
Non-mandatory problem 5 Differential Geometry UAM 2015-2016

Deadline: November 19th

Prove that r4θ̇2 + r4ϕ̇2 sin2 θ remains constant along any geodesic of the Schwarzschild
metric.

Solution. (Most of you have done more or less long calculations. I include here a short
proof for illustration not involving explicit second derivatives of the variables. The notation p
(generalized momentum) is taken from Physics.

The Lagrangian corresponding to the Schwarzschild metric is

L =
(
1− 2GM

r

)
ṫ2 −

(
1− 2GM

r

)−1
ṙ2 − r2θ̇2 − r2 sin2 θ ϕ̇2.

We have
pθ :=

∂L
∂θ̇

= −2r2θ̇ and pϕ :=
∂L
∂ϕ̇

= −2r2 sin2 θϕ̇.

The Euler-Lagrange equations prove

ṗθ =
∂L
∂θ

= −2r2 sin θ cos θ ϕ̇2 and ṗϕ =
∂L
∂ϕ

= 0.

The key observation is that 4r4θ̇2 + 4r4ϕ̇2 sin2 θ = p2θ + p2ϕ/ sin
2 θ. Then

4
d

dλ

(
r4θ̇2 + r4ϕ̇2 sin2 θ

)
= 2pθṗθ + 2

pϕṗϕ

sin2 θ
− 2p2ϕ

θ̇

sin3 θ
= 0,

where the last equality follows easily substituting the values of pθ, ṗθ, pϕ and ṗϕ.


