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4 Livear Operators on Nore Veaor Seaces

Lekb (X.!) i “1_) @A Cx.z, i “2,\ be two nNnorme A vediore

5'7400) evee F. A oo TV X "'"Xa_ I a Anear opera -
bor f for every X, 9 €X, amd every <, B_elF
Tlof X vB-¥ ) st TG + ATy
The seb o,f. Ronaae oPoza/l‘owA ?@m Xi e Xo be damolect
bb L (X, X2).
—

Deg 4.4 Leb (X, Ie) ama (X,, (1 ) be Swo noenest
vedor Spates OVer (F a@na T’és{’()(_(_,xz) The Inorevn
@_ﬁ T to d@-f—{}t& by
N> M
ez B0 LR ataF
ks x%oﬁﬁ-x IR0 4
Tha oFoza)rorL T 0> potA bo be_boonded cf NITii<oo
The sekoff bounckt OFc?dww feora Xt ante Xo weel ke chmobect
b«.{s ﬁ(xi/ ><2,) . ‘
{
Rom +ha ab.f&»k‘h—on/ _}Poya every Xe X_U (T = %%f
T, € NTI %y (4.1)
amd (TN = 0nf { €0 /I T, < CUXN ).
He X, x#0
Ny = 5UP DTy, (4.2)

)il =4

EN&&J( AaA The Sel.‘ﬁ(x_t,x;_) Co a Uethse SPau wtf‘)
the opazakons T; +T, 602 TL00 +G (%) and o TIo0) 2L TOO

Showr that | 1) 2 6 hoze O jé(xl,x,_),
S/ Cee“"'q’:} ”T“?-'Oeg T"O/ NThH=0. Moreoven
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of UTH=0, by definkon, Txi,z0 frx ol XX,
X#£0, Hena TO0) =0 for el Xe Xy |
The F“’PMD Bol T =(LIITI fn LelF Do Ko ase

feam Def 4.4,
leb Ty, T, € B0, X2) . Them , by (4.1)

WTTol) = sop HTU T (], < sop (T,
27691, P( 1(3)IIZ+HE(§,)Q)

Wyl =1 Hylty
< sup “7113)”2'!' SuF H‘T}_tt,)l( SUTZU AT
“D”f’— iyl =1

A Brwas operaton T Ef(X, %) b ortinueovs ab X €%
if Vero, thee extshs S=8c&) 0 sodn Akt f lix-~Xgll <3
thoa T 00 TN s g TELOAL X)) b eordepnoos Cn Xy
L o Cn arluspos i eueny X eX, .

Theomm 4.2, TeL (X, X,), (X, W) anck (X, 0 H,)
honred vedkon Spaes . TFhe Fo.Uowepé ondi oS e %BJA\UM

(&) T ln Jooondack

(b) T on lgi=trrovs

ly T tn tathuous ah ore podt of X

P/ (ay (b By (wid of X yeXy, NTe)-Tipll, < iiml ¥ =yt
Henee , cf €50 , Choose S S , to wondu thet of /Jx-}jul«ﬁ
bhon (1 To0-Trgll, 211TW %T,, =&,

(b)Y = (¢y Truwel

(c) = (a) SOPPM that T & lonkhucss ab Xo X, . on
@itk €22 , thew excsts 5 >0 sacn Aheh of Ixi,gd,
Khan N Tt -TOI< 1. S0ne T 0o Linean, we haw




ll?’(x)\\zsi W henn HxILS(S- Howa, ¢f f1yli=4, Lk
%24y sothak (Ixl =, we dudude [IT 00, 4 &>
NT @Y, < 1 2 NTEI, < . By (2

T = sup Ty, < 4.,
(hghy = 1 g

lohch phows thek T Ca bovnded . AED.
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Theorem 4.3 Lok (X, ] ”1) be « Nogmed edtox spoce amcl

(B, i 1l,) be a Banad space . The spac B (X, B) of boundect

Mmmoperco)roms Peorn X 0o B e (4 & Bancon space. .

p/ [k .{Tn}nj be a fo.u.d\.j Segooni n ﬁ(XJ B) .
xéx} amd n,me N, (4.4) glves
(| 7,60 —z;(x)(L:Il CI‘,,-T,,\)coﬂ2 £ T -Teall hxil - (4. 3)

Senw Ty -Till =20 e nym o0, s Craplies that for

[r =]
edch Xéx) ‘(Tn(")}h.zl tn a C’a.u,d“j %U@«n& Ch |Ba SChce
(IB, 1) llz_) o & Bancch spoca, thuze &x(shk 5 ¢ MB sSoch thet

L TR )=y . Defone TeX—=>IB by Tx=yzWm Tnc.

N0 N=>ad
Fxerwse 4.8 Prove dhet T Co Mlreast

s/ If Touy=Rwm Thixg) amek TX) =  Th %)
NS0 NS0

nN- o

T +%, ) = mw Th %) = v TR %) +Th %) = TI%)+T(%)
N9 oo

ScrlRandy , Cf ok &fF amdk TX '>:KQ-’>”\2 T (%), them

T = L Tp (X)) = & A Ta ()= A T(X) &
N2« N-

We recd bo prove thed T Do bovndadd. Stne {T7 }r:;' ¢
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Camchy Gn B (X, B) , bhare exisbs NEMN nuch Mhat HT,-Thllgd
for all b, to 2N« From (H.3), T, Go -Trooll, hxily  for
Ol xeX . Taklng the Uit when N 200 amek srecalling.
Haak I 1), 2o wrktnuoos (Ex £.4.4), we obbtaxn

I} Too -Tmoot\zé hxfl, ¥xeX ama atl mzA Hem (o_

[\ Too (1 £ NT 60 - Tigool) + 1] Ty [ € (4 + DTN (ixdl

bohoeh shows thet
HTH £ 4+ TRl <00 .
Tk semoins ko prove Ahet v To =T ca (Bx, B), ) 11).

D =200

lek £50. Stre 4Take O Lanchy On (B(X,B), (I 1), thenz
exists N =N e soch et T -Thllgg when n,m2NJ.

Brom (4.3), fon eveny weX,
H T (0 —Tmmi\zé ey,
Taketng Ldwibs when h oo (raceel thak |l (I, 0 rkiwoos)
[} Too - Trooll, € ety

ﬁyzw x&X eand all mE2N - Menca

“T‘TMH - xg:l:; ”G"-Tm)(x)“-: < g Wz Arce)
X#£O UXHZ -
Thio nhowes Hhe swowlkh . a.e.b.
Def 4.4.
' Lets (Xj i) be a vwewmed vector sSpa sver .

The dual gpace of X , dsnokecl by X*, Lo tha ek ﬁ(x, IF) of
all boon dud Alne ar R\n\o‘koh@% Df X .

TP xte X' BOGE), ©
}‘X+l"¥= Sop M = sup f)(‘f*d)(

xgpo HIxH, Nuifi=4
S 98
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males X' Ok o nommed vedkor Spa (Bx. 4. A) whith &

a. Banach spaw by Thm 4.3 scree (K 1 1) Lo a Bamech
SPam.

Glven . Nazmed Spak (R, 1)), tha & very vseful to
Lounkify obs dual X7 This queshion 0o sohed tn the
Cav of th Spotn LP(x), 1gpcss, whon (X M, )
ba e @~ %‘wﬁlc N2 SOVS Space -

leb 4<p<oo, ameh ge L3(x) , whene %+ bio=d.

De foes = —
,t?g(f) =J; f(x>g(x) Apcx) fe LP(X) (&-4)

Execwre 4. C Shouvs Ahoh /%é (1Pe0) - B (LP0, IF)

8/ The maf> £ o Ainear by tha Mraanty of He
.Ch/‘.tﬁ\rﬁze . To prow Ahck on boonarnd, Lt _fie LPrx),
Nglp =14 . By HoRoens Cregoeilty

L?g(f)! éj; ,f(x)llé(x)'éyk(x) < H:?I)P Héuq_;u?u?
Hanee, by &-2), N&gll, € lighq <o -

Tdackifyirg G woth Ly, b Shows Ahak L0 ey f
An .m'mPunl-a.va;@oAdl‘S cn  FLnckeone Aﬂdvl/fo Lo the Faaocpc_‘bé
Thm 4.5 ( Dually f:.vc Ltbeééwc SIDaJo.A}

LA |\ &P <oo and R k. (X, M ) be o Tl

Meesvre SPa « There

WPyt = Lx)
D the faglowcrg sonce . Forc every L & P )6, thanm &5 @
oisgu g€ LI(R) puoh xhak
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Lf) =fx Po0de0 dpuesy , £
Moveowut

MH*: gl g

Tha non —buivial prove of this raprelt aten tha Radon —Nykookin
bheorem , Which segotens thek (X, W) beaT = Ok mecaor
Spaa.

theorem 4.5 shiows Ahat (LHxY =L(X) . However
L2yt wortodns LX), bob b 2o Langez.

Rropostiécon 4.¢ Lk (X, I 1) be a honmed vetor spe o (F
Derote by B +he losed Urak balt of th Bamach spote ¢S 1 Hy)
Fore eveny Xe X, |
xlzsop Ix0ul
- t ]
X% B,
¢

Thene iz, e taep forr x=X, tha taep Fro s X IF given
by f, (xN=xX0) G o boondad Sirear Pamckeonal tn X 7icth

I ¥« HGP:INH ,

'/ Bg) a C\D\m/uﬂ’vj of th Hahe -Bonach Theovram ( see Coral any
to Theowom 2-3 €n Rudith’s Boock ( Foncteonet Analyswo),
thew excsh 5*6 ‘3: st Ahak 3"()0: (s . Tﬁmfon—c

6u,>» | x*ool 2 lﬂ"(xu =%
¥

+ -
Ohmowiﬁ“’*‘d/ for. every x%e G, , 1;“><[|‘:35:;>( lx*’b)%, 1"
+
z _‘?i‘_,{_&_' 2 (XPO0) Sy frr el x¥€ B . Then
| %1}

Sop Ixtoo| X xif, -
xveB;
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4 4 Mars Toeorems OF FUNC(‘IONAL ArnsaLys('s
Si{—hz Ha-(wn - Ba.rr\c_ch “r{«w«m)

L A4 (Nozied Spoca vers(on o

Lek 4 be a boondad Lonear fun
4 rermeNEae (%, (1) Tran, thana &2
thet lIxi=linth @ and X Iy '*/

,_.OM The Hoahn-Bameach Thewvem doer nob talhé Ghort
NotCw

oquucmmd He extenxan (onless V & dank 0n X ).
+hak Y oaeed ol be closcch.

heonel on & subsatr Y of
xte X " soch

4.4.2 (5€Pm4/ﬁ—"on of polnts freom Ao ve A Suhs'-\am) e
Lok Y be a clokd fobsPa.u.afcthwzm I\_éb atea (X, 11 11). Soppose
+that X€ X <Y o Tham thare exists X 6)( soch Aot

Ix*h=4, )tz = onf 4 lx- yh 56\/} wadt X (t))—o ‘V‘ysy.

——————

Corollowy 4.4.3. leb (X, (111) ve a rozmed vedhen Spata G A
)xe)(/ 20 » Thene exisls X *e XYt soch thek [IxS)i=d dneA

Koy =M% .

P/ Choose Y=z{03 = dmd apply 4.4.2.

Corollany 4.4. 4. Lek (X, Il 1) be a hormed Uechoz sPau. E23

every XeX we have Hxi = sUP I x*cs>| , Whaas 8/ =
XéBi

o x*eB s XU, <L}

The PWO)CCO gN\en O BwPo&C(xon 4. €.

Ahﬂap i (X gy —=>(Y, %) “'(“\DPoquat_\dSPd._M—(ao_ﬁ)
0l for all V€ E, .f(we%’z , The map P00 @rdumoos ih X
Ef @on atd Vel £l ={xeX: foneO} € Xy .
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4.4.5 (The open Mappdry, Ltheovem )

Lek (%, (111L) ama (Y, (1H,) be Bamach spaws el T:XY
“boondad Sesn o};m&hﬂ.

() If Bglo;yy=fyeys Nyl<i}e T( B,tejx)) fore

some 020, than T o0 an open Map ,_

@ Ef oo ondo, the hypothasns Cn () dhods. Thak oo, evary

boondsd Llezan eFo—Lai'WL Brorn o Banach space onkts

a Bamach spate Lz opem

&Omﬂdma 4.4.6. let X, Y be Bamach sSpatn Gn T o
(onknmoys Drean opezatvr Brom X onde Y that oo clio
P_'\%.{i‘b oz . Then T'_lt Y— X &» a tophkCrhnean lreon oPe,zaAuaz__J

?/ Jost o bseve that~ T—iz \/—9)((04«4-:.}\“@5 L\:fa.m,o( ot_.?,y gf T
TX—=>Y O» open

_l;.i.c. (Qhored ﬁvc-ph theorem )
let &, Y be Bamach Spats - Sopperx that
bhadks of AXn}CX Schdfas Do Xn=XE R 312532 5% )

N=2uo

exists tn Y, Ok fallows thak Y=Tx o Than TeBXY) t.e.
T-X =Y 0o tonACrwooS v |

T e (X, Y) soch

447 (UM‘{MW\ bow dedrens P:&Cm»?‘;ez) m——
Let~ £ T;,. }b"é(’ be a fami.mj of boondsd Lirean Oj)eza)h)m frovo o
Bamadh spete (X (1 Ily) 0o o nozmed oz SPabe (Ys Wy )

Soppowx. Sop [ Toxll, <0 n Xe X. s
S g2p Il 0 o e X. Tho 1 W

4.4.9 { Baadn - Slednhawy theorem J . .

Lek (Th ),:‘ be a SegLemcw of londruaos M rean operatvz from ‘
(%, 11l Banach ondo (Y, 11lh) hoamed 4.6 T 0= Thot) ‘
fx_&;és Gr ol ¥ eX. Thon T 0o nbhvaws (and binean




