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Contents. The modular group and its generators. Congruence subgroups. The theta group and its
generators. Some connections with elementary number theory.

1.1 The full modular group

Let us start anticipating that modular forms are complex functions having a large group of
symmetries related to the humble matrix group (under multiplication)

SLQ(Z) = {7 € M2><2(Z) : det('y) = 1}

that, consequently, is called the modular group. The “S” and “L” stand for “special” and
“linear”. In general, the special linear group SL,(R) with R a unitary commutative ring is the
group of n X n matrices of determinant 1 with entries in R.

Most authors consider that, instead of SLa(Z) , the group PSLo(Z) = SLo(Z)/{£I}, where
“P” stands for “projective”, deserves the name of modular group because it is closer to the
symmetries of the classical modular forms. We will only apply this name to SLa(Z). In the
classic book [6] it is said that SLa(Z) is the homogeneous modular group and PSLy(Z) is the
tnhomogeneous one. The homogeneity is associated to maps mentioned in another section.

We highlight two elements in the modular group
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Later we will assign a geometric meaning to them. Note that
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(1) S*=-1I and T <0 1

) for neZ.

In particular, S has order 4 and T has infinite order. We also have the relation (ST)3 = S2.
They are two simple elements generating the full group.

Theorem 1.1. For S and T as before, SLo(Z) = (S, T)).

Proof. Consider the map H : SLo(Z) — Zxo given by H(y) = min (|y11], |y21]). Assume
SLa(Z) # (S, T) and let 6 € SLa(Z) — (S, T) with H(0) minimal. If d2; = 0 it is easy to get
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with simple products of powers of S and T giving § (exercise). Hence d91 # 0. Note the

relations
a b\ [(—c —d nfa b\  f(a+cn b+dn
S<c d>_<a b> and T(c d>_< c d )

By the first one, perhaps changing § into S§ we can assume |d11| > [d21] > 0. In this sit-
uation the second relation implies H(T"0) < H(4) with n the nearest integer to —d11/d21,
contradicting the choice of §. O

The direct version, without reductio ad absurdum, of the previous proof gives an actual
algorithm to express v in terms of S and T' (Exercise [2)).

The relation mentioned before between S and T is the only relevant and we have the
presentation

SLy(Z) = (S, T : S* =1, (TS)* = S?).
We do not include a proof here (it can be deduced from [6, Th. 1.2.5] or [8, Th. I.11]). Note
that in PSLy(Z) we have also S? = I and it becomes isomorphic to the free product Cy * Cs
with C} denotes the cyclic group of order k.

1.2 Congruence subgroups

Arguably, the most important subgroup of SLa(Z) in the context of modular forms is the Hecke
congruence subgroup of level N (here N € Z*), defined as

To(N) = { (‘C‘ Z) €SLa(Z) : c=0 (mod N)}.

To build the theory it is also important the principal congruence subgroup of level N given by

F(N)z{(i Z) €SLy(Z) :a=d=1,b=c=0 (modN)}.

Any subgroup of SLy(Z) containing I'(IV) is said to be a congruence group and its level is the
minimum of the values of N with this property. For instance, I'g(/V) is a congruence group
and it is pretty easy to check that actually its level is N. A congruence subgroup that appears
naturally in the proof of Proposition [I.2] and in some parts of modular form theory consists in
dropping the condition N | b in the definition of I'( V).

Ty (N) = { (Z Z) €SLy(Z) i a=d=1, c=0 (mod N)}.

Trivially, I'g(1) = I'(1) = I'1(1) = SL2(Z). Our next target is to compute the index of
I'(N) and I'g(N) in SLa(Z) for N > 1.
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Proposition 1.2. If N > 1 then I'(N) is a proper normal subgroup of SLa(Z) and T'o(N) 1is
a proper not normal subgroup. Their indexes are

[SLo(Z) :T(N) =N*[J(1—=p7?)  and  [SLy(Z):To(N)]=N][(1+p7")
pIN p|N
where p runs over the prime numbers.

An immediate consequence is that any congruence subgroup has finite index in SLy(Z).
The converse is false [II, §6.2.3], [2] §5].

The proof of Proposition depends on the following three surjectivity results. All of
them are elementary, the first is harder.

Lemma 1.3. The map ¢ : SLo(Z) — SLo(Z/NZ) given by the reduction modulo N is an
epimorphism (a surjective homomorphism).

In general, SL,,,(Z) — SL,,,(Z/NZ) is an epimorphism for any m [9, Lemma 1.38].

Proof. 1t is a homomorphism because matrix product only involves sums and products which
are preserved modulo N.

For each element in SLy(Z/NZ) consider an integer matrix v such that is reduction mod-
ulo N is the chosen element. This means

v = <Z Z) € Maxa(Z) with ad —bc=1 (mod N).

The surjectivity follows if we find 4" € SLg(Z) such that v =+ (mod N). Clearly, ged(a, N) =
1 or ged(e, N) = 1. Assume the first possibility, the other is completely similar exchanging the
role of a and c. Let M such that MN =1 (mod a) and take

= ’ DIV ith ar— (- (- _laddbe
7_<c—(c—1)MN d—l—Na:) with az — (c—(¢c—1)MN)y = ~ + (1= ¢)Mb.

The coeflicients of = and y in the latter equation are coprime because a divides the coefficient
of y minus 1. Then it has integer solutions. Choosing =z and y as one of them, we have
v € SLy(Z), by the equation, and v/ =~ (mod N). O

Lemma 1.4. For N > 1, the map ¢ : To(N) — (Z/NZ)* assigning to each y the congruence
class of v11 is an epimorphism.

Proof. Working modulo N the homomorphism condition reduces to note that

a b\ (d V P
0= (0 d) (0 d’) has aa’ as its 411 entry.

The surjectivity is proved choosing 711 in an arbitrary class of (Z/NZ)*, y12 = 1, 22 satisfying
Y11722 =1 (mod N) and 21 = y11722 — 1. O
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Lemma 1.5. For N > 1, the map A : I'1(N) — Z/NZ assigning to each 7y the congruence
class of vy12 is an epimorphism.

Proof. As before, working modulo N the homomorphism condition reduces to

016 1)=6""):

The surjectivity is obvious taking 11 = 22 = 1, 721 = 0 and 12 arbitrary. O

Proof of Proposition[I1.9. Clearly I'(N) = Ker(¢) with ¢ as in Lemma By the isomor-
phism theorem, I'(N) < SLy(Z) and [SLa(Z) : I'(N)] = |SL2(Z/NZ)|. An argument involving
the Chinese remainder theorem shows that this cardinality is given by the claimed formula
(Exercise [3)).

On the other hand, I'1 (N) = Ker(t) with ¢ as in Lemma|l.4]and the isomorphism theorem
gives this time [[o(N) : T (V)] = @(IN) with ¢ Euler’s totient function [7] which equals
NI (1—p~'). In the same way, using Lemmaﬁ, I'(N) = Ker(\) and [I'1 (V) : T'(N)] = N.

If we substitute these indexes in the relation

[SLa(Z) : To(N)][Co(N) : T1(N)JT1(N) : T(N)] = [SLa(Z) : T(N)],

we can eliminate [SLa(Z) : T'o(N)] to get the expected formula. It is an exercise to check
Fo(N) 4 SLQ(Z) for N > 1. O

1.3 The theta group

Consider S € SLy(Z/27) given by the reduction modulo 2 of S. With the notation of
Lemma the theta group is defined as Ty = qb_l((g)). More explicit equivalent defini-
tions are

{(Z Z)GSLz(Z):2|a+d,2]b—l—c} and {(CCL Z)ESLg(Z):2]QC,2|bd},

Before going further, it is important to note that some authors define the theta group as
I'o(4), keeping the notation I'y. Note that this is different from our I'y. The reason for this
duplicity is that there are two normalizations of a modular form called § and both give rise to
different groups of symmetries.

The first result about I'y shows that it is just ['g(2) under a “change of variables”. Its proof
is a simple exercise.

Lemma 1.6. The groups I'y and T'o(2) are conjugate. Namely, Tg = (ST) 1To(2)ST.
The relation to SLg(Z) is summarized by

Proposition 1.7. The theta group is a congruence group of level 2 leading to the right coset
decomposition SLo(Z) = To UTgT UTyTS. In particular, [SLa(Z) : T'e] = 3.



Lecture 1 5

Proof. With any of the definitions it is obvious that I'(2) C I'y # SLg(Z) then it is a congruence
group of level 2.

By Lemma [1.6] and Proposition [1.2] with N = 2, [SLo(Z) : Ty] = [SLa(Z) : Tv(2)] = 3.
Then the right coset decomposition follows noting that the three cosets are distinct and it is
equivalent to check T,TS,TST~' & Ty. O

The analog of Theorem [L.1] for 'y is
Theorem 1.8. We have T'g = (S, T?).

This raises the question of whether there exists an algorithmic method to find generators of
I['o(N) or, in general, of a congruence group. There is an approach based on the so-called Farey
symbols. Unfortunately the original reference [4], which introduces them, is quite long and it
does not invite to a quick reading. An excerpt is [5]. The Farey symbols are related to the
geometric interpretation of the congruence groups that will be covered in a later section. Nowa-
days we can benefit from the software packages that use them to provide generators of I'g(V)
and T'(NV). For instance, the sagemath command Gamma0(2) .generators() gives generators of
I'p(2) and it allows to obtain a short computer assisted proof of the previous result.

Proof of Theorem (computer assisted). Since Lemma this sagemath code gives gener-
ators of I'y:

matrix(2,2,[0,-1,1,0])

matrix(2,2,[1,1,0,1])

S*T

item in GammaO (2) .generators():

print ()
print (c.inverse()*item*c)

(21 1 (-2 -5
RE W an 2=l 2 )¢

A calculation shows 71 = T72S7! and 2 = T72ST?, hence I'y C (S, T?). The reversed
inclusion is obvious. O

H o W0

o

Bouwounon

The output is

Here it is another proof appealing only to the covered material.

Proof of Theorem (perhaps more complicated than needed). By Theorem and recalling
that S has finite order, for each v € I'y there exists a finite integer sequence {a, }!_; such that
v = TWSTW-1§...ST1S. If Ty # (S, T?) then some of the a; are odd. Let us choose in
that case an expression of this kind such that k£ = max{¢ : ay is odd} is minimal.

If £ =1 we have a contradiction with Proposition because v € (S, T*)T'S C TyTS. If
k > 1, consider U given by the transpose of T. Using the relations 7718 = SU, UTU ! =
(T?S)"t and US = ST~! we have

T ST%-18 = T g(UTU N1y S = T+ §(T2 )~ %-187 1,

It reduces the value of k (at the expense of increasing N), contradicting its minimality. O
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1.4 The modular group and elementary number theory

One of the cornerstones in elementary and very basic number theory is Fuclid’s algorithm and
its relation to Bézout’s identity (by the way, according to [3] this is not a good name).
Given a and ¢ with ¢ € Z*, Euclid’s algorithm for them consists in iterating

Tn—1 = Cpn—1Tn + Tn+1 with r9=a, r1 =0

where ¢,,—1 is the quotient and 7,41 the remainder when r,,_; is divided by r,. Let us say that
rn is the last nonzero remainder. So, rny41 = 0 and the process ends. It turns out that ¢, are
the partial quotients in the continued fraction of a/c. In modern notation [7], the convergents
of a/c are pn/qn = [co,C1,...,¢y) for 0 <n < N and a/c =pn_1/qn-1-

There is a very easy way of getting the convergents from the partial quotients that can be
written in a less easy matrix form as

co 1\ (a1 1 cn 1 0 Pt
= LY e <
“ <1 0) (1 0) < 1 0) where Ch <Qn Qn—1> for 0<0<n<XN

and we use the rather standard convention that p_; =1, g—1 = 0 to match the case n = 0.
If a and ¢ are coprime, then a/c = py_1/qn—1 implies a = py—1 and ¢ = qy—1. Taking
determinants, det(Cy_1) = (—1)" and we conclude that

(20,90) = (=1)M(gn_2,pn—2) is an integer solution of az — cy = 1.

We know that all the integer solutions are (x,y) = (zo + mc,yo + am) with m € Z.

The equation ax — cy = 1 can be rephrased saying that fixing a first column (a,c) of
an element of SLo(Z), where ¢ € ZT is assumed, the possibilities for the second column are
given by (y,x). This allows to “parametrize” or “construct” the modular group via Euclid’s
algorithm. As this is a little off-topic, we only state a result of this kind without proof. As
usual, |z] is the floor function giving the integral part.

Theorem 1.9. With the previous notation, given a and ¢ € Z* coprime the product

CN715’

_1)N71

SN2 peo gp=ergrer =g ...

gives an element of SLa(Z) having (a,c) as its first column and all the matrices with this
property are obtained postmultiplying by T™ with m € Z.

Note that this gives a constructive proof of Theorem based on Euclid’s algorithm (the
cases with ¢ = 0 are easy and ¢ < 0 is covered multiplying by S? = —1I). Just for illustration,

let us apply it to express
(18 =31
T=\r —12

in terms of S and T'. Here, 18/7 = [2,1, 1, 3], in particular N = 4. The last but one convergent
is pa/q2 = [2,1,1] = 5/2, hence

T?ST1STST 38 = (178 g) :

To adjust the last column we postmultiply by 72 getting v = T2ST~1STST 35T 2.
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Exercises of lecture 1
EXERCISE 1. If v € SLy(Z) with 21 = 0 show that v € (T, S), as claimed in the proof of
Theorem [L.11

EXERCISE 2. Using the reduction of H in the proof of Theorem for each v € SLa(Z)
one finds v € (T, S) such that v’y € (T, S) because its 21-entry vanishes. Implement this
idea in a sagemath code that for each v € SLy(Z) outputs a list ny,mq,...,mg, ng such that
y=TmSm ... T Sk,

EXERCISE 3. Prove that if p is prime and o € Z* then ‘SLQ(Z/pO‘Z)‘ = p3@ — p32=2_ Use the
Chinese remainder theorem to conclude ‘SLQ(Z/NZ)} = N3 [y~ (1—-p2) for N > 1.

EXERCISE 4. Prove I'g(N) ¢ SLa(Z) except for N = 1.
EXERCISE 5. Show that the tree definitions of I'y are indeed equivalent.

EXERCISE 6. Prove Lemma [L.6]
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