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1.A. Let (X,]| ||) be a normed vector space. Show the following:
) [l = Myl < [l =yl (i) || I X = R is continuous.

1.B. Show that if {v,}22, is a Cauchy sequence in a normed vector space (X, || ||), there

1
exists a subsequence {v,, }o2; such that [[v,,,, — vn, || < o k=1,2,3,...

b
2.A. Observe that if a,b > 0, then Vab < a;_ )

(a) Show that if z;,y; € R,7 = 1,...,n, then the following Cauchy-Schwarz inequality holds:

n n 1/2 n 1/2
Z%‘yi < (Z \xz’Q) (Z ’yi|2>
i=1 =1 i=1

n n 12 12
(Hint: Let A = Z |z;]* and B = Z lys|*. Use the observation with —|sz1| and _\y;1| )
i=1 i=1

(b) If x = (21, ...,x,) € R" show that

n 1/2
22 == (Z \sz'|2>
i=1

1S a norm.

2.B. Show that if X is a closed subspace or a Banach space (B, || ||), then (B, || ||) is also a
Banach space.

2.C. Prove that (L*(X), || ||«) is a Banach space.

2.D. Let 1 < p < ¢ < co. Show that if f(z) = 79 (x), then f € LP(R,dz), but
f ¢ LYR,dz).

2.E. Let 1 < p < g < oo. Show that if g(z) = x_l/pX[Loo(x), then g € LY(R,dx), but
g ¢ LP(R, dz).

2.F. Let 1 <p<g<ooand z=(x;)2,.
(1) If ||=||, = 1, show that ||z||, < 1.
(2) Show that if x € ¢7, then |z||, < ||=||, (This shows that ¢ C ¢9.)

3.A. Let (X1, ]| |l1) and (Xa, || ||2) be two normed vector spaces. Let B(X1, Xs) be the set
of all linear bounded operators from X; into X,. The set B(X7, X5) is a vector spaces with the
operations (17 + T»)(z) = Ti(z) + Ta(x) and (aT')(z) = a(T(x)). For T' € B(X1, X5) define

T(x
HT”op = sup || ( )H2
wr0zex: ||

Show that || ||,, is a norm in the vector space B(X7, Xs).



4.A. Show that in a pre-Hilbert space, the map (z,y) — (z,y) is continuous, that is if
lim,, .o z, = 2 and lim,_, ¥y, = ¥y, then

lim (z,, y,) = (z,y).

n—oo

4.B. Show that C([0, 1]) is not a Hilbert space with the inner product given by

1
() = [ ra)g@ds.
0
Hint: Consider the sequence
fu(@) = /(e = 1/2)x @ 141(2) + X141 ().
4.C. Let (H,(, )) be a Hilbert space. Let B = {e,}>°; be an orthonormal system in H.

Show that the following two conditions are equivalent:
(i) B is a basis for H.

oo

(ii) (Parseval’s identity) For all z,y € H, (z,y) = Z(z, en) (Y, en).

n=1
(Hint: Use Theorem 4.7 from class notes.)
4.D. Show that in L*([a, b]) the set
1 n
{en(z) = —=e>™7% :n € 7}, (T'=b—a),

3

is an orthornormal system with the inner product given by
b —
(r.9)= [ f@igos.

5.A. Prove that if {y, }°°, satisfies l}m llyn — y|| = 0, then lim ||y.|| = ||yl
nitooo n—oo

5.B. Assume that B = {z,}>°, is a basis for a Banach space (B, || ||). Show that for every
sequence of scalars {a,,}22; and all positive integers m,n such that m > n, it holds

m n
E ApTy E ApTy
k=1 k=1

where K, denotes the basis constant given in definition 5.5

< K,

Y

5.C. (Sum basis in ¢y) Let C = {6, }22, be the canonical basis of (¢, || ||«). Define
fn::51+<52+~-+5n, n € N.
Show that S := {f,,}°%, is a basis for (co, || ||e). Find its basis constant.

(Hint: Show that for z = {2,}°2, € ¢, 2 = Z<Z” — Znt1) fn With convergence in || ||o.)

n=1



5.D. (Difference basis in (') Let C = {4,,}°°, be the canonical basis of £!. Define
T =0 Tp=0,—0p1, Nn=23, ...

Show that D := {x,}°2, is a monotone basis of (€1, ||1).
(Hint: Start showing that for {b,}*, scalars, then

M M
anxn :Zlbn_bn+1|+|bM|7
n=1 1 n=1

and use Proposition 5.9.)

6.A. Assume that B = {z,}>°, is a basis for a Banach space (B, || ||). Show that the
following are equivalent:

1. B is unconditional

2. There exists K,1 < K < oo, such that for all N € N

N N
D entntn|| S K| ananl|
k=1 k=1

for all scalars aq,...,ay and all ¢, = £1 foralln =1,2,..., N.

3. There exists K,1 < K < oo, such that for all N € N

N N
E /Bnanxn E anxn
k=1 k=1

for all scalars ay,...,ay and all 8, =0or 1 foralln=1,2,...,N.

<K

)

6.B. Show that C = {0,,}22, is an unconditional basis of (cy, || ||~ ) and find is unconditional
constant K, (C).

6.C. Show that an orthonormal basis B = {e,}>°, in a Hilbert spaces (H, (,))) is uncondi-
tional and find its unconditional constant K, (B).

N 1
7.A. Define Sy f(z) = Z f(k)eQ“ikx, x € R. Prove that Sy f(z) = / f(t)Dy(z — t)dt,
k=—N 0

where N

i 2N+1 ift=0
DN(t) = Z 62 kt — { sin(?N—i—l)wt lft# 0 }7
k=—N sin 7t
is called the Dirichlet kernel.
| Nl
7.B. Recall that the Fejér kernel is defined as Fix(t) = N Z Dy (t), where Dy (t) is the

k=0

Dirichlet kernel of problem 7.A. Show that the Fejér kernel is given by

1 /sinTtNt\2
) R ifteR\Z
FN(t)_{ N iftez |



7.C. Show that for every 0 < § < 3, lim |Fn(t)|dt = 0, where Fix(t) is the Dirichlet
N—oo 5<|t|S%
kernel of exercise 7.B.

7.D. Show that the Fourier series does not converge for all functions in (C(T), || ||~), that
is, show that there exists f € C(T) such that imy_,o || SN f — flleo # 0.

8.A. Show that for 1 < p < oo, and n = 27 + k, ||h,||, = 277/7, where h,, denotes the Haar
function.

8.B. Write xo,1/4) and X[1/2,3/4) as linear combination of elements of the Haar system.

8.C. Show that if x,y € R,x > 0,y > 0, and for all 1 < p < o0,
(+y)P <2772 + 7).

9p=1 (27 + 1)
(x+ 1)
8.D. Show that for p = 2, the set #® = {AP}>  is and orthonormal system of L([0, 1]).

(Hint: Show that ¢(x) = >1,2>0.)

8E.Forn=2+kj=0,1,2....k=1,2,...,2, define p,(z) = 2j+1/ hy,(t)dt, where
0
h,, denote the Haar functions. Show that
2 — (2k-2) if 2212+12 <z < 22§+1

on(z) = =27 o + 2k if 21 <o <2 S,
0 otherwise

9.A. For ¢y € L*(R) define 9, (x) = 2/%(27x — k),j,k € Z. Show that for all j, k €
Z, [l = lle]l2-

9.B. Show that if ¢ : R — C has a radial decreasing L'-majorant (RDM), then g €
LP(R), 1 <p < o0.

9.C. Let 8 = {8} rez where B;, = 1 for a finite number of indices and f;; = 0 for the
rest. For f € LP(R), define

Taf = Z Z Biwfr Vi) Vjks

JET kez

where the functions v, ;, are defined in 9.A. Writing (f,;x) as an integral and interchanging
the sum and the integral, show that

(Taf)(x /Kﬂ z,y)f(y)dy

where

=S Btia@) ).

JET keZ



