Some formulas in QFT 1

Second quantization. The fields turn into field operators with quanta=particles. Coordi-
nates are labels, not operators.

Classical Poisson bracket {-,-} —  Quantum commutator i[-, -].

Scalar field example:
1 1
L= 3 PO+ P — §m2¢2.

In classical terms, the momentum is 7 = 7(Z) = Jp¢ and the Hamiltonian density is
Lo 1 i L 2.9

It can be re-written as

1 1
H = §7r2 + §¢(—A + m?)¢ + total derivative.

The plane waves e*77 diagonalize the operator —A + m?. To promote ¢ to an operator (E,

keeping the analogy with the harmonic oscillator, one takes:

6(7) = 7d3ﬁ ! Ty e TGt and 7(T) = dSﬁi E() _ P Eg oG
50 = [ G 7w AP+ @) and 7@ = [ i B (e e 6)

with E(p) = (p* + m?)'/2. The following commutation rules for a (no hats onwards) imply
the canonical relations in the quantum setting

[a(@), a" ()] = 67— ) ilm (), 6(9)] = 0(% - 7)

rest zero rest zero

Substituting the Hamiltonian becomes

H= / BiH = / P éﬁ) (a' (P)a(p) + a(P)al(p)) = / d*pE(p)a’ (§)a(p) + oc.

The number operator a'(p)a(p) counts the particles of momentum 7. Using normal ordering
% cata+aat : = ata and 0o does not appear. It is considered a non-observable ground energy
anyway.
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Free scalar field. In the Heisenberg picture al — e?#*af. The field operator becomes

— d3ﬁ 1 fip-:pa eip-xaf
o) = [ G 3 o+ )

where x = (¢, %) and Minkowski scalar product is assumed. The moment is

35 . .
o) = [ Gty T (= el + el 1)

that is coherent with m = dp¢p. Now we have
ilp(x), o(y)] = D(x —y)

where D vanishes at time zero (equal times), oD (z" = 0,Z) = §(Z) and (O +m?)D = 0. It is
the Pauli-Jordan function!.

Dirac equation and Dirac matrices. The Dirac equation is
(id—m)¥ =0  with @=1"9,
and y* are 4 x 4 (complex) matrices satisfying

¥y =291, pv=0,1,2,3.

It is also defined 4® = —i7%y'y2+3 that anti-commutes with the rest. A possible choice are the

Dirac matrices defined in 2 x 2 blocks

1 @) i 0 a; —
702(0 —I)’ 72(—@ 0)’ md = (0

They are associated to a representation D = D(A) of the Lorentz group? in the following way:
If we want x — Az, ¥ — DV to preserve Dirac’s equation, we need

D7INPD = APy

because (id —m)¥ = 0+ i(A~1)00,/V DY —mD¥ = 0 that is i(A~), D14 D9, ¥ —m¥ = 0.
The matrix 4° commutes with products of two v and it proves that D is reducible giving rise
to the projectors Py = (I +5)/2. We have the relations

Pyt = (M1 and - 4°DNY =D

—ip-w

35 sin zH . 4
g7r1)]3 - J<E10(;;7) } = if (;ﬁ sgn(po)d(p® — m?).

'Tt seems that a explicit formula is D(z) = —i [ c
*It seems that D(A) = exp(3Au3[v*,7"]) where A, are the coefficients for the usual generators.

P
)3 €
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The second follows from 79[y#, v¥]170 = [y¥, v#].
It is convenient to define

W= \I/Tfyo
With this definition
YV s a scalar U2 s a pseudo-scalar
WAHT s a vector WyH~y5F  is an axial vector

The first quantity is a scalar because WU = UiA00 — UTDIAIDY = UD112DW. For the
second in the first column, use D™'y#D = Af~¥. In the second column, pseudo-scalar and
axial vector refer to the fact that they change sign under the parity transformation W(Z,t) —
700 (—&,t) (probably this only makes sense in the chiral representation.

Free spinor field. The natural Lagrangian leading to Dirac’s equation is
L=V(id —m)V.
Up to a total derivative, it can be written as

1« _ -
L= 00,/ —m¥¥  where A,B=A,B - (9,A)B.

This Lagrangian has the internal symmetry ¥ +— e ¥, ¥ s ¢~*W. the corresponding
current is (waving hands about the 4 components in the calculation)

0L d

—| e = (U (—i) U = Ty
9(9,9) dat la=0° Ay (=) 7

a=0

and the conserved charge is Q = [ d37U~°¥ = [ d?>z#UTU (conservation of probability).
i

The generalized moments are T, = %(¥4°%), and Tq = —£(7°¥),, then
H = —%fgmhp +m¥¥  or  H=—i0O'V+mPY
using the first form of the Lagrangian. The Hamiltonian is
H= / dB3EUT0(—idiyt + m) .
Looking for plane waves ¥(Z) = ePZC(p) that diagonalize 7°(—id;y* + m) we have that

C(p) is an eigenvector of H(p) = p'7’+* + my" which is Hermitian with 2 double eigenvalues
+E(p) = £4/p? + m2. They give solutions of the Dirac equation depending on the spin o

m . m :
——u(p,o)e”¥* and v(p,o)eP”.
25" ") )" "7
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The first solutions correspond to particles (electrons) and the second correspond to antiparticles
(positrons). The normalization is

E
whu = oo = @5001 and U = —0V = Oggr
m

where the first u or v is evaluated at (P, o)and the second at (p,o’). We have also

and Z va (P, 0)Us(p, o) = W

(l’j + m)aﬁ
2m

" a7 0)s(7.0) =

In the Heisenberg picture the second quantization of the spinor field is the following formal
solution of the Dirac equation

d*p m —ipE, (= iDE, =
¥ = [ ey By 2 (U + P01 )

Here b, (p) annihilates a particle and db (p) creates an antiparticle and they satisfy the relations

{be (), 5, (D)} = {do (7). d} (D)} = Go0rd(F— D)

and the rest of the anti-commutators are 0. For instance, b, and d, anti-commute. Replac-
ing commutators by anti-commutators {-,-} = [-,-]+ is required to keep the statistics of the
fermions. In analogy with the free scalar field, we have

1= [ @an = [ EFEE) O b + (e () + oc.

As before, one can avoid the infinity using normal ordering that for fermions satisfies : bb! : =
—b'b and the same for d.

Propagators. The propagators appear in the theory as the expectation of a time ordered
product and give a probability amplitude to travel from a point to another. Mathematically
they are fundamental solutions of the “equations of motion”. The propagators can also be
considered in momentum space. From the mathematical point of view this is applying the
Fourier transform. In the following cases it reduces to cross out the integral and d*p/(27)*.
For the scalar field, Gr(x —y) = (0|T{d(x)d(y)}|0), it solves (O+m?)Gr(x) = —id(x) and

is given by , ‘
. d P etz
Grlr) = Z/ (2m)4 p? —m? +ie
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For the spinor field, Gop(x —y) = (0]T{¥o(z)¥s(y)}|0), it solves (i@ —m)Gap(x) = id(x)I
and is given by (possible problem with a sign)

. [ d e~ P [ d e
Gone) = 8+ mGr(e) =i [ ey =i [ e

The last equality is just formal.
For photons with the Feynman gauge

d4p eipx
G (z) = —i | L =,
(z) z/ (2m)4 p? + i

Some Lagrangians. A recollection of some common Lagrangians.
Free scalar field in the real and complex cases

1 1
L= B Mgﬁ@“gﬁ - §m2¢27 Le= MQP*({)H@ - mZ‘P*QO'

The second corresponds to the first for N = 2 fields taking ¢ = %(qﬁ(l) + id)(Q)).
Phi-4 theory

5—5 u¢3“¢—§m ) —Iéb .
Free spinor field, two forms differing in a total derivative,
_ 1 _+ _
L =V(id —m)V, L= 5@\118W“\11 —mUV.
Yukawa, the coupling of a scalar field a a spinor field
_ 1 1 _
L=9(id —m)¥ + 50@3% — §u2¢2 — Ay UTT¢

where ' =T or I = 75.
QED, coupling the spinor field and the electromagnetic field,

1 - — 1
L= 52'\1/@7“\1/ —mi¥ — ZFWFW where D, =0, +iecA,.

It has local gauge invariance given by ¥ — e~?(®)e¥ and Ay — A, +0,0(x). This Lagrangian
can be written as

1< — 1
L= iiif@’y"\ll —mUVv — ZFWFAW —ejt'A,

for the electromagnetic current j* = eW~y*W¥. Fixing the gauge of the electromagnetic field
may require a term —i(@uA")2 with o a constant. For Feynman gauge, o = 1.
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QCD, it has the form

1% _ 1 ,
L= GiUPY —mUY — 5 5 Te(EME )

~

where g is a coupling constant, ¥ is given by three gluon fields, D, = 0, — iA,(z) with A,(x)

is a 3 x 3 (block) matrix and F' ,,, is its curvature form i[D,,, D, ].

Interacting theories. The general scheme is H = Hy+ Hint Where Hg the free Hamiltonian
density and Hiny = —Ling with Ly the interaction part of the Lagrangian. For instance,
Hint = A¢*/4! in the phi-4 theory.

It is convenient to consider the interaction picture in which the operators evolve in time
with the unperturbed Hamiltonian, O(t) = e*Ho@Qe~#"Ho and, consequently, the states with
U(t) = etfoe=®Hy, If we define U(t,ty) such that U(t,tg)etotow(tg) = eHotW(t) then
(etiHooog |O]e~H0°W,) gives the same result for O = S, the corresponding S-matrix, and
for O = U(+00,—00), then both operators coincide. A direct calculation from the definition
of U(t,ty) using the Schrodinger equation proves

aatU(t to) = —iHO (WUt tg)  with HO(t) = o H,y e~ Mo,

5= i Sl armn)} = Tesp( i [ arnBo).

Then

[e.e]

If we want to study 7+ 5’ — ¢+ ¢’ in the phi-4 theory where |5) = al(7)0), etc. with the
covariant creation operator a.(p) = (21)%/2\/2E(p)a(p), we have to compute

@ |8177) = Olac@ec(dTep( ~ iy [~ [ate s (600@)*+ )al@al) )

with ¢ (¢, Z) = eHog(F)e~"*Ho, With the change in the creation operator, we have

(b(O)(x) _/ dgl;; 1 (efik-xa (E) +ezkxaT(E))
(27)% 2B(k) ¢
where d3k/E(k) is Lorentz invariant. The new commutation rule is

[ac(p), al(@)] = (2m)°2E(D)6(5 — @)

When expanding the formula for S it is very convenient to apply Wick’s theorem that allows
to write T{A;A2--- A,}, with A; sums of creation and annihilation operators, as the sum of
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contractions of disjoint pairs of operators multiplied by the normal ordered product of the
remaining operators. The contraction of A and B is a scalar G, the propagator in the theory,
such that GI = T{AB}— : AB :. For instance, T{¢? (21)¢©) (2)¢® (2:3)¢) (24)} is the sum
of : ¢ (21)¢O (22) (23)p) () :, six terms of the form : ¢ (z;)¢( (2;) : G(x; — x;) and
three terms of the form G(z; — z;)G(zy — ;)L

Feynman rules. The complication in the notation and computation can be circumvent using
a pictorial way of representing the interactions called Feynman diagrams.

In the phi-4 theory the interaction vertexes involve 4 legs (edges). Let us say that we want
to study p+p’ — ¢+ ¢’. Then the simplest diagrams are

P a P a P a
ﬁ >©< |
bz 7

i a Iz a 7 g

iz 7

The loop number is L — V' 4+ 1 where L is the number of internal lines and V' is the number of
vertexes. The loop number is 0 for the first diagram and 1 for the rest.

The contribution to the S matrix is specified for the Feynman rules (in momentum space):
A moment k is assigned to the internal lines (with an arbitrary orientation) and the propagator
i/(k? — m? 4 ie). For each (inner) vertex we put a term of the form

(—iX)(2m)*s( Zp - Zp)

out

We multiply all of these terms and integrate d*k/(27)* with k the momenta associated to the
internal lines. Finally, we divide by the symmetries of the diagram, meaning the order of the
group permuting vertexes and internal lines leaving the diagram topologically invariant.

For instance, in the first diagram there are not internal lines nor symmetries, then it
contributes

So = (=iN)(2m)*6(p + ' —q — ).
The second diagram has symmetry factor 1/2 because we can change the upper and the lower

edges (but not the vertexes preserving the names of the particles). If we assign to the inner
lines momenta &k and [ to the right, its contribution is

1 [ d*k d*l i i , A , . 4 ,
5 (27_‘_)4 (271’)4 k2 — m2 + e 12 —m2 + ’L,E(—’L)\)(QTI') 5(p+p —k‘—l)(—l)\)(271') 5(k+l_q_Q)

and changing variables k + [ — k and performing the integration in k, the result is

1 d*l i i
—(—iN)?(2m)%e '—q—¢F ) with F —/
(—iN)*@2m) o (p+p —q—d ) F(p+p) wi = | oG i T e P —m i

2
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The third and fourth diagrams gives the same contribution changing the variables. The one
loop contribution then amounts

Sy = %(—@\)2(%)45(19 +0' —q—¢)(F(s) + F(t) + F(u))

where s = (p+p)%, s = (p— q)? t = (p — ¢')? are the Mandelstam variables. The problem is

that the integrals defining F' are divergent. The solution (renormalization) involves to consider
m and A non-observable and related to the cut-off to regularize these integrals.




