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Hoja 5

1) A large house contains a television set in each room that has an odd number of doors. There
is only one entrance to this house. Show that it is always possible to enter this house and get to a
room with a television set.

2) Consider a graph whose nodes are colored in one of two colors: black or white. The white
node is called integrated if it has at least as many black as white neighbors, and similarly for the
black node. A coloring of a graph is said to be integrated if each of the nodes is integrated. Prove
that any graph (without loops) admits an integrated coloring.

3) Show that every graph has two vertices that are endpoints to the same number of edges.

4) In a tournament 2n teams took part. On the first day, n pairs of teams competed. On the
second day, other n pairs of teams competed. Show that at the end of the second day one can find
n teams such that no two have competed with each other yet.

5) Is there a way to list the 2" subsets of {1,...,n} (with each subset appearing on the list
once and only once) in such a way that the first element of the list is the empty set, and every
element on the list is obtained from the previous element either by adding an element or deleting
an element?

6) Two men are located at opposite ends of a mountain range, at the same elevation. If the
mountain range never drops below this starting elevation, is it possible for the two men to walk
along the mountain range and reach each other’s starting place, while always staying at the same
elevation?

7) Let G be a connected graph with k edges. Show that it is possible to label the edges of this
graph with the numbers 1,2, ...k, so that for every vertex that belongs to at least two edges, the
greatest common divisor of the integers that label the edges containing this vertex is equal to 1.

8)

Putnam 1990, B4 Let G be a finite group of order n generated by a and b. Prove or disprove:
is there a sequence

91,92,93,--.,92n
such that

1. every element of G occurs exactly twice, and



2. giy+1 equals g;a or g;b, for i = 1,2,...,2n (interpret gop+1 = g1).

9)
USAMO 1986 During a certain lecture, each of five mathematicians fell asleep exactly twice. For

each pair of these mathematicians, there was some moment when both were sleeping simultaneously.
Prove that, at some moment, some three of them were sleeping simultaneously.



