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SAMPLING OF SIGNALS AND IMAGES.

1

1. Show that if f(z) = TX[_%’%]@)’ r € R, then
_sinT'wg
Q) = S €€ R
sin &

is called the sinc (sinus cardinalis) function and plays an important

(The function h(t) =

role in signal processing.)

2. Let f(z) = e "% 2 € R. Show that

FDE) = 5z € e R

3. Show that if ¢ € M, the mapping U given by U(p)(z,&) = e ™ p(x, &), belongs to
M. Moreover, show that U*()(x, &) = e*™5(x, €) , where U* denotes the adjoint to U. (The
spaces M and M have been defined in class.)

4. Let Vi be the space of functions in L'(R) such that supp F(f) C [-%, I]. Show that if
in(77" k k=0
hr(x) = sm(wa)’ then {hT(x - ?)} is an orthogonal basis of Vy. If f € Vp N LY(R)
™LX k=—o00
prove that

P =T [ wheta 5 de.

5. Let f € L'(R) and supp F(f) C [—%, g] Consider the function
F(&):= D> F(NE+Tk),
k=—o00

which is periodic of period T'. Show that, as a periodic function, the Fourier series of F}, is

— 1 "
> FA e

n=—oo

6. Given two periodic discrete signals, f = {f(n)}2=) and h = {h(n)}Y=}, of period N,

the circular convolution is defined as

N-1
f@h=>Y f(phn—p)  neZ.
p=0



Prove that f®@h=h® f.

nr T T nr
7. Suppose that supp F(f) C [—%, —%] U [n—, (n—l—T)] Use a similar argument

to the one given in the proof fo the Shannon Sampling Theorem to show that

Fz) = Z f(§>sm((n + 1)7T(Tx7r(—Tk;))_—k§in(mr(Ta: —k)) .

k=—o00

(Observe that one can recover Shannon Sampling Theorem setting n = 0 in the above formula)

N ~ N 23N
8. Denote by f(k) de DFT of a discrete signal of size N (N even). Define f(E) = f(%) =
~ N
f(E) and
N 27 (k) if0<k<N/2
f(k)y=< 0 if N/2 <k <3N/2

2f(k — N) if 3N/2 < k < 2N

Prove that the discrete signal f of size 2N satisfies f(2n) = f(n).

9. Let f be the discrete signal of size 4 given by f = (1,2,3,—1). Compute the DFT of f
using FFT. Check that your result is correct by computing DF'T directly.

10. Show that the bidimensional discrete exponentials

2mikn  2mwidm

epi(n,m):=e N e N | 0<kl{<N,
satisfy
N-1N-1
Lgega(n,m) = exi(n,m) Z Z 9P @)eri(—p, —q)
p=0 ¢=0

where L, f(n,m) = f ® g(n,m), for g and f N-periodic bidimensional discrete signals.



