Smoothing Minimally Supported Frequency (MSF) Wavelets : Part I

Eugenio Hernández^∗ Xihua Wang Guido Weiss^† March 31, 1995

Abstract All orthonormal wavelets ψ for which ψ̂ has support contained in S_α = [^8_3 α, 4π −^4_3 α], 0 < α < 2π, are characterized. It is shown that all these wavelets are associated with multiresolution analyses. Some properties of the topology of the set of orthonormal wavelets as a subset of the unit sphere in L^2(R) are obtained.

1 Introduction

In this paper we continue the study of orthonormal wavelets based on the properties of their Fourier transforms. An orthonormal wavelet is defined to be a function ψ ∈ L^2(R) such that {ψ_{j,k} : j, k ∈ Z} is an orthonormal basis of L^2(R), where ψ_{j,k} = 2^{j2} ψ(2^jx − k), j, k ∈ Z. In this paper we shall use the word wavelet to refer to an orthonormal wavelet. It turns out that ψ, with ||ψ||_2 = 1, is such a function if and only if the following two basic equations are satisfied: ∑ j∈Z |ψ̂(2^jξ)|^2 = 1, a.e. ξ ∈ R; (1.1) ∞∑ j=0 ψ̂(2^jξ) ψ̂(2j (ξ + 2kπ)) = 0, a.e. ξ ∈ R, for each k ∈ 2Z +1. (1.2)

∗Research supported by grant PR94-076 from DGICYT (Ministerio de Educación y Ciencia - Spain) and by a grant from Southwestern Bell Telephone Company.

†Supported by NSF grant DMS-9302828. Math Subject Classification. Primary 42C15 Keywords and Phrases. wavelet, multiresolution analysis, Shannon wavelet, band-limited. 1

That this simple (but by no means easy) characterization of all orthonormal wavelets is, indeed, true was announced in several places. [Le1] appears to be, chronologically, the first publication containing an announcement of this result; however, P.G. Lemarié cites some previous lectures of Y. Meyer as containing this statement. Proof of this fact, in the general case, can be found in [Gri] and a different proof is presented in [Wan]. For many purposes it is advantageous to add two additional equations to these two: ∑ k∈Z |ψ̂(ξ + 2kπ)|^2 = 1, a.e. ξ ∈ R; (1.3) ∑ k∈Z ψ̂(2^j(ξ + 2kπ)) ψ̂(ξ + 2kπ) = 0, a.e. ξ ∈ R, for each j ≥ 1. (1.4)

One of the reasons for including these last two equations is that they characterize the orthonormality of the system {ψ_{j,k} : j, k ∈ Z}. It is also seen more directly that the first two equations characterize the completeness of the system. At first sight, it is somewhat surprising that they also characterize the orthonormality. However, this was observed by several authors (see [Dau] and [BSW]). When ψ is band-limited (i.e. ψ̂ has bounded support) it is easier to establish the validity and the meaning of these four equations (see [BSW]). A second reason for including the last two equations is that we shall make repeated use of them in our proofs.

A considerable number of results in the wavelet literature are based on these four equations. It is our feeling, however, that their implications are far from having been exhausted. This is the basis for our statement at the beginning of this introduction. We are continuing the project, began in [BSW], of understanding the various propeties of orthonormal wavelets based on equations (1.1), (1.2), (1.3) and (1.4) satisfied by their Fourier transforms.

In order to be precise we use the following definition of Fourier transform f̂(ξ) = ∫_∞ −∞ f(x)e^{−iξx}dx. We will be consistent in our use of Greek letters ξ, η, · · · to denote the “frequency” variable and Roman letters x, y, · · · to denote the “space” (or “time”) variable. The best known and oldest example of an orthonormal wavelet is the Haar wavelet h(x) = 1, if 0 ≤ x <^1_2 , −1, if^1_2 ≤ x < 1, 0, otherwise.

This wavelet (practically the only one known for about 70 years) is the “prototype” of the compactly suported wavelets whose smoother versions were introduced by I.

Daubechies (see [Dau] and the references given there). In this paper our principal interest is focused on those wavelets that are connected to the ones that are bandlimited. The “simplest” one of this class, playing a rôle similar to that which h(x) plays among the compactly supported wavelets, is the Shannon wavelet:

ψ_S (x) = 2 sinc(2πx) − sinc(πx) = sin(2πx) − sin(πx) πx whose Fourier transform is ψ̂_S (ξ) = χ_I (ξ),

where I = [−2π, −π] ∪ [π, 2π]. P.G. Lemarié and Y. Meyer ([LM]) constructed corresponding wavelets that are smooth in the frequency variable as well. More precisely, their wavelets ψ have Fourier transforms that are supported in [−^8_3 π, −^2_3 π] ∪ [^2_3 π,^8_3 π] that can be chosen to be in the class C^∞ and with even absolute values. This class was completely characterized in [BSW]. In particular, in this paper, it was shown that this support is “most natural”.

In order to consider a class that places these wavelets in a more general context, let us observe that equation (1.3) has as an immediate consequence the fact that, for any wavelet ψ, the support of ψ̂ must have measure that is at least 2π. Moreover, this minimal measure is attained only if |ψ̂(ξ)| equals 0 or 1 almost everywhere. We shall call such wavelets Minimally Supported Frequency (MSF) wavelets.

A natural question that arises from this definition is to characterize all subsets K ⊂ R (which must be of measure 2π) that are the supports of the Fourier tranforms of MSF wavelets. This problem, considered in [FW] and [HKLS], is not the central one here. Our main concern is to consider specific (and usually, simple) supporting sets and show how to obtain “smoother” versions of the MSF wavelets associated with K (much in the same sense that the Lemarié-Meyer wavelets are smooth versions of the Shannon wavelet). Some of our results are, at first glance, a bit surprising. It is natural to conjecture that by enlarging K only a little bit one can obtain smoother wavelets (in the frequency variable), particulary if K is a simple union of only a few intervals.

This is not the case, however. This follows from recent results of P. Auscher ([Aus]) and P.G. Lemarié ([Le2] and [Le3]) that show that if the Fourier transform of a wavelet has continuous absolute value and a “mild” decrease at infinity, then the wavelet must arise from a Multiresolution Analysis (MRA) (we shall make these statements precise below). But there exists an MSF wavelet discovered by J.L. Journé, ψ̂(ξ) = χ_K , K = [−^{32}_7 π, −4π] ∪ [−π, −^4_7 π] ∪ [^4_7 π, π] ∪ [4π,^{32}_7 π], that cannot arise from an MRA. Moreover, if this is the case, we shall prove that nearby smooth wavelets must also have this last property.

Our goal is to construct new wavelets from certain specific MSF wavelets. These “new” wavelets can be smooth; however, they can also exhibit (in the Fourier transform side) “Cantor like” discontinuities.

We shall begin our study by giving a complete characterization of those wavelets “arising” from the Shannon wavelet. Let us be more precise: we have already presented a special class of these wavelets, the Lemarié-Meyer wavelets, where the Fourier transform has support in the interval [−^8_3 π,^8_3 π]. We shall completely characterize all the wavelets whose support for the Fourier transform is contained in this interval. Perhaps the most startling result we obtain in this connection is that, given any measurable function b of absolute value not exceeding 1, supported in [^2_3 π,^4_3 π], all such wavelets have a Fourier transform that can be easily expressed on the rest of [−^8_3 π,^8_3 π] in terms of b. In fact we shall characterize a more general class of wavelets associated with MSF wavelets that have Fourier transforms supported on sets that are not necessarily symmetric about the origin. The Fourier transforms of these wavelets are supported on [−^8_3 a, 4π −^4_3 a] or on [−4π +^4_3 a,^8_3 a], 0 < a ≤ π. This will be done in section 2. The rôle played by the Shannon wavelet here is assumed by the MSF wavelet ψ_α, whose Fourier transform is ψ̂_α = χ_{[−2α,−α]∪[2π−α,4π−2α]}, 0 < α < 2π. It is, perhaps, appropriate to indicate why ψ_α is, indeed, a wavelet. It was observed by [FW] and [HKLS] that the sets K of measure 2π, that are the support of the Fourier transform of a wavelet ψ are completely characterized by equations (1.1) and (1.3). These are equivalent to the statement: the translates by 2ℓπ, ℓ ∈ Z, of K form a partition of R, and the same is true for the dilates by 2^j, j ∈ Z, of K. From this it is clear that ψ_α is an MSF wavelet.

The third section will be devoted to some questions that arise naturally when considering the notion of an MRA. We assume that the reader is familiar with the construction of the wavelet from an MRA, though we will find it necessary to give a brief description of this procedure (both [Dau] and [Mey] give complete treatments of the properties of an MRA). We shall show that all the wavelets constructed in section 2 arise from an MRA. In addition, we shall show that wavelets that are not associated with an MRA cannot be approximated (in L^2) by wavelets that are.

A special case of theorem 3.10, as well as the sufficiency in theorem 2.1, have been recently announced, without detailed proofs, in [Han]. This author does not announce, however, the characterization of all wavelets whose Fourier transform has support contained in S_α, which is one of the principal features of our paper. We have become aware of this article while we were in the final stages of our typing process.

In a forthcoming paper we shall consider the problem of smoothing MRA-wavelets by obtaining smoothing versions of their associated low-pass filters.

2 Wavelets associated with the Shannon wavelet

As stated in the introduction, we shall study wavelets that are associated with the MSF wavelets ψ_α, 0 < α < 2π. Observe that if α = π, ψ_α is the Shannon wavelet. The support of ψ̂_α is [−2α, −α] ∪ [2π − α, 4π − 2α]. If we let β = 2π − α, this set can be written as [−4π + 2β, −2π + β] ∪ [β, 2β]. This exhibits an obvious symmetry between the classes {ψ_α : 0 < α ≤ π} and {ψ_β : 0 < β ≤ π} that allows us to study the latter in terms of the former. In this connection, observe that ψ is an orthonormal wavelet if and only if ψ̃(x) = ψ(−x) is an orthonormal wavelet. For these reasons we can restrict our attention to the case 0 < α ≤ π.

We shall prove the following:

Theorem 2.1 Suppose ψ ∈ L^2(R) and b = |ψ̂| has support contained in

S_α = [−^8_3 α, 4π −^4_3 α], 0 < α ≤ π.

Then ψ is an orthonormal wavelet if and only if

(i) b^2(ξ) + b^2(^1_2 ξ) = 1, for a.e. ξ ∈ [4π −^8_3 α, 4π −^4_3 α]; (ii) b(ξ) = 1, for a.e. ξ ∈ [2π −^2_3 α, 4π −^8_3 α]; (iii) b^2(ξ) + b^2(ξ + 2π) = 1, for a.e. ξ ∈ [−^4_3 α, −^2_3 α]; (iv) b(ξ) = b(^1_2 ξ + 2π), for a.e. ξ ∈ [−^8_3 α, −^4_3 α]; (v) ψ̂(ξ) = e^{ip(ξ)}b(ξ), with p(ξ) satisfying

p(ξ) + p(2(ξ − 2π)) − p(2ξ) − p(ξ − 2π) = (2n(ξ) + 1)π, for a.e. ξ ∈ D_α ∩ (Supp b) ∩ (^1_2 Supp b), where D_α = [2π −^4_3 α, 2π −^2_3 α], and n(ξ) is an integer-valued measurable function;

(vi) b(ξ) = 0, for a.e. ξ ∈ [−^2_3 α, 2π −^4_3 α] = H_α.

In the proof of this theorem, as well as that of proposition (2.3) below, it will be helpful to look at figure 1 which portrays the various intervals considered in the above result.

Figure 1

Remark 1. Conditions (i), (iii) and (iv) can be written in the form

(a) b(2ξ) = √ 1 − b^2(ξ) = b(ξ − 2π), (b) b(2(ξ − 2π)) = b(ξ), for a.e. ξ ∈ D_α. (2.2)

From this it is particularly easy to see that, if b is any measurable function on D_α with values bewteen 0 and 1, then the wavelet in question is completely determined by (2.2), (ii), (vi) and any choice of the phase function p(ξ) satisfying (v). Figure 2 is helpful for understanding this feature of our theorem.

Figure 2

Remark 2. The wavelet ψ is, as stated above,

associated with the MSF wavelet ψ_α. We have already mentioned that there are special rôles played by the intervals

[−^8_3 α, −^4_3 α], [−^4_3 α, −^2_3 α], [2π −^4_3 α, 2π −^2_3 α], and [4π −^8_3 α, 4π −^4_3 α].

The dyadic dilation structure that is exhibited in these intervals is forced upon us by the “dilation equation” (1.1). These considerations easily lead us to the natural hypothesis that 0 < α ≤ π.

Remark 3. When α = π, the interval [2π −^2_3 α, 4π −^8_3 α] is trivial. In this case our theorem has much in common with theorem (3.1) in [BSW] that characterizes the Lemarié-Meyer wavelets; however, the present theorem is more general, not only because it includes all positive α less than π, but it involves wavelets for which |ψ̂| = b is not even. Furthermore, we have no smoothness restriction on b (which, as stated above, can be chosen to be a Cantor-like function on D_α).

Remark 4. Observe that the MSF wavelets ψ_α converge (for example, in L^2(R)) as α → 0 to the function ψ_H such that ψ̂_H = χ_{[2π,4π]}. Of course, ψ_H is not a wavelet for L^2(R), but it does generate an orthonormal basis for the classical Hardy space H = H^2. It is known that such wavelets cannot have a continuous b (see [BSW] and [Aus]). Our theorem does give us simpler “quasi-progressive” wavelets that the ones found by A. Cohen ([Coh]). These are wavelets for which the Fourier transform has arbitrarily small support in the negative reals and is arbitrarily smooth. Remark 5. Concerning property (v), it is useful to observe that (Supp b)∩(^1_2 Supp b) can be a set of measure zero (in fact, this is the situation for all MSF wavelets) or it can be as large as [−^4_3 α, −^2_3 α] ∪ D_α.

We present the proof in three basic steps. First we show that the wavelets in question have Fourier transforms whose support are complementary to the interval H_α.

Proposition 2.3 Let ψ be an orthonormal wavelet for which Supp ψ̂ ⊂ S_α, 0 < α ≤ π, then ψ̂(ξ) = 0 almost everywhere on H_α.

Proof : Let J_α = [−^2_3 α, 2π −^2_3 α] = D_α ∪ H_α. Define

D_ψ(ξ) = ∞∑ j=1 ∑ k∈Z |ψ̂(2^j(ξ + 2kπ))|^2.

If J is any interval of lenght 2π, then ∫ J D_ψ(ξ) dξ = 2π. (2.4)

This follows from the fact that ‖ψ̂‖^2 = 2π‖ψ‖^2 and a simple calculation (see the proof of theorem 3.11). We claim that

D_ψ(ξ) = 1 − 0∑ j=−∞ |ψ̂(2^j ξ)|^2, for a.e. ξ ∈ H_α. (2.5)

Moreover,

D_ψ(ξ) = 1 − |ψ̂(2(ξ − π))|^2, for a.e. ξ ∈ [2π−^4_3 α, 2π−^2_3 α] = D_α. (2.6)

From this we can deduce that 0 ≤ D_ψ(ξ) ≤ 1 for a.e. ξ ∈ J_α, and, from (2.4), we conclude that D_ψ(ξ) = 1 a.e. on J_α. In particular, from (2.5) we see that ψ̂(ξ) = ψ̂(2oξ) = 0 a.e. on H_α, which is the desired result.

Thus, all we need is to establish (2.5) and (2.6). Observe that for almost every ξ ∈ H_α, 2^j (ξ + 2kπ) /∈ S_α if k ≠ 0 and j ≥ 1. This and (1.1) then give us D_ψ(ξ) = ∞∑ j=1 |ψ̂(2^j ξ)|^2 = 1 − 0∑ j=−∞ |ψ̂(2^jξ)|^2, for a.e. ξ ∈ H_α. This establishes equation (2.5). It is easily verified that, for almost every ξ ∈ D_α, 2^j(ξ + 2kπ) /∈ S_α if j ≥ 2, and 2(ξ + 2kπ) /∈ S_α if k > 0 or k < −1. Consequently, D_ψ(ξ) = |ψ̂(2ξ)|^2 + |ψ̂(2(ξ − 2π))|^2, for a.e. ξ ∈ D_α. (2.7) If we write (1.3) with ξ replaced by 2ξ, we have ∑ k∈Z |ψ̂(2(ξ + kπ))|^2 = 1, a.e. ξ ∈ R. When ξ ∈ D_α, only the terms associated with k = −2, −1, 0 do not necessarily vanish. Thus, this last equality becomes

|ψ̂(2ξ)|^2 + |ψ̂(2ξ − 2π)|^2 + |ψ̂(2ξ − 4π)|^2 = 1, for a.e. ξ ∈ D_α. This and (2.7) give us (2.6). □ We now begin the proof of theorem 2.1. Let us assume that ψ is an orthonormal wavelet with ψ̂ supported in S_α. From proposition 2.3 we now know that Supp ψ̂ ⊆ S_α − H_α. Equality (i) is a consequence of (1.1) since this equality reduces to b^2(ξ) + b^2(2ξ) = 1, for a.e. ξ ∈ [2π −^4_3 α, 2π −^2_3 α] (for the remaining j, 2^jξ lies outside the support of b). Consider the function on the left of (1.3) on the period interval (2π −^4_3 α, 4π −^4_3 α]. For ξ in this interval, ξ + 2kπ lies to the right of the support of ψ̂ when k ≥ 1, and to the left if k ≤ −3. Hence b^2(ξ − 4π) + b^2(ξ − 2π) + b^2(ξ) = 1, for a.e. ξ ∈ [2π −^4_3 α, 4π −^4_3 α]. (2.8) In the subinterval D_α, we also have b(ξ − 4π) = 0. Thus, equation (1.3) becomes b^2(ξ − 2π) + b^2(ξ) = 1, a.e. on D_α.

Letting η = ξ−2π, this coincides with equality (iii). On (2π−^2_3 α, 4π−^8_3 α), ξ−2π ∈ H_α and ξ − 4π ≤ −^8_3 α. Thus, b^2(ξ) = 1 for a.e. ξ ∈ [2π −^2_3 α, 4π −^8_3 α]. But this is equality (ii). When ξ ∈ (4π −^8_3 α, 4π −^4_3 α), ξ − 2π ∈ H_α and, thus, (2.8) becomes

b^2(ξ − 4π) + b^2(ξ) = 1, for a.e. ξ ∈ [4π −^8_3 α, 4π −^4_3 α]. (2.9)

By letting η =^1_2 ξ, we obtain that b^2(2(η − 2π)) + b^2(2η) = 1 for almost every η ∈ [2π −^4_3 α, 2π −^2_3 α]. Together with (i) (which has been already proved) this gives us b(η) = b(2(η−2π)) for a.e. η in this interval. Writing this in terms of ξ = 2(η−2π), we obtain (iv).

Finally, we must establish (v). For this purpose we consider (1.4) with j = 1: ∑ ℓ∈Z ψ̂(2(ξ + 2ℓπ)) ψ̂(ξ + 2ℓπ) = 0, for a.e. ξ ∈ R.

When ξ ∈ [2π −^4_3 α, 4π −^4_3 α], 2(ξ + 2ℓπ) lies outside the support of ψ̂ when ℓ < −1 and when ℓ > 0. Thus, the last equality has the form

ψ̂(ξ) ψ̂(2ξ) + ψ̂(ξ−2π) ψ̂(2(ξ−2π)) = 0, a.e. ξ ∈ [2π −^4_3 α, 4π −^4_3 α]. (2.10)

In particular, (2.10) shows that, for almost every ξ ∈ D_α ⊂ [2π −^4_3 α, 4π −^4_3 α], the two vectors (ψ̂(ξ), ψ̂(ξ − 2π)) and (ψ̂(2ξ), ψ̂(2(ξ − 2π)) are orthogonal to each other.

Equality (iii) of the theorem (which has been already proved) tells us that the first vector is normal for a.e. ξ ∈ D_α; equality (2.9) gives us the normality for the second vector. Hence, if ψ̂(ξ) = e^{ip(ξ)}b(ξ), we must have e^{iδ(ξ)}(e^{ip(ξ)}b(ξ), e^{ip(ξ−2π)}b(ξ − 2π)) = (−b(2(ξ − 2π))e^{−ip(2(ξ−2π))}, b(2ξ)e^{−ip(2ξ)}), a.e. ξ ∈ D_α, (2.11)

for an appropriate real valued measurable function δ. But (2.2) (b) tells us that b(2(ξ − 2π)) = b(ξ) a.e. on D_α, and (2.2) (a) tells us that b(ξ − 2π) = b(2ξ) a.e. on D_α. This allows us to rewrite (2.11) in the form [e^{iδ(ξ)}e^{ip(ξ)} + e^{−ip(2(ξ−2π))}] b(ξ) = 0, [e^{iδ(ξ)}e^{ip(ξ−2π)} − e^{−ip(2ξ)}] b(2ξ) = 0, for a.e. ξ ∈ D_α. It follows that e^{i[π+p(ξ)+p(2(ξ−2π))]} = e^{−iδ(ξ)}, for a.e. ξ ∈ D_α ∩ (Supp b), e^{i[p(ξ−2π)+p(2ξ)]} = e^{−iδ(ξ)}, for a.e. ξ ∈ D_α ∩ (^1_2 Supp b).

Hence, for almost every ξ ∈ D_α ∩ (Supp b) ∩ (^1_2 Supp b), p(ξ) + p(2(ξ − 2π)) − p(ξ − 2π) − p(2ξ) = (2n(ξ) + 1)π, for some integer-valued measurable function n. But this is the desired condition (v).

We now turn our attention to the converse and assume ψ satisfies the six conditions stated in the theorem. We will show that equalities (1.1) and (1.2) are satisfied. Though these characterize orthonormal wavelets, including the fact that ‖ψ‖_2 = 1, this last equality is an

inmediate consequence of the six conditions: 2π ∫ R |ψ|^2 = ∫ S_α |ψ̂|^2 =

∫_− 4_{3 α}

−^8_3 α

b^2 +

∫_− 2_{3 α}

−^4_3 α

b^2 + ∫ H_α 0 + ∫ D_α b^2 +

∫_{4π−} 8_{3 α}

2π−^2_3 α 1 + ∫_{4π−} 4_{3 α}

4π−^8_3 α

b^2.

Changing variables we can express the first, second and sixth terms as integrals over D_α giving us (by (iv), (iii) and (i)) 2π ∫ R |ψ|^2 =

∫_− 4_{3 α}

−^8_3 α

b^2(^ξ_2 + 2π) dξ +

∫_− 2_{3 α}

−^4_3 α

[1 − b^2(ξ + 2π)] dξ + ∫ D_α b^2(ξ) dξ + (2π − 2α) +

∫_{4π−} 4_{3 α}

4π−^8_3 α

[1 − b^2(^ξ_2 )] dξ = 2 ∫ D_α b^2 +^2_3 α − ∫ D_α b^2 + ∫ D_α b^2 + 2π − 2α +^4_3 α − 2 ∫ D_α b^2 = 2π.

We now show how to obtain (1.1). Let R(ξ) = ∑ j∈Z b^2(2^jξ),

which is a finite sum for every ξ. On I_α = (2π −^4_3 α, 4π −^8_3 α], R(ξ) = b^2(ξ) + b^2(2ξ) for almost every ξ. By (2.2) (a) this equals 1 almost everywhere on D_α. If ξ ∈ [2π −^2_3 α, 4π −^8_3 α], 2ξ lies to the right of S_α and b(ξ) = 1 almost everywhere by (ii). This shows that R(ξ) = 1 for almost every ξ ∈ I_α. Since (0, ∞) equals the disjoint union of 2^j I_α, j ∈ Z, and R(2^{jo} ξ) = R(ξ) for any j_o ∈ Z, it follows that R(ξ) = 1 for a.e. ξ > 0. To show that this equality holds for ξ < 0 we use the disjoint union (−∞, 0) = ⋃ j∈Z2^j[−^4_3 α, −^2_3 α). The rest of the argument is analogous to the one just given. Thus, (1.1) is established.

To obtain (1.2) we consider

U_ℓ(ξ) = ∞∑ j=0 ψ̂(2^jξ) ψ̂(2j (ξ + (2ℓ + 1)2π) , ℓ ∈ Z, which is a finite sum for every ξ ∈ R. We want to show that U_ℓ(ξ) = 0 almost everywhere. This is clearly true if ℓ ≥ 1 or ℓ ≤ −2 since in either case 2^j(ξ+(2ℓ+1)2π) lies outside S_α if 2^jξ ∈ Supp ψ̂. Thus, we only need to show that U_{−1}(ξ) = 0 = U_o(ξ) almost everywhere. The fact that U_o(ξ) = U_{−1}(ξ + 2π) reduces the problem to the study of U_{−1}(ξ). If ξ /∈ D_α each summand in the definition of U_{−1}(ξ) must be zero. For ξ ∈ D_α we have

U_{−1}(ξ) = ψ̂(ξ) ψ̂(ξ − 2π) + ψ̂(2ξ) ψ̂(2(ξ − 2π)) = b(ξ)b(2ξ)[e^{i{p(ξ)−p(ξ−2π)}} + e^{i{p(2ξ)−p(2(ξ−2π))}}], which is zero almost everywhere because of (v). This finishes the proof of the theorem. □ Theorem 2.1 provides several examples of orthonormal wavelets.

Example 1. Given ε such that 0 < ε ≤^1_3 α (0 < α ≤ π), we define b on D_α = [2π −^4_3 α, 2π −^2_3 α] by

b(ξ) = 0, if 2π −^4_3 α ≤ ξ < 2π − α − ε, sin π 4 (1 + ξ − 2π + α ε ), if 2π − α − ε ≤ ξ ≤ 2π − α + ε, 1, if 2π − α + ε < ξ < 2π −^2_3 α.

Extend b to S_α using (2.2) and consider that it is zero outside S_α. The function b is continuous and its graph is shown in figure 3.

Figure 3

Taking ψ̂(ξ) = e^{i ξ}2 b(ξ), theorem 2.1 tells us that ψ is an orthonormal wavelet. Computer graphs of Re ψ and Im ψ, for α = 1, ε =^1_3 are given in figure 4.

Figure 4

In a similar fashion, examples of wavelets whose Fourier transforms have a greater degree of smoothness can be obtained.

Example 2. Taking b = χ_{[2π−} 4_{3 α,2π−α]} on D_α, one of the wavelets produced by theorem 2.1 is given by ψ̂ = χ_K , where

K = [−^8_3 α, −2α]∪[−α, −^2_3 α]∪[2π−^4_3 α, 2π−α]∪[2π−^2_3 α, 4π−^8_3 α]∪[4π−2α, 4π−^4_3 α].

The graphs of this wavelet for α = π and its Fourier transform are given in figure 5.

Figure 5

Example 3. Taking b =^{1√}_2 χ_{Dα} , the absolute value of the Fourier transform of the wavelets ψ produced by theorem 2.1 is shown in figure 6. When α = π, |ψ̂| is constant and equal to^{1√}_2 on its support.

Figure 6

3 MRA and non-MRA wavelets

For the sake of completeness we define a multiresolution analysis (MRA), but assume that the reader is familiar with this concept and how it is used to construct wavelets.

A multiresolution analysis (MRA) consists of a sequence of closed subspaces V_j, j ∈ Z, of L^2(R) satisfying

V_j ⊂ V_{j+1}, j ∈ Z, (3.1) f ∈ V_j if and only if f(2(·)) ∈ V_{j+1}, (3.2) ⋂ j∈Z V_j = {0}, (3.3)

⋃ j∈Z V_j = L^2(R), (3.4)

There exists a φ ∈ V_o, such that {φ(· − k) : k ∈ Z} is an orthonormal basis for V_o. } (3.5)

The scaling function φ allows us to define the associated low-pass filter, m, by the equality φ̂(2ξ) = m(ξ)φ̂(ξ). (3.6) One can show that m is a 2π periodic function satisfying

|m(ξ)|^2 + |m(ξ + π)|^2 = 1, for a.e. ξ ∈ R. (3.7)

A wavelet ψ can then be constructed by the formula ψ̂(ξ) = e^{i ξ}2 m(^ξ_2 + π) φ̂(^ξ_2 ). (3.8)

It is easily seen that multiplying ψ̂(ξ) by e^{ip(ξ)}, with p(ξ) a 2π-periodic function, gives us another wavelet. Condition (v) of theorem 2.1 shows, at least for the wavelets considered there, that this class of factors is natural if we want to define the class of all wavelets associated with this MRA. In general, this periodicity is forced upon us by equation (1.2); a corresponding change of the scaling function will yield these other wavelets so that (3.8) holds for them as well.

If ψ is an orthonormal wavelet we let W_j be the closure of the span of the set {ψ_{j,k} : k ∈ Z}. The W_j’s form a mutually orthogonal sequence of closed subspaces of L^2(R). Let V_j be the orthogonal direct sum of the collection {W_ℓ : −∞ < ℓ < j}. Then {V_j : j ∈ Z} satisfy (3.1), (3.2), (3.3) and (3.4). If we can find a function φ such that (3.5) and (3.8) are verified we say that ψ is associated with this MRA or, simply, say that ψ is an MRA-wavelet.

It is natural to inquire whether all wavelets can be constructed in this way from an MRA. The example discovered by Journé, presented in the introduction, shows that this is not the case in general. It turns out that there is a simple characterization of the MRA-wavelets. This result, involving the function D_ψ(ξ) defined in the proof of proposition 2.3, was obtained independently (and with substantially different proofs) by G. Gripenberg ([Gri]) and one of us (see [Wan]):

Proposition 3.9 Suppose ψ is an orthonormal wavelet; then it is an MRA-wavelet if and only if D_ψ(ξ) = 1 almost everywhere.

In this section we obtain two results that are connected with the notions just described.

Theorem 3.10 If ψ is an orthonormal wavelet such that ψ̂ is supported in S_α = [−^8_3 α, 4π −^4_3 α], 0 < α ≤ π (or S̃_β = [−4π +^4_3 β,^8_3 β], 0 < β ≤ π), then ψ is an MRA-wavelet.

Proof : By proposition 3.9 it suffices to show D_ψ(ξ) = 1 a.e. for the wavelets ψ such that Supp ψ̂ ⊂ S_α. Since D_ψ is 2π-periodic we can restrict our attention to, say, the period interval [−^2_3 α, 2π −^2_3 α] = H_α ∪ D_α. By (2.6),

D_ψ(ξ) = 1 − |ψ̂(2(ξ − π))|^2 = 1 − b^2(2(ξ − π)), for a.e. ξ ∈ D_α. But for such ξ, 2(ξ − π) ∈ H_α. Thus, D_ψ(ξ) = 1 a.e. on D_α. By (2.5), D_ψ(ξ) = 1 − 0∑ j=−∞ |ψ̂(2^j ξ)|^2, for a.e. ξ ∈ H_α. But 2^jH_α ⊆ H_α if j ≤ 0. Thus D_ψ(ξ) = 1 − 0 = 1 for almost every ξ ∈ H_α. □ Next we show that if ψ is a wavelet that is not associated with an MRA, then, in the L^2-norm it is isolated from the MRA-wavelets. More precisely, Theorem 3.11 If {ψ^n : n = 1, 2, · · ·} is a sequence of MRA-wavelets converging in the L^2-norm to a wavelet ψ, then ψ must be an MRA-wavelet. Remark 6. By theorem 3.10 we see that there are sequences of MRA-wavelets that converge to a function ψ in L^2 (‖ψ‖_2 = 1) that is not a wavelet (see Remark 4 in section 2).

Proof : We begin by establishing (2.4) for any f ∈ L^2(R) when J = [0, 2π) : ∫_{2π} 0 D_f (ξ) dξ = 2π‖f‖^2. The following calculation shows this result: ∫_{2π} 0 D_f (ξ) dξ = ∫_{2π} 0 ∞∑ j=1 ∑ k∈Z |f̂(2^j(ξ + 2kπ)|^2dξ = ∞∑ j=1 ∫_∞ −∞ |f̂(2^j ξ)|^2dξ = ∞∑ j=1 2^{−j} ‖f̂‖^2 = 2π‖f‖^2.

Hence, ∫_{2π} 0 D_ψn_{−ψ}(ξ) dξ = 2π‖ψ^n − ψ‖^2 tends to zero as n tends to ∞. By Fatou’s lemma, lim_{n→∞} D_ψn_{−ψ}(ξ) = 0, for a.e. ξ ∈ [0, 2π]. For almost every ξ ∈ R, √ D_ψ(ξ) ≤ √ D_ψn_{−ψ}(ξ) + √ D_ψn (ξ) = √ D_ψn_{−ψ}(ξ) + 1. Taking liminf (as n → ∞), we deduce that √ D_ψ(ξ) ≤ 1. But

2π = 2π‖ψ‖^2 = ∫_{2π} 0 D_ψ(ξ) dξ ≤ ∫_{2π} 0 1 dξ = 2π. Hence, D_ψ(ξ) = 1 almost everywhere. Proposition 3.9 allows us to finish the proof of the theorem. □ This theorem is relevant to the problem of smoothing orthonormal wavelets if we combine it with the following result :

Theorem 3.12 ([Aus]) Suppose that ψ is an orthonormal wavelet that satisfies

|ψ̂| is continuous on R, and |ψ̂(ξ)| = O((1 + |ξ|)^{−α− 1}2 ) at ∞, for some α > 0.

(3.13)

Then, ψ is associated with an MRA.

We have given here a formulation of this result which has weaker hypotheses than the original result of P. Auscher. The more general result, proved in [Wan], was obtained after a conversation with P. Auscher.

Combining theorems 3.11 and 3.12 we deduce that it is impossible to obtain a wavelet with continuous Fourier transform if we try to enlarge a “little bit” the support of the Journé wavelet given in the introduction. More generally, we have the following

Corollary 3.14 If ψ is an orthonormal wavelet which is not associated with an MRA, then ψ cannot be approximated in L^2 by orthonormal wavelets that satisfy (3.13). In particular, it cannot be approximated by wavelets in the Schwartz class.

16 Smoothing Minimally Supported Frequency Wavelets : Part I

References

[Aus] P. Auscher. Solutions to two problems on wavelets. J. of Geometric Analysis, 5, (1995), 181-236.

[BSW] A. Bonami, F. Soria, G. Weiss. Band-limited wavelets. J. of Geometric Analysis, 3(6), (1993), pp 543-578.

[Coh] A. Cohen. Ondelettes, analyse multirésolutions et filters miroirs en quadrature.

Ann. Inst. H. Poincaré, Anal. non-linéaire. 7, (1990), pp 439-459.

[Dau] I. Daubechies. Ten lectures on wavelets. CBS-NSF Regional Conferences in Applied Mathematics, 61, SIAM, (1992).

[FW] X. Fang, X. Wang. Construction of minimally-supported-frequency wavelets.

[Gri] G. Gripenberg. A necessary and sufficient condition for the existence of a father wavelet. Studia Math., 114, (1995), 207-226.

[Han] B. Han. Some applications of projection operators in wavelets. Acta Mathematica Sinica, New Series, Vol 11, no 1, (1995), pp 105-112.

[HKLS] Y-H. Ha, H. Kang, J. Lee, J. Seo. Unimodular wavelets for L^2 and the Hardy space H^2. Michigan Math. J. 41, (1994), pp 723-736.

[Le1] P.G. Lemarié. Ondelettes et localisation exponential. J. Math. pures et appl., 67, (1988), pp 227-236.

[Le2] P.G. Lemarié. Existence de “fonction-père” pour les ondelettes à support compact.

C. R. Acad. Sci. Paris, T. 314, Serie I, (1992) pp 17-19.

[Le3] P.G. Lemarié. Sur l’existence des analyses multi-resolutions en théorie des ondelettes. Revista Matemática Iberoamericana, Vol. 8, No. 3, (1992), pp 457-474.

[LM] P.G. Lemarié, Y. Meyer. Ondelettes et bases Hilbertiennes. Revista Matemática Iberoamericana, Vol. 2, (1986), pp 1-18.

[Mey] Y. Meyer. Ondelettes et opérateurs. Hermann, (1990).

[Wan] X. Wang. The study of wavelets from the properties of their Fourier transforms.

Ph. D. Thesis, Washington University, (1995).

Current address :

Department of Mathematics Washington University St. Louis, MO 63130

Permanent address of E. Hernández : Matemáticas Universidad Autónoma de Madrid 28049, Madrid (SPAIN)

e-mail: E. Hernández: ehernan@math.wustl.edu ehernan@ccuam3.sdi.uam.es X. Wang: xihua@math.wustl.edu G. Weiss: guido@math.wustl.edu