering group
isomorphic to either Zy or Zy ® Zs, Zo being the cyclic group of order 2.

It was Farkas ([3]) who initiated the study of the Zs case by proving that
(292"" 2) of the 229 — 1 smooth double covers of C' are again hyperelliptic. Then
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Horiouchi ([9]) provided algebraic equations for these (*%?) covers (and, indeed,
for all normal covers of C, unramified or not, which are again hyperelliptic).
Later on Bujalance ([1], see also [4]) showed that any unramified double cover
C of C is, in addition, a ramified double cover of a Riemann surface of genus
p, for some p =0, ..., [%1] Curves enjoying this second property are usually
termed p-hyperelliptic, the case p = 0 being the hyperelliptic case. Recently
the authors ([5]) have been able to produce explicit algebraic equations for the
remaining 229 — 1 — (29; 2) non hyperelliptic covers too.

As for the Zs @® Zo case, Kato proved that precisely (29; 2) of the
(249 —3-229 4+ 2) /6 degree four smooth normal covers of C' are again hyperelliptic
(see Horiouchi’s paper cited above). This same paper [9] contains explicit alge-
braic equations for these (29;' 2) hyperelliptic covers. Here we provide algebraic
equations for all unramified Zy & Zy covers of C' including the non hyperelliptic

ones. We also prove that all of them are p-hyperelliptic for some p < [g] +g—1.

The interest of having at one’s disposal explicit algebraic equations for covers
of a given hyperelliptic curve is that, for its simplicity, hyperelliptic curves have
proved very useful to illustrate known results or to test new conjectures. For
instance, the equations of the smooth hyperelliptic normal 4 to 1 covers obtained
in Corollary 2 of this paper have been used by the authors in [6] to provide
examples of hyperelliptic curves whose field of moduli is Q but such that the
minimum real field over which they can be (hyperelliptically) defined is a degree
3 extension of Q.

Here we give an application of the same kind. It is well known (see e.g. [7])
that if a curve is defined over a field £ C C, then all its unramified coverings
can be defined over the algebraic closure of k. In Corollary 4 of this paper we
show that, for suitable hyperelliptic curves defined over Q, their smooth Z, ®Z,
coverings are also defined over Q.

2 Results

In order to state our results more rigorously it will be convenient to introduce
some notation. We shall denote by X the set X = {1, ...,2g + 2}. For a subset
A C X, we will denote by |A| its cardinality and by A€ its complement in
X. If B C X is another subset, AAB will stand for the symmetric difference
AAB = (AN BY) U (BN A%). If both A and B are non empty subsets, Ca g
will stand for the space curve

2% = [iealz — )
Cap: (2)
w? = HjeB(x - Hj)-

In this article we prove the following

Theorem 1 Let C be an arbitrary hyperelliptic curve given by equation (1).
Then
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i) Every unramified normal covering of C' with group of covering transforma-
tions isomorphic to Zs @ Zs is a compact Riemann surface of genus 1+4(g—1)
isomorphic to a curve Cf given in affine 4-dimensional space by

y? =T15252 (@ — pa)
65 = 5§ : 2% = erA(x — [x) (3)

w? = HjeB(m = 15)
where A and B range among all nonempty proper subsets of X with even car-
dinality < g+ 1 and such that A # B and A # BC. The covering group
is generated by the involutions ai(x,y,z,w) = (x,y, 2z, —w), as(z,y,z,w) =
(z,y,—z,w) and the covering map 7 is given by projection onto the (x,y)-
coordinates. _ B

ii) Any two such curves C¥ and CE are isomorphic coverings of C if and
only if the unordered pair {E, F} equals {A, B} ,{AAB, A} or {AAB, B}.

i11) The curve 52 is a double cover of the curves Cg g, for {E,F} equal
to any of the following pairs {X, A}, {X,B}, {X,AAB}, {A, B}, {AC,B},
{A,BC} and {AC,BC}. The corresponding covering groups being < oy >,
< g >, < ajoas >, < as(z,y, z,w) = (z,—y,z,w) >, < azoas >, < ajoaz >
and < aq o ag 0 g >, respectively. _

i) The curve CE has genus p = |E U F| — 3. In particular C§ is p-
hyperelliptic for some p < [%] +g—1.

In order to identify the hyperelliptic covers of C' among all covers described
in Theorem 1, let us recall (see [11]) that if C'%§ is hyperelliptic, its hyperelliptic
involution J has to be a lift of the hyperelliptic involution of C, J(x,y) =
(z,—y), that is, we must have 7o .J = Jor. It readily follows that, J has to be
one of the following automorphisms: ag, agoay, agoas or ajoasoas. Therefore,
combining parts iii) and iv) of Theorem 1, we see that hyperelliptic covers arise
only when p = |[AU B| — 3 = 0. In other words, the hyperelliptic covers are
precisely the curves 5f = Cyj, with A and B of the form A = {4,j} and
B = {i,k}. Moreover, by part ii) of Theorem 1 any permutation of the indices
1, J, k gives rise to the same covering. We, thus, see that there are exactly (29; 2)
inequivalent coverings Cjj;j, of this type. Each of them can be expressed as a
space curve as follows:

2g+2 —
Con : { vt =05 (P~ i)
ijk - 9
w? = (z — p;) (@ — px)
where ¢ = z/(x — p;), hence © = (p; — t?11;),/ (1 — t?), and
yi=y(1- t2)g+1 (g — i)/ Hig;ﬁ-(ud — ;). Replacing z by its expression

as a function of ¢ on the second defining equation of C too, we get

2 _ 1712912 (42 Hd—Hj
Ciir : i = Hd?éi,j (t ,ud—m)
K 2 _ 42 _ Br—Hg
n Mk —Hi
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(1—t2)w

where n = ——-2.— Furthermore, if we now put s = —2——, we find
V (e —pi) (g — i) P
Hig—Hq
o+ g —Hj
[Yarre=rrs p . . 2 L
that s2 = —Y25 " which shows that ¢ can be written as ¢ = £+L, /BEZH
t—y | DR s2=1V\ pr—pi

Performing this last substitution, we finally arrive at the following plane model

2g+2
Cir:ys = ] (s4+252 <1—2(” i) (Ha MJ))Jrl)

el (ta — ) (pri — pj)

2
G I (ha — i) (e — pi)
=y 11 :
s M — My di g,k (tta — poe) (i — pg)

We can also keep track of the expressions for the covering map C;, — C and for
the covering group in these coordinates. The result we obtain is the following

where

Corollary 2 Let C be an arbitrary hyperelliptic curve of genus g given by equa-
tion (1). Then C admits precisely ( g+2) smooth normal hyperelliptic coverings
Ciji with group of covering transformations isomorphic to Zo®Zs, each of them
corresponding to the choice of an unordered triple of the set {1,2,...,2g + 2}.
The covering corresponding to a triple {i,j,k} is the Riemann surface Cjy, iso-
morphic to the plane curve

2g+2
Con vt = [] (I4+2$2 <1_2(uz pir) (1 u;)>+1>

di gk (,Ud — k) (pi — Mj)

with covering map Fij, = (Fi, Fy) : Cij, — C given by

e &=l =
1 1‘(m)2%§i 4

7 VT 4 Gra =) (i — 1) o — 103) (g — 1) (i — 1) 2 (2 = 1)y
2T (g (22 41)? =i (22 1) ~4a2pui ) T

Moreover, the covering group is generated by the involutions &y (z,y) = (—x, —y)
and &z (x,y) = (1), —y/z*0~Y).

2.1 The unramified normal hyperelliptic covers of a hy-
perelliptic curve

According to Maclachlan ([10]) any unramified covering between hyperelliptic
curves has covering group G isomorphic to either Zo or Zo @ Zo. We are now
in position to write down the (hyperelliptic) equations of all unramified normal
hyperelliptic covers of a given hyperelliptic curve.
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Theorem 3 Let
2g+2

C:y*= 1] (= —pa)

d=1

be an arbitrary hyperelliptic curve of genus g and F = (Fy,F3) : C — C an
unramified normal hyperelliptic cover of C with covering group G. Then, I :
C — C' is isomorphic to one of the following coverings:

1) ( G 2 Zy-case)
Cy? =24 (m2 - H)
G= <O[(l',y) = (7177 7y)>

F(z,y) = (H@y(ui _ Mj)d#ﬂ“d“ﬂ)

T—a? (1—a2)9 71

where i, j ranges among the (29;2) unordered pairs of the set {1,2,...,2g+ 2}.
The covering corresponding to the pair {i,j} being characterized, up to equiv-
alence, by the property that P; = (1;,0), P; = (1;,0) are the only Weierstrass
points of C' which are not covered by Weierstrass points of the covering curve.

2) (G = Zy & Zy-case)

~Lo2 L TT29+2 4 2 (i—pr)(pa—pj)
C v =Lz (x +2z (1 N 2(ud—uk)(m—w)) * 1)

G= <&1(x,y) = (—.’E, —y), &z(x,y) = (]_/x, _y/x4(gfl))>
Fy and Fy as in Corollary 2

where 1, j, k ranges among the (25’;2) unordered triples of the set {1,...,2g+2}.
Up to equivalence, the covering corresponding to the triple {i,j,k} is character-
ized by the property that P;, Pj, P, are the only Weierstrass points of C' which
are not covered by Weierstrass points of the covering curve.

Proof. The Zj-case was carried out in [5] (c.f. [9]).
The Zo @ Zo-case is the content of Corollary 2 except for the fact that
Py, Pj, Py, are the only Weierstrass points of C' which are not covered by Weier-

strass points of C. This follows once we check that the solutions of

g2 (1 o Wi = ) (ka — 1)
0=tz (1 2(Md_Mk)<Mi_Nj)>+l

agree with the solutions of Fy(x,y) = ug, for each d # 4,7, k. To do that, we
work out the last equality to obtain

pie (b — pi) et — 222 (g (s + ) — 2pty) + pe (5 — pi)
(15 — pa)at + 222 ((ps + py) — 2) + (5 — i)

[a =
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or equivalently,

= _ RPN e 72 (pi + Mj)(ud + pg) — it — 2k g
0= (pa — ) (py — i) ( +2 ( (ta— 1200 G — ) ) + 1)

as desired. m

2.2 A remark concerning fields of definition

There are in the literature several papers (see e.g [2] and the references given
there) studying the relationship between the field of definition of a curve and
that of its coverings. In view of that it may be worth recording here the following
corollary to Theorem 1

Corollary 4 For any hyperelliptic curve given by C : y? = f(z) as in (1), we
have the following results:
a) If f(x) lies in Q[z] and splits over Q into different linear factors, then
every smooth Zo ® Zo covering of C' is also defined over the rational numbers.
b) If f(x) lies in Q[z] and splits into the product of two polynomials of even
degree and with coefficients in Q, then C admits at least one smooth Zg @ Zo
covering which is also defined over the rational numbers.

Proof. Part a) follows directly from part i) in Theorem 1 because in this
case, the three defining equations of any smooth Zs ® Zs covering of C, CN'ff , lie
in Q[z].

In order to prove part b), let us write f(z) = p(z)q(z) with p(z), ¢(z) € Q]
polynomials of even degree. Then the covering in question is given by

y* = f(x)

3 Proof of Theorem 1
3.1 Some previous results

We shall make use of the following result

Theorem 5 ([5]) Let C be the hyperelliptic curve given by equation (1). Then
i) Every unramified double cover of C is isomorphic to a space curve Cx 4 as
in (2), where A ranges among all nonempty proper subsets of even cardinality
of X. The covering map being given by projection onto the (z,y)-coordinates.

i) Two such curves Cx a and Cx g are isomorphic coverings of C' if and only
if B=A or B= A°.
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We will also need the following

Lemma 6 LetC bea Zo®Zy smooth covering of a given curve C. Let oy and a
be generators of Zo ®Zg and w; : C — C; = C /() and f; : C; — C /Lo @ Lo
the obvious projection maps. Then C' is isomorphic to the fibre product C; x Co

c
defined by the following diagram

c = o
Tl 1 f2
o & ¢

Proof. By the universal property defining the fibre product (see [8]), all we
have to see is that for any commutative diagram of morphisms between compact
Riemann surfaces as follows

X B o
Dl L fa
a oo

there is a unique morphism ¢ : X — C making commutative the following
diagram

Cy
p2 f2
S Tm N
x 4 ¢ C (4)
Nolm S/
p1 f1
Cq

Now, if such morphism ¢ : X — C is going to exist, we must have mip(x) = pi(x)
hence ¢(x) € m; *(pi()), i = 1,2. Therefore, the result would follow if we could
prove that, for all points € X, the set m; * (p1(z)) N7y ! (pa(2)) contains exactly
one point of C , for in that case the morphism ¢ would be the holomorphic map
z +— 7 (p1(z)) Ny H(pa(x)). The proof of this fact will be done in several
steps.

(i) The restriction of 7 to w5 ' (pa(z)) is injective.

Suppose P,Q € w5 *(p2(x)) with 71 (P) = m(Q), then we have m;(P) =
m(Q), ¢ = 1,2. If P # @ this implies that @ = a;(P) = a2(P), and hence
a5 'ay(P) = P, hence aglal = 4id. Contradiction.

(ii) The set 7, *(p1(z)) N7y ' (p2(x)) contains, at most, one point.

This follows from (i) once we observe that 7 takes the constant value p;(x)
at all points of 7, (p1(x)).

(i) 1 (73 (p2(2))) © £ (fup ().

Let P € m, ' (pa(z)). We have fimi(P) = foma(P) = fopa(x) = fipi(z),
hence 71 (P) € f; ' (fipi(x)).

(iv) For all points z € X we have 71 (75 ! (pa(2))) = £ *(fip1(2)).
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As deg(f1) = deg(mz) = 2, the sets f; ' (fip1(2)) and 75 (p2(z)) contain
both exactly 2 points. Using (i) we see that same statement holds for the set
71 (75 (p2(z))). We now apply (iii) to conclude our argument.

(v) For all points z € X the set 7, *(p1(2)) N7y *(p2(z)) is non empty.

;From (iv) we deduce that the point p;(x) € f; ' (fipi(x)) can be written
as p1(z) = 71 (P) for some P € 1, '(pa(x)), thus P € 77 (p1(x)) Ny (p2(2)).

The proof of the Lemma is now concluded. m

3.2 Proof of Theorem 1

The key point in proving this theorem is the observation that, by definition (see
e.g. [8]), the curve C¥ is nothing but the fibre product Cx 4 x Cx, 5 determined
c

by the diagram
Cfxg =CxaxCxp = Cx B
c

L ma ' L fo
Cx.a Looc

where the maps f; are the projection morphisms f1(z,y, z) = (z,y), f2(z,y,w) =
(z,y) and the maps w4 and 7p are defined by m4(x,y, 2, w) = (z,y,2) and
mp(z,y,z,w) = (z,y,w). It is clear that the morphisms 74 and 7p are the
quotient maps induced by the action of the automorphisms of 5’5 given by
ar(x,y, z,w) = (x,y,2,—w) and as(x,y, z,w) = (x,y, —2z,w), respectively. It
is also clear that these two automorphisms generate a group («i,as) isomor-
phic to Zo @ Zy whose quotient 6’5/ (a1, ) is isomorphic to C, such that
fioma = fy omp is the corresponding quotient map. Now, by Theorem 5, f;
and fy are unramified morphisms. It then follows from general facts concerning
fibre products of curves (see e.g. [12], p. 116) that both maps 74 and mp are
unramified. Thus, 5}3 is indeed a Zy @ Zo unramified covering of C. We now
claim that, in fact, any unramified Zs @ Zy cover of C is of the form éf. This
is because, first, Lemma 6 tells us that any such cover is isomorphic to C; é Cs,

where C;, i = 1 and 2, are smooth double covers of C, and then Theorem 5
states that Cq; and Cy are curves of the form CX 4 and CX B-

We next observe that the three covers CB e cB Aap and c4 A A are isomorphic,
by means of the isomorphism

~ Z . w ~
(z,y,2,w) € C§ — (wyw> € Cinn
’ [lieans(@ — m)
(and a similar one between 5,? and éﬁA p)- Thus, to conclude the proof of
parts i) and 11) of the theorem, it only remains to convince ourselves that after
identifying cB e cB anp and c4 “iap We are left with the right number of coverings,
namely
249 —3.229 42 5)
2-3 '
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In order to do that we observe that the number of non empty proper sub-
sets of even cardinality of X equals >/ % (*57%) = Y1 =7 (@ﬁﬂ) + (Qg;r'l)) =

P39 = 1+ 1) — 2 = 2(2% —1). Therefore, the number of the
pairs (A, B) which satisfy the conditions |A|,|B| < g+ 1 and A # B, if
|A] = g+1,is (229 — 1) x (229 —1). If we further require the condition A # B,
then we see that the number of unordered pairs {A, B} subject to these two
restrictions is

2 2

(229 — 1) x (229 —1) — (229 —1) 2% -3.2%29 42

Now, if we identify each triple of coverings C%, C%, 5 and C4, 5 we are left
with the right number of covers (5).

iii) The degree two morphisms from 65 to the curves Cx 4, Cx B, Cx,AnB,
Ca,B, Cac g, Cq o and Cyc po whose existence is stated in part iii)are given
by

(z,y,z,w) (z,y,2)
(z,y,z,w) (z,y,w)
(z,y,2,w) (xy HTGA:B“EI,M)
(x,y,z,w) (x,z,w)
(z,y,2,w) (2,4, w)

(13 Y, z, ’lU) = (.’,E,Z,%)
(3372172"“1) = (Z‘,%,%),

respectively. The corresponding covering groups are the groups generated by
a1, a2, a1 0 Qz, a3, a3 0 a2, a3 o ay and a; o az o as.
iv) Let us prove first that a curve of the form Cg r has genus p = (|[EUF|-3).
Again we regard the curve Cg r as the fibre product Cr x CF defined by the
Pt

following commutative diagram

s

CE7FECE><CF UEN CF
Pl

I 7E | ha

Cr b ot
where Cf : 2% = [licp(@—p), Cr: w? = HjeF(x—,uj) and g, 7mF, h1 and ho
are the obvious projection maps. Now, if u € P! is a regular value of h; or it is a
branching value of both h; and ho with same branching order (necessarily equals
2) then 7 is unramified over the points of the fiber (hy o )" (1) (see e.g. [12],
p. 116). Thus branching of 7 may only occur at points P € (hy o mwg)” " (1)
with g = py, L € E'\ F. On the other hand, the commutativity of the diagram
implies that for each [ € E '\ F the double cover 7 is ramified with order 2 at
the two points in (hq o 7TE)71 (111). Therefore, if we denote by ¢ the genus of
Cr, the Riemann-Hurwitz formula tells us that

Wp—2=2-(2q—2)+2-|E\F|=2-(|F|—4)+2-|E\ F|



Unramified normal coverings of hyperelliptic curves 10

hence, p = |F U F| — 3 as was claimed.

Thus, to finish the proof of part iv) of Theorem 1, it is enough to show
that at least one of the curves C'4 g, C4c p has genus smaller or equal than
[g] + g — 1 which, by what has gone before, means that at least one of the
integers |A U B|, |[A® U B is smaller or equal than [£] + g + 2.

Now, if |[A\ B| < gzil we have

g+1

AUB| =B+ 1A\ B g+ 1+ [T < [

2
2} +g+ 2,

2
while if [A\ B| > £, we have

|ACUB| =|A°|+|ANB|=29+2—|A|+|ANB|=2g9+2—-|A\B| <
<29+2-2L <[] +g+2.

References

[1] E. Bujalance, A classification of unramified double coverings of hyperelliptic
Riemann surfaces. Arch. Math. 47 (1986), 93-96.

[2] P. Débes and M. Emsalem, On Fields of Moduli of Curves. Journal of
Algebra 211 (1999), 42-56.

[3] H. Farkas, Unramified double coverings of hyperelliptic surfaces. J. Analyse
Math. 30 (1976), 150-155.

[4] H. Farkas, Unramified double coverings of hyperelliptic surfaces II. Proc.
AMS. 101, 3 (1987), 470-474.

[5] Y. Fuertes and G. Gonzélez-Diez, Smooth double coverings of hyperellip-
tic curves. Proceedings of the III Iberoamerican Congress on Geometry
(Salamanca, 2004). Contemp. Math. AMS. To appear.

[6] Y. Fuertes and G. Gonzélez-Diez, Fields of moduli and definition of hyper-
elliptic covers. Submitted to Archiv der Mathematik.

[7] G. Gonzélez-Diez, Variations on Belyi’s theorem. Submitted.
[8] J. Harris, Algebraic Geometry. Springer-Verlag. GTM 133 (1992).

[9] R. Horiuchi, Normal coverings of hyperelliptic Riemann surfaces, J. Math.
Kyoto Univ. 19-3 (1979), 497-523.

[10] C. Machlachlan, Smooth coverings of hyperelliptic surfaces. Quart. J. Math.
Oxford (2) 22 (1971), 117-123.

[11] H. H. Martens, Observations of morphisms of closed Riemann surfaces II,
Bull. London Math. Soc. 20 (1988), 253-254.

[12] J. P. Serre, Topics in Galois theory. Research Notes in Mathematics, 1.
Jones and Bartlett Publishers, Boston, MA (1992).



