Sesiones de problemas 2020-2021

Hoja 6

1) a) Show that for any m € N there exists a real m x m matrix A such that A% = A + I,
where [ is the m x m identity matrix.
b) Show that det A > 0 for every real matrix satisfying A% = A + I.

2) For any integer n > 2 and two n X n matrices with real entries A, B that satisfy the
equation:
Aty B t=A+B)!

prove that det(A) = det(B). Does the same conclusion holds for matrices of complex entries?

3) Find all the positive integer solutions of

X1+ T2+ 23+ T4+ X5 = T1T2X30425

4) We define a sequence (a,)n>1 of rational numbers in two steps. First, let a; = ag =1
and as = 3. Then take the following inductive definition Vn > 3 :

2015 4+ ay, an—1

an+1 = an s
n—

Prove that every a,, is an integer.

5) Prove that
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where ||z|| stands for the closest integer to x.
6) Let P be a polynomial that satisfies the identity
P(x)* = P(y)* = P(z +y)P(z — y)

for all z,y € R. Prove that there is a constant a such that P(z) = az, v € R.



