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1. Preliminaries

If S denotes a closed Riemann surface, then Aut(S) will denote its full group of conformal auto-
morphisms. If H < Aut(S), then we denote by Auty(S) the normalizer of H inside Aut(S), that is, the
highest subgroup of Aut(S) containing H as normal subgroup. If K is any group, we denote by K’ its
commutator subgroup.

An orbifold O of signature (g,r;n1,...,n;), where g >0, r >0, nj > 2, are integers, is a closed
Riemann surface of genus g together with a collection of r conical points of orders nq,...,n,. Its
orbifold fundamental group, 771"”’((9), is a group with generators ay,...,ag,bq,...,bg,c1,..., ¢ and
relations ]_[13:1 [aj,bj1[[s_1cj=1=c}' =---=c}", where [a,b] =aba~'b~!. Generalities on orbifolds
can be found in [26,29].

An orbifold of signature (g, 0; —) is a closed Riemann surface of genus g. A conformal automor-
phism of an orbifold is a conformal automorphism of the corresponding Riemann surface which
preserves the conical points of the same orders. The homology cover of an orbifold O is an orb-
ifold O providing the highest regular Abelian cover of it, that is, the regular covering induced by the
commutator subgroup rrf”’ (O) <« nfrb(O). In many cases O has no conical points, that is, it turns
out to be a closed Riemann surface.

A closed Riemann surface S is called a generalized Fermat curve of type (k,n) if it is the homology
cover of an orbifold of signature (0,n + 1;k,...,k). It follows that there exists H < Aut(S), so that
H= Zﬁ and S/H is an orbifold with signature (0,n + 1;k,...,k). In this case we say that H is a
generalized Fermat group of type (k,n) and (S, H) a generalized Fermat pair of type (k,n). Reciprocally,
each pair (S, H) so that S is a closed Riemann surface, H < Aut(S) is isomorphic to ZZ and S/H is
an orbifold with signature (0,n + 1;k,...,k) is a generalized Fermat pair of type (k,n). Riemann-
Hurwitz’s formula asserts that the genus gi , of a generalized Fermat curve of type (k,n) is

24K N (n=Dk=1)-2)
5 .

(1)

8k;n =

In particular, a generalized Fermat curve of type (k,n) is hyperbolic, that is, it has the hyperbolic
plane H? as universal cover Riemann surface, if and only if (n — 1)(k — 1) > 2. As an example, the
classical Fermat curve x* + y¥ 4+ zX = 0 defines, in the complex projective plane P2, a generalized
Fermat curve of type (k, 2). Examples of generalized Fermat curves of type (2,n) were studied in [9]
from the point of view of Fuchsian and Schottky groups (see also Section 6).

We say that two generalized Fermat pairs (S1, H1) and (S, Hy) are topologically (holomorphically)
equivalent if there is some orientation-preserving homeomorphism (holomorphic homeomorphism)
f:81— Sy sothat fH{f~' =H,.

The non-hyperbolic generalized Fermat pairs are the following ones.

(i) (k,n)=(2,2): S= Cand H= (A(z) =—z,B(z) =1/2z).

(ii) (k,n) =(3,2): S =C/Anij3, where Agriss = (A(z) =z+1, B(z) =z+e*7/3), and H is generated
by the induced transformations of J(z) = e2"/3z and T(z) = z+ (2 +e%71/3)/3. In this case, the 3
cyclic groups (J), (T J) and (T?]) project to the only 3 cyclic subgroups in H with fixed points;
3 fixed points each one. This is provided by the degree 3 Fermat curve x> + y3 + 23 =0.

(iii) (k,n) =(2,3): S=C/A, where T € C with Im(t) >0, A; ={(A(z) =z+1,B(z) =z+ 1), and
H is generated by the induced transformations from T(z) = —z, T2(z) = —z+ 1/2 and T3(z) =
—z 4 7/2. In this case, the conformal involutions induced on the torus by Ty, T, T3 and their
product are the only ones acting with fixed points; 4 fixed points each. This is also described by
the algebraic curve {x2 + y%2 +z2 =0, Ax%>+ y2+ w2 =0}, where » € C — {0, 1}.

The hyperbolic generalized Fermat pair (S, H) of type (k,n) can be described in terms of Fuchsian
groups as follows. Classical uniformization theorem asserts that the orbifold O = S/H is uniformized
by a Fuchsian group I' < PSL(2, R), that is, HZ/I" = ©. The group I" has presentation (we say that I”
is of type (k,n))
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Lk k
F=(X1, ..., X1t X = =X\, =X1X2+ Xng1 = 1). (2)

There is a torsion free normal subgroup L < I providing a uniformization of S and so that H =
I'/L. The commutator subgroup I’ is torsion free [22] and uniformizes a closed Riemann surface S’.
On S’ we have the Abelian group H' = I"/I"" = 7Zj so that S'/H' = O, that is, S’ is a generalized
Fermat curve of type (k,n) with generalized Fermat group H’ of type (k,n). As L < I" satisfies that
I'/L is Abelian, we must have that I’ < L. As the index of L in I" is equal to the index of I"" in I", we
have that L = I"’. As Fuchsian groups of a fixed type (k,n) are topologically rigid and the commutator
subgroup I’ is a characteristic subgroup, all the above can be summarized in the following.

Theorem 1. Let (S, H) be a generalized Fermat pair and I" be a (orbifold) universal cover group of the orb-
ifold S/H. Then (S, H) is holomorphically equivalent to (U/I", I'/T""), where U € {C, C, H?} is the universal
Riemann surface cover of S/H and I'' is the commutator subgroup of I'". In particular, any two generalized
Fermat pairs of the same type are topologically equivalent.

Denoting by a; the congruence class of x; mod I'/, we easily obtain the following consequences of
Theorem 1, which we will need later.

Corollary 2. Let (S, H) be a generalized Fermat pair of type (k,n) and let P : S — S/H be a branched regular
covering with H as group of cover transformations.

1.- If Auty (S) denotes the normalizer of H inside Aut(S), then each orbifold automorphism of S/H lifts to an
automorphism in Auty (S); that is, for each orbifold automorphism t : S/H — S/H there is a conformal
automorphism T : S — S so that PT =TP.

2.- There exist elements of order k in H, say aq, ..., ay, so that:
(i) H={(ay,...,ay);
(ii) eachay,...,an and a1 = aqaz - - - ay has exactly k-1 fixed points;

(iii) if h € H has fixed points, then h € (a1) U --- U {ap) U (an+1);
(iv) ifk is prime and h € H has no fixed points and it has order k, then no non-trivial power of h has fixed
points; and
(v) if h € H is an element of order k with fixed points and x, y are any two of these fixed points, then
there is some h* € H so that h*(x) = y.
Such a set of generators aq, . .., ap shall be called a standard set of generators for the generalized Fermat
group H.

Remark 3. If (S, H) is a generalized Fermat pair of type (k,n), then for each h € H of order k with
fixed points, we have that the Riemann surface structure of the orbifold R = S/(h) is a generalized
Fermat curve of type (k,n — 1) with K = H/(h) as a generalized Fermat group of type (k,n — 1). This
fact permits to construct towers of generalized Fermat curves starting from some non-hyperbolic one
and adding an extra conical point at each step.

Having recalled all the necessary general basic facts and descriptions, we will proceed in the rest
of this paper as follows. In Section 2 we note that generalized Fermat curves of genus at least 2 are
non-hyperelliptic and we provide algebraic curve description of them (as fiber products of classical
Fermat curves) in lower-dimensional projective spaces than the usual canonical curve (this may be
of interest for computation on Riemann surfaces). In Section 3 we discuss the problem of uniqueness
of generalized Fermat groups on each generalized Fermat curve. In Section 4 we describe the locus
of generalized Fermat curves in the corresponding moduli space. In Section 5 we proceed to use the
results obtained in the previous sections in order to produce three examples. The first one is the
construction of a pencil of non-hyperelliptic Riemann surfaces of genus gy = 1 + k3 — 2k?, for every
integer k > 3, with exactly three singular fibers. The second one is the construction of an injective
holomorphic map ¢ : C — {0, 1} - M, where M, is the moduli space of genus g > 2, for infinitely
many values of g. The third one is the description of all complex surfaces isogenous to a product
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X = S1 x S3/G with invariants p; =q =0 and group G equals either G = Zg or G = Z‘Z‘. Finally,
in Section 6 we describe those generalized Fermat curves which can act as group of isometries of
hyperbolic handlebodies.

2. Algebraic description
2.1. Non-hyperellipticity of general Fermat curves

Let us recall that a closed Riemann surface S of genus g > 2 is called hyperelliptic if it admits a
(necessarily unique) conformal involution with exactly 2(g + 1) fixed points, called the hyperellip-
tic involution. Equivalently, S is hyperelliptic if and only if there is a two-fold branched regular
covering f : S — C. The algebraic equation of a hyperelliptic Riemann surface S is of the form
y2 = ]‘[?fﬁ”(x —aj) and, moreover, as the hyperelliptic involution belongs to the center of Aut(S),
a complete description of Aut(S) can be done via such a curve description [6].

Unfortunately, generalized Fermat curves of genus at least 2 are non-hyperelliptic Riemann sur-
faces.

Theorem 4. A hyperbolic generalized Fermat curve is non-hyperelliptic.

Proof. Let (S, H) be a hyperbolic generalized Fermat pair of type (k,n). Let us assume S is hyperellip-
tic and let us denote by j its hyperelliptic involution. As j belongs to the center of Aut(S), the action
of H descends to a finite Abelian group of Mdbius transformations PSL(2, C) on the Riemann sphere.
The fact that the finite Abelian groups inside PSL(2,C) are either finite cyclic groups or the Klein
group Z% obligates to have either (i) k >2 and n=1, or (ii) k=2 and n =1, 2, a contradiction. O

2.2. Algebraic description

As a generalized Fermat curve S of genus g > 2 is non-hyperelliptic, it is well known that, if
Wi, ..., Wg is any basis of H1.9(S), the g-dimensional vector space of holomorphic 1-forms, then
0:S— P81 defined by 6(x) = [wq(x) :---: Wg(x)], is a holomorphic embedding and 6(S) is a non-
singular projective algebraic curve of degree 2(g — 1), called a canonical curve of S (see, for instance,
[10]).

Assume (S, H) is generalized Fermat pair of type (k,n) and genus g = gk, > 2. Theorem 5 below
provides a holomorphic embedding p : S — P" so that p(S) is a non-singular projective algebraic
curve of degree k™1 < 2(g — 1) and the action of H is defined by a projective linear action Hg <
PGL(n + 1, C). Note that this description produces a projective curve of lower degree than a canonical
curve and also the embedding is in lower dimension than the canonical embedding (this lower degree
and dimension representation seems to be useful for practical computations). Not only the action of
H will be linear, but also the action of Auty(S).

Let us start with the following fiber product of (n — 1) classical Fermat curves, say the algebraic

curve C(Aq,...,Ap—2) C P" given by the following (n — 1) homogeneous polynomials of degree k
Xirxkexk =0,
M+ Xk =0,
XXk +xk =0, (3)
Moxk + X84k =0,

where A;j € C — {0,1}, A; # Aj, for i # j. The conditions on the parameters A; ensure that
C(A,...,An—2) is a non-singular projective algebraic curve, that is, a closed Riemann surface. On
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C(A,...,An—2) we have the Abelian group Hg = Zz of conformal automorphisms generated by the
transformations
aj([x1 1"'1Xn+1]) =[X1 XXXy i xep], j=1,...m,

27i/k

where wy =e . If we consider the degree k" holomorphic map

T:CM,... Anea) = C

given by
k
X2
7 ([xa :-~-:xn+1])=—<—> :
X1
then  oaj =m, for every aj, j=1,...,n. It follows that C(A1, ..., An—2) is a generalized Fermat curve
with generalized Fermat group Hy with standard generators ay, ..., an, dp+1 = A143 - - - Gy. The fixed
points of aj on C(A1,...,Az—2) are given by the intersection Fix(aj) = F; N C(A1,...,Ap—2) Where

Fj={x; =0}. In this way, the branch values of 7 are given by the points

7 (Fix(aq)) = oo, 7 (Fix(a2)) =0, 7 (Fix(a3)) =1,

7 (Fix(as)) =r1, ..., 7(FiX(@ns1)) =An—2.

As every generalized Fermat pair (S, H) is uniquely determined by the orbifold S/H (by Theo-
rem 1), we get the following algebraic description of generalized Fermat pairs.

Theorem 5. Let (S, H) be a generalized Fermat pair of type (k, n) and, up to a Mébius transformation, let

{00,0,1,1, 42, ..., Ap—2}
be the conical points of S/H, then (S, H) and (C(Aq, ..., An—2), Ho) are holomorphically equivalent and the
action of H is defined by the projective linear action Hyo < PGL(n + 1, C). We say that (S, H) is modeled by
the algebraic curve C(Aq, ..., An—2).

The structure of equations in (3) and Theorem 5 provides the following.

Corollary 6. A generalized Fermat curve of type (k, n) is the fiber product of (n — 1) classical Fermat curves of
type (k, 2).

Remark 7. Note that there are (n+ 1)! choices in the normalization of the conical points as described
in Theorem 5. This normalization provides a canonical action of the symmetric group S, on the
locus of ordered tuples (A1, ..., An—2). We will come back to this discussion in Section 4.

Corollary 8. If (C(A1, ..., An—2), Ho) is a generalized hyperbolic Fermat pair of type (k, n), then Auty, (C (A1,
..., An—2))/Hy is isomorphic to the subgroup of Mébius transformations that preserves the finite set

{00,0,1,A1,22,..., An—2}.
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Corollary 9. If (C(A1, ..., An—2), Ho) is a generalized hyperbolic Fermat pair of type (k, n), then Auty,(C (11
., An—2)) <PGL(n+1,C).

Proof. Let (S, H) be a generalized Fermat curve. As consequence of Theorem 5 we may assume
(S,H) = (C(A1,...,An—2), Hp). Let T be a Mobius transformation that permutes the conical points

1 =00, U2 =0, u3 =1, la=»xq, ..., hn+1 = An— 2. Corollary 8 asserts the existence of a conformal
automorphism Tof C= C(A,...,An—2) so that 7T = T, that is, if T([x1 “Xpt1)) =1[y1:

Vg1l and z= —(xz/x1)¥, then T(z) = —(y2/y1)¥. As the only cyclic subgroups of H or order k acting
with fixed points are (a;j), for j=1,...,n41, there is a permutation o € ;41 (the symmetric group

on (n+ 1) letters) so that ff(aj)/f‘l = (ag(j)). Now, since the zeros and poles of the meromorphic
function x;/x; : C — C are Fix(aj) and le(al) respectlvely, we see that the zeros and poles of the
pullback function T*(x]/x1) = (xj/x1) o T:C—C are Fix(as-1(j)) and Fix(a,-1(1)) respectively. It fol-
lows that there exist c3, ..., cpq1 € C — {0} such that T*(xj/x1) =Cj(X5-1(j)/X5-1(1)) on C. This means
that in the open set {x; # 0} the expression of the automorphism T in terms of affine coordinates is

T(X2/X1, ..., Xny1/X1) = (czxaq(z)/xaq(l), £, cn+1x071(n+1)/x071<1)).

Therefore, in projective coordinates T must be of the form

T([X1 Xl :X,—H_l]) = [XUq(U T02Xg—1(g) Lt Cn+1ng1(n+l)].

The constants c; can be easily computed from the algebraic equations (3). Now, as T(z) =
—C’ﬁ(xaq(z)/xgqa))k, if we set g1 =00, =0, u3=1and pjy3=21j,for j=1,...,n—2, then

T(j) = o,

that is, the transformation T induces the same permutation of the index set {1,...,n+ 1} as T.
This permits to compute easily Auty(S) (this can be implemented into a computer program) and
also to see that it is a subgroup of PGL(n + 1; C) whose matrix coordinates belong to the field
Q(e2mi/k ¢y . caen). O

Remark 10. The procedure described in the above proof permits to define for each Mébius transfor-
mation T that permutes the conical points {c0,0,1, A1, ..., Ap—2} an element T € PGL(n + 1, C). Such
element is not uniquely defined by T, but it is unique up to composition with an element of Hy. Also,

this representation satisfies that ﬁT\z =TT (up to composition with some element of Hy).
In the following examples we clarify the procedure given in the proof of Corollary 9.

Example 11. Let us clarify the above with the following example. Consider n = 4 and A, = A% =

1+ A1, then we obtain a generalized Fermat curve S of genus gy = (2 — 5k3 4 3k%)/2. If k =2, then
S corresponds to the classical Humbert curve of genus 5 with 160 conformal automorphisms. In this
case, the finite Mobius group that permutes the conical values oo, 0, 1, A1 and A, is the dihedral
group Ds generated by u(z) = 1,/(A2 — z) (permuting cyclically oo, 0, 1, 11 and Ay) and v(z) = A2 —z
(fixing oo and permuting 0 with A, and 1 with Aq). Liftings of u and v are given by

~ 1/k
Ll([X] 1X2 X3 :Xq :Xs]) = [Xs : )»2/ X1:X2: (—)»1)1/1(){3 : (—)»2)1/kX4],

/V\([X1 (X2 X3 X4 :Xs]) = [X] X5 (—1)1/’<X4 . (—1)]/kX3 :Xz].

Note that #° = 72 = 1. Moreover, if we choose branches of (—i3)'/¥, (=1)Vk, )\;/ and k1/k
that they all satisfy (—iy)1/k(—=1)Vk = A;/k and (Al/k A;/k, then (@V)? =1, that is, D5 = (U, V)
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Auty (S). It follows that Auty (S) = H x Ds, in particular, |Auty (S)| = 10k*. By Hurwitz’s upper bound,
if k=2, then Aut(S) = Auty(S).

Example 12. If S = {x’{ +x’§ + x’§ =0} C P? is a classical Fermat curve of degree k > 4, that is, n = 2,
then Aut(S) = Zﬁ x &3 [27,30]. An easy way to see this is as follows. Let H = Zﬁ be a generalized Fer-
mat group of type (k, 2) inside Aut(S). The quotient orbifold S/H has signature (0, 3; k, k, k). Clearly,
S/H admits the symmetric group &3 as group of orbifold automorphisms. A lift of &3 is generated by
the permutations of the coordinates: o ([x1 : X2 : X3]) = [X2 : X1 : x3] and T([x7 : X2 : X3]) = [X3 : X1 : X2].
In this case Auty(S) = H x 63 and S/Auty(S) = (S/H)/G3 has signature (0, 3; 2, 3, 2k), which is
maximal if k > 4 [28], in particular, Aut(S) = Auty (S).

3. On the uniqueness of generalized Fermat groups
3.1. Uniqueness for fixed type

In this section we are concerned with the uniqueness of the generalized Fermat group, within a
fixed type, on a fixed generalized Fermat curve. We are not able to provide a general answer to this
problem, but in the case of types (p,n), where p is a prime, we have the following partial result.

Theorem 13. Let p > 2 be a prime and n > 2 an integer so that (n — 1)(p — 1) > 2. If H; and H; are
generalized Fermat groups of type (p, n) for the same Riemann surface S, then they are conjugate in Aut(S).

Proof. Let H be a generalized Fermat group of type (p,n), where p > 2 is a prime so that (n—1)(p —
1) > 2. We have a chain of p-subgroups

H=Ko<Ki <Ky <a--- <K

where K} is a p-Sylow subgroup and Kj1/K; =Z,. If k=0, then we are done. Otherwise, Lemma 17
below asserts that Ko is unique in Ki, hence Ky is also normal subgroup in K, then (again by
Lemma 17) unique in K;. Proceeding in this way we end with Ky being unique in K. O

Corollary 14. If n > 2 is an integer and p > 2 is a prime so that (n — 1)(p — 1) > 2, then any Fuchsian
group of type (p, n) is uniquely determined by its commutator subgroup up to conjugation by some isometry
of hyperbolic plane. In particular, any two hyperbolic orbifolds of signature (0,n+1; p, ..., p) are conformally
equivalent if and only if their homology cover Riemann surfaces are conformally equivalent.

In [15] (and for many classes of torsion free non-elementary Kleinian groups in [16-19,23]) was
noted that any Fuchsian group of type (oo, n), n > 2, is uniquely determined by its commutator sub-
group. A natural question is if there is some integer q(n) so that if k > q(n), then generalized Fermat
groups of type (k,n) should be unique in Aut(S). Related to this problem, the following was proved
in [21].

Theorem 15. (See [21].) If n > 2, then there exists a prime q(n) so that for each prime p > q(n) the generalized
Fermat group of type (p, n) is unique in Aut(S).

Unfortunately, we do not have an explicit formula for q(n) and n large. It was observed in [9] that
a generalized Fermat group of type (2,n), for n =4, 5, of a closed Riemann surface S is unique in
Aut(S), in particular, a normal subgroup of Aut(S). All the above permits to state the following fact.

Corollary 16. Let (S, H) be a generalized hyperbolic Fermat pair of type (p,n), where p is a prime, and let
q(n) as in Theorem 15. If either
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(i) p=qm),or
(ii) (p,n) = (2,n), wheren=4,5,

then Aut(S)/H is isomorphic to the subgroup of Mébius transformations preserving the finite set of conical
pointsof S/H = C.

Lemma 17. Let p,n > 2 be so that p is a prime and (n — 1)(p — 1) > 2. Let L < Aut(S) be any p-subgroup of
conformal automorphisms of S. If L contains as normal subgroup a generalized Fermat group H of type (p, n),
then H is the unique generalized Fermat group of type (p, n) contained in L.

Proof. The case p =2 was proved in [9]. From now on, we assume p > 3 a prime. We use induction
on n.

Ifn=2and p > 5, then S is (conformally equivalent to) the classical Fermat curves {xP + yP +2zP =
0} c P2, whose full group of conformal automorphisms is H x &3 [27,30] (see also Example 12), in
particular, H = L.

Llet n=3, p>3 and H <L as in the hypothesis. In this case, L/H is a finite p-group of orbifold
automorphisms of S/H. As (i) L/H is, in particular, a group of conformal automorphisms of C, (ii) the
finite subgroups of PSL(2, C) are cyclic groups, dihedral groups, alternating groups .44, As and the
symmetric group &4 [24] and (iii) p > 3, it follows that H/L is either trivial (then H =L and we are
done) or a cyclic group of order p. Let us assume L/H = (t) = Zjp. As T must permute the 4 conical
points, it follows that this case is only possible if p = 3. In this case, up to a Mobius transformation,
we may assume the conical points are oo, 0, 1 and 1+ w3 (where w3 =e?™/3), and 7(z) = w3z + 1.
It follows that S is given by

X} +x+x3=0,
(1+w3)x3 +x5 +x3=0.

In this case (see also Remark 20), L is generated by H and (assuming t fixes the conical point of
S/H determined by the fixed points of a1 ([x1 : x2 : X3 : X4]) = [W3X1 : X2 : X3 : X4])

o([x1:x2 1 X3 :x4]) =[(1 + w3)13x1 x4 %0 —x3].

Note that o3 € H — {I}. Now, direct computations permits to see that in L the generalized Fermat
group is unique. In this case, A4 = (t(2) = w3z + 1,1(z) = (z — 1)/z) is the group of orbifold auto-
morphisms of S/H. As the 4 conical points of S/H are fixed points of elements of order 3 in A3 (the
4 vertices of a spherical tetrahedron in C invariant under Ay) it follows that (S/H)/A4 has signature
(0, 3;2,3,9) (the conical point of order 9 is the projection of one of the fixed point of 7, that is oo,
the conical point of order 3 is the projection of the other fixed point of t, that is 0, and the conical
point of order 2 is the projection of a fixed point of the involution 725). As the signature (0, 3; 2, 3, 9)
is a maximal one [28], it follows that Aut(S) = Auty(S) = (H, «, B), where

,3([)(1 1 X2 1X3 IX4]) = [Xz (1+ W3)1/3X1 Xq: (14 W3)l/3X3] (,32 = 1).

Let us assume our proposition to be true for types (p, m), where m<n—1 and n > 4.

Let us assume also that we have a generalized Fermat group H<L, of type (p,n) such that H # H.
Set G = (H, H) HH and R=HNH < Z(G) (where Z(G) denotes the center of G). Clearly, H < G.
Let us consider the group G/H of conformal automorphisms of the orbifold S/H. As G/H = Z’p, for
some | > 1, and S/H has underlying Riemann surface the Riemann sphere, necessarily [ =1, that is,
G/H = Z,. It follows that G has order p"*t1 and, as |G| = [H||H|/|R|, that R has order p"~!, that is,
R= Z’}fl. This also asserts that G/R is a group of order p?, then an Abelian group. We may write
H=(R,x) and H = (R, y), for some xe H—R and ye H—R (both of them then have order p). As
G/R is Abelian, it follows that xyx~'y~! € R and, in particular, that H<oG.
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If R contains some standard generator, say t € R, then we consider the generalized Fermat curve
S/{t) (the underlying Riemann surface structure) and the generalized Fermat groups H/(t) and H/(t),
both of type (p,n — 1). By the inductive hypothesis, H/({t) = H/(t); then H = H, a contradiction. This
fact together with Parts 2-(iii) and 2-(iv) of Corollary 2 implies that R acts freely on S. Set M = S/R.
On M we have two commuting conformal automorphisms, say X and y, both of order p, which are
induced by x and y, respectively. The quotients of M by any of them is the Riemann sphere with
exactly (n + 1) conical points of order p; that is, each of these automorphisms has exactly (n + 1)
fixed points.

By Proposition 1.8, in [12], the surface M is one of the following ones:

Fp:wP=uP -1,
Dy :wP = (uP —1)(uP —)J’)p*], some A e C, AP #£1,

and

X, w) = (nu, an),
Y, w) = (1°u, n%w)

where 1<a,b,c,d < p and n=e?"/P_In there it is also noted that both automorphisms must have
either p (if M = Fp) or 2p (if M = D,) fixed points, that is, either n4+1=p or n4 1 =2p (it follows
that S/G has signature either (0, 3; p, p, p) or (0,4; p, p, p, p)).

In the Fp case, the conical points in S/H are exactly p and they are invariant under some elliptic
transformation u of order p (induced by y). We may assume, up to a Md&bius transformation, that
these conical points are oo, 0, 1, A1,...,Ap_3 and that u(co) =0, u(0) =1, u(l) = rq, u(rj) = Aj41
(for j=1,...,p—4) and u(Ap_3) = oc. In this way, we can assume S = C(A1,...,Ap_3) and H =
Ho = Zg_l is generated by standard generators arp,...,dp—1 (as described in Section 2; the other
standard generator is a, =ay ---ap_1). A lifting of u, under the natural projection 7w [xq:---:xp] =
—(x2/x1)P, has the form U[xq :---:Xp]l = [Xp : C2X1 : -+ : CpXp—1], Where c,...,cp € C — {0} (see
Corollary 9). All other liftings are of the form hii, where h € H. In this way, y = hl for suitable h € H.

As h e H and y commute with each r € R, this commutativity property also holds for each of the
2.3 p—1

liftings 7. Now, the only elements of H commuting with U are the powers of g = a1a3az -+ a, ;. In
fact, a non-trivial element of H is of the form o([x1 :---:Xp]) = [w1X1 : WaXxa : --- 1 WpX,], where
w! =1. We may assume wp, = 1. As

aﬁ([)q T :xp]) =[W1Xp : WaCX1 : W3C3X3 1+ Wp_1Cp_1Xp—2 : CpXp_1],

ﬁot([x1 D :xp]) =[Xp : W1C2X1 : W2C3X3 1+ Wp_2Cp_1Xp_2: Wp_1CpXp_1]
it follows that wy = w%, w3 = w?, e, Wy = wp_l. in particular, the above assertion. Since R has
order p"~! there are plenty of elements in R which cannot commute with 7, a contradiction.

In the D, case, the arguments are similar but in that case we should use U[Xq :---: X2p] = [Xp :

C2X1 11 CpXp_1:Cpy1X2p : Cp42Xp41:---:C2pXap—1], where c; e C—{0}. O

Remark 18. If p is a prime and either (i) p >n+ 1 or (ii) n + 1 is not congruent to 0, 1 or 2
module p, then a generalized Fermat group of type (p,n) is a p-Sylow subgroup of Aut(S). In fact,
if H is a generalized Fermat group of type (p,n), then H is either a p-Sylow subgroup of Aut(S)
or it is a normal subgroup of index p of some subgroup K < Aut(S). The last case will provide an
elliptic Mobius transformation of order p that preserves n 4+ 1 points on the Riemann sphere S/H, a
contradiction to the conditions (i) or (ii).
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Proposition 19. Let S be a generalized Fermat curve of type (p,n). If p > 5 is a prime, then a generalized
Fermat group of type (p,n) cannot belong to two different p-Sylow subgroups of Aut(S). In particular, the
number of different generalized Fermat groups in S is equal to the number of p-Sylow subgroups in Aut(S).

Proof. Lemma 17 asserts that inside every p-Sylow subgroup of Aut(S) there is a unique generalized
Fermat group of type (p,n). Assume p > 5 is prime. If H is a generalized Fermat group contained in
two different p-Sylow subgroups, say G1 and G, then S/H will admit two different automorphisms
of order p, both of them permuting the conical points; this would imply that there is a finite group of
Moébius transformations generated by two different transformations of order p > 5, a contradiction (all
finite subgroups of Mdbius transformations are either cyclic, Zg, dihedral groups, alternating groups
Ay or As or the symmetric group G4 [24]). O

Remark 20. Proposition 19 is false for p = 3. In fact, let us consider the generalized Fermat curve of
type (3,3)

3 3., ,3
_ X3 +x2+x3:O,
(1 +W3)X? +x§+xi=0.

We already noted in the proof of Lemma 17 that Aut(S) = (Ho, @, 8), where

(X([Xl 1X2 X3 :X4]) = [(1 +W3)]/3X1 1X4:X2 0 —X3] (ot9 =1, a’e Ho — {I}),

B([x1:x2:x3:x4]) = [x2: (1 + w3)' Py 1xq: 1+ w3)Px3] (B =1).

The generalized Fermat group Ho = (a1, ay) is contained in the following two different 3-Sylow
subgroups of Aut(S): G; = (Hp, ) and G, = (Hg, 8), where
5([)(1 1X2 X3 :X4]) = [X4 : W;/3X1 t—x3:(1+ W3)]/3X2] (53 = 1),

B =8a? (up to an element of Hy).

3.2. On the uniqueness of the type

In this section we provide a partial discussion on the problem about the uniqueness of the type on
a fixed Riemann surface S admitting a generalized Fermat group. Let us assume we have a closed Rie-
mann surface S which is a generalized Fermat curve of type (k,n). As already noted at the beginning,
the genus of S is of the form

¢ (k,n)
2

g=1+ (4)

where ¢ (k,n) = k" 1((n — 1)k — n — 1). The hyperbolicity on S ensures that the possible pairs (k,n)
belong to the set

D= {(k, n): k,ne{2,3,4,...}, k—1H(n—1) > 2}. (5)
If we set n(2) =4, n(3) =3 and n(k) = 2, for k > 4, then we easily see that

(P1) for each fixed k > 2 and n > n(k), we have that ¢ (k, n) is strictly increasing in n;
(P2) for each n > 2 and k > 2 so that n > n(k), we have that ¢ (k,n) is strictly increasing in k.
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The function ¢ is injective for most fixed values of g > 2. The first two values of g for which
¢ fails to be injective are g =10 and g =55, in which case, the possible values of (k,n) are (3, 3),
(6,2) and (3,4), (12, 2), respectively. However as the next proposition shows the uniqueness of type
is maintained in these two cases.

Proposition 21. No Riemann surface of genus 10 (respectively, 55) is simultaneously a generalized Fermat
curve of types (3, 3) and (6, 2) (respectively, (3,4) and (12, 2)).

Proof. Assume we have a closed Riemann surface S, of genus g = 10, so that Hq, Hy < Aut(S) are
generalized Fermat groups of types (3, 3) and (6, 2), respectively. As we have that S/H> is an orbifold
of signature (0, 3; 6, 6,6), it follows that S is the classical Fermat curve S = {x} +x5 +x} =0} C P2 It
is well known that Aut(S) = Zé X G3 [27,30] (see also Example 12) and that S/Aut(S) has signature
(0,3;2,3,12). But, a group Zé x &3 admits no subgroup isomorphic to Z3, a contradiction.

Next, assume we have a closed Riemann surface S, of genus g =55, so that Hy, Hy < Aut(S) are
generalized Fermat groups of types (3,4) and (12, 2), respectively. As we have that S/H; is an orb-
ifold of signature (0, 3; 12, 12, 12), it follows that S is the classical Fermat curve S = {x}2 —I—x%z +x;2 =
0} C P2. 1t is well known that Aut(S) = Z2, x &3 [27,30] (see also Example 12) and that S/Aut(S) has
signature (0, 3; 2, 3,24). But, a group Zfz x ©3 admits no subgroup isomorphic to Z2, a contradic-
tion. O

Proposition 21 makes us wonder for the existence of a closed Riemann surface admitting general-
ized Fermat groups of different type. A partial answer to this question is provided by the following.

Proposition 22. If S is a hyperbolic generalized Fermat curve of even genus of types (k,n) and (75,71), so that
k and k are even, thenk =k andn=n=2.

This is consequence of Lemma 23 below and property (P2) which says that ¢(k,2) is strictly
increasing in k.

Lemma 23. If S is a hyperbolic generalized Fermat curve of genus g and type (k,n), where k and g are even,
then n = 2 and k is not divisible by 4.

Proof. As in g =2 we have no generalized Fermat curves, we must assume g > 4. Let us write
g—]:pq] ...p‘;f’

where p; > 3 are prime integers and a; > 1. In this way, we have that a type (k,n) for this genus g
must satisfy from (4) the equality

K1 ((n— Dk — (n+1)) =2pf" - p&.
As we are assuming k even, the above obligates to have
kn_l = Zplil .. p?r’
_b _
(n—Dk—n+1)=p ... por=br,

for certain values 0 < bj <aj. As all primes p; are different from 2, the first equality obligates to have
n =2 and that k is not divisible by 4. O
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4. Moduli of generalized Fermat pairs
4.1. Some generalities

We now recall several known facts concerning parametrization of Riemann surfaces endowed with
a group action such as ours [13], see also [14]. Let So be closed Riemann surface of genus g and Ho <
Aut(Sp). There is an irreducible complex analytic space M (Hp) whose points are in bijection with the
isomorphy classes of pairs (S, H) topologically conjugate to (So, Hp). This space is the normalization
of the locus in the moduli space of genus g, say My, consisting of the classes of Riemann surfaces
admitting a group of conformal automorphisms topologically conjugate to Ho. Let 7, the Teichmiiller
space of genus g and Mod, the corresponding mapping class group of genus g. Then, Mg = 7;/Mod,.
Let us consider Ho as a subgroup of Modg and let 7gz(Hg) C 7 be its locus of fixed points. It is well
known that 7g(Ho)/N(Ho) :f\71(H0), where N(Ho) denotes the normalizer of Hg inside Mody.

4.2. Generalized Fermat curves

Let us now assume (So, Hp) is a generalized Fermat pair of type (k,n) and genus g = g ,, where
(k,n) is so that (n — 1)(k — 1) > 2. As any two generalized Fermat pairs are topologically conjugate,
by Theorem 1, M(Ho) contains the isomorphy classes of all generalized Fermat pairs of type (k, n).
We denote M (Hp) simply by M(k,n) and by F(k,n) C My the locus consisting of those classes
[S]1e€ Mg where S is a generalized Fermat curve of type (k,n). The open connected set

Po={(M,....hn2) €C"2 Aj#0,1, Aj#A} CC?

is a model for the moduli space of ordered (n + 1) pointed sphere. Next we proceed to recall
the construction of a model of moduli space of unordered (n + 1) pointed sphere. We say that
My evvsAn=2), (U1,..., Un—1) € Py are equivalent if there is a Mdbius transformation A € PSL(2, C)
so that A sends the set

{00,0,1,A1,A2, ..., An—2}

onto

{oc0,0,1, (1, 2, ..., hn-2}.

The above equivalence relation is in fact given by action of the symmetric group S,41 on n+ 1
letters as follows. For each 0 € G,41 and each (A1, ..., Aq—2) € P, we form the (n+1)-tuple (x; = oo,
X2 =0,Xx3 =1,X4 = A1,...,Xn41 = Ap—2). Then, we consider the (n 4 1)-tuple (X5(1),...,Xom+1))
and let T, € PSL(2,C) be the unique Mdbius transformation so that Ty (X5 (1)) = 00, To(Xo2)) =0
and Ts(Xs3)) = 1. We set uj = To(Xo(jt+3)), for j=1,...,n — 2. In this way, we obtain that
(U1s--.s Mn—1) € Py and an action of G141 on P,. The quotient space Q, obtained by this action
is a model of the moduli space Mo ;+1 of the unordered (n+ 1) pointed sphere.

The space F(k,n) is related to the moduli space Q) introduced above, as follows. Let us denote by
[S] (resp. [S, H], [S/H]) the isomorphy class of the Riemann surface S (resp. the pair (S, H), and the
orbifold S/H), then the rule that sends [S, H] to [S] (resp. to [S/H]) defines a surjective holomorphic
mapping 71 : M(k,n) — F(k,n) C Mg (resp. mp : M(k,n) — Qp). Moreover, 71 is known to be a
finite surjective mapping which fails to be injective if and only if there are surfaces S admitting two
generalized Fermat groups Hq{ and Hj, both of type (k,n), which are not conjugate within the full
group Aut(S); so that, [S, H1] and [S, H] are different points of M (k,n) which map to the same
point [S] € F(k,n) C Mg. As for 5, Theorem 1 tells us that it induces an isomorphism between QO
and Mk, n). We can now state the following results.

Theorem 24. The moduli space Oy, defines a generically one-to-one cover of F(k, n).
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Proof. As explained above, injectivity of 71 : O — M only fails at points corresponding to Fermat
curves S such that Aut(S) contains a subgroup G generated by two non-conjugate Fermat groups
Hq, Hy of same type (k,n). Since G strictly contains Hi, we see that S/G is an orbifold of genus zero
with r <n + 1 branched points. This implies that the locus of unwanted points is a finite union of
spaces of dimension r — 3 with r <n + 1, hence its dimension is strictly lower than that of Q,. O

The space Oy is the normalization of F(k,n). In the particular case that k = p is prime, the
argument given to prove Theorem 24 combined with Theorem 13 clearly implies the following more
precise statement.

Theorem 25. Let p,n > 0 be integers with (n — 1)(p — 1) > 2 and p is a prime. Then, Qy, is isomorphic to
F(p,n), that is, F(p, n) is a normal variety.

Corollary 26. Let p,n > 0 be integers with (n — 1)(p — 1) > 2 and p a prime. Then, the moduli space of
n + 1 unordered points in the sphere (= Q,) embeds holomorphically inside the moduli space Mg, where
g =1+ ¢(p,n)/2, as the locus of generalized Fermat curves of type (p, n).

5. Applications of generalized Fermat curves

In this section we provide three higher-dimensional applications of generalized Fermat curves. The
first one is the construction of a pencil of non-hyperelliptic Riemann surfaces with exactly three sin-
gular fibers. The second one is related to the previous one and consists of the definition of an injective
holomorphic map from C — {0, 1} into some moduli space M,. The third one is the description of
all complex surfaces isogenous to a product X = S x S»/G with invariants pg =q =0 and group G
equals either G = Zé or G= Zg.

The link between the first two applications is made as follows. If 77 : X — P! is a pencil of curves
of genus g with singular fibers at t € {0, 1, oo}, then, by the universal property of moduli space,
there is a holomorphic map v : C — {0, 1} — M, defined by sending t € C — {0, 1} to the point in
M representing the isomorphism class of the curve 7 ~1(t). Conversely, M comes equipped with
a fiber space 7 : Cg — Mg, the universal curve, whose fiber over a point x € M, is generically the
Riemann surface Cy that this point represents, and so our initial pencil is obtained as pull-back of
Cg by . However, this correspondence is not a perfect one because if x represents a curve with
automorphisms the true fiber is Cx/Aut(Cy). Therefore, if a map v : C— {0, 1} = My, such as the one
we construct below, parametrizes Riemann surfaces with automorphisms it is not, in principle, clear
that it must be induced by a pencil of curves.

5.1. A pencil of generalized Fermat curves with three singular fibers

It was observed by A. Beauville [4] that every family of curves over P!, with variable moduli,
admits at least 3 singular fibers. In that paper an example for which the minimal number of singular
fibers occurs is provided by certain family of hyperelliptic Riemann surfaces. Another example of
this kind was constructed by Gonzilez-Aguilera and Rodriguez [11]; in this case all curves in the
family possess an automorphism group which contains the alternating group in 5 letters As. Next
we provide another example of this sort in which the members of the family are generalized Fermat
curves, hence never hyperelliptic.

Let us consider n =3 and k > 3. In this case P3 = C — {0, 1}. Inside P! x P3 let us consider the
complex surface

k k k _
K +x, +x3=0,

= cla:blelP!, [xg:---:x eIP’3}.
ax’1‘+bx§+bx§=0 L ] X1 4l

Equipped with the projection into the first factor, this is a pencil whose fibers we denote by
V([a:b]).
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By taking b=1 and a € C — {0, 1}, we see that this is a moduli family of non-hyperelliptic curves
with variable moduli. We already known that the only singular fibers are provided by )/ ([0 : 1]),
V[1:1] and V([1:0]).

The singular fiber V([1:0]) ={[0:1:w:2z]eP3: wk=—-1}U{[0:0:0:1]} is given by k different
P! c P? all of them sharing a unique point [0:0:0: 1]. The singular fiber V([0:1]) = {[x1 : X2 :
x3:x4] € P30 Xk 4+ XK + Xk =0, x4 = wxo, wk = —1} is given by k different classical Fermat curves of
order k all of them sharing exactly k points, these being [1:0: w : 0], where wX = —1. Similarly, the
singular fiber V ([1:1]) is given by k different classical Fermat curves of order k all of them sharing
exactly k points, these being [1: w: 0: 0], where wX = —1. In particular, V([0:1]) = V([1: 1]).

5.2. Aninjective embedding of the thrice punctured sphere in moduli space

Let q(59) as in Theorem 15, enjoying the property that for every prime p > q(59) we have that
a closed Riemann surface S has at most one generalized Fermat group of type (p,59), which then
must be a normal subgroup of Aut(S). Let us choose once for all such a prime integer p > q(59) and,
throughout this section, let us denote by g, the genus of the generalized Fermat curve of type (p, 59).

Now, let us regard As as a finite group of Mobius transformations and let 77 : C — C be a holo-
morphic branched covering map induced by the action of As. Let us assume the branch values of 7
are given by oo, 0 and 1. For each t € C — {0, 1}, we consider the preimage 7 ~1(t) = {11, ..., ieo)-
We may then consider a Mébius transformation to send 3 of these preimages onto oo, 0 and 1;
the others are denoted by A1, ..., A57. This gives us a generalized Fermat curve of type (p, 59), say
C(A1,...,As57) = C(t). The previous choices are not unique, but the conformal class [C(t)] of the re-
sulting generalized Fermat curve is uniquely determined by the value of t. This asserts that there is a
well defined holomorphic map

¥ :C—{0,1} — F(p,59) C Mg,.

Assume v (t1) = ¥ (t2). In this case, the uniqueness of the generalized Fermat group, asserts the
existence of a Mdbius transformation T so that T(z~1(t;)) = w~1(t2). If = 1(t1) = {1, ..., Ueo}
and 771(ty) = {1}, ..., Ugo), then as both sets are invariant by (the same) As, it follows that T
normalizes As. Set G = (T, As). As T leaves invariant the set of fixed points of the order 3 elements
in As (20 points) and each Mobius transformation is uniquely determined by its action at three
different points, it follows that T has finite order and that G is finite. But, it is well known that
there is no finite subgroup of Ma&bius transformations containing .As as a proper subgroup [24], in
particular, T € As. It follows that v is an injective map.

As the set {A1,..., Ago} is invariant under the action of As, C(A1,...,A57) has the property that
Aut(C(A1,...,A57)) contains the group L = (H = Zf,g,A’S‘), where A: denotes the set formed by a
lifting of each element of the group .45, which exists by Corollary 2. As there is no finite group of
Mobius transformations containing strictly As, it follows that in fact L = Aut(C(Aq, ..., A57)). As a
consequence, for every t € C — {0, 1}, the automorphism group is the same at each surface C(t).

All the above is summarized in the following.

Proposition 27. Let q(59) be as in Theorem 15 and p > q(59) a prime number. Then the above construction
provides an injective holomorphic map ¥ : C — {0, 1} — F(p, 59) C Mg, which sends t € C — {0, 1} to the
point in Mg, representing the generalized Fermat curve C(t). Moreover, for each t € C — {0, 1} Aut(C(t)) is
an extension of As by Z°.

Remark 28. Let us go back to the group L which arises as the full automorphism group of the
curves occurring in Proposition 27. In the language of Section 4.1 consider the quotient space
M(L) =Tg,(L)/N(L). By general results of Teichmiiller theory [25] one knows that the stabilizer
of a point x € ’ngp (L) is precisely the group Stab(x) = Aut(x) N N(L) where Aut(x) is the full group
of automorphisms of a suitable model Sy of the Riemann surface parametrized by the point x. This
fact has two implications. Firstly, we see that L acts trivially on 7g,(L), so we may as well write

Please cite this article in press as: G. Gonzalez-Diez et al., Generalized Fermat curves, J. Algebra (2009),
doi:10.1016/j.jalgebra.2009.01.002

© O N O g~ W N =

10

-
g


Original text:
Inserted Text:
$V([0:1]$

Original text:
Inserted Text:
uniquenes

Original text:
Inserted Text:
Moebius

Original text:
Inserted Text:
Moebius


© 0 N O O~ W N =

-
-

JID:YJABR AID:12369 /FLA [miG; v 1.77; Prn:15/01/2009; 8:13] P.15(1-18)
G. Gonzdlez-Diez et al. / Journal of Algebra eee (eeee) see—eee 15

f\Z(L) = ’Z:gp (L)/(N(L)/L). Secondly, since Aut(x) =L for each x € ’ngp (L), we infer that N(L)/L acts
fixed point freely on 7g,(L). Moreover, since Sx/L is an orbifold of genus zero with four branching
values (in fact, with signature (0, 4; 2, 3, 5, p)), it follows, again by general results of Teichmdiiller the-
ory, that 7g, (L) is isomorphic to the Teichmiiller space of a 4-puncture sphere, which we may identify
with the hyperbolic plane HZ2. The conclusion is that M(L) is a Riemann surface and that N(L)/L is
its fundamental group. Now by Proposition 27 this Riemann surface contains C — {0, 1}. Hence, we can
only have M(L) =C — {0, 1} and so N(L)/L is isomorphic to I"(2) = Z * Z, the principal congruence
subgroup of level 2 of PSL(2, Z).

5.3. Complex surfaces isogenous to a product

By a complex surface we shall mean a compact holomorphic manifold of complex dimension two,
hence a real four manifold.

A complex surface X is said to be isogenous to a higher product if there are Riemann surfaces S,
and S; of genus > 2 and a finite group G acting freely on S1 x S, by biholomorphic transformations
such that X is isomorphic to the quotient S; x S»/G. If the action of G preserves each of the fac-
tors then X is said to be of unmixed type. In what follows we shall assume that this is always the
case. Surfaces isogenous to a higher product have been extensively studied by Bauer, Catanese and
Grunewald [3,7,8].

The first example of a complex surface isogenous to a higher product was given by Beauville as
exercise number 4 in page 159 of [5]. In his example the algebraic curves Si, Sy are both the Fermat
curve S: X3 4+ X5 + X3 =0 and G is the group Z2 acting on S x S by, say,

(@ b)([x1:x2 :x3], [y1: y2 1 y31) = ([E% : €0%p 1 3], [£973Pyq 1 82079 yy 1 y3])

where £ js 5th root of unity.

The results in this paper allow us to extend Beauville’s construction to generalized Fermat pairs
as follows. Let us consider two generalized Fermat pairs (S1, H1) and (Sz, H»), both of type (k,n),
where k,n>2, (k—1)(n—1) > 2.

Let ai,...,ap and ap4q = aq---ap be standard generators of Hy and let bq,...,b, and by4q =
by ---by be standard generators of Hj.

Remember that the only non-trivial elements of the generalized Fermat group H; acting with fixed
points are contained in the cyclic groups generated by the n + 1 standard generators by, ..., byy1.

Remark 29. If n =2 and k > 4, a necessary and sufficient condition for the existence of generators
of Hy acting freely on S, is that LCM(k, 6) = 1, where LCM stands for “least common multiple” (see
[7.8]).

If n=2 (in which case k >4) and LCM(k, 6) = 1, a set of generators acting freely is given by

C]:b]b%, C2=b]b2_l.

If n=3, k>4 and LCM(6, k) =1, then a set of generators of H,, each one acting freely on S, is
given by

ci=bib3,  ca=bib,',  c3=bibs.
If n=3 =k, then a set of generators of Hy, each one acting freely on S,, is given by
c1=bib3,  cy=biby,  c3=hybs.

If n > 4, then a set of generators of Hj, each one acting freely on S», is given by
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C]:blbzbg, C2 =b1b2, C3 =b2b3, Cj=b1bj, j=4,‘..,11.

Note that, in any of the above case, c;,4+1 =ci1¢2 - - ¢y also acts freely on Sj.
Let us consider an action @ : ZZ — Aut(S1 x S») as follows. If eq, ..., e, denotes the standard basis

of Zj, then set

D(ej):S1xS2—> 51 x5,
D([x1:- X1l s ynal) o (@ xngd) (v s -2 Yagal))

and extend it to the rest of Z} in the natural way.

Proposition 30. Let (S1, Hy) and (S,, Hy) be two generalized Fermat pairs of same type (k, n), where (n —
Dk —1)>2.Ifne{2,3} and k > 4 we assume LCM(6,k) = 1. Let & : ZZ — Aut(S1 x S) be the action
constructed above. Then, ®(Z}) acts freely on Sy x S giving rise to a complex surface X = S1 x S2/Z;, with
geometric genus pg and irregularity ¢ = 0 where

K'2((n—= 1Dk —1) —2)2
. _

Pg = 1.

Proof. That the action is free is consequence of the previous observations and construction. The fact
that the irregularity g vanishes is a consequence of the fact that each of the quotient Riemann surfaces
S;/H; is isomorphic to P! which does not admit non-zero holomorphic differentials (cf. [2], p. 303).
The statement relative to the geometric genus pg follows from the following identity (see [2,4,8])

1 (8kn — 1)
1 —q=xX)=- X)=—>-—"—
+Dpg—q=xX) 4Xtop( ) 4|ZZ|
where Xp(S) stands for the Euler-Poincaré characteristic of X, x (X) =: x (Ox) for the Euler charac-
teristic of the structure sheaf of X and gi , denotes the genus of a Fermat curve of type (k,n). O

Corollary 31. The above construction gives complex surfaces X = S1 x S»/Zy, with invariants p; =q =0 if
and only if (k,n) = (5, 2) or (k,n) = (2, 4).

Conversely, if X = S1 x S2/G is a complex surface isogenous to a higher product with invariants p; =q =0
and group G = Zg (resp. G = Z‘Z‘) then Sq and S, are generalized Fermat curves of type (5, 2) (resp. (2,4)).

Proof. As we are looking for complex surfaces with ¢ = 0, both quotients S1/G and S,/G are isomor-
phic to P'. Exploiting the Riemann-Hurwitz formula, it is shown in [3] that the orbifolds S;/G have
to have both signature (0, 3; 5, 5, 5) (resp. (0, 5; 2,2, 2,2,2)), hence S1 and S, are generalized Fermat
curves of the required type. O

Remark 32. Bauer and Catanese [3] have proved that when G = Zg one obtains exactly two non-
isomorphic complex surfaces whereas for G = Zg the complex surfaces so obtained form an irre-
ducible connected component of dimension 4 in their moduli space. The dimensions of these compo-
nents are in accordance with our Theorem 25 which implies that these components are parametrized
by the space Q3 x Q3 (resp. Qs x Qs) via the rule

(S],Sz)—)X:S] X Sz/G.

Furthermore, by the uniqueness of this representation of X (Proposition 3.13 in [8]), this map is
injective modulo the action of Z; which interchanges the factors of Q, x Q. In the first case the two
different components (of dimension 0) arise from two different actions of the group Zg whereas in
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the second case the above seems to indicate that all possible actions of the group Z‘Z‘ are equivalent
and that the irreducible component in question is Qs x Qs/Z.

In [3] it is also shown that there are only two other Abelian groups G which can give rise to
complex surfaces X = S1 x S»/G with invariants py =q =0, namely G = Zg and G = Z%.

6. Connection with handlebodies

A Schottky uniformization of a closed Riemann surface S is a triple (£2,G,p: 2 — S), where G is
a Schottky group with region of discontinuity £2 and p: £2 — S is a regular holomorphic covering
with G as covering group. The 3-manifold with boundary Mg = (H® U £2)/G is a handlebody body
of genus g whose interior admits a complete hyperbolic metric with injectivity radius bounded from
below by zero. Let t be g hyperbolic isometry of the interior of M¢. By lifting it to the universal
cover H?, we obtain a Mébius transformation in the normalizer of the Schottky group G; so it defines
naturally a continuous extension of t as a conformal automorphism of S. Reciprocally, a conformal
automorphism of S extends continuously as an isometry of the interior of M¢ if and only if it lifts to
2 (by the given Schottky uniformization) as a conformal automorphism (this because the region of
discontinuity of a Schottky group is of class O4p). As a consequence, a group H < Aut(S) extends as
a group of isometries of the interior of M if and only if H lifts under the Schottky uniformization as
a group of automorphisms of 2.

Theorem 33. Let (S, H) be a generalized Fermat pair of type (k,n). Then H can be extended as group of
hyperbolic isometries of some handlebody whose conformal boundary is S if and only if k = 2.

Proof. Necessary and sufficient conditions for H Abelian to lift to some Schottky uniformization of
S are given in [20]. A necessary condition is that every non-trivial element of H must have an even
number of fixed points. Now, let H be a generalized Fermat group of type (k,n). The above together
with part (2.-(ii)) of Corollary 2 asserts that k should be even. Assuming k even, choose any element
a of the standard set of generators of H, and choose any two fixed points of it, say x and y. Part
(2.-(v)) of Corollary 2 asserts the existence of some h € H so that h(x) = y, so the angles of rotation
of a; at both x and y are the same. This violates the necessary conditions of [20] for H to lift to some
Schottky uniformization if k > 2. The case k =2 it is known to be of Schottky type. O
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