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Covering Techniques and Rational Points
on Some Genus 5 Curves

Enrique Gonzélez-Jiménez

ABSTRACT. We describe a method that allows, under some hypotheses, com-
putation of all the rational points of some genus 5 curves defined over a number
field. This method is used to solve some arithmetic problems that remained
open.

1. Introduction

Several arithmetic problems are parametrized by the rational points of a curve
over a number field K. In the cases where there are only squares involved, some-
times these curves may be written as the intersection of diagonal quadrics (only
squares of the variables appear) in some projective space. The easiest case we
are interested in is C : aXg + bX7 = X3, that represents a conic in P3. This
case is well-understood and there are good algorithms that describe when there
is a solution and, in that case, find them all. A next case is C' : {a X + bX} =
X2,cX3 4+ dX? = X2}, which represents a genus 1 curve (if ad — be # 0) in P4
Although, nowadays there is not a deterministic algorithm to determine if C'(K) is
empty and/or to compute C(K), it has been deeply studied. Finally, we have the
case C' : {aX? +bX? = X3,cX2 +dX? = X2,eX2 + fX} = X3}. This curve is
generically of genus 5 and there are not known algorithms to compute C(K). In
this paper, our purpose is to give an algorithm to compute (under some hypotheses)
C(K). In fact, in section 2] we describe a more general algorithm to compute the
rational points of some genus 5 curve where the above curves are a particular case.
This algorithm is based on some previous works with Xavier Xarles (for a single
curve [GJXTT] or for family of curves [GIX13bl[GJ13]).

In section B we apply the algorithm described in section [2 to some arithmetic
problems that have remained open in the literature. At the end of the paper we
include an appendix dedicated to quartic elliptic curves. There we show some
results that will be useful for the use of the algorithm of section
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2. An algorithm

Let p1, p2 be two coprime monic quartic separable polynomials with coefficients
in a number field K. Consider the genus 5 curve C defined in A3 by

(2.1) C:{yi=mt), 5 =p2(t) }.
In this section we show an algorithm that allows (under some hypotheses) compu-
tation of C(K). This method is based on the covering collections technique (cf.

[CG8I[Wet97]) and the elliptic curve Chabauty method (cf. [EWO01lBru03]).

Thanks to the shape of the curve C, it has two degree 2 maps defined over K
to the genus 1 curves given by the equations F; : y? = p;(t), for i = 1, 2.

Now, consider a factorization of each polynomial p;(t) as product of two degree
two polynomials p;;(t) and p;—(t) defined over an algebraic extension L of K.
Each factorization p;(t) = pi+ (¢)pi— (t) determines an unramified degree 2 covering
Xi : F/ — F; given by the curve

F} - A{yi=pis (1), g = pi-(t) },
and x; (¢, Yit, ¥i—) = (t,yi+yi—), for i = 1,2. Thus, each covering corresponds to a
degree 2 isogeny ¢; : Ef — F;, where E; = Jac(F;) and E| = Jac(F}).

Moreover, these factorizations together determine a Galois cover of C' with
Galois group (Z/2Z)? that can be described as the curve in A’ given by

D A{yi = pis(t), yi=p1-(t), y3,= P2+ (), y3_= p2- (1) },
which is a curve of genus 17, along with the map x : D — C defined as

Xy, Y1, You, Y2 ) = (B Y14y1—, Y2r Y2 )-

Now, for any pair (0;,d2) € K? we define the twist y(01:92) : D(1.92) 5 ' of the
covering x : D — C by:

DO {b1yd = pri(1), S1yf_=p1-(t), day3,= P2+ (1), S293_= pa-(1) },
and
X0 (g, g, yars vao) = (6011401, G221 y2)-
Then, by a classical theorem of Chevalley and Weil [CW32] we have

C(K)C |J (P e DY(L) : (P) € CK)}).
SeEK?

Notice that only a finite number of twists have points locally everywhere, and
these twists can be explicitly described. This finite set, that we denote by & C
(K*)?, may be described, thanks to Proposition [A] in terms of a set Sr(¢;) of
representatives in L of the image of the Selmer groups of the degree 2 isogenies
¢; : Bl — E; in L*/(L*)? via the natural map, for i = 1,2. That is, & = Sy (¢1) x
Sr(92).

Once we have determined the finite set &, the next challenge is to compute all
the points P € D?(L) such that x°(P) € C(K) for any § € &. For this purpose,
we are going to use the elliptic curve Chabauty method. For s = (s1,s2) € {£, £}
consider the quotient 7wy : D — Hg where

Hs . 22 = Pi1sy (t)p252 (t) and 7Ts(tﬂl/lJm Yi1—5 Yo+, yZ*) = (t7y181y252)'
Then for any & = (01,d2) € & we define 7° : D — H? where

H? 61022 = prs, (Dpas, (1) and 72 (¢, Y1ty Yi—s Yois Yoo ) = (T, Y1s, Y2s,)-
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which, in fact, only depends on the product §165. Therefore, we can replace & by:
G = {6152 : 51 S SL(¢1),52 S SL(¢2)}

The following commutative diagram illustrates all the curves and morphisms

involved in our problem:
D(§11§2) —\

C H§5162)

Pl
Notice that, in the diagram above, all the morphisms to P! are given by the parame-

ter t.
We have obtained for a fixed § € & and for any s € {(£,£)}:

{t € Q| IY € L* with (t,Y) e DO(L)} C {t € Q| 3z € L with (¢, 2) € H (L)}.

Then the algorithm works out if we are able to compute for any § € &, all the
points (t,z) € HJ(L) with ¢ € P1(Q) for some choice of the signs s € {(+,4)}.
This computation can be done in two steps as follows:

(15%) We must determine if H?(L) is empty. Bruin and Stoll [BS09] developed a
(non-deterministic) method to determine if this happens.

(2nd) In the case that H?(L) is non-empty, we use the elliptic curve Chabauty
technique (cf. [Bru03]). To do that we must compute if the rank of the Mordell-
Weil group of H?(L) is less than the degree of L over Q. We also need to determine
a subgroup of finite index of this group to carry out the elliptic curve Chabauty
method.

In practice, we consider only the case K = Q and L a quadratic number field,
because the computation of the Mordell-Weil group of an elliptic curve over a num-
ber field of higher degree is too expensive computationally. We have implemented

the algorithm in Magma [BCES12].

2.1. Diagonal genus 5 curves. Let K be a number field and a, b, c,d, e, f €
K. Denote by C the intersection of the following three quadrics in P*:
aX? +bX? = X3
(2.2) C:{ cXg+dX7=X;
X2+ fX?=X2

Suppose that the three quadratic forms (in the variables Xy and X) defining each
quadric are non-singular and non-proportional. Then C' is a (non-singular) genus
5 curve (cf. [Bre97T]). Note that any non-hyperelliptic genus 5 curve may be given
(after the canonical map in P* and Petri’s Theorem) as the intersection of three
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quadrics. That is the reason why this kind of genus 5 curve will be called diagonal
by us. Moreover, the jacobian of C' is K-isogenous to the product of the following

five elliptic curves (cf. [Bre97]) :

Ey : y? = z(z + ad)(z + cb),
By i y® = a(z+af)(z+eb),
By 4 = a(z+cf)(u+ed),
By :y? = z(x —d(af —eb))(z — f(ad — cb)),
Eo : y? = z(z+claf —eb))(z + e(ad — cb)).

Note that E; is the jacobian of the genus 1 curve obtained by removing the variable
X from the equation of C'. Moreover, the isogeny between Jac(C') and Ep X - - - X Ey4
comes from the forgetful maps m; : C — F;.

We associate to model ([Z2]) of the curve C' the following two matrices:

1 0 0 —a -b a b
Mec=10 1 0 —c¢ —d and Re=\|c d
001 —e —f e f

We call Mg (resp. R¢) the matrix (rep. reduced matrix) of the model ([Z2I).
Notice that if we permute the columns of M then the echelon form of this new
matrix give us a new matrix and a new reduced matrix of a new model of C' (as
the intersection of three quadrics in P*). That is, there are ten ways to write the
diagonal genus 5 curve as the intersection of three diagonal quadrics in P*.

Let us give a new model of the diagonal genus 5 curve similar to the one
given by 2I)). Suppose that [xg : z1 : @2 : 23 : 24] € C(K). Then the techniques
developed in section [A3 allow us to determine two coprime monic quartic separable
polynomials with coefficients in K associated to the matrices:

R3:<Z Z) and R4:(Z é’c)

That is, ps = pr, and ps = pr, (see equation (A2) in section [A3)). These polyno-

mials define the following new model of the diagonal genus 5 curve C"
C:{yi=ps(t), yi = pat) }-

The change of model is obtained by parametrizing the conic a X3 + bX? = X3 by

the point [xg : 21 : @9 : 23 : 4] and it is given by:

b(x1Xo — Xq20)22
[XoZXl1X22X31X4]P—>(f,,y3,y4): ( 122 ! 2) 3,.’133X3,.1?4X4 .
£L'0X2 — Xo.’EQ
Moreover, for i = 3,4, E; is the jacobian of the quartic genus 1 curve defined by

yi = pi(t).

Now, to apply the algorithm described in section 2l we need factorizations of the
quartic polynomials ps and ps. These have been given at section[A.3l In particular,
for i € {3,4}, we have three factorizations p;(t) = p; j,.+(t)pi . —(t), 7: € {1,2,3},
over the field K («; ;,) where:

az1 =+V—cd, azg =+/—c(ad —be), as 3 = +/d(ad —be),
asn =v—ef, a2 = \/—e(af — be), a3 =/ f(af —be).
Each factorization (4, j;) corresponds to the following 2-torsion point on F;(K):

PS,I = (070)7 P3,2 = (—bC, 0)7 P3,3 = (_ad7 0)7
Py =(0,0), Pyp = (—be,0), Py3=(—af,0).
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And each two torsion gives a 2-isogeny ¢; j, : E; — E!.

Moreover, thanks to the shape of the diagonal genus 5 curves, we have that
the number of twists to be checked may be smaller than expected (see [GIX13Dbl
Lemma 16]). Let T be the group of automorphisms of the curve C' generated by
the automorphisms 7;(X;) = —X,; and 7;(X;) = X, if ¢ # j, for i = 0,1,2,3,4.
Fix j3,714 € {1,2,3}. Consider L = K (a3 j,,a4,;,) and denote by gi(ﬁb&js) a set
of representatives of Sel(¢3 ;,) modulo the subgroup generated by the image of the
trivial points [tz : +a1 : £ao : *a3 : £a4] in this Selmer group. Consider the
subset & C K* defined by

G = {5354 : 63 S SL(¢3,]'3),54 S SL(QZ/)47j4)}.

The method allows us to compute C(K) if we are able to calculate, for some
choice of js, js € {1,2,3}, and for any § € &, all the points (¢, w) € HY(K(a14,,02,5,))
with t € P1(K) for some choice of the signs s € {(4, +)}.

Hence we have 60 possible choices of R¢, j3 and ji, and we need to find one
of them where we can carry out these computations for all the elements § € &.

3. Examples

In this section we are going to characterize the solutions of some arithmetic
problems in terms of the rational points of some genus 5 curves. Then we will
solve these problems by computing all the rational points of such curves using the
algorithm described in section

3.1. Arithmetic progressions on Pell equations. Let Y;, = a + (n — 1)g,
n=1,...,5 with a,¢ € Q be the Y-coordinates of the solutions (X,,Y,,) , n =
1,...,5, to the Pell equation X2 — dY? = m. Then we say that (X,,Y,) (or
just Y,,), n = 1,...,5, are in arithmetic progression on the curve X2 — dY? = m.
Following Petho and Ziegler [PZ08], one can obtain the system of 5 equations:

X2 —da®>=m, X3-—dla+q)?=m, X3—d(a+29)?>=m,
X2 —d(a+3q)?=m, X2 —d(a+49)*=m.
Eliminating m we obtain an equivalent system of 4 equations:
X2 — X2 =dq(2a +q), X2 — X2 =dq(2a + 3q),
X3} - X2 =dq(2a+5q), X2— X} =dq(2a+1q),
and eliminating d:
X2(4a+4q) = X{(2a + 3q) + X3(2a + q)
Cag:{ X3(4a+8q) = X3(2a+5q) + X3(2a + 3q)
X?(4a+12q) = X3(2a + 79) + X2(2a + 5q)

Therefore the matrix corresponding to the variables X%, ..., X2 is
- 2a+3q —4(a+q) 2a+¢ 0 0
Me, , = 0 2a+59 —4(a+29) 2a+3q 0
0 0 20+T7q —4(a+3q) 2a+5q
Notice that the points [£1 : £1 : +£1 : £1 : £1] € C(Q) correspond to (d,m) =
(0,1).

Petho and Ziegler [PZ08], §8. Open questions] asked the following:
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Question: “Can one prove or disprove that there are d and m with d > 0 and

not a perfect square such thatY = 1,3,5,7,9 are in arithmetic progression on the
curve X2 —dY? =m?”

In this section our target is to answer the question above. Then, if we are
looking for d and m such that Y = 1,3,5,7,9 is an arithmetic progression on the
curve X2 —dY? = m then we have a = 1 and ¢ = 2. In particular, it may be proved
that C' := C 5 is a diagonal genus 5 curve just computing the matrix associated to

a model of the form ([Z2]) coming from the matrix M. That is:

N § —12 4 0 0\ 4 -1 2
Mc=[0 12 =20 8 0| = Mec —Rc=[-2/3 5/3
0 0 16 —28 12/ Hehelon 7/3  —4/3

Now we apply the algorithm described in section 2l First, we need to choose
a pair js, ja € {1,2,3} such that the field L = Q(as ;,,4,,) is a quadratic field
or Q. The only possible case is (js,js) = (1,2) where L = Q(+/10). Next , we
obtain & = {+1,+2,+3,£6}. Now for any 6 € S, we must compute all the points
(t,w) € HY(Q(v/10)) with ¢t € P*(Q) for some s € {(4,4)}. We have obtained that
for any 6 € & there exists s € {(+, =)} such that rank; H?(Q(+/10)) = 1 therefore
we can apply the elliptic curve Chabauty method to obtain the possible values of ¢.
The following table shows all the data that we have computed. The absolute value
of the coordinates of the point P € C(Q) for the corresponding ¢ appears at the
last column:

6 | signs | HS, (L) =07 [rank; HS (L) ] t P

-1 (+,-) no 1 2 | [1:1:1:1:1]
1] (+,-) no 1 oo [[1:1:1:1:1
2 | (+,-) no 1 -1 |[1:3:5:7:9
2| (+,-) no 1 4/31[1:3:5:7:9
3 | (+,+) no 1 -2 [[1:3:5:7:9
=31 (+,+) no 1 3/2[1:3:5:7:9
6 | (+,+) 1no 1 0 |[[1:1:1:1:1
—6 | (+,4) no 1 1 | [1:1:1:1:1]

Looking at the previous table, we obtain
CQ) ={[#1:41:41:41:+1),[+1:+3:+5:+7: +9]}.

The unique non-trivial solution is [£1 : £3 : £5 : £7 : £9] that corresponds to
d =1 and m = 0. Therefore we obtain:

Answer: If m and d are integers with d not a perfect square, then'Y =1,3,5,7,9
cannot be in arithmetic progression on the curve X2 —dY? = m.

3.2. Arithmetic progressions on Edwards curves. An Edwards curve is
an elliptic curve given in the form E; : 22 + y? = 1 + d2?y?, for some d € Q,
d #0,1. Let y, € Q such that (n,y,) € Eq(Q) for n = 0,41, £2,4+3 +4. Then we
say that (n,y,) (or just n), n = 0,%1,..., 44, are in arithmetic progression on E,.
For any d we have that (+1,0), (0,%1) € E4(Q) therefore yp = 0,y+; = +1. We
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can assume n > 1 since if (x,y) € Eq(Q) then (+x,ty), (y, £2) € E4(Q). Now,
denote by

24921 2(n2 —1)+1 +1
gy =" Tl _amT DALy L
n2y; n Yn

The existence of d € Q, d # 0,1 such that there exist y, € Q with (n,y,) € E4(Q)
for n = 0,+1,+2, £3, +4 is characterized by dy = d3 and dy = d4. That is, by the
diagonal genus 1 curve defined by:

542722 — 3222 =0
E: 2 2 .
14422 —522=0

This elliptic curve has Cremona reference 33600es2 and has rank 2. Then Moody
[Moo11] proved that there are infinitely many Edwards curves with 9 points in
arithmetic progression. Then Moody said:

Moody: We performed a computer search to find a rational point on the curve
E, leading to an E4 with points having x-coordinates £5. Our search has not found
such a rational point, thus it is an open problem to find an Edwards curve with an
arithmetic progression of length 10 or longer.

Our first objective in [GJ13] was to prove that there does not exist a rational
d such that 0,41,...,£5 form an arithmetic progression in F;(Q). This objective
was completed]. Here we show the details. Note, that in the paper [GT13] we
studied the general case of arithmetic progressions of the form a,a + ¢, ... for any
a,q € Q on Edwards curves.

Now we impose (£5,y+5) € Eq(Q), for some y15 € Q. This implies adding the
equality do = ds to the system of equations: {dy = ds, do = d4}. Therefore we
obtain the genus 5 curve:

542722 — 3222 =0
(3.1) C: 14422 —523 =0
7+2522 —3222=0

If we homogenize the equations (BI]) then the matrix corresponding to the squares of

the variables is M, ¢ and we can prove that C' is a diagonal genus 5 curve computing
its associated reduce matrix R¢:

N L4 0 =5 0\ (40s 1/5  4/5
Me=[7 25 0 0 -32| — Mc — Re=|7/32 25/32
2 0 25 0 -—27) Bebelon 5/32 27/32

IRecently, Bremner [Brel3] has obtained the same result but with a different proof.
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Let (j3,74) = (2,1). Then L = Q(as j,, o j,) = Q(v/—15) and S = {£1,+2,£3,+6}.
Then the following table shows all the data necessary to compute C(Q):

6 | signs [ HS, (L) =07 [rankg HS, (L) ]| ¢t P

-1 (+,+) 1no 1 4/5 | [1:1:1:1:1
1| (+4) no 1 00 1:1:1:1:1
2 | (+,+) 1no 1 00 1:1:1:1:1
2| (+4) no 1 00 1:1:1:1:1
3| (+,+) no 1 00 1:1:1:1:1
3| (+,-) no 1 00 1:1:1:1:1
6 | (+,—) no 1 0 1:1:1:1:1
—6 | (+,-) no 1 —1/5|[1:1:1:1:1

That is, we obtain:
CQ)={[£1:%1:41:+1:+1]}.

Answer: There is no d € Q, d # 0,1, such that 0,£1,...,£5 form an arith-
metic progression on an Edwards curve E,.

3.3. Arithmetic progressions on elliptic curves in Weierstrass form.
Let E be an elliptic curve given by a Weierstrass equation

E y2 + arxy + aszy = 2 + asx® + asx + ag, ay,as,as, aq, ag € Q.

A set of rational points P,..., P, € E(Q) is said to be an arithmetic progression
on F of length n if the z-coordinates form an arithmetic progression. Note that
any two Weierstrass equation for an elliptic curve are related by a linear change
of variables with z-coordinate of the form z = u?z’ + r. Therefore, an arithmetic
progression on an elliptic curve given by a Weierstrass equation is independent of
the Weierstrass model chosen. Thus, without loss of generality, we can work with
short Weierstrass equation:

E :y* =2+ Az + B, A, BeQ.
Let a,q,Y, € Q, n =0,%1,+2 such that (a+ngq,Y,) € E(Q), n =0,£1,4+2. Then

we have

Y7 = (a+2q)*+ Ala+29) + B,

Y =(a+q)?’+Alataq)+B

YE = a® + Aa + B,

Y2 =(a—q)*+ A(a — q) + B,

Y2, = (a—29)° + Ala—29) + B.
Bremner reduced the previous system of 5 equations to the following
quadric in P*:

—R?+48% —6T? +4U? = V?,

where
a =6(S% — 272 + U?), q=6(R? —35% 4372 —U?),
A = —36(R* —9R?S? + 218% + 6 R?2T? — 395272 + 21T* + R?U? 4+ 6S%U? — 9T2U? + U%),
B = 216(R*S? — 9R?5* + 205% + 4R*T? — 12R?>S?T? — 218472 4 24R?T* — 2152T*
+207% 4+ RAU? — 8R?52U? + 245%U? — 8R?*T?U? — 1282T2U? — 9T*U? + R2U* + 452U* + T?U?).
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Bremner parametrizes the quadric above obtaining:

R = w? — Swx + 12wy — 88wz + 42 — 6y + 422,
S = —w? + 2wz + 122y — 42 — 8xz — 6% + 422,
T = —w? + 2wy + 422 — 8xy + 63> — Syz + 422,
U= —w?+ 2wz + 42? — 8z — 6y? + 12yz — 422,
V = —w? + 422 — 6y® + 422

Now we impose (a £ 3¢, Yy3) € E(Q), for some Y33 € Q. This implies:
(3.2)  4R? —6S?+4T% —-U?=V?,  —4R?+155% - 2072 +10U% = V.

The equations ([3.2) define a variety V of dimension 3 in P5. Elliptic curves on
Weierstrass form over Q with 7 points in arithmetic progressions are characterized
by the rational point of a variety of dimension 3, which is still an intractable problem
nowadays. Nevertheless, Bremner noticed that if we intersect this variety with the
one with equations w = 2 and z = 0, we obtain the solution to (B:2)) that gives:

(a,q) = (0, 6zy(z — y)(z — 2y)),
(A, B) = 229y*(x — y)?(x — 2y)?(—252, 324(x? — 22y + 2y%)?).

Now, with the restrictions above, we impose (a+4q, Yi4) € E(Q), for some Y4 € Q.
This implies:

(3.3) 2% = 2% + 2023y — 642%y% + 401:y% + 4y
‘ w? = 2% — 2823y + 802%y? — 56xy> + 4y [

for some w, z € Q. Bremner checked that each equation on ([B.3]) corresponds to the
elliptic curve with Cremona reference 840e2 that has rank 1 and therefore he built
a infinite family of elliptic curve on Weiersstrass form with 8 points in arithmetic
progression. Nevertheless, he could not prove if there are 9 points in arithmetic
progression in his family of elliptic curves. Then Bremner asserted:

Bremner: “For nine points in the arithmetic progression, it is necessary to
satisfy (B3l) simultaneously, and this corresponds to determining rational points on
a curve of genus 5. There are only finitely many such points, and it seems plausible
that they are given by £(x,y) = (1,0), (0,1),(1,1),(2,1) (each leading to degenerate
progressions) but we are unable to verify this”.

Now, our objective in this section is to verify the previous assumption. Let us
denote by py(t) = t* 4+ 20t3 — 6412 + 40t + 4, po(t) = t* — 28t3 + 80t% — 56t + 4 and

C:{zl =p(t), 2 =q(t)}.

Therefore to compute all solutions to (3] is equivalent to computing C(Q). Then
we apply the algorithm from section 2l Both polynomials p; and po factorize over
the same quadratic fields: Q(v/30), Q(v/35), Q(v/42). Notice that § = 1 always
belongs to &. Let L = Q(v/D), for D € {30,35,40}, then rankg, H(li,i)(L) > 1.
Therefore we can not apply the elliptic curve Chabauty method and our algorithm
does not compute C(Q). Nevertheless, we can check that in fact C' is diagonal. We
have the relations:

p(t) +q(t) = 2(2 — 2t + %)
q(t) = 12(=2 +t?)?
q(t) = 12(2 — 4t + 12)?
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That is, another model for the curve C' is

22+ 22 =222
C :Q Tz} +525 =1223
527 + 723 = 1222

Then we can apply the algorithm from section 2.l In our case we have

N Ll =2 0 0 s -1 2
Me=|75 0 —-12 0 — Me — Re=1| 1/6 5/6
5 7 0 0 —12) Behelon ~1/6 7/6

Let be (js,74) = (3,1), then L = Q(agj,, ;) = Q(v/7) and & = {1,2,3,6}.
Then the following table shows all the data necessary to compute C(Q) and the
solutions of (B3

6| signs | HS, (L) =07 |rankg HY, (L) | ¢ P +(z,y)
1 )
1] (+,-) no 1 o | BLLLI] g
3 (+. 1) 1o 1 ~ |LLLL1]| (10)
[0 e - S
0 0,1)
6| (+,+) no 1 9 [1,1,1,1,1] (2,1)

Looking at the previous table, we obtain
c(Q) = {[il, +1,+1, 41, il]},

which allows us to prove the following:

Fact: There are no nine points in arithmetic progression on the family of elliptic
curves

A= 25222y (z — y)*(z — 2)°,

E :Y?=X34+AX + B,
B = 3242%y*(z — y)*(z — 2y)*(2? — 22y + 2¢%)°.

3.4. Q-derived polynomials. A univariate polynomial p(z) € Q] is called
Q-derived if p(z) and all its derivatives split completely over Q (i.e. all their roots
belong to Q). Note that if g(x) is Q-derived then for any r, s,t € Q, the polynomial
rq(sz + t) is Q-derived too. Therefore a relation between Q-derived polynomials
is established: two Q-derived polynomial p(z) and ¢(z) are equivalent if g(x) =
rp(sz + t) for some r,s,t € Q. Buchholz and MacDougall considered the problem
to classifying all Q- derlved polynomials up to the above relationship in [BIMOO]:

Conjecture. All Q-derived polynomials are equivalent to one of the following:

e N — 1), 2 — 1)(x - %) 2z — 1)(:,; - 9((51_” ;; Z_Igﬁé&”jff)

for somen € Z, v € Q, (w,z) € E(Q) where E : 22 = w(w — 6)(w + 18).

A polynomial is of type pp,,. m, if it has r distinct roots and m; is the mul-
tiplicity of the i-th root. Buchholz and MacDougall [BMOO] proved the above
conjecture under the two hypotheses: non existence of Q-derived polynomials of

type p3,1,1 and p1111-
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3.4.1. Q-derived polynomials of type p31,1. Let ¢(x) be a Q-derived polynomial
of type ps1.1. Then without loss of generality we can assume that ¢(z) = 2®(z —
1)(z—a) for some a € Q with a # 0, 1. Moreover, the discriminants of the quadratic
polynomials ¢’ (), ¢" (x)/x and ¢/(z)/2? are all squares over Q (cf. §2.3]).
That is, there exist by, by, b3 € Q such that

b3 =4a® —2a+4, b3 =9a® —12a + 9, b3 = 4a® — Ta + 4.

Now, changing a = (X —3)/(X +3) and b; = Y; /(X +3)? for i = 1,2, 3, we obtain
the equivalent problem
(3.4) Y2=6(X2+15), YZ=6(X*+45), Y7=X%4135
where X,Y1,Y5,Y5 € Q. Flynn [Fly01] proved that the unique solutions to (3.4
are (X, Y7,Ys,Y3) = (£3,£12, £18, £12), proving that no polynomial of type p3 11
is Q-derived.

Here we give a different proof based on the algorithm described in section

Note that ([34) defines a diagonal genus 5 curve C with model of the form (22)
and associated matrix

100 =6 =90\ .5 —1/45 1/270
Mc=(0 1 0 -6 —210] — Re=|[ 4 1/3
0 0 1 —1 —135) Behelon —2  1)2

Let us apply the algorithm described in section 21l In this case we have that
Q(awa,1) = Q; therefore for any choice of js we have that L = Q(as,j,, @a,1) has

degree less than or equal 2. We use j3 = 3 where L = Q(v/5) and & = {1,2,3,6}.
The following table shows all the data necessary to compute C(Q):

6| signs | HY (L) =07 | ranky H_ (L) t P
1| (+,+) no 1 0, 00 3,12,18,12,1
2 (+,0) 1o 1 8/15,16/5 | [3,12,18,12, 1
3| (++) yes — — —
6| (+,+) yes — — —

Looking at the previous table, we obtain
C(Q) = {[£3,£12,£18, £12, +1]}.

3.4.2. Q-derived polynomials of type pi,1,1,1- In this case, with similar ideas
as the previous case, it may be proved (cf. [BMO0O, §2.2.3]) that without loss of
generality a polynomial of type p; 1,11 can be assumed to be of the form

o) = (= Do - e =) (2= 50

with a,b € Q, a,b # 1 and a # b. Furthermore, there must exist z,w € Q such that

(3.5) 2% = ryb? —r3b® 4+ 19b* +rib+ 1y, w? = s4b* — 533 4 59b% + 516+ S0
where

ry = 9a% 4 18a + 9, s4 = 9a% 4 18a + 9,

rg = 14a® + 10a? + 10a + 14, s3 = 6a3 — 6a® — 6a + 6,

ry = 9a* — 10a® — 6a® — 10a + 9, s9 = 9a* 4 64 + 18a% + 6a + 9,

r1 = 18a* — 10a® — 10a® + 18a, s1 = 18a* 4 64> + 64> + 18a,

ro = 9a* — 14a® + 9a?, so = 9a* — 6a® + 9a>.
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That is, Buchholz and MacDougall [BMO0O, §2.2.3] gave a characterization of Q-
derived polynomial of type p; 11,1 in terms of rational points on the surfacdd S on
P* defined by [3H). Note that S could be considered as a genus 5 curve over the
field Q(a). Therefore, if we fix a € Q and we denote by S, the corresponding genus
5 curve, we may apply the algorithm described in section 2l to compute S, (Q).

Appendix A. On quartic elliptic curves

A.1. Rational points. Let ¢(¢) be a monic quartic separable polynomial in
K[t]. Then the equation y?> = ¢(t) defines a genus 1 curve, which we call F. The
purpose of this section is to give a method that allows to compute the set of points
F(K). This method is Proposition 14 from [GJX13b]. We include its statement
and proof (due to Xavier Xarles) for the sake of completeness:

ProPOSITION A.1. Let F be a genus 1 curve over a number field K given by
a quartic model of the form y* = q(t), where q(t) is a monic quartic polynomial
in K[t]. Thus, the curve F has two rational points at infinity, and we fix an
isomorphism from F to its Jacobian E = Jac(F) defined by sending one of these
points at infinity to O, the zero point of E. Then:

(1) Any 2-torsion point P € E(K) corresponds to a factorization q(t) =
q1(t)q2(t), where q1(t), q2(t) € L[t] quadratics and L/K is an algebraic extension of
degree at most 2.

(2) Given such a 2-torsion point P, the degree two unramified covering x :
F'" — I corresponding to the degree two isogeny ¢ : E' — E determined by P
can be described as the map from the curve F' defined over L, with affine part
in A3 given by the equations y? = q1(t) and y3 = q2(t) and the map given by
X(t,ylny) = (t7y1y2)'

(3) Given any degree two isogeny ¢ : E' — E, consider the Selmer group Sel(¢)
as a subgroup of K*/(K*)2. Let Sp.(¢) be a set of representatives in L of the image
of Sel(¢) in L*/(L*)? via the natural map. For any § € Sp(¢), define the curve
F'®) given by the equations 6y? = q1(t) and Sy3 = qa2(t), and the map to F defined
by X (t,y1,y2) = (t,y1920). Then

FE)C | xO((ty,y2) € FO@) : tePY(K)}).
0€SL($)

ProOF. (Xarles) First we prove (1) and (2). Suppose we have such a fac-
torization ¢(t) = q1(t) g2(t) over some extension L/K, with ¢1(t) and g2(t) monic
quadratic polynomials. Then the covering y : I/ — F from the curve F’ defined
over L, with affine part in A® given by the equations y? = ¢1(t) and y3 = ¢o(t)
and the map given by x(t,y1,y2) = (t,y1y2), is an unramified degree two covering.
So F’ is a genus 1 curve, and clearly it contains the preimage of the two points
at infinity, which are rational over L, hence it is isomorphic to an elliptic curve
E’. Choosing such isomorphism by sending one of the preimages of the fixed point
at infinity to @, we obtain a degree two isogeny E’ — E, which corresponds to a
choice of a two torsion point.

So, if the polynomial ¢(t) decomposes completely in K, the assertions (1) and
(2) are clear since the number of decompositions ¢(t) = ¢1(t) ¢2(t) as above is equal
to the number of points of exact order 2. Now the general case is proved by Galois

2A similar characterization has been done by Stroeker [Str06].
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descent: a two torsion point P of F is defined over K if and only if the degree two
isogeny E/ — FE is defined over K, so if and only if the corresponding curve F”
is defined over K. Hence the polynomials ¢;(t) and go(¢) should be defined over
an extension of L of degree < 2, and in case they are not defined over K, the
polynomials ¢ (¢) and ¢2(t) should be Galois conjugate over K.

Now we show the last assertion. First, notice that the curves F'(9) are twisted
forms (or principal homogeneous spaces) of F’, and it becomes isomorphic to F’
over the quadratic extension of L adjoining the square root of 4.

Consider the case where L = K. So F' is defined over K. For any § € Sel(¢),
consider the associated homogeneous space D(¥); it is a curve of genus 1 along with
a degree 2 map ¢ to F, without points in any local completion, and isomorphic
to E’ (and compatible with ¢) over the quadratic extension K (v/3). Moreover, it
is determined by such properties (see [Coh07] §8.2]). So, by this uniqueness, it
must be isomorphic to F’(®) along with x(®). The last assertion also is clear from
the definition of the Selmer group.

Now, the case L # K. The assertion is proved just observing that the commu-
tativity of the diagram

Sel(¢) ——— Sel(¢r.)

K*/(K*)2 - L*/(L*)2
where the map Sel(¢) — Sel(¢r) is the one sending the corresponding homogeneous

space to its base change to L. O

A.2. A Galois theory exercise on quartic polynomials. We show an al-
gorithm to factorize a quartic polynomial as a product of two quadratic polynomials
over an extension of degree at most two.

Let be a quartic polynomial p(t) = t* + at® + bt? + ct + d over a number field
K, and its factorization given by

p(t) = (t —an)(t — a2)(t — a3)(t — au),

over an algebraic closure K. Then all the factorizations of p(t) as product of two
quadratic polynomials are of the form p(t) = p1(¢)p2(t) where:

pi(t) = (* = (a1 + ag)t + ara) and  po(t) = (12 — (a3 + au)t + azaa).

There are three polynomials related to a quartic polynomial that are of great utility
for the study of the Galois group of the quartic polynomial p(¢). These are the cubic
resolvent of p(t):

r(t) =t — bt? + (ac — 4d)t — a*d + 4bd — 2,
and if § € K is a root of r(t), define

ri(t) =2 — Bt +d, Ay = disci(r) = B2 — 4d,
ra(t) = t2 +at + (b — B), Ay = discy(ry) = 48 + a? — 4b.

LEMMA A.2. If Ay # 0 then p1(t), p2(t) € K(vV/A2)[t]. Otherwise, pi(t),p2(t) €
K(VA[t].
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PROOF. First suppose Ay # 0. Let be v = oy + g — (a3 +ay). Then 2 = A,.
Define
(t - a)a

1 2 2(a*—6a%b+8b%+4ac—32d) 2 3a*-8b 3 1 5
g(t) 8(4b a® + a3 —4ab+8c T+ 0,3—41117-5—8(:3j + (13—40,17—1-803j )’

~
—~
~
~—
Il
N [=

ar+ap = f(v), e =g9(y), az+as=f(—v), azas=g(—).

That is, p1(t), p2(t) € K()[t] = K(VA2)[t].
Now, assume Ay = 0 and let be § = (g — a3)(az — ay). Then 62 = A; and we
have

a c 0 d
oty =a3tay=—5, mag=—+5, oog= .
2 a 2 300y
That is, p1 (1), ps(t) € K(3)[f] = K(VAD. O

REMARK A.3. There is a nice relationship between the elliptic curves defined
by the quartic p(¢) and the cubic —r(—z) such that the lemma above could be
obtained. Let us denote by

4
F: v2:p(u):u4+au3—|—bu2+cu+d:H(u—ai).

i=1
4

E :y? = —r(—z) = 2° + ba® + (ac — 4d)x + a*d — 4bd + * = H(x—l—(Sj),

j=2
0; = ona; + ajay such that {1,2,3,4} = {1,4,j,k}. Then, there exists an isomor-

phism ¢ : ' — F defined over Q. Now, let us denote v; = a1 + o — o; — ay, for
{1,4,5,k} = {1,2,3,4}. Assume that v; # 0 for i = 2, 3,4, then we have

H([1:1:0)=[0:1:0], o(1:-1:0])= Gg% — 89, %525354> ,

$ai0) = | i [ ai =Y a; | JJ(ai —ay) |,
i#] J#i
where s, denote the symmetric polynomial of degree k on aq,...,a4. Moreover,
¢(aia O) = ¢(a1a 0) + (_6j5 0) for .7 =2, 3a4
Now, for the inverse we have:

~JI G-
¢ 1 (=6;,0) = 9(vi) — 9(—%), i

Vi %-2

Let us move the point (—d;,0) to (0,0). We obtain a new Weierstrass equation
W; : y? = z(2% + Ajz + B;) where

Ai:_25i+25j and BiZH(éi_(sj)'
i 7
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If we denote by 1; the isomorphism between F' and W; and by (z;,v;) = ¥~ 1(0,0)
we obtain the equalities

—B;

=97 = discy(t* + at + (b — 5;)),
Yi

the second one coming from the lemma above.
Finally, let us assume that 7; = 0 for some i € {2,3,4}. For simplicity, let
1 = 2. In this particular case we have:

o([1:1:0))=[0:1:0], o([1:=1:0]) = (=b2,0),

$la1,0) = | —20n00,— [J(e2 —a)) | ¢(az,0) = —¢(1,0),
J#2

#(az,0) = | —2az0u,— [[ (an—ay) |, @(as,0) = —6(as3,0),
>k k#1

and for the inverse
¢~ 1(—09,0) =[1:—1:0],
_ az+ay 1
¢~ (~03,0) = ( S

S (e an(as—an)) . 67(-0,0) = —67 (~da,0)

Now move the point (—da,0) to (0,0) and obtain a new Weierstrass equation Wy :
y? = x(2? + Asx + By) where
Ay = ag + ai — 201 p and By = (ag — a3)2(a2 — a4)2.

Then if we denote by 19 the isomorphism between F' and W5 and by |2 : yo : 22] =
$71(0,0) = [1 : —1 : 0] we obtain the equalities

-B

y—2 = (g — a3)* (g — ag)? = disc, (t? — Gt + d),

2

the second one coming from the lemma above.

A.3. Diagonal genus 1 curve. Let K be a number field and a,b,c,d € K
such that ad — bc # 0. Then the matrix

®=( )

defines the genus 1 curve C' (that we call diagonal) given by the intersection of the
following two quadrics in P?:

f aX@+bX? = X7

Suppose that there exists Py = [zg : @1 : @2 : 23] € C(K), then C is an elliptic
curve and it has a Welerstrass equation. Parametrizing the first conic of C' by the
point Py obtaining

[XO : X1 ZXQ] = [—abi[}o ,Tg — 2b£L‘1 l’%t—f-l'o t2 :
abriay —2axoait — a1t 1o (abrd + 12))
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%. Next, we substitute Xg, X1, Xo in the
second equation and we obtain the quartic F' : 22 = pr(t), where
(A.2)
pr(t) = p(t) = t* + 4(ad — be)zor1t® + 2(2(a?dxd + b2ca?) — abx?))x3t?—
—4ab(ad — be)zozixit + a?b?x§,

with inverse given by ¢t =

and (z3X3)? = p(t). Then the quartic genus 1 curve F has the Weierstrass equation:
E:y?*=z(x+ad)(z+bc).

The trivial points [£xzq : +x : a9 : £a3] C C(K) goes to {Q; : i=0...7} C
F(K) and then to {P; : i =0...7} C E(K):

i T; Qi P;
0 [++++] [0:1:0] O:=10:1:0]
1] [=—++] (0,abzx3) (0,0)
2| [ ++-] | (—a, —a2igh (=bec,0)
mm2 5
3| [—+—+ | (b2, —puigh) _(zadD)
4l H+—4]  (0,—abad) (—abZ,abad - bojzazyes)
2 2
5[ [—+4)| (b2 po) (vazd, —panzze)
0 . w% . 10 wo
6| [—+++] —a%,a%) gaci—%,ac—“i%“
7| [+ ++-] [1:—1:0] (—ed2h, —cd(ad —be)moyz)

Note that the set {P; : ¢ =0...7} is generated by P», Ps, Py and, in particular,
Z)2Z.QZ[2Z D (Py) is a subgroup of E(K). Therefore, the rank of the Mordell-Weil
group of F(K) is, in general, non-zero.

Now, in section [A.2] we have described a method to factorize a quartic polyno-
mial as the product of two quadratic polynomials over a quadratic field. Applying
this method to the polynomial p(t) we obtain the factorization p(t) = p;y (t)p;—(t)
over Q(«;) corresponding to the 2-torsion point P;, for i = 1,2, 3:

p1+(t) =t +2((ad — be)zory — v301)t — abri, ay =+v—cd
par(t) =t +2x9((ad —bc)ry — xo0ra)t
ag = +/—clad —bc)
+bzd(acz? + (2bc— ad)z? + 2z110002),
p31(t) =2 +221((ad — be)zg — z203)t
) ) ) ag =+/d(ad—"bc)
+azs(bdxs + (2ad — be)xg — 2xowaas),
and p;_ () is obtained replacing «; by —ca; on p;(t).
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