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Abstract

In this article we study the action of the absolute Galois group Gal(Q/Q)
on dessins d’enfants and Beauville surfaces.

A foundational result in Grothendieck’s theory of dessins d’enfants is the
fact that the absolute Galois group Gal(Q/Q) acts faithfully on the set of
all dessins. However the question of whether this holds true when the action
is restricted to the set of the, more accessible, regular dessins seems to be
still an open question. In the first part of this paper we give an affirmative
answer to it. In fact we prove the strongest result that the action is faithful
on the set of quasiplatonic (or triangle) curves of any given hyperbolic type.

Beauville surfaces are an important kind of algebraic surfaces introduced
by Catanese. They are rigid surfaces of general type closely related to dessins
d’enfants. Here we prove that for any o € Gal(Q/Q) different from the
identity and the complex conjugation there is a Beauville surface S such
that S and its Galois conjugate S° have non-isomorphic fundamental groups.
This in turn easily implies that the action of Gal(Q/Q) on the set of Beauville
surfaces is faithful. These results were conjectured by Bauer, Catanese and
Grunewald, and immediately imply that Gal(Q/Q) acts faithfully on the
connected components of the moduli space of surfaces of general type, a
result due to the above mentioned authors.

1 Introduction and statement of results

1.1 Dessins d’enfants

A dessin d’enfant, or more simply a dessin, is a pair (X, D), where X is an oriented
compact topological surface, and D C X is a finite bicoloured graph (each edge
possessing one black and one white vertex) such that X \ D is the union of finitely
many topological discs.

A Belyi cover or a Belyi pair is a pair (C, f) where C' is a compact Riemann
surface (or equivalently a complex algebraic curve) and f is a Belyi function, that
is a holomorphic (or equivalently rational) function f : C' — P!, with only three
critical values, say 0,1,00. By a quasiplatonic (or triangle) curve we shall mean
an algebraic curve which admits a normal Belyi cover.

Grothendieck’s theory of dessins d’enfants relies on the following facts. Firstly,
there is a bijective correspondence between dessins and Belyi pairs (so that D =



f71([0,1])) and secondly, Belyi pairs can be defined over Q, the field of complex
algebraic numbers. These two facts allow us to define an action of the absolute
Galois group Gal(Q/Q) on dessins. Namely, if 0 € Gal(Q/Q) and (X, D) is a
dessin corresponding to a Belyi pair (C, f) then the Galois transform of (X, D) by
o is the dessin corresponding to the the Belyi pair (C?, f) obtained by applying
o to the coefficients defining C' and f (see e.g. [GiGol]).

This action was discovered by Grothendieck who proposed it as a tool to study
the group Gal(Q/Q) ([Gro]). In general the action of Gal(Q/Q) on a given dessin
is difficult to comprehend. There is however a kind of dessins on which this action
is easier to visualize; these are the so called regular dessins (see e.g. the article
[CIJSW] by Conder, Jones, Streit and Wolfart, where the action on regular dessins
of low genus is studied). A dessin is called regular if its automorphism group
Aut(X, D) acts transitively on the edges of D or, equivalently, if the corresponding
Belyi pair (C, f) is a normal (or Galois) cover. The triple (I, m,n) of branching
orders of the cover is called the type of the dessin. A type (I,m,n) is said to be
hyperbolic if % + % + % < 1.

Grothendieck noticed that the action of Gal(Q/Q) is faithful already on dessins
of genus 1. Later, it was shown that it is also faithful on dessins of any given
genus [Sch], [GiGo2] (see also [GiGol]). In this article we prove the following two
theorems relative to this action, the second one being a stronger form of Conjecture
2.13 in Catanese’s survey article [Cat2] (Conjecture 4.10 in [BCG4]).

e Gal(Q/Q) acts faithfully on regular dessins. In fact it acts faithfully on the
subset of regular dessins of given hyperbolic type (I, m,n) (Theorem 29).

e The action of Gal(Q/Q) is faithful on quasiplatonic curves (i.e. disregarding
the Belyi map). In fact, given an arbitrary quasiplatonic hyperbolic curve
Co of type (I,m,n) defined over Q, the group Gal(Q/Q) acts faithfully on
the set of quasiplatonic curves of type (I,m,n) that are unramified Galois
coverings of Cy (Theorem 31).

With regard to the general program of understanding the absolute Galois group
via its action on dessins, these results seem to indicate that no information is
missing by restricting the action to the subset of regular dessins, as one is naturally
inclined to do ( “ Dés le début de ma réflexion sur les cartes bidimensionnelles, je
me suis intéressé plus particuliérement aux cartes dites réguliéres, cest-a-dire celles
dont le groupe des automorphismes opére transitivement”, Grothendieck [Gro])

The proof of these results will depend on the following theorem relative to the
automorphism groups of profinite completions of triangle groups.

e Let F denote the profinite completion of a triangle group A(l,m,n) of hy-
perbolic type. Then the group Inn(F) of inner automorphisms of F' agrees
with the group of automorphisms that fix all the open normal subgroups
of F' contained in an arbitrarily given open characteristic subgroup of F
(Theorem 27).



This theorem applies, in particular, to the free group of rank 2, the only triangle
group that is torsion free and, in fact, an analogue argument shows that the
same statement also holds for any non-abelian free group, a result that had been
previously obtained by Jarden [Jar]; so in that sense our result could be viewed as
an extension of his.

1.2 Beauville surfaces

Of course, the absolute Galois group acts in a similar manner on higher dimensional
varieties defined over Q. In this article we will also be concerned with the action
of Gal(Q/Q) on Beauville surfaces. These are projective surfaces of the form
S = () x Cy/G, where C; (i = 1,2) are quasiplatonic curves and G is a finite
group acting freely on C7 x Cy (see section 5 for the precise definition). Beauville
surfaces were introduced by Catanese in [Catl] following an example of Beauville,
and their first properties were subsequently investigated by himself, Bauer and
Grunewald [BCG1, BCG2|. The importance of these surfaces lies mainly on the
fact that they are simultaneously rigid and of general type.
In section 5 of this article we prove the following theorem

e Gal(Q/Q) acts faithfully on the set of Beauville surfaces (Theorem 40).

This result solves Conjecture 2.11 in [Cat2] (Conjecture 5.5 in [BCG4]). Moreover,
we show that

e For any o € Gal(Q/Q) different from the identity and the complex conju-
gation there is a Beauville surface S such that 71(S) 2 71(S?) (Theorem
39).

We recall that the profinite completions of these two groups are canonically
isomorphic and that the surfaces S and S? have the same Betti numbers. The
first example of this phenomenon was discovered by Serre [Ser] in 1964. In fact
Theorem 39 solves Conjecture 2.5 in [Cat2] (Question 6.11 in [BCG4]) which asks
if for any o it is possible to find a minimal surface of general type enjoying such
property. Actually this conjecture is proved by Bauer, Catanese and Grunewald in
[BCG4] with the only exception of the elements o that are conjugate to the complex
conjugation. Furthermore, as noted by Catanese [Cat2], this result immediately
implies the following theorem proved by Bauer, Grunewald and himself by different
means (see [BCG3| and [BCG4]),

e Gal(Q/Q) acts faithfully on the set of connected components of the moduli
space of minimal surfaces of general type (Corollary 41).

We note that this last fact implies faithfulness of the action of Gal(Q/Q) on the
irreducible components of the moduli space, a result proved independently by
Easton and Vakil in [EaVa].

The results contained in this article were presented by the authors at the
workshop on Groups and Riemann Surfaces held in honor of Gareth Jones in
Madrid, September 2012. It should be mention that recently Guillot [Gui] has



also shown that Gal(Q/Q) acts faithfully on regular dessins. However his proof is
independent of our results on the profinite completion of triangle groups because
for the case of all regular dessins only the result by Jarden mentioned above is
needed.

2 Grothendieck’s theory of dessins d’enfants

In this section we present a summary of the Grothendieck-Belyi theory of dessins
and extend it to the case in which the degrees of vertices and faces are fixed.

2.1 Preliminaries

First we review the various angles from which dessins can be approached and
briefly explain why all are equivalent.

2.1.1

Two dessins (X1, Dy) and (X2, Dy) are considered equivalent if there is an orien-
tation-preserving homeomorphism from X; to Xy whose restriction to D; induces
an isomorphism between the coloured graphs D; and D,. The genus of (X, D)
is simply the genus of the topological surface X. The degree of a vertex of D is
defined to be the number of incident edges and the degree of a face is defined as
half of the number of edges delimiting that face, counting multiplicities. If the
least common multiples of the degrees of the white vertices, black vertices and
faces are [, m and n respectively, we will say that the type of the dessin is (I, m,n).
Thus, the clean dessins are those of type (2,3,n), for some n. A dessin (X, D) is
called regular if its automorphism group Aut(X, D) acts transitively on the edges
of D.

Two Belyi pairs (C1, f1) and (Ca, f2) are considered equivalent when they are so
as ramified coverings of P!, that is, when there exists an isomorphism of Riemann
surfaces I’ : Cy — Cs such that the diagram

ol *F>02

fx /@
Pl

commutes. If the least common multiple of the ramification orders of the points
in the fibres of 0,1, and oo are I, m and n respectively, we will say that the type
of the covering is (I, m,n).

The principal congruence subgroup of level n is the subgroup of I'(1) :=
PSL3(Z) defined as

F(n):{AeF(l): Azi(é ?) (modn)}



Let us denote by H the upper-half plane. It is well-known that H/I'(2) can be
identified to P!\ {0, 1,00} and therefore the group I'(2) to its fundamental group
71 (P \ {0,1,00}), which is isomorphic to Fy, the free group of rank 2. The
identification can be done in such a way that the matrices

() ) w1 2)

which satisfy the identity xyz = Id, correspond to simple loops around the points
00, 0 and 1 (see [GiGol], 2.4.4).

Finally, the mazimal algebraic extension of Q(t) unramified outside {0,1,00}
is the field K obtained as the union of all subfields K of Q(¢) which are finite
extension of Q(t) unramified outside 0, 1 and oo, that is, outside the primes ¢,
t—1and 1/t.

Grothendieck [Gro] realized that there is a bijective correspondence between
the following classes of objects (the last one thanks to the work of Belyi [Bel] )

1. Equivalence classes of dessins.

2. Equivalence classes of Belyi pairs.

w

. Conjugacy classes of finite index subgroups A of T'(2).

N

. Galois orbits of finite subextensions of X/Q(¢) unramified outside 0,1 and
00.

The link between these four classes of objects is made as follows.

(1) +» (2) : Given a Belyi pair (C, f) one gets a dessin d’enfant by setting
X = C and D = f~1(I), where I stands for the unit interval [0, 1] inside P! = C.
Conversely, given a dessin (X, D) one can define a Riemann surface structure on
the topological surface X and a Belyi function f on it such that D = f=1(I) (see
[GiGol, 4.2 and 4.3]).

(2) = (3) : A Belyi pair (C, f) induces an unramified covering of P*\ {0, 1, 00}
by restriction of f to the complement of f=1({0,1,00}). Now, by choosing a
holomorphic isomorphism ®py) : H/T'(2) — P!\ {0,1, 00}, the covering group can
be identified to a subgroup A < I'(2) defined up to conjugation.

(3) = (4) : A finite index subgroup A < I'(2) automatically defines a Belyi
pair consisting of the (compactification of the) Riemann surface H/A and the map
induced by the natural projection my : H/A — H/I'(2). By Belyi’s theorem this
pair is defined over a number field. More precisely (see [GiGol, 3.8]) there is an
irreducible polynomial H = H(X,Y) with coefficients in Q such that (H/A, )
is equivalent to the pair (Cg,h) where Cpg is the Riemann surface defined by
the curve H(z,y) = 0 and h is a function defined over Q. Moreover, let Q(Cgr)
denote the function field of Cx over Q, i.e. the field of fractions of the ring
Q[X,Y]/(H), and g € Q(Cg) a primitive element of the extension Q(Cg)/Q(h),
then if F(h,Y) € Q(h)[Y] is the irreducible polynomial of g, the Belyi pair (C, h)
is equivalent to the new Belyi pair (Cyp, fa) in which Cy = Cp is the Riemann



surface defined by the curve F(t,s) = 0 and fa(t,s) = t is the projection onto
the first coordinate; in other words, there is an isomorphism of Riemann surfaces
oa : H/A — C) making commutative the following diagram

H/A 2% Oy
mad LfAn=t (2)
H/T(Q2) =3

The correspondence (3) — (4) is then achieved by associating to the group A the
field extension Q(Cy)/Q(t).

(4) — (2) : If K = Q(t, s) is a subextension of K/Q(¢) with irreducible polyno-
mial F(t,Y) € Q[t][Y], we associate to K the pair (Cr,t). Via the identification
between points of curves and valuations of the corresponding function fields, the
ramification of the field extension Q(t,s)/Q(t) coincides with the ramification of
the function ¢ (see [GiGol, 3.4]), thus (Cp,t) is a Belyi pair. Finally, recall that
two coverings (Cp,t) and (Cp,t) as above are equivalent if and only if the corre-
sponding function fields Q(Cr) and Q(Cx) are Q(t)-isomorphic (argue as in [Gon,
4.1] or [GiGol, 3.8], for instance).

In conclusion we warn the reader that in this article we will often use the same
notation H/A for the quotient Riemann surface defined by the action of a Fuchsian
group A on H as for its uniquely defined compactification.

2.1.2

The above correspondences allow one to give several explicit descriptions of the
group F5, the profinite completion of the free group of rank 2, which will play a
central role in this paper.

We first note that whenever we have an inclusion II < A of finite index sub-
groups of I'(2) there is a rational map @ 5 : Crp — C determined by the following
commutative diagram

H/T % oy
wl 1 Pra (3)
H/A % O

where 7 is the obvious projection map and ¢ and ¢, are the isomorphisms intro-
duced in (2). Moreover, since by construction fa o ®m A = frr, this map is of the
form @A (t,s) = (¢, Ru,a(t, s)) for certain function Ry a(t,s) = P(t,3)/Q(t, s).
As P(t,5)/Q(t,s) € Q whenever t,s € Q, the rational functions Rf; ) are defined
over Q by Weil’s theory of specialization [Wei] (see also [Gon] or [GiGol]).

In general if p : C — C’ is a morphism of curves, we denote by Aut(C,p) its
covering group, that is the group of automorphisms 7 : C — C such that po7 = p.
When A is a normal subgroup we can make the following identifications:

[(2)/A = Aut(H/A, mp) =~ Aut(Cy, fo) = Gal(Q(Cy)/Q(t)), (4)



the last one being achieved by sending a covering map 7 € Aut(Ch,t) to 7* €
Gal(Q(Cy)/Q(t)) where, as usual, 7* denotes the pull-back operator defined by
7*(f) = f o7 (see [GiGol, 1.3.1]). When, in addition, the subgroup II is also
normal we have

A/T = Aut(H/TL, ) =~ Aut(Crr, ®1,4) = Gal(Q(Cr) /Q(C)) (5)

Therefore, corresponding to the obvious epimorphism pry A : F»/II — Fy/A there
is an epimorphism pry A : Aut(Cr, fir) — Aut(Cy, fa) determined by the relation

pra(T) o @ a = P a o7, for any 7 € Aut(Ch, fir) (6)
Moreover, if T < II is a third normal subgroup, corresponding to the compat-
ibility condition pr,a © pr,;m = pr,a, one has the compatibility condition
PI,A © PY.IT = PT,A

We claim that the epimorphism
pra + Gal(Q(Cu)/Q(t)) — Gal(Q(Ch)/Q(1))

given by pra(7*) = pm,a(7)* that corresponds to pma via the above identifica-
tions (4) is nothing but the map that restricts each automorphism of the field
extension Q(Cr) = Q(¢, s) to the field Q(Cy) viewed inside Q(Chy) as the subfield

q)E,A (Q(CA)) = Q(tv RH,A (ta S))
To check this we observe that
P72 0 pra () = ®fp 0 pra(7)" = (pral(r) 0 Pra)* = (Pra o) =75 0 Of

and therefore pra(7*) = (®f; ,) " o 7% 0 Bfy 4, as claimed.

All the above allows us to express 1/*"; in the following different manners

B = lim Fy/T = lim Aut(Cr, fr) 2 lim Gal(Q(Cr)/Q(1)) = Gal(K/Q1)  (7)
N T T

where T ranges over the set G of all finite index normal subgroups of F; 2 I'(2) and
the groups Fy/T", Aut(Cr, fr) and Gal(Q(Cr)/Q(t)) are understood to be related
by the natural epimorphisms pr a, pr,a and pr,a just described. Note that the
last equality follows from the fact that, by the correspondences established in 2.1.1,

K= aer c e (8)
reg
Proposition 1. Let
N Fy — Gal(K/Q(t))
denote the isomorphism defined by (7). Let A be a finite index subgroup of Fy and
A its closure in E, then
R(K) = Gal(K/Q(Ch))
Proof. This is a consequence of the relation (5). Indeed,

A= Aéi_lr};g AT = @Gal(@(Cp)/@(CA)) = Gal(K/Q(Cyh)).



2.2  Grothendieck’s theory with types

Now we take types into account.

2.2.1
Let I,m,n € N>o U {oo}. The triangle group of type (I,m,n) is a the group

n

A(lym,n) = (a,y,2| ol = g™ = 2" = wyz = 1).

If + + L+ 1 <1, the triple ({,m,n) and the group A(l,m,n) are said to be
of hyperbolic type. In this case there is an embedding of A(l,m,n) as a discrete
subgroup of PSLy(R), such that H/A(l,m,n) is of finite volume, which is unique
up to conjugation by elements from PGLy(R) (see [Bea, 10.6]). This embedding
can be realized as follows. Consider a hyperbolic triangle T = T'(l, m,n) in the
hyperbolic plane H with vertices vy, v1 and v and angles 7/l, 7/m and 7/n
respectively. Then z,y, z correspond to the (hyperbolic) rotations of order {,m,n
around these vertices.

The quotient H/A(l, m, n) is an orbifold of genus zero with three branch values
[vo], [v1] and [vso] of multiplicities I, m and n corresponding to the three vertices
of T. We will denote by ®; ., : H/A(l,m,n) — P(C) the unique isomorphism
that sends [vg], [v1] and [vs] to 0,1,00 € P(C) respectively. Notice that among
these three vertices those of angle zero correspond to rotations of infinite order in
the group and to punctures in the quotient Riemann surface; in that case we agree
to denote also by ®; ,, , the extended isomorphism obtained by compactification.

We observe that A(co, 00, 00) is isomorphic to I'(2) with the generators z,y and
z given in (1) and accordingly ® oo 0,00 = Pr(2). Similarly A(2, 3, c0) is isomorphic
to I'(1) = PSLo(Z) with generators

0 —1 0 1 11
xl—:|:<1 0 ),yl—:lz<_1 1) and zl—:|:<0 1)

In the first case the three vertices are the punctures vg = 0o, v1 = 0 and v, = 1
while in the second one these are vg = i, v1 = e2m/6 and v, = 0o. Thus we have

Fy, ~T'(2) ~ A(oo,00,00) and T'(1) = PSLy(Z) ~ A(2,3,0)

Depending on the context, from now on, we will refer to each of these two groups
by any of its three alternative notations.

We note that @ 0,00 = Pr(2) is nothing but the classical Legendre’s function
A of elliptic modular theory. We recall that this function enjoys the following
properties

2 A(a(2)) = 2L
3. Moo) =0, A(0) =1, A1) =00
4. AM(=%) = A\(2), and



5. A(1) =1/2

(see e.g. [For|, [FaKr2] and [Rob]).
Similarly the function @33 = ®p(1) agrees with the function j o A, where j
is the Klein modular j-function

482 —t+1)3

1= -1 ®)

In general (see e.g [For]) the functions @, ,, ,, are the classical Riemann-Schwarz
triangle functions which arise as the inverse of ratios of pairs of linearly indepen-
dent solutions of the Gaus-Riemann hypergeometric differential equation. These
will be fixed throughout the paper. Their behaviour is illustrated in Figure 1.

o 00 = g
+ 1=01/2
] N
\\(I)oo,oo,oo
-~ \\\
//'/ \\\\ h
1 =19 } . X
1
0 5 1 00
~ <I>l,rn,n

Figure 1: The maps ®; ,, , for (I, m,n) = (00, 00, 00) and (2,3,7)

2.2.2

We will say that (I’,m’/,n’) divides (I,m,n) if ', m’ and n’ divide I, m and n
respectively.

We shall denote by K(I,m, n) the maximal algebraic extension of the field Q(t)
unramified outside 0, 1 and oo such that the ramification orders over these three
points divide (I,m,n). In other words (I, m,n) is the union of all subfields K
of Q(t) which are finite extension of Q(¢) unramified outside 0, 1 and co and
such that their ramification orders over these thee points divide (I, m,n). Notice




that KC(c0, 00,00) = K. We observe that in making this definition we are tacitly
using Abyankar’s lemma (see e.g. [Sti, 3.9]) which implies that if K;/Q(t) and
K5/Q(t) are two field extensions whose branching orders divide (I,m,n) then so
is the compositum field K7 Ks.

If (I,m,n) is a hyperbolic triple we shall denote by A; . the kernel of the
natural epimorphism A(oo, 00, 00) = A(l,m,n). Thus, A, » equals the normal
subgroup generated by {z!,y™,2"}, where z,y and z are the generators given by
(1) in (2.2.1). In what follows we should keep in mind the group correspondence

G(l,m,n) := of finite index

A<A(00,00,00)
{ A <A(l,m,n)
—
s.t. Al,'rn,'n. <A

} =:G.(I,m,n)

of finite index

(10)
A — A,

induced by this epimorphism.

We observe that G(I,m, n) is precisely the set of subgroups A in G = G (00, 00, 0)
for which the branching orders of the corresponding Belyi function 7p : H/A —
H/T'(2) divide (I,m,n). This is because these branching orders coincide with the
indices of the stabilizers of the group A in the stabilizers of the group I'(2) at
0,1,00 € 0H = R U {oco} which are the fixed points of x, y and z respectively.

We recall that the Belyi pairs (Ca, fao) and (Cy,, fa,) corresponding to the
Belyi maps my : H/A — H/T'(2) and 7a, : H/A. — H/A(l, m,n) are isomorphic
(see [GiGol, 4.4]) and that the identifications in (4) with A(l,m,n) and A, in
place of I'(2) and A apply word for word.

We can now give descriptions of the fields K(I,m,n) and the profinte groups
A(T,T?,n) analogous to the ones given for K and A(o:o?, o0) in (8) and (7).
Namely,

Kl,mmn) = |J QCr) c Q@) (11)
Treg(l,m,n)
and
A(fn?,n) = l'&nA(l,m,n)/F* = @A(oo,oo,oo)/F§
I r

@Aut(0p7fp) = l'&nGal(@(Cp)/@(t)) = Gal(K(l,m,n)/Q(t)).

In the sequel we will denote by

Np o  A(l,m,n) — Gal(K(l,m,n)/Q(t)) (12)

the isomorphism just constructed. When (I, m,n) = (00, 00, 00) we have R, o6 00 =
N, as defined in Proposition 1.
We note that recently Bridson, Conder and Reid [BCR] have proved that

A(fm\,n) = A(lim\’,n’) if and only if A(l,m,n) = A(l',m/,n’).

10



Proposition 2. Let ¢; denote the natural projection of A(oo, 00, 00) onto A(l,m, n)
and ey the natural epimorphism between Galois groups induced by the inclusion of

K(l,m,n) in K. Then

1. The following diagram is commutative

A(0,00,00) —2— Gal(KC/Q(t))

les lea

—

All,min)  —Em s Gal(K(l,m,n) QL)

—

2. Let A be a finite index subgroup of A(l,m,n) and A, its closure in A(l,m,n),
then Ny n(Ay) = Gal(K(1,m,n)/Q(Ch)), for A as in (10).

3. K(I,m,n) equals the subfield of K fized by the subgroup X(A;m ) of Gal(K/Q(t)).

Proof. 1. This is a consequence of the commutativity of the diagrams

A(oo,oI),oo)/F = Gal(Q(Cr)/Q(t))
l
A(l,m,n)/T. = Gal(Q(Cr)/Q(t))

at least when I, is torsion free.
2. This follows from part 1) together with Proposition 1.

3. Clearly K(I, m,n) is the field fixed by Ker(ez). Now, by the commutativity
of the diagram Ker(ez) = R(Ker(e1)) = R(Apmn)-
O

2.2.3

The following theorem collects the analogous of the correspondences described in
2.1.1 when types are taking into account.

Theorem 3. Let (I,m,n) be a hyperbolic triple. There exists a bijective corre-
spondence between the following objects.

1. Equivalence classes of dessins of type dividing (I,m,n).
Equivalence classes of Belyi pairs (C, f) of type dividing (I, m,n).
Conjugacy classes of finite index subgroups of A(l,m,n).
Conjugacy classes of subgroups of G(I,m,n).

Galois orbits of finite subestension of K(I,m,n)/Q(t).

S o™ e e

Conjugacy classes of open subgroups of Gal(K(l,m,n)/Q(t)).

—

7. Conjugacy classes of open subgroups of A(l,m,n).

11



Proof. (1) <+ (2) : In the correspondence between dessins and Belyi pairs described
in 2.1.1 the type of a dessin is clearly the same as the type of the corresponding
Belyi cover ([GiGol, 4.2.2]).

(1) = (3) : Let £ be the set of edges of a dessin (X, D) of type dividing
(I, m,n). One defines a monodromy action of A(l,m,n) on 2 in the following way.
If w e Q welet x-w (resp. y-w) be the edge we encounter first when we move the
edge w around the white (resp. black) vertex in the counterclockwise direction.
This action is a transitive action with the property that the stabilizers of the edges
form a conjugacy class of subgroups of finite index in A(l,m,n).

(3) <+ (4) : This is the correspondence (10).

(3) <> (7) : The subgroups of finite index of a group G are in one-to-one
correspondence with the open subgroups of its profinite completion G and this
correspondence preserves conjugacy classes.

(6) <> (7) : This correspondence is provided by the isomorphism (12).

(5) <+ (6) : This is the Galois correspondence.

(4) = (2) : To any A € G(I,m,n) we associate the Belyi pair (Cy, fa). O

Remark 4. When l, m and n are finite the dessins whose corresponding subgroup
in (8) is torsion free are called uniform of type (I,m,n).

2.24

In the case of regular dessins we have the following version of Theorem 3.

Theorem 5. Let (I,m,n) be a hyperbolic triple. There exists a bijective corre-
spondence between the following objects.

1. Equivalence classes of reqular dessins of type dividing (I,m,n).
Equivalence classes of normal Belyi pairs (C, f) of type dividing (I, m,n).
Normal subgroups of finite index of A(l,m,n).

Normal subgroups of finite index of A(oco, 00,00) belonging to G(I,m,n).
Finite Galois subextension of K(I,m,n)/Q(t).

S v o e

Open normal subgroups of Gal(K(l,m,n)/Q(t)).

7. Open mormal subgroups of A(l/,n?n)

2.3 Twist invariant dessins

Let us consider the Belyi pair (P!,5), where j is the Klein modular j-funtion
given by the expression (9) at the end of 2.2.1. Its covering group Aut(P!, j) coin-
cides with the group of automorphisms 7 of P! that permute the branching values
0,1 and oo and is generated by the transformations ¢t — 1 — ¢ and t — t/(¢t — 1),
hence is isomorphic to X3. It follows from the properties 1) and 2) of the A-function
listed there that this pair can be identified to the covering H/I'(2) — H/T'(1) via
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the isomorphism \ : H/I'(2) — P! which induces an isomorphism between the
respective covering groups I'(1)/T'(2) and Aut(P!,j). The group Aut(P!, ;) acts
on Belyi pairs by sending (C, f) to (C,7 o f), the effect of the action on dessins
being transposing the colors of the vertices, replacing a dessin by its dual graph
or a combination of both operations. If 7 € Aut(P!, j) we say that (C,7o f) is a
twist of (C, f). We say that a Belyi pair (C, f) is twist invariant if every twist of
(C, f) is equivalent to it. It is clear that a twist invariant Belyi pair must be of
type (n,mn,n).

For twist invariant normal Belyi coverings we have the following analogue of
Theorem 3.

Theorem 6. There exists a bijective correspondence between the following objects.

1. Equivalence classes of twist invariant normal Belyi pairs (C, f).

2. Finite index subgroups of T'(2) which are also normal in T'(1).

— —

3. Open subgroups of T'(2) which are normal in T'(1).
4. Finite subextensions K/Q(t) of K/Q(t) such that K/Q(5) is normal.
5. Open subgroups of Gal(KC/Q(t)) which are normal in Gal(K/Q(j)).

Proof. The correspondences between the first three families and between the forth

—

and fifth are clear. It remains to show that the isomorphism X : I'(2) — Gal(K/Q(t))

introduced in (12) extends to an isomorphism between I'(1) and Gal(X/Q(5)).
In view of the definition of X this follows from the commutativity of the diagram

r'(2)/r — r/r
b )
Gal(Cr/Q(t)) — Gal(Cr/Q(j(t)))

for any normal subgroup of I' of I'(2) which is normal in I'(1) together with the
observation that the collection of such subgroups forms a cofinal family of finite
index normal subgroups of I'(2) (note that I' contains the normal subgroup of T'(1)
obtained as the intersection of all its conjugates by any choice of representatives

of T'(1)/T'(2)). O
We observe that this proof implies that Gal(K/Q(5)) & Gal(K(2,3,00)/Q(t)).

2.4 The action of Gal(Q/Q) on dessins

Let o0 € Gal(Q/Q). Tt is an elementary fact that if (C, f) is a Belyi pair of type
(I, m,n) then so is its Galois transform (C?, f?). In addition, since the elements of
Aut(P, j) are defined over Q, this action preserves twist invariant Belyi pairs. In
other words Gal(Q/Q) acts on dessins of given type as well as on twist invariant
dessins, and there is a unique extension of this action to the various equivalent
classes of objects occurring in Theorems 3, 5 and 6 which is compatible with the
established correspondences.

13



From now on, if -
(X,D),A, H and K/Q(t)
are respectively the dessin, the subgroup of A(l,m,n), the open subgroup of

A(fn?, n) and the Galois extension of Q(¢) corresponding in Theorem 3 to a Belyi
pair (C, f), we will denote by

(X,D)?,A?, H? and K7 /Q(t)

—

the dessin, the subgroup of A(l,m,n), the open subgroup of A(l,m,n) and the
Galois extension of Q(t) corresponding to the Belyi pair (C, f9).

2.5 The action of Gal(Q/Q) on the profinite completion of
triangle groups
In [Bel] Belyi constructed embeddings of Gal(Q/Q) in Aut(E) and Out(ﬁ;).

He did it by first considering the canonical homomorphism ¢ : Gal(Q/Q) —
Out(Fy) = Aut(Fy)/Inn(Fy) associated to the standard short exact sequence

1 - B = Gal(K/Q(t)) — Gal(K/Q(t)) — Gal(Q/Q) — 1

and then defining a lifting ¢ of ¢ to Aut(ﬁ';).
In this section, for any hyperbolic triple (I, m,n) we construct a homomor-

phism from Gal(Q/Q) to Aut(A(l,m,n)) and show that it is injective not only
for (I,m,n) = (00, 00,00) but also for (I,m,n) = (2,3,00), thereby proving that

———C

Gal(Q/Q) can also be embedded in the groups Aut(PSLy(Z)) and Out(PS/LXZ)).
As a byproduct we show that any dessin is dominated by a regular dessin defined
over Q.

2.5.1

Our construction depends more explicitly on Grothendieck’s action of Gal(Q/Q)
on dessins d’enfants as described in the introduction. That is why of the vari-

ous presentations of A(fm\, n) given in 2.2.2 here we will work with the model
A(l,m,n) = @Aut(Cp,fp).

For each finite index normal subgroup I" of A(l,m,n) we make the choice of
the following point of Cp
Pr = ®r(vy2)

with vy /5 as in 2.2.1 (e.g. Ppr = ®p(i) for (I,m,n) = (00,00,00)). These points
enjoy the following two properties

1. Pr=1/2€ Cr =P}, for T = A(l,m,n), and
2. @ (Pu) = Pr, whenever IT < T'.

14



Now, for each o € Gal(Q/Q) we define an element 7,1 € Aut(CgZ, fZ) =
Aut(Cre, fro) by the property

Tgyp(Ppa) = Pg

Notice that by construction both points Pr- and Pg lie in the fibre f5.'(1/2)
hence such an automorphism 7, r exists and, since 1/2 is not a branching value,
it is uniquely determined by the required property.

Lemma 7.
% = Tor © Priere 0 7,

Proof. From the equality between the first and the last term of the following
sequence of identities

fro 0 ®%pr = (fro®ur)’ = ff = fue = fur 07,5y = fro 0 Prore 07,y

we deduce that (pﬁr = o ®rore 0 7';111 for some 8 € Aut(Cro, fro).
Now this relation applied to the point Pg is only possible if 5(Pr-) = PZ. Since
Pro is an unbranched point, it follows that 8 = 7, 1, as was to be proved. O

Next for each I' € G and each ¢ € Gal(Q/Q) we consider the group isomor-
phism
Cor t Aut(Cr, fr) — Auwt(CE, f2)

T — T;% o017 0TsT (13)
or, equivalently, for any field extension K = Q(Cr) of Q(t),
o GallQC)/Q) — Gal(@(CR)/QU) )

A= TopoATo(Trr)”
where A7(f7) = A(f)°.

Proposition 8. 1. For each pair of groups IL, T € G with I1 < T the following
compatibility condition is satisfied

Co,r © pr1,r = p1,r © Coyll (15)

2. In particular, for each hyperbolic triple of integers (I, m,n), the family (ipmn (o) :

(Co,r)r determines an automorphism of A(l,m,n) and the map

Comm : Gal(Q/Q) — Aut(A(l, m,n))

in this way defined is a group homomorphism. If (I,m,n) = (00, 00,00)) we
simply write (oo 00,00 = G-
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3. For each hyperbolic triple (I,m,n) the following diagram commutes

—

Aut(A(o0, 00, 00))
/

Gal(Q/Q)
Cim

p

o —

Aut(A(l,m,n))

where p : Aut(A(ogo?,oo) — Aut(A(fm\m)) is induced by the natural
projection €1 : A(0o, 00,00) = A(l,m,n).

Proof. 1) In order to check the condition (15) we first write it in the form

Cor(prr(7)) © @o re = prr(Com(7)) © Pr1o ro

Now by the definition of (, r and the relation (6) in 2.1.2 we see that the latter is
equivalent to

T(;%‘OPH,F( ) OTo.FoénaFg—(bHuFaO’THOT OTUH
Next we pre-compose both sides with 7_ H to get the equivalent relation

’7';12 o PH,F(T)U (e TG',F o) @Ha[‘g (e Tc:,ll[ = @ng\a [e) T;%I ] TU
Now, applying Lemma 7 and the relation (6) in 2.1.2 to the LHS we are left with
the following identity to prove

—1 o _ —1
Tor © (I)H,F = Pqpore © Toll

But this is precisely the statement of Lemma 7.
2) By definition

Bo

Cpo,r(7) = T, p 0 777 0 Tpep

On the other hand

Caro o Cor(T) =g (TU_% 0oT? 0T,r) = 75_711% o (TU_I{ o7 07,1)P 0 78,17

_ 1 —1\g Bo B
= Tj 1o O (TGVF) oTP? o1, oTg e

Now Tfrom ro(Prss) = TfF<Pﬁa) = (1or(Pr))’ = Pﬁa, hence TﬁFOTﬂ)FU = T8o.T-
3) follows from Lemma 9 below.

The following lemma shows that our action of Gal(Q/Q) on the individual
generators of F; is similar to Belyi’s (see [Bel, page 249)]).

Lemma 9. For any o € Gal(Q/Q) the action of the automorphism ((o) : 5
on the generators is given by

(0)(@) = frow™ fi0s CO)Y) = fooy™ fas ((0)(2) = fa02" f55  (16)

for some A, € Z* and fio: f2,00 3.0 € F; In particular (o) preserves the closed
normal subgroup Ay -
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Proof. Let us denote by zr,yr,zr the elements of Aut(Cr, fr) induced by the
residue classes of the generators x,y,z = (zy)~! € Fy in Fy/T. In a way similar
to the definition of the points Pr € Ct made in 2.5.1 we now choose the points

Qr = ®r(vo), Rr = ®r(v1), St = Pr(vw) € Cr

which are fixed points of zr, yr, zr of orders ng, n1, ns equal to the indices of the
stabilizer of I' in the stabilizer of F» at the vertices vy, v1,vs. Then Qf, R7, SE €
Cg are fixed points of TP, yp, 2 € Aut(Cpa,fpa) with rotation angles A, €
(Z/nrZ)* determined by o (e2™/"r) = > Aar/mr \where nr is the common multi-
ple of ng, n1, neo (see [GoTo2]). Let now hy r € Aut(CZ, h{) such that h, r(QF) =
Qr-. Then the automorphism h;}ﬂ oxps" o hgp fixes the point QF also with ro-
tation angle A, r, hence

27 =h,poaps” o hor (17)

and therefore
Cor(ar) = 7'0_11~ o h;% o x?ﬁ’r ohyroTer

From here we deduce that the elements ((o)(x),((0)(y),((0)(2) are conjugate to
e yAe 24 where A, € 7* is defined by the collection A, € (Z/nrZ)*. This
last statement can be proved by using the following standard argument in profinite
group theory: the family of subsets Xp := {7 : 7o x?"'r o7t = (or(ar)} <
Aut(Cro, fro) forms an inverse system that must have a nonempty inverse limit
(see e.g. [RiZa, 1.1]). The proof is done. O

The above proof works word for word for the other homomorphisms (j,y,.
Alternatively, the result for (;,, can be deduced from the result for ¢ applying
part 3) of Proposition 8. In general there is no way to explicitly determine the
conjugating elements f; . Our construction allows us to do it at least in the case
of the complex conjugation.

Corollary 10. Let p € Gal(Q/Q) stand for the complex conjugation, then ((p) is

determined by
(p)(x) =2t (p)(y) =y

—

In particular, the automorphism ((p) : F/(5) — I'(2) is the continuous extension of

the automorphism of T'(2) induced by conjugation by the matriz J = ( (1) Bl ) .

Proof. By construction Pr,Qr and Rr are the the midpoint and the vertices of an
edge of the dessin fr_l (I), and, by the continuity of o = p, the points PZ, Q% and RY
are the midpoint and the vertices of a same edge of the dessin (fZ)~!(I). From
here it is easy to infer that the automorphism h, o7, r fixes the point Qr- hence
it equals a power of xpo, and similarly for yr. The result follows. O

2.5.2

We now derive the key property of the homomorphisms (j,p, -
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Proposition 11. 1. Let K/Q(t) be a finite subestension of K(I,m,n)/Q(t),
then
Cimn (0)(Gal(K(l,m,n)/K)) = Gal(K(l,m,n)/K)

-

2. Let H be an open subgroup of A(l,m,n), then
Gmn(0)(H) = H
where both equalities should be understood as identities up to conjugation.

Proof. 1. By the Galois correspondence it is enough to show that the fixed
field of (ymn(0)(Gal(K(I,m,n)/K)) is Galois conjugate to K. Now, from
formula (14), we see that an element f € Q(Cr) is fixed by (imn(0)(A), with
A € Gal(K(l,m,n)/K), if and only if (77 )~'(f) is fixed by A”. Hence the
fixed field of (mn(0)(Gal(K(l,m,n)/K)) equals 77 (K?), whenever K C

Q(Cr).

2. By part 2) of Proposition 2 the second statement is equivalent to the first
one if we let K be the field Q(Cy), where A is the subgroup of A(l,m,n)
such that H = A.

O

Theorem 12. Let (,,,, : Gal(Q/Q) — Out(A(fm\,n)) denote the composi-
tion of Cmn : Gal(Q/Q) — Aut(A(l/,-m\,n)) with the natural projection from
Aut(A(fﬂ?,n)) to Out(A(fn?n)), Then for (I,m,n) = (00, 00,00) and (I,m,n) =
(2,3,00) the homomorphism (., hence Cmn, s injective.

Proof. Tt is well known that the action of Gal(Q/Q) on dessins is faithful. In fact,
it is faithful even when restricted to dessins of type dividing (2,3, c0), since any
Belyi pair becomes of such type after composition with Klein’s j-function (see e.g.
[GiGol, Remark 4.6.1]). This means that if the triple (I,m,n) equals one of these
two values, then for every non trivial element ¢ € Gal(Q/Q) there is a subgroup

A < A(l,m,n) such that A7 is not conjugate to A in A(l,m,n). Now Proposition
11 implies that {;,,,,(0) # Id, as was to be seen. O

Another obvious consequence of Proposition 11 is

Corollary 13. The dessin corresponding to a characteristic subgroup of A(l,m,n)
1s defined over Q.

As an example we may consider the cofinal family of regular dessins corre-
sponding the subgroups
T, = N r
T<Fy, [Fa:T]<n

It can be seen that the corresponding Belyi pairs (Cy,, f5,) are isomorphic to the
fibre product of a maximal collection of non isomorphic regular Belyi covers of
degree less or equal n (cf. [Hil]). Since such a covering is clearly invariant under
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the action of Gal(Q/Q) one can deduce in this direct way that these Belyi pairs
are defined over Q (see [Wol]).

For small values of n the genus g, of the curves C,, can be computed. For
instance g1 = g2 = 0 and g3 = 10. At any rate this example proves the following

Proposition 14. Every dessin d’enfant is dominated by a regqular dessin d’enfant
defined over Q. More precisely, for any Belyi pair (C, f) there is a positive integer
n and a morphism 7, : C,, — C such that wo f = f,, with (Cy, f,) as above.

Proof. The normalization (C, f) of (C, f) is a regular Belyi pair (see [GiGol]).
Clearly, the covering (C, f), and hence (C, f), is dominated by all coverings of the
form (C,,, fy,) from some n on. O

3 Automorphisms of profinite completions of tri-
angle groups

o —

This section is devoted to the study of some properties of the groups A(l, k, m).

3.1 Group theory preliminaries

We begin with some preliminary facts about profinite groups and their repre-
sentations. When dealing with profinite groups G only closed subgroups will be
considered. Thus, for example, [G, G] will denote the closure of the derived sub-
group.

3.1.1

Let G be a profinite group. If n is a natural number we put @,,(G) = [G, G]G™.
As usual ®(G) will denote the Frattini subgroup of G, i.e. the intersection of
all the closed maximal subgroups of G. For example, if G is a finite nilpotent
group and n is equal to the product of all primes that divide the order of G, then
o(G) = 2,(G).

We denote by Aut(G) the group of continuous automorphisms of G and by
Inn(G) its subgroup of inner automorphisms. The subgroup of Aut(G) consisting
of the elements that fix all the open normal subgroups will be denotes by Aut,, (G).

Let N be a closed normal subgroup of G. Assume that ¢ € Aut(G) fixes N.
Then ¢ induces an automorphism, that we denote by ¢g/n, on G/N defined as
follows:

dc/n(gN) = ¢(9)N, g € G.

We will use the following standard criterion for an automorphism of a finitely
generated profinite group to be inner.

Lemma 15. Let G be a finitely generated profinite group and ¢ € Aut(G). Then
¢ is inner if and only if ¢g/n is inner for every characteristic open subgroup N

of G.
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3.1.2

Let F be a free profinite group of rank d freely generated by S and let H be an open
subgroup of F'. A right transversal T of H in F' is called a Schreier transversal
with respect to S if

1. T belongs to the abstract subgroup generated by S and
2. gsor gs—' € T for some s € S implies that g € T.

In particular, 1 € T. The following proposition is well-known (see, for example
[MKS])).

Proposition 16. Let F' be a free profinite group of rank d freely generated by
S and let H be an open subgroup of F of index k. Let T be a right Schreier
transversal of H in F with respect to S. Then H is free of rank (d — 1)k +1 freely
generated by the following subset:

{tisty': ti,t2 €T, s€ SN (H\{1}).
In particular, |H : ®,(H)| = n(d=Dk+1,

If F is a finitely generated free profinite group, then we say that f € F is
primitive if f forms part of a free generating set of F.

Corollary 17. Let F be a finitely generated free profinite group and H an open
subgroup of F'. Let f € H and assume that f is primitive in F. Then f is also
primitive in H.

Proof. Let S be a free generating set of I’ containing f and T any right Schreier
transversal of H in F with respect to S. Then, since 1 € T, f =1-f-171 is part
of the free generating set of H constructed in Proposition 16. O

Now we apply Proposition 16 in the case H is normal in F' and F'/H is cyclic.

Corollary 18. Let F be a free profinite group with free generators f,y1,...,ys.
Let H be a normal subgroup of F such that F/H is a cyclic group of order m.
Assume that all the elements y; lie in H. Then

m—1 m—1
fmvylaylf7~~~7y{ 7'~‘7y£7'~~7y£

are free generators of H.

Proof. We apply Proposition 16 with S = {f,y1,...,ys} and T = {f*: 0<i <
m— 1}.

O
If G is a group and K a ring we write KG for the group algebra of G over K.
We observe that if NV is a normal open subgroup of F', then the group N/®,(N)
can be seen as a left Z(F/N)-module in a natural way:

if g= fN and m = n®,(N) then g-m = fnf '®,(N). (18)

In what follows we will denote by op,n(f) the order of fN in F/N.
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Corollary 19. Let F be a free profinite group of rank d, N an open normal
subgroup of F and f a primitive element of F. Let p be a prime number. Then
the following holds

1. The F,(fN)-module N/®,(N) is isomorphic to F, ® (F,(fN))*, where

(d—1)|F : N| :S'OF/N(f)~

2. ora,n)(f) = orn (f) - .
3. Assume also that p divides op)n(f). Then for every a € N,

or/a,(N)(fa) = op/N(f) - P-

Proof. Let m = op/y(f) and K = (f,N). Then, by Corollary 17, f is also a
primitive element of K. Clearly we can find y1,...,ys € N such that {f,y1,...,ys}
is a free generating set of K. Hence Corollary 18 implies (1) and also that f™
is a primitive element of N. In particular, op/e,n)(f™) = p. If G is a finite
group, g € G and m divides o(g), then o(g) = m - o(¢g™). Since op/n(f) divides
or/a,(N)(f), we obtain

or/a,(N)(f) =m - orje, ) (f™) =m-p.

This proves (2).
Now, assume that p divides op/n(f). Let L/®,(N) be a subgroup of N/®,(N)
consisting of
(o " be NJDL(N)).

Since p divides m,
m—1 m—1
L=(-yl-—vl . usul-yl" o),

and so we obtain that on,/r,(f™) = p. Hence, if a € N,

m—1 m—2
or/a,)((fa)™) = opa, v (f™ o’ -al" " al - a) = p.

Arguing in the same way as in the proof of the second statement, we conclude
that

or/a,v)(fa) = orn(f) - p.

3.1.3

A representation of a profinite group G over a field K is a continuous group
homomorphism R : G — GL, (K), where K is considered with discrete topology.
Note that in this case KerR is open in G. The representation R induces a structure
of KG-module on Mg = K™:

g-v=R(g)v (g € G,veK").
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The K-character of R is the map Ag : G — K that sends g to the trace of R(g):

Ar(g) = tr(R(g)).

If K is of characteristic 0, then Ar, = Ag, if and only if Mp, = Mg, as
KG-modules. Thus, we will write M), for the class of isomorphisms of modules
Mp corresponding to representations R with character A. We say that R or Agp
is irreducible if Mg is an irreducible K G-module. The set of K-characters of G
we denote by Charg(G) and the subset of the irreducible ones by Irrg (G). If
A € Charg (G) we put KerA ={g € G: Ag) =A1)}.

If G is a quotient of G, then any representation of G can be seen as a repre-

sentation of G. Thus, Chark (G) C Charg(G) and also Irri (G) C Irrg (G).

3.1.4

Now, let ¢ € Aut(G) and A € Charg (G). If Ry is a representation with character
A then the representation Ry o ¢ has character A o ¢. We denote this character by
A?. The module M Ryoe can be described as follows: its underlying set coincides
with M), but the action of the elements of G is defined as

9 Mpyop V= 0(9) Mg, V.

It is clear that X is irreducible if and only of A? is irreducible. We say that ¢ fizes
Mif A= \9.
Let A be an open normal subgroup of G. Then for any g € G and p € Irri (A)
we denote by u9 = 9 (g = gA) the K-character of A that sends a to u(gag™!).
We say that A € Irr i (G) lies over p € Irr(A) if M, is isomorphic to a submod-
ule of My (viewed as K A-module). The set of irreducible characters of G lying
over a character p of A is denoted by Irrg (G|u).

Lemma 20. Let p1 and po be two irreducible characters of A. Then either
Irrg (Glpr) NTrr g (G pn) = 0

or
Irrg (Glp) = Irrg (G, p2),

in which case there exists h € G such that u’f = Us.
Proof. This follows from [Isa, Theorem 6.5]. O

Assume now that ¢ is an automorphism that fixes A. We denote the restriction
of ¢ on A also by ¢. Hence ¢ also acts on characters of A.

Lemma 21. Let p be an irreducible character of A. Then

Irrg (Glp)? = Trrg (G| u?).
In particular if there exists \ € Irrg (G|p) such that \? = X then there exists h € G
such that p® = p".
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Proof. This follows from the definition of the action of ¢ on characters and the
previous lemma. O

We will need also the following technical result that can be deduced directly
from the definitions.

Lemma 22. Let g € G and p € Irrg (A). Then
(uaﬁ)g _ (u¢(9))¢.

Finally recall that if A is an abelian group of exponent n and K a field of
characteristic zero containing a nth primitive root of unity, then all the irreducible
K A-modules are one-dimensional and so its characters are homomorphisms from
A to K*. Thus, Irrg (A) = Hom(A, K*) is an abelian group.

3.1.5
In the sequel we will need the following result.

Proposition 23. Let A = A(l,k,m) be a triangle group of hyperbolic type and
A a normal torsion free subgroup of A of finite index such that the genus of H/A
1s greater than 1. Let g be an odd prime and K a field containing a primitive qth
root of unity. Then A/A acts faithfully on Irrg (A/@4(A)).

Remark 24. In fact, the condition on the genus of H/A is not necessary but, in
order to make the proof uniform, we will assume it. Note also that if [, m and n
are finite this condition automatically holds.

Proof. From Section 2 we recover the isomorphism A/A = Aut(Ch, fa) < Aut(Ch).
Since A = 71 (H/A) we have a natural chain of isomorphisms of A/A-modules:

Irrge (A/®,(A)) = HY(A,F,) = H' (7, (H/A),F,) = H (H/A,F,).

As Cy is obtained from H/A by adding a finite set of points, the inclusion map
H/A — Cy induces an injective map H'(Cx,F,) — H'(H/A,F,) of F/A-modules.
Now, by a well-known result of Serre (see e.g. [FaKrl, Theorem V.3.4]), Aut(Cy)
acts faithfully on H(Cy,F,) if ¢ > 2. Hence A/A acts faithfully on H'(H/A,F,)
and therefore on Irrg (H/®,(A)). O

3.2 Automorphisms preserving open normal subgroups

Let A = A(l,m,n) be a triangle group of hyperbolic type and F' its profinite
completion. In this section we prove that an automorphism of F' that fixes all the
open normal subgroups of F must be inner. We briefly explain the strategy of the
proof.

Let N be a normal open subgroup of F. Put G = F/N and N = N/[N, N].
We recall that N admits a natural left ZG-module structure given by formula (18).
This group can be decomposed as the product of its pro-p components:

N = H Np, where Np = ]\7®2 L.

p prime
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Denote by N, the group N, ®z, Qp. Then N, is a Q,G-module. Every Q,G-
module may also be considered as a Q,F-module, so Np is also a QpF-module.
The first step of the proof is the following lemma.

Lemma 25. Let A\ € Irrg, (F/N) and assume that My is isomorphic to a sub-

module of Np. Suppose that ¢ € Aut(F) fizes all the open normal subgroups of F
which are contained in N. Then ¢ fixes \.

If F= E (or, indeed, any free profinite group), then every irreducible Q,G-
module is a submodule of Np. In the case when F' is the profinite completion of an
arbitrary triangle group of hyperbolic type this is not the case any more. However
for some N we will be able to produce many characters A € Irrg,(G) for which
M, is isomorphic to a submodule of Np .

Lemma 26. Let H be a normal torsion free subgroup of F containing N and let
v € Irrg, (H/N). Then there exists X € Irrg, (F//N|v) such that My is a submodule

of Np.

Now we are ready to prove the main result of this section using the previous
two lemmas.

Theorem 27. Let F be the profinite completion of a triangle group of hyperbolic
type A and U an open characteristic subgroup of F. Assume that ¢ € Aut(F)
fizes all the open normal subgroups of F contained in U. Then ¢ € Inn(F). In
particular, Aut, (F) = Inn(F).

Proof. Assume that ¢ is not inner. Then by Lemma 15 there is a characteristic
open subgroup H such that the automorphism ¢,y is not inner. And, clearly,
the same holds for any normal subgroup of F' contained in H. Therefore, after
possibly changing H by a smaller characteristic subgroup contained in U, we may
assume that H is a characteristic subgroup enjoying the following properties

1. HN A is torsion free,

2. The genus of H/(H N A) is greater than 1,

3. ¢ fixes all the open normal subgroups of F' contained in H, and
4. ¢p/p is not inner.

Let ¢ be a prime such that ¢ > max{[F/H]|,3} and let p be a prime satisfying
p=1 (mod q). Put N = ®,(H), G =F/N,G=F/H and A= H/N. We will
write g for gA € G. For every h € G let

Ay ={vehrg, (A): v° = vy

Take any v € Irrg, (A). By Lemma 26 and Lemma 25, there exists A € Irrg, (G|v)
such that A? = A\. By Lemma 21 there exists h € G such that v € A;. Hence

II‘I"Qp (A) = U;LG(;A;L.
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_ Since Irrg, (A) is an abelian group of exponent ¢, it can not be covered by
|G| <q proper subgroups. Thus, there exists ¢ € G such that A; = Irrg, (A).
For every h € G let

By, ={velrg,(A): v= s

Since p = 1 (mod ¢q) the field Q, contains a primitive gth root of unity. By
Proposition 23, G acts faithfully on Irrg,(A). Hence Bj # Irrg,(A) if h # 1.
Since Irrg,(A) is not covered by |G/A| — 1 < ¢ proper subgroups, there exists
p & UizpBp. Now, applying Lemma 22 and recalling that Ay = Irrg,(A), we
obtain that for every g € G

Me’zt' _ (Mg)f _ (uﬁ)qb _ (u¢)¢c(§) — (Mf)%(@) — Mt_éc(g).
Hence 1¢(g) = gt, because p € Uy 5, By, and so ¢ is inner, a contradiction. [

We will finish this section proving Lemmas 25 and 26.

Proof of Lemma 25. Since ¢ fixes also [N, N|, we have a well defined automor-
phism ¢ of N that send n[N, N] (n € N) to ¢(n)[N, N].

Note that ¢ fixes also all the closed normal subgroups of F' which are contained
in N, because any closed normal subgroup is an intersection of a family of open
normal subgroups. Hence ¢ fixes each Np. We denote the restriction of ¢ to Np by
$p. Observe that if g = fN € G and m = n|N, N] € N, the following equalities
hold

¢p(g-m) = ¢p(fnf [N, N]) = ¢(fnf")[N, N]
= ¢(f)e(n)o(f) '[N, N] = da(g) - dp(m).

Now we denote by qu the natural extension of gz_Sp defined in the following way:

(19)

gz;p(m ®a)= qu(m) ®a, me Np, a € Q.

From (19) we obtain that for every g € G, m € N, and a € Q,

Pp(g-(m®a)) =dplg-mea)=gp(g-m)@a=(¢c(9)-¢p(m)) @a
(20)

= (bG(g) ’ qu(m & a)~

Now, note that every Z,G-submodule of N, is of the form K/[N, N|, where K is a
closed subgroup of IV which is normal in . Thus, ¢, fixes all the Z,G-submodules
of N,,. This implies that ¢, fixes all the Q,G-submodules of N,.

Let M be a submodule of Np isomorphic to My. Let B = {v1,...,v,} be a
Q,-basis of M. Since ¢, fixes M, ¢,(B) is also a Q,-basis of M. Now let g be
an arbitrary element of G. We denote by L the matrix associated to the action of
dc(g) on M with respect to the basis ¢,(B):

(@p(01), -, Dp(n))L = (d6(9) - Dp(v1), - - DG (9) - Pp(vn).
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Applying (20), we obtain

(@p(v1), -+, 6p(va))L = (Sp(g - 01), - Bplg - vw)),

and so, since ¢, is Qp-linear, we have that

(v1,...,on)L=(g-v1,...,9 - vp).

Thus, L is the matrix associated to the action of ¢ on M with respect to B.
Thus we have

X?(9) = M¢oa(9)) = trL = A(g).
This finishes the proof of the lemma. O

Proof of Lemma 26. In order to simplify the exposition we assume that all
l,k,m are finite. A similar proof works if there are some infinities among them.

We put A= H/N and A = AN N. Note that N is the closure of A in F' and
there exists a canonical isomorphism A/A = G. Thus, N, = H; (A, Q,).

Let M, be the Q,A-module corresponding to v. Put M = Q,G ®q,4 M,.
Then from [Isa, Theorem 6.5] it follows that A € Trrg, (G|v) if and only if M) is
isomorphic to a submodule of M.

Let T = {t; = t;A} be a right transversal of (zA) in G/A and let {m;} be
a Qp-basis of M,. Since H is torsion free, () N H = {1}, and so M is a free
Qp(z)-module with free generating set {t; ® m;}; ;. In the same way M is a free
Qp(y)- and Q,(z)-module. In particular

dime M
l

dime M

dime M?* = ,dim(@p MY = ,dime M? =

Here M denotes the subspace of a-invariant vectors.

Since Q,G is semisimple, i.e. all the Q,G-modules are isomorphic to direct
sums of irreducible ones, we obtain that the statement of the lemma is equivalent
to the condition Homg (Np, M) # 0. Bearing in mind that

Homg(N,, M) = Homg(Hy (A, Q,), M) = HY (A, M)¢ = HY(A, M)

(the last isomorphism being a consequence of the five term exact sequence and
the fact that H(G,M) = 0 for all i > 0), we obtain that we have to show that
HY(A, M) #0.
Now consider the following resolution of the trivial Z[A]-module Z
0+ Z < Z|A] + Z[A]? < Z[A]/(x — 1) @ Z[T]/(y — 1) ® Z[A]/(z — 1)
If we apply the functor Homya (-, M) we obtain

0— M2 M2 L pe e My g M?
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with H1(A, M) = Ker3/Ima. Thus,
dimg, H'(A, M) = dimg, Ker§ — dimg, Ima
> 2dimg, M — dimg, M® & MY ® M* — dimg, M .
= (1-7-+—-L)dimg, M >0

This finishes the proof of the lemma. O

4 Faithfulness of the action of Gal(Q/Q) on regu-
lar dessins

In this section we prove that Gal(Q/Q) acts faithfully on certain families of regular
dessins and quasiplatonic curves. The first approach towards a proof of this result
that comes to one’s mind is as follows. Let Id # o € Gal(Q/Q). Since the action
is faithful on arbitrary dessins, there is a Belyi pair (C, f) such that (C7, f?) is
not equivalent to (C, f). Now the normalization (C, f) of (C, f) (see e.g. [GiGol])
is the natural candidate for a regular dessin on which ¢ would act non-trivially.

The next example shows that, in general, this idea will not work since we
construct two complex conjugate non-isomorphic dessins possessing a common
normalization defined over the reals

Figure 2: Two dessins with 2 vertices, 1 face, 7 edges and genus 3.

Example 28. The two dessins (X1, D) and (Xa, D2) depicted in Figure 2 enjoy
the following properties

1. They are dessins of genus 3 with 7 edges and type (7,7,7).
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2. Their corresponding subgroups of T'1,T'y < T'(2) are the one-point stabilizers
of the action of T'(2) determined by sending the generators x,y to the permu-
tations o1 = (1,5,7,4,3,6,2), 71 = (1,4,6,5,3,7,2) and 05 = 07 ", 79 = 75
respectively.

3. They are conjugate by means of the complex conjugation p € Gal(Q/Q).
4. They are not isomorphic to each other.

5. They have a common normalization defined by the subgroup I'(14) < T'(2).
This is a regular dessin of genus 49, type (7,7,7) and covering group iso-
morphic to PSLo(T7).

6. For i = 1,2 we have I'(14) < T'; < T'(2) and the quotient groups I';/T'(14)
represent the two conjugacy classes of subgroups of order 24 existing in
PSLy(7) 2T,/T(14).

The first property is clear once one has a glance at the dessins and writes down
the Euler formula for them. The second one is the result of making explicit the
correspondence between dessins and Fuchsian groups as described in the proof of
Theorem 2.2.3, and the third one follows from it together with Corollary 10.

To justify the remaining statements consider the dessin (X7D) correspond-
ing to the inclusion T'(14) < T'(2). This is a regular dessin with covering group
I['(2)/T(14) 2 T'(1)/T(7) = PSLy(7). As each of the indices of the stabilizers of
I'(14) in the stabilizers of T'(2) at the boundary points 00, 0,1 equals 7 we conclude
that (X, D) is a dessin of type (7,7,7) which, by the Riemann-Hurwitz formula,
must have genus 49. Moreover, as I'(14) is normalized by J = ( (1) _01 ) €
PGLy(Z) , Corollary 10 implies that (X, D) is defined over the reals.

Now it is known (see e.g. [Elk]) that PSL2(7) contains exactly two conju-
gacy classes of subgroups of order 24 which are exchanged by the outer automor-

phism J = ( (1) Pl ) € PGLy(7). Let us consider the two subgroups of T'(2)
corresponding to these groups of PSLo(7) under the isomorphism T'(2)/T(14) =
PSLy(7). Corollary 10 implies that, up to conjugation in T'(2), these two subgroups
are transformed into each other by means of p € Gal(Q/Q). Let us denote them
by ' and T'P. Since they are not conjugate within I'(2) they define non-isomorphic
dessins. Using the fact that the intermediate coverings corresponding to the group
inclusions T'(14) < T, T are also normal it is easy to deduce that the Belyi pairs
determined by the inclusions I',T? < T'(2) are uniform dessins (this meaning that
all points within a same fibre have same multiplicity) and that they must have 7
edges, genus 3 and type (7,7,7). Furthermore, as PSLs(7) is a simple group the
normalization of both dessins is (X,[)) and their common monodromy group s
PSLy(7) (see [GiGol], 2.9.1). Now a search using the MAGMA computer pro-
gram reveals that the only genus 3 dessins of type (7,7,7) and monodromy group
of order 168 are the ones depicted in Figure 2 (the remaining ones having mon-
odromy groups isomorphic to either the cyclic group Cy or the alternating group
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Az). Thus, up to conjugation, the groups T',T'? agree with T'1,Ts. Now the proof
of all our six statements is complete.

Our approach will be different. The faithfulness of the action of the absolute
Galois group on regulae designs of a given hyperbolic type will readily follow from
a combination of Theorem 27 and a result by Hoshi and Mochizuki ([Ho-Mo],
Theorem C, part (ii)) according to which if C' is a hyperbolic curve defined over a
number field K, the natural representation

Gal(Q/K) — Out(n™9(C)) ~ Out(m1(C))
is injective.

Theorem 29. Let (Cy, fo) be an arbitrary uniform Belyi pair of hyperbolic type
(I,m,n) and let o € Gal(Q/Q) be non-trivial. Then there is a Galois Belyi pair
(C, 1) of type (I, m,n) which is an unramified cover of (Co, fo) such that (C7, f7) %
(C, f). In particular Gal(Q/Q) acts faithfully on regular dessins of given hyperbolic
type.

Proof. Let T' < A(l,m,n) be the torsion free group representing the pair (Co, fo)

(Remark 4) and let U be an open characteristic subgroup of A(l,m,n) contained
in T’ (e.g. the intersection of all subgroups whose index is equal to [A(l,m,n) :
I']). Neglecting the statement would mean that the automorphism (j,,, (o) fixes

all open normal subgroups of A(l/,-TE n) contained in T', hence all open normal
subgroups of A(l,m,n) contained in U. Thus, by Theorem 27, {jn (o) must lie

in Inn(A(l,m,n)). From here we infer that (j,,,(c?) € Inn(U), for some positive
integer d. Now, the group U N A(l,m,n) < I' uniformises a hyperbolic algebraic
curve C so that ﬂ‘lllg (C) = U. Moreover, U being characteristic, Proposition 11
shows that C' is defined over Q. It then follows from Hoshi-Mochizuki’s theorem
that 0% = Id. Finally, by the Artin-Schreier theorem (see e.g. [MiGu]) o is either
the identity or conjugate to the complex conjugation p, but (mn(p) cannot be

inner (see formula (10) in 2.4). O

In this context we want to recall the following question of Bogomolov and
Tshinkel.

Question 30. ([BoTs, Question 1.4]) Does there exist a number N € N such that
every curve defined over Q admits a surjective map onto P with ramification over
{0,1,00} such that all local ramification indices are < N ¢

A quasiplatonic curve may support several regular dessins (see [Gir] for more
information on this subject). However it is well-known that if A(l,m,n) is a
maximal triangle group a curve C' may support at most one twist equivalence
class of regular dessins of type (I,m,n), namely the one corresponding to the
Belyi covering C' — C/Aut(C). Relevant to our next theorem is the fact that all
maximal types have mutually distinct entries I, m and n (see [Sin]).
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Theorem 31. Let Cy be a quasiplatonic curve of arbitrarily given hyperbolic type
(I, m,n) defined over Q. Then Gal(Q/Q) acts faithfully on the set of quasiplatonic
curves of type (I,m,n) that are unramified Galois covers of Cy. In particular
Gal(Q/Q) acts faithfully on the set of quasiplatonic curves of arbitrarily given
hyperbolic type.

Proof. Let Id # o € Gal(Q/Q). Let fo : Cy — P! be a Galois Belyi covering
of type (I,m,n). If (I,m,n) is not a maximal type we denote by 3 : Pt — P!
the Belyi map corresponding to the inclusion of A(l,m,n) in a maximal triangle
group A(l',m’,n’), and consider the pair (Co, o fp). This is a uniform Belyi
pair, thus by Theorem 29 there is a Galois Belyi pair (C, f) of type (I',m’,n’),
which is an unramified cover of (Cy, fo) such that (C7, f7) 2 (C, f). Suppose
that nevertheless there exists an automorphism 7 between C' and C?. Then, by
the comment previous to the statement of the theorem, the coverings (C, f) and
(C, f7 o 7) are twist equivalent, and since I’,m’ and n’ are mutually distinct they
must in fact be equivalent. But this is the same as saying that 7 : C — C°?
provides an equivalence between the Belyi pairs (C, f) and (C?, f?). We conclude
that C cannot be isomorphic to C?. Moreover, we have in this way obtained a
sequence of coverings
C—Cy—P P!

in which the resulting cover is the normal cover f : C — P!. Therefore the
intermediate covers C' — Cp (unramified) and C' — P! (of type (I,m,n)) must
also be normal covers. This proves the first statement of our theorem.

To settle the second claim it only remains to observe that for any hyperbolic
type (r,k,s) there exists a quasiplatonic curve Cj of this type defined over Q.
Such is for instance the curve correspopnding to the characteristic subgroup I' of
A(r, k, s) defined as the intersection of all subgroups of a given sufficiently large
index. O

By letting Cy be one’s favourite curve in the above theorem one can produce
restricted subfamilies of interesting quasiplatonic curves on which Gal(Q/Q) acts
faithfully. For instance, if one lets Cp be Fermat’s curve zg + 27 + x5 = 0,
n > 4, which is known to be a quasiplatonic curve of type (n,n,n), one draws the
conclusion that Gal(Q/Q) acts faithfully on the set of quasiplatonic curves of type
(n,m,n) that are unramified Galois covers of Fermat’s curve of degree n.

Remark 32. A weaker version of Theorems 29 and 31 was established by the
authors in a previous paper that was available through the authors’ websites. At the
time we wrote it we were not aware of the article [Ho-Mo] by Hoshi and Mochizuki
and so the only homomorphisms (mn, we knew to be injective were (oo 00,00 aNd
(2,3,00, @ result due to Belyi himself. That was already enough to prove faithfulness
on the whole set of quasiplatonic curves but not on the more restricted subsets
presented here. It should be said that we found out about this article through the
paper [Ku] by Kucharczyk.
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The previous results show that Gal(Q/Q) acts faithfully on quasiplatonic curves
but it does not provide information on the structure of their fields of definition.
Recall that the moduli field M(C) of a curve C is the fixed field of the group
U(C) = {o € Aut(C) : C? = C}. For a quasiplatonic curve M(C) is a number
field and, in fact, is the minimum field of definition of C' (see [Wol, Proposition
14]). In view of Corollary 31 it seems very natural to ask the following.

Question 33. Given a number field K, is there a quasiplatonic curve C' such that
M(C)2K?

In spite of the fact that the action of Gal(Q/Q) on quasiplatonic curves is
faithful, it appears that until now in all cases in which the moduli field of a
quasiplatonic curve has been explicitly computed, this field happens to be an
abelian extension of Q (see [CJSW]). In his 2014 master thesis at the Universidad
Auténoma de Madrid Herradén [He|] has given two different examples of regular
dessins of genus 61 whose field of moduli is Q(+/2).

In the next theorem we show that Gal(Q/Q) also acts faithfully on twist in-
variant normal Belyi pairs, a fact that will be used in the next section.

Theorem 34. Let Id # o € Gal(Q/Q). Then there exists a Galois twist invariant
Belyi pair (C, f) such that (C7, f7) is not equivalent to (C, f).

Proof. In view of Theorem 6 the result follows from Theorem 27 applied to F' =
I'(1) and U = I'(2) which is a characteristic subgroup because it is the only normal

—

subgroup of T'(1) whose quotient is isomorphic to Ss. O

5 The action of Gal(Q/Q) on Beauville surfaces

In this section we show that the action of Gal(Q/Q) is faithful on Beauville sur-
faces.

A Beauwille surface (of unmized type) is a complex algebraic surface of the form
S = C; x Cy/G, where Cy and Cs are algebraic curves of genus greater or equal 2
and G is a finite group that acts freely on C; x Cy as a subgroup of Aut(Cy x Cs)
and acts effectively on each individual factor C; as a subgroup of Aut(C;) in such
a way that for i = 1,2 the Galois coverings

are Belyi covers. We will refer to them as the Belyi covers associated to S. By
Belyi’s theorem C; and C5 are defined over Q and therefore so must be S. This
implies that Gal(Q/Q) acts on Beauville surfaces. Clearly for every o € Gal(Q/Q)
one has

ST =C7 xCT/G°.
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5.0.1

Let G be a finite group. A triple of generators (a, b, ¢) is called hyperbolic if abe = 1
and the triple of their corresponding orders (o(a), o(b), o(c)) is hyperbolic. We shall
denote by X(a, b, ¢) the union of the conjugacy classes of the powers of a, b and c.

Many questions about Beauville surfaces can be reduced to group theory thanks
to the following criterion due to Catanese [Catl].

Proposition 35. Let G be a finite group. Then there are curves Cy and Cy of
genus greater than 1 and a faithful action of G on Cy x Cy so that Cy x C2/G
is a Beauwville surface if and only if G has two hyperbolic triples of generators
(al,bl,cl) and (a27b2702) such that

E(ala bla Cl) N Z(a2a b2a CQ) = {1}
Under these assumptions one says that such a pair of triples

((@1,b1,¢1), (a2, b2, c2))

is a Beaville structure on G.

5.0.2

Beauville surfaces enjoy a number of interesting rigidity properties, some of which
we summarize in the next theorem.

Theorem 36.

1. Pairs of Belyi covers associated to isomorphic Beauville surfaces are twist
isomorphic.

2. Pairs of Belyi covers associated to isometric Beauville surfaces are twist
isomorphic up to complex conjugation.

8. Two Beauville surfaces are isometric if and only if their fundamental groups
are isomorphic.

This is only a reformulation of results due to Catanese [Catl] in terms of
isometry equivalence. In the present form the first statement can be found in
[GoTol, 4.2] the third one in [GoTo2, 5.1] and the second one in [GoTo2, 5.1]
together with [GoTol, 2.3].

5.1 Covering groups with Beauville structure

It is commonly thought that most finite two generated groups have a Beauville
structure. In this section we confirm partly this belief. We will show that for
any finite two generated group G there exists a finite covering group G (ie. G
is a quotient of G) such that G has a Beauville structure. The main idea of the
construction goes back to examples constructed in [FGJ, Section 5].
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Theorem 37. Let H be an open normal subgroup of F' = A(o{o?, o0) of index
at least 6, q a prime which is coprime with |F/H| and n the product of q by all
the primes dividing |F/H|. Put

N = Opjn @y (P (H)).-

p|n
Then the following holds.
1. H/N is a characteristic subgroup of F/N;

2. There are a,b,c € ®,(H) such that the pair of triples
((xN,yN,zN), (xzaN,ybN, zcN))

is a Beauville structure on F//N.

Remark 38. The condition that n is divisible by the prime q is needed only in
order to conclude (1). In fact, it is plausible that (1) also holds if we define n to
be equal only to the product of all the primes dividing |F/H|, but it seems that the
proof will be much more involved.

Proof. (1) Put G=F/N, A=®,(H)/N and B = H/N. Note that

B= HH/q)p((I)p(H)) and A= H(DP(H)/(I)p((I)p(H))'

pln pln

Since B is nilpotent, its ¢-Sylow subgroup B, = H/®,(®,(H)) is normal in G,
and so it is characteristic. Thus, Cq(B,/®(B,)) is also characteristic. Note that
B < Cg(B,/®(By). On the other hand, by [Gru, Theorem 2.7],

By/®(B,) = H/®q(H) = Fy(G/B) O F,
as a Fy(G/B)-modules. Hence B = Cg(B,/®(B,) and it is characteristic.

(2) The second statement will be proved using a counting argument. If g € F
then the element g/N of G we denote by g. Let p a prime dividing n and A, the
Sylow p-subgroup of the group A. Note that A, = ®,(H)/®,(®,(H)).

We divide the proof in a series of claims.

Claim 1. Let a,b € ®,(H). Then {Za, yb} generate G.

Proof of Claim 1. Since the Frattini subgroup of any normal subgroup is
contained in the Frattini subgroup of the whole group, if the group is finite, we
obtain that

A=,(B) = 0(B) < 8(G).

This proves the claim. O
Claim 2. Let a,b,c € ®,,(H). Then

0¢/A(Ta) =n-op g (x), 0G/a(yb) =n-op/p(y) and og/a(ZC) =n - op/m(2).
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Proof of Claim 2. Since a € ®,,(H), 0g/4(Ta) = 0g/a(Z). By Corollary 19 (1)
0G/A(T) =n-op,g(z). The other equalities are proved in the same way. O

Claim 3. Let a,b,c € ®,,(H). Then

o(Ta) = n® - op/u(x), o(yb) = n* - op/u(y) and o(z¢) = n* - op/m(2).

Proof of Claim 3. We only prove the first equality. The other equalities are
proved in the same way. By Claim 2, o3, (m) (%) = p-op/u(z) is a multiple of p.
Thus, we obtain that

o(Ta) = op/n(za)=Ilcmior/e,@,m)(ra): pn}
= lLem{p- Or/®, (@) pln}
= lLemp? ~op/u(T): p|n}fn2-0F/H(x),

where in the third equality we have used Corollary 19 (3) and in the fourth Claim
2. O

For any subset S of G we denote by S the elements of S of order p. Let
a,b,c € ®,(H). Thus, by Claim 3, if p divides n, ©(P)(za,yb, Z¢) consists of the
conjugacy classes of the following elements

n2.oF/H(m) o kn,z-oF/H(y) 7,,2.0F/H(z)

(@) G L@ s 1<k<p-l}.

It is clear that
»(z,9,2) N Y(7a,yb, ze) = {1}
if and only if
»®)(z,5,2) N 2P (za, yb,z¢) = () for all primes p dividing n
if and only if

(@), @b) ", (70) 7"

From Claim 2, it follows that X()(Za, yb, Z¢) C A,. Let us define the following
functions

(z,9, z) for all primes p dividing n.

7L2~0F/H(z) n2-oF/H(y) n2voF/H(z)

Vpola)=@a) " 7, Tpy(b)=(yb) " > , Le(Q=(@) »

Note that (za,yb,z¢) is a hyperbolic triple in G, for some a,b,c € ®,,(H), if
and only if ¢ = (a¥?b*) !

Claim 4. If for every p dividing n there are @,,b, € A, such that ¥, ,(a,),
U,y (bp) and W, - ((a"bz) ") are not in () (z,7, 2), then putting

a*]:[ap, bfl_[bp, c=(a¥*p*)!

pln
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we obtain that o
%(z,9,2) N X(Ta, yb, zc) = {1}.

Proof of Claim 4. Observe that the elements ¥, ,(a), ¥, ,(b) and ¥, . ((a¥*b*)~1)

are of order p and so ¥, (@) = U, ,(a@p), ¥Yp 4 (b) = ¥, ,,(b,) and U, . ((a¥?b?)~1) =
W, -((ap bz)~1). This proves the claim. O

Now we will estimate the cardinalities of X() (Z,7,z) and the images of U, ,,
Y,y and U, .

Claim 5. Let t = |F/H| and p a prime dividing n, Then we have the following
inequalities.
(a) [2®/(z,7,2)] < 3(p — tp**,
(b) Let U be a subgroup of A, of index p™ and € € A, then
Wy (BU)] 2 9777 Wy (€U)| 2 pP' 1 |0 (1) 2 P

(c) Let @ € ¥, ,(A,) and 8 € ¥, ,(A4,), then

_ @+ (#42)
2 .

Wy, ((av2b2)~1) : Wy (a) = a,\I!p,y(l_)) =8, a,be Ap} > ppt

(d) If t > 6, then
ECAENCEE)

> 3(p — Dtp'™.
Proof of Claim 5. By Proposition 16,
|F/®p(H)| = |F/H|-|H/®,y(H)| = tp"*.

Note that X(P)(z,7, 2) is a union of 3(p — 1) G-conjugacy classes of elements of
A,. Since ®,(H)/N < Cg(A,), a conjugacy class of an element of A has at most
|F/®,(H)| = tp'™! elements. This gives (a).

Applying Proposition 16, we obtain that ®,(H) is a free profinite group on
tptt1 4+ 1 generators and so

dimp, A, = dimg, ®,(H)/®,(®,(H)) = tp"*' + 1.

From Corollary 19 (1), it follows that we have the following isomorphism of
F,(x®,(H))-modules

tpttl

Ap = O (H)/Dp(Dy(H)) = Fy & (Fy (2@, (H))) /oo

_pOF/®p () (@)1

This implies that the map a+—a-a”---a
tpttt
0F/<1>,,(H)(w)

is a linear map on A, and

its image has dimension over [F),. Thus, since

2

2 n_
l.oF/@p(H)(w)l) p2

n_
p2

v, . (ea) = ((m)OF/%(H) (JC))

I

= ((xe)OF/@p(H)(x) cG-a%---
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and n?/p? is coprime with p, we obtain that

Upa(A et
|p,2(eV)| = ||21(Up|)| > p°F/ep D) m > ppt—’m.
bt

In the same way we obtain that |W, ,(U)| > p* =™ and |¥, . (U)| > p? ~™. Hence
we have proved (b). B
Let ag, by € Ap be such that U, ,(ag) = @ and ¥, ,(by) = 5. We put

Uy={a"a': acA}and Uy ={a’a': ac A,}.

Then for any u; € Uy and any up € Uz we have U, ;(apu1) = o and ¥, o (bous) =
B. Note that - B
(@ou1)¥*(bouz)® = (@0)¥*(bo)* (uiuz)?.

Let & = ((@g)¥?(bp)?) ™!, then
((@ou1)¥* (bouz)?) ™' = (e (ufu2)?) ™" = &((ufus)®)~".

Thus, if we put V = ((UYUz)?)~1, we see that
{¥p-(E-v): ve VY < {U,.((avb5)71) 0 W) 0(a) = a, Wy, (b) = B, @,b € Ay}

Since U7 is equal to {a®’a™! :a € A,} and 2¥,7 generate G, we obtain that
V= ((0702)7) 7" = (([4p, 2¥][Ap, y])*) " = (45, G)) ! = [4,, G,

where [A,, G] is the subgroup of A, generated by {a%a™':a € Ay, g € G}.
In particular V' contains [4,, By] = ({a%a™! : a € Ay, g € B,}). Recall that if
C' is a finite p-group and |C : ®(C)| = p® then

s(s+1)

[@(C) : [2(C),Cle(C)|<p .

Thus, V has index at most p(Hl)z(tH) in Ay, because H has t+1 generators. Thus,
(c) follows form (b).

The inequality (d) is an easy exercise. O

Now we are ready to finish the proof of (2). Since H is a subgroup of in-
dex at least 6, we have that ¢ > 6. Hence by Claim 2, for every p dividing n

there are ay,b, € A, such that W, ,(a,), ¥, ,(b,) and ¥, .((ap*bz)~1) are not in
»(P)(z,7, Z). Hence by Claim 1, we are done. O
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5.2 Faithfulness of the action of Gal(Q/Q) on Beauville sur-
faces

In 1964 Serre [Ser] gave an example of a smooth variety X defined over Q possessing
the property that for some o € Gal(Q/Q) the fundamental groups of the complex
manifolds X and X are not isomorphic (although their profinite completions are
and despite the fact that X and X have the same Betti numbers). Other instances
of this phenomenon were found later by various authors (see e.g. [MiSu, Raj]).
Catanese’s rigidity results (Theorem 36) indicate that Beauville surfaces are a
fertile source of such examples. Explicit ones were given in [BCG3, GoTo2, GJT].
In this section we show the following.

Theorem 39. Let o be an automorphism of Q different from the identity and
from the complex conjugation. Then there exists a Beauville surface S such that

m1(S5) # m1(57).
In particular S and S° are not homeomorphic.

Proof. Theorem 34 tells us that for any a # Id there exists a twist invariant Galois
Belyi pair (C, f) such that (C%, f) is not equivalent to (C, f). By Theorem 5

the pair (C, f) corresponds to an open subgroup H I F = A(oo/,;, 00) which

is normal in A(2,3,00). Define N as in Theorem 37. Then there are elements
a,b,c € ®,,(H) such that the pair of triples

((zN,yN,zN), (xaN,ybN, zcN))

provides a Beauville structure on G = F//N.
Let S = Cy x C3/G be the corresponding Beauville surface and (C1, f1) and
(Co, f2) the associated Belyi pairs. By construction these correspond respectively

to the groups N and the kernel M of the epimorphism A(o{o?7 o0) — G that
sends z and y to zaN and ybN (see [BCG1] or [GoTol]). Note that since H is

normal in A(ﬁoo), so must be N, hence the Belyi pair (C1, f1) is twist invariant.

Let ¢ = (o 0,00 be as in Theorem 12 and assume that ((«)(N) = N which,
N being normal, is the same as saying that ((«)(N) = N. Set B = H/N. Since
B is a characteristic subgroup of G (see Theorem 37), ((a)g(B) = B and so
¢(a)(H) = H which, by Proposition 11, means that (C%, f*) is equivalent to
(C, f), a contradiction that shows that ((a)(N) can not be equal to N. The
conclusion we draw is that for any Id # o € Gal(Q/Q) there is a Beauville surface
Sa = C1 x Co/G with the property that (C1, f1) is a twist invariant Belyi pair
such that (C¢, f*) is not equivalent (hence not twist equivalent) to (Cy, f1).

Next we consider the element 3 = 0~ *pop € Gal(Q/Q), where p stands for the
complex conjugation. We observe that § has infinite order. This is because if it
were finite, the group < o~ !po, p > would be a finite dihedral group and, by the
Artin-Schreier theorem (see [MiGu]), it should have order 2. Hence o~ 1po = p.
Since the centralizer of p agrees with < p >, we would finally infer that the element
o is either Id or p.
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Now we set o := 2 and choose a Beauville surface S = S, as above. We
claim that either 7 (S) 2 m1(S%) or m1(S) 2 71(S 7). This will finish the proof.

In order to prove this claim we introduce a piece of notation. If X is an arbitrary
Beauville surface with associated coverings (C1, f1) and (Cs, f2) we denote by
D(X) the set consisting of its associated twist equivalence classes of coverings
along with their complex conjugates; namely

D(X) = {(C1, 1), (C1, £1), (C2, f2), (C2, f2)}

Note that D(X) = D(X).

Now, by Theorem 36, to prove our claim it is enough to show that for our
surface S either D(S) # D(S?) or D(S) # D(S 7). Arguing by way of contra-
diction we assume that D(S?) = D(S) = D(S) = D(S 7). Since, in general, the
sets D(X) and D(X)? have the same cardinality and satisfy the relation D(X)? €
D(X)UD(X 7) we see that our assumption implies that D(S)? = D(S7) = D(S).
This means that the group generated by o and p acts on D(S). As D(S) has at
most 4 elements the action of « on this set must be trivial, contradicting the fact
that (Cf, ff) is not twist equivalent to (C1, f1). O

In particular,

Theorem 40. The absolute Galois group of Q acts faithfully on the set of Beauwille
surfaces.

Proof. The previous theorem proves this result except when o is the complex con-
jugation. But Bauer Catanese and Grunewald have given in [BCG1] plenty of
examples of Beauville surfaces which are not isomorphic to their complex conju-
gates. 0

As observed by Catanese ([Cat2], Conjecture 2.5) this result immediately im-
plies the following

Corollary 41. The absolute Galois group of Q acts faithfully on the connected
components of the moduli space of minimal surfaces of general type.
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