4. 4"

1. Bases I Bawac Spaces

A 4. Banadh Spawn: e frisdCons  amd forgst resulhs

We wank ko exlend e notton of « bases of a Pindle -dirensnal
Ve ko Spoa o In & vecton spac Qf dlmanson O, & basan J'é
o a whe kon af n ,Q\Nm!j Cno(n_Fndmvh echoron S Jéz{?_(,.., €n)
N

GJIQ,Q.Cn&.Lf Zﬂcetf:o (Age@) = Ap=o K4, .. N
Gzt

In o WSPG.GL UH/ <,>)) & (allichon -{QO_}:;‘ & an

preAhonorzmael /)t.y‘skh(\ Cf £Ch, > = é’n,m ?@t all o,m e /N . Thoo
ollekon pvo PORXA ko be o ba s y (,‘{ SPrun u{ en),::, = (4

We sreccel *het ‘f -{Qh}::a 6 @n orthonozmel ba s O:C HA,
then %L ey =X & B
oo

x = 2. <% €DCy
n=1

TV e N zupmse.w{”dr-on cf X Gn G O\fi‘rv:(( som On Amgle
This weed be ooz Mol Porx Hhe defiribon of = basr tn «

Banadh space .

A vedoz space [B over o Fekd [F=1l cc @ 65 0 s5eb wibh
a0 l?r\kah_d orma—kﬁm <+ Bx(B —> B sich oot

1) le,;je M, X+3:4{)+x’(cmmm§<)

1) F% Yy, 2¢B, &+y)ra= xXr(yrz) (Assooatuc )
25 d 0cBo.b. X%+0=xX Uxs B

L) For eveny % & B thene exisébn -Xe B o.6. X+(-X)=0
and  om extened oF.e,zax\zoh « ' FxB = (B ».L.

$) VAclF, Mx,ge B, A(X+y)=ix +Aq4

£) Vxel®, 4.x=x




1.2

Def 4.4.4, A hown In a veckor spoc B 05 o map
[ s B — R7D40)

Aada Ahct
1) [Ixlj=0 &> X =0

2) axll = 1Ak for all K¢ IF, x<B
3 (TrCGn*ﬁ-Qe 'CMg‘Iucz,U{v) ’ ‘v‘x,ﬁ (S ”3/ /J><+<9!J$H><U+H'3H.

" In.a hokmed vednr SPow (B, (1 1) e tep o< B x B - IR0{c}
Gaem by A% Y)Y = (X -y ) hes the Bollowlng preopecdies
1) dix, 4)=0 &> K=y Vx,4yeB 7 ) ’ D,
( follows fuotn 1) of Def 4,4.1)
2y doyud=8Y,x> Yy e®
(Followss Pwm &) of Def L.4.1)
3) doyy) £ Ay 2) +A(2, %) Py, 26 B (trlengls Maguekly
P/ Alx 9) < 1x-y i <l (x~sz-)+(z»~31l} s'()x—gu + () z—fjl(
cdix,21¢4@, 9> by 3) of Def g.1-4.

In o termed vedhoe spaw (B, ) 1) tw Kopen) beld of
vadoiuwy 20 kel ek XAe B Lo
B o= {8eB: dixp<e} ={yeB: fIx-gli<e },
The ©lledon B0 i xcB, r20) B0 a bexd (o a topobeagy
th By The ofen seks ow de Ulons of (Genn ) balls




1.3

Exerase 4.4 A . (JB, M 0) nozmed vedtor SpacL

€) Show Ahck Mxye B, [lixii=iiyii| < (1x-41t

b) Show khek )2 B =M ™ wrkinnco S
S/ ay To prowe =%=g WV £ >l =iyl £ /% -yl
e X2l -y 490 2 Ux=-yl§ 2lyly = [UxH-0yl) < -4
- njnzn Y= +nf) £ Ny-xl +iixy = =lRA=-yl S /i) -liy)
b)Y ~ [bsenw thek R & g Nommed vedor spaa Wbk
hotta aben by @bsolt value . Therefore, 0tCoa tope-
Jbzyla./( oy s 6o e e can telle chovt cortmenly .

Given €30 4 lix-yli<se, “ham by @) [lxi-ligh] s&.

§ %y 3o, o @lld o Chudhy seguarce of ¥ &30 thene

exisln N=NG®EIN Ak for @ nm 2 N,

“><{)‘XM “ <é

We Say Ahat & Segogmcm '(Xh_}n:_ 0N & hozmeA  Uedose
S\?a& &Ol\\fma‘bg {;e X & @/ and wrebe '/(w:g )(n = X x,',f

Fyz ey £50, Hhaw ety NNEY &N o 4. for all NZN,

I ,-%Nh<&£.

‘_in 4£.4.3

@) Anoem |l Il & a wekn spae B 0o clled Compleke
AV Conch SeqLenA2 (.or\\m’zﬁ:eo(:b an ehment af B

by A vedur spes B oxh Whmm 0o called
a Beneoh space




1.4

leb S be a szt contaired In a Neemed Spac EB, W

oz “ “ 5\05&30{‘@0& 5LA]BL¥%¢Q\(@7;§M
eoply opon seb W 0 B, Snw # 2

- -—

Theowetn 4 .4.4 (Bowe's Hheoret )

(b @B, 11 U) be @ Banoch spoa . The tndezseckon of
everyy loorteble tollathbn of dunse open sobsts of B a@s
dons< On 1B,

P/ Lek {V }n‘ beawowﬂb%dtonzfdenxolmm&k{B
L&\: S = f)\/ Ld;Wbaé-‘ng m\mffgoj*q\MLan \\j~e

n=t

}xim*o/)i«oﬁmfhd‘ SPW A L
Stne ¥, o donse & B, by Afnben WAV # g S

VL & A V\)dﬂﬂ-oj;zﬁ\, V_L/)N O o « We Cémn @N& XLQWD\/L
Grdh 64 <4 M thaeX 'BQ(XQ < Vynw (4.18)

SopPe»c tack Br N22 Loc Max foor-k g, --, X, M-y GmdA

Vo,-0s hr uod'hotg<3—7 2 BU, ) < \,/j N ij_f*a-a3 ,J:?, - n-4

Scou Vin oo JamSe T\ I'B} Va 0 B,,M(x,,_,_s -?‘-% @nd ofx_\y\ .
We cem ZraA X, €\, N B, (%oe) @wid ® < Vi< % Soeh Ehak

‘BY:; (%nd) < Va D B(’nd‘(xh—i) (4.2)

Obs ovc. AFeh the bals 'qu(&.n) Gz rasted ¢ E..h(xn) <

B(,‘;_&'(g.\—g_‘) PrL,2 . - ‘ﬁwruﬁang/ we Shorve foond o tegLona
oo o -

Aon) , P=ch thet cf £00

X, € vac_f)‘cﬂ < B )  ama %68‘} (.)€ B, () (1-3)



Al -

Hence A (g, %) =(I%3-%, 11 € N%C=Xall ¥ %=X 1] < ¥, + ¥,
=20, € ZA . Theo shoss that { %o} oo Counchy Segvona
Cn (B, 1 1) . Stnee (1B, (1 1) Co tomplaty, Fhere excsts
Xe® nudn Mehk oo x - ..

Ao

Let nehy., Foz Ton, X € B,,’-,, X)) by (4.3).

- S0nw ;!::; Xo =%, and B (x> A2 hoid

,xelgm(,‘h-y., (_?’3' (1.2)/ X &V -

e

\UCHn nhij xe Bv (%) . By (4.0, xeW .
Fan . xe(ﬂ\’o)/)v\A 50\/ G~ AR Snw—%-ﬁ Qo

7

[Bse @ Seqoenca {%}p‘:‘i Cn a Nozmed vccf:z.sya.u_ (0B, hv)
the PML\G/Q sens of the formor sSeves 2 %p am= RefRna X

N=T)
@ 0
Snriz 2 %
lezy,

’De_f 5.4, S. -6)40 n=t se_é’uencx N < I\MN\Q&K vecket sPa.uL
(B/ ). We Sa.b Ahck the Seues fo\ a:r\v-o—;?,,,&-b X <B
cf Ms~x--r-f+h\0&w+‘~&(¢.\c we wrle

N0
5y <%

A=\




1.6

Def 4.4.6 A savis J Xy of elenanks of of a nezredt

n=x) Y=

Yellor SFGAQ_ (rB/ (L ) tn %Sqwj (ﬁ\mﬁhfb D{' hZz:_HYnU<°Q
( thok o, tha Seres cjf;&zoq Nupedbers O lENvergent Tn R)

T"\eorem 4.4.7, (CWW odewan wtth Se<ie~N)  —
Lk (B, 1 (1) be a NozinedA vectox Spa . The ﬁ}QﬂowCaxé

éhl-agmﬁvuxewk
(&) (B, I V) On o Banech spa
(b) Brery ohbsoluldy wnvergent seven bn B @nrveges
to an lawert ol B .

P/ (o) = (b) Soppese thet (B, I111) 0s o Bamech space
ZX..) tn B Ssouch Hh et

NI

Gnd @nrsdan a Sezles

o i
D I¥n)y < o0 (4 4)

n=t
N oL

et 5, = D Xn ‘J.z‘l"‘l,:ciﬂ_;!ri‘cﬂ Somscf{—lusa@kzxk,
le 2y =

.y =
We WG‘)\/\T = 5hoin> *"\6)0 .{Sh.}h:-_| Lo a C)Ctu..f_h:) k?ucr\_m Dy\

-~

B. for £20, Siha evew Con‘\)cza-;m)(\ seguenst On IR T

QR Couchy Leguem 2 Cn R, these exisis N =NEYe N T

)
T I%l) < £ V m>nait (J.5)
Ws=nt 2
’lhm%m/ bf msn >N y b» Lhe fﬂﬁﬁnsﬂxt&quc}xh
M )
bs, <Gl = | I Xw || € Zh%al <&

ken+t kznt!
w

Thin nhows theh {fn }nz\ G CmLK:) Seguenu Dn(lBj ().
Sonee. (B, 1 1) 0o totnplate thane exiss X< (B A\ Ahak



Ly S =X . By Definiken 445, 2 Xp =X o0 B

N0 h=i

(b) D(K) SbPPwe Ahet (lBJ Hi) _yx_o_{,: cm\P,Q_g)ce . Wwe

[ =]

w2l wrstrod a A;Cuz_ﬂ.?a‘\ Serue W, n B woch Vo
)

a)oso,hbl‘dzj (ol\\rcrzg—.nfb i

St ()B} (1) o ot wmlﬂ,dz/ Hheza exist @ ;;?uemso_
SEVA Yo 00 B which w a Camchy Lguanir , bot dees hot
Cbﬂub"?é -‘~\> an d@mel\i‘ Df 'B,

h=

Bxezwse 1.4.13 If -{Vh}h: 0 a Ca.u»d\b Seguem Con
@ noted Vedor spate (1B, I 1) , thew exdsio o Sobsguena

oo
\ P v i =
4 Nis }kz‘ ek . Dlets V“K“ <°<2k s k=4,2,3, .-

P/ SCnw {Vn}n: o & Ccu-:c)\b Sequande Un aB, 1), fore

£-4, thew extsth N &N p.k,

(Vo - Vil 4 ¥ N2y (4.8:4)
Forn £2 %, choose Ny € IN AL, 1y >Ny andl
uv,,z-vnnseg Vnzn, (4..8.2)

By LB , 1V~ Vo Il £4 sthie nyang .

SUPP_OX e Mhae choosen Vor, Vaz. - Vm< Noch hek Ny <N, <

/

RS T A L _52/2 , R=1,2, , k-4, and )
= e il _n ; -~ 4 .~ a

' )

||vn _yh I 5,02-—; @ h20g (1.3.3)

(RN .

Fen £:= A chovse Npy €IN A L. Dy, > D @k

Jk*i 2
4,
IWn,; Vn I = ks ¥n = nk-u,

By (4.8.3) , s0nwe Nipy 2Py

1.7




1.9

= S Q ED
h V"l< V”K-u..“ s.zk -
Vs,
Defire Yge=V.. -V,
)& ke nl<+1 M / <1
l<=1, 2,3, .. By y \/”5
Exezise 4.4. B 2 <y <¢V"A
2 VR
%

2= oo
é_\ 1% = Z"V“m Sl

Z 5/;<~2<°0

k=t
Hena , tha Seizs Z 0> absalotely bonesgent tn (1B, 01).
Dnmo*mw fx Aoey hok worenge On (B, 11 11)
hecaamse s Fc.ru\-xd soms aree,
5 L e = Xp, tooo X

N X
k\\ i’ b

a@W. = +{ .y N
<n.,{ Vg, W Vo Vet (N N )

Gnd 4 Vp }r:"_ doer ot onvege Tn (1B, (111 . See

Exowcse 4.4, C. Qe O

Exezoise {.4.C . Lt -(Vh}n:, be a Caurchy segoan-a cn

G- notined \veckorz spa (B, (1 ). If +hom exrsts a
o0

Subs eguemta -(Vm‘}kz.‘_ Ao Fhat I:%\:’o Vne =X & B,

t\"eyo /QA?N\ Vn = X .

n->o0




