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ABSTRACT. We reconstruct compactly supported potentials with only
half a derivative in L? from the scattering amplitude at a fixed energy.
For this we draw a connection between the recently introduced method of
Bukhgeim, which uniquely determined the potential from the Dirichlet-
to-Neumann map, and a question of Carleson regarding the convergence
to initial data of solutions to time-dependent Schrédinger equations.
We also provide examples of compactly supported potentials, with s
derivatives in L? for any s < 1/2, which cannot be recovered by these
means. Thus the recovery method has a different threshold in terms of
regularity than the corresponding uniqueness result.

1. INTRODUCTION

We consider the Schrédinger equation Au = Vu on a bounded domain €
in the plane. For each solution u, we are given the value of both v and Vu-n
on the boundary 0f), where n is the exterior unit normal on 0€2. The goal
is then to recover the potential V' from this information.

We suppose throughout that V € L? is supported on € and that 0 is
not a Dirichlet eigenvalue for the Hamiltonian —A + V. Then for each
f € H/?(99), there is a unique solution v € H'(Q) to the Dirichlet problem

Au=Vu
“‘agzﬁ

and the Dirichlet-to-Neumann (DN) map Ay can be formally defined by

(1)

AV : fl—> VUTL|3Q

Then a restatement of our goal is to recover V' from knowledge of Ay .

We come to this problem via a question of Calderén regarding impedance
tomography [14], where f is the electric potential and Vu - n is the bound-
ary current, however the DN map Ay _,2 and the scattering amplitude at
energy k2 are uniquely determined by each other, and indeed the DN map
can be recovered from the scattering amplitude (see the appendix for ex-
plicit formulae). Thus we are also addressing the question of whether it is
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possible to recover a potential from the scattering data at a fixed positive
energy.

In higher dimensions, Sylvester and Uhlmann proved that smooth po-
tentials are uniquely determined by the DN map [57] (see [44, 45, 16] for
nonsmooth potentials and [11, 47, 28] for the conductivity problem). The
uniqueness result was extended to a reconstruction procedure by Nachman
[39, 40]. The planar case is quite different mathematically as it is not
overdetermined. Here the first uniqueness and reconstruction algorithm was
proved by Nachman [41] via O-methods for potentials of conductivity type
(see also [12] for uniqueness with less regularity). Sun and Uhlmann [53, 55]
proved uniqueness for potentials satisfying nearness conditions to each other.
Isakov and Nachman [31] then reconstructed the real valued LP-potentials,
p > 1, in the case that their eigenvalues are strictly positive. The O-
method in combination with the theory of quasiconformal maps gave the
uniqueness result for the conductivity equation with measurable coefficients
[3]. The problem for the general Schrodinger equation was solved only in
2008 by Bukhgeim [13] for C'-potentials. Bukhgeim’s result has since been
improved and extended to treat related inverse problems (see for example
[9, 25, 26, 27, 46, 29, 30]).

The aim of this article is to emphasise a surprising connection between
the pioneering work of Bukhgeim [13] and Carleson’s question [15] regarding
the convergence to initial data of solutions to time-dependent Schrodinger
equations. Elaborating on this new point of view we obtain a reconstruction
theorem for general planar potentials with only half a derivative in L?, which
is sharp with respect to the regularity. The precise statements are given in
the forthcoming Corollary 1.3 and Theorem 1.4.

To describe the results in more detail, we recall that the starting point
in [13] was to consider solutions to Au = Vu of the form u = ¢ (1 + w),
where from now on

U(2) = ralz) = §(z—2)?,  2€C, zeq

Solutions of this type have a long history (see for example [23, 57, 34, 18]),
and in this form they were considered first by Bukhgeim. We will recover
the potential by measuring a countable number of times on the boundary,
so we take k € N. We will require the homogeneous Sobolev spaces with
norm given by ||f| ;7. = [[(=A)*/2f||z2, where (—=A)*/? is defined via the
Fourier transform as usual. In Section 3.2, we prove that if the potential V'
is contained in H® with 0 < s < 1, and k is sufficiently large, then we can
take w = wy,, € H* with a bound for the norms which is decreasing to zero
in k. We write uy , = ew(l + w) for these w € H*.

The definition of the DN map yields the basic integral formula in inverse
problems; Alessandrini’s identity. Indeed, if u,v € H'(Q) satisfy Au = Vu
and Av = 0, then the formula states that

((Av — Ko)lul.v) = AQ(AV—AO)[U]U:/QVM.
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Taking u = uy, ;, which is also in H'(Q), and v = e this yields

(2) <(AV — Ao)[ukz], eia> = /Qei(¢+¢)V(1 +w),

and so the integral over ) can be obtained from information on the boundary.

The bulk of the article is concerned with recovering the potential from
the integral on the right-hand side of (2). However, in order to calculate
the value of the integral, without knowing the value of the potential V
inside 2, we need to calculate the value of the left-hand side of (2). That
is to say, we must determine the values of uy, on the boundary from the
DN map. In the case of linear phase, this was achieved by Nachman [41]
for LP-potentials V, with p > 1, and Lipschitz boundary. For C'-potentials,
with C2-boundary, the result was extended by Novikov and Santacesaria
to quadratic phases [46]. Here we show that for quadratic phases almost
no regularity is needed. We consider potentials in the inhomogeneous L>-
Sobolev space H*, defined as before with (—A)%/? replaced by (I — A)*/2.
Our starting point is similar to [41] but we give a shorter argument, avoiding
single layer potentials.

Theorem 1.1. Let V € H® with s > 0 and suppose that 2 is Lipschitz.
Then we can identify compact operators Iy, , : H'Y2(0Q) — HY2(09), de-
pending only on k,x and Ay — Ag, such that

Uk zloo = (I—Dup) '™ o).

For C'-potentials, Bukhgeim [13] proved that the right-hand side of (2),
multiplied by (47)~ 1k, converges to V(z) for all z € €, when k tends to
infinity. In Section 4, we obtain this convergence for potentials in H*® with
s > 1. For discontinuous potentials we are no longer able to recover at each
point. Instead we bound the fractal dimension of the sets where the recovery
fails. As Sobolev spaces are only defined modulo sets of zero Lebesgue
measure, we consider first the potential spaces L2 = (—=A)~%/2L?(R?), and
bound the Hausdorff dimension of the points where the recovery fails.

Theorem 1.2. Let V € L%2 with 1/2 < s< 1. Then
dimg {:L’ €N ﬁ<(AV - Ao)[uk7x],ew> A V() as k— oo} <2-—s.

As the members of H® coincide almost everywhere with members of L%2,
we see that rough and unbounded potentials can be recovered almost every-
where from information on the boundary. Note that these results are stable
in the sense that k£ € N can be replaced by any sequence {ny}ren such that
ny, tends to infinity as k tends to infinity.

Corollary 1.3. Let V € HY2. Then

lim ﬁ<(AV — AO)[uk’z],eiw> =V(z), ae zell

k—o0
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In Section 5, we will prove that this is sharp in the sense of the following
theorem. Note that even though there is divergence on a set of full Hausdorff
dimension when s < 1/2, the dimension of the divergence set is bounded
above by 3/2 when s > 1/2.

Theorem 1.4. Let s < 1/2. Then there exists a potential V. € H?®, sup-
ported in 2, for which

Hx e ﬁ<(AV - Ao)[uk’x],e@> A V(z) as k— OOH # 0.

Blasten [9] proved that potentials in H® with s > 0 are uniquely de-
termined by the DN map (see also [30] for uniqueness with LP-potentials,
p > 2). It is a curious phenomenon that, within the Bukhgeim approach,
uniqueness and reconstruction have different smoothness barriers.

The DN map Ay _,2 can be recovered from the scattering amplitude at a
fixed energy x% > 0 (see the appendix), from which we are able to recover
the potential V — x?xq rather than V. We are free to choose the domain €.
Taking €2 to be a square, we obtain the following recovery formula. Here
Uy are Bukhgeim solutions which solve Au = (V — £?)u in €.

Theorem 1.5. Let V € HY? be supported in a square Q. Then

lim £<(AV,R2 — Ao)[Uk 2], eia> + K2 =V(z), ae zcQ.
k—o00
Interpreting the problem acoustically, it is unsurprising that we are unable

to recover potentials in H® with s < 1/2. Taking
V(z) = w*(1—c*(x)),

where ¢(z) denotes the speed of sound at x, the scattered solutions u also
satisfy ¢?Au + k*u = 0. Now there are potentials in H®, with s < 1/2,
which are singular on closed curves (see for example [59]). Thus the speed
of sound is zero on the curve and so a continuous solution u would be zero.
That is to say, the continuous incident waves cannot pass through the curve
and we should not expect to be able to detect modifications of the interior of
the potential which is cloaked in some sense (see [24] for more sophisticated
types of cloaking). From this point of view, the uniqueness results [9, 30]
reflect the tunneling phenomenon in quantum mechanics.

2. THE BUKHGEIM SOLUTIONS

Writing 9, = 3(8, — i) and 8z = (0, + i0y), we consider the complex
analytic interpretation of the Schrodinger equation 40,0zu = Vu. When
looking for solutions of the form u = e*¥ (1 + w), the equation is equivalent
to the system

20w = (W), 20,0 = ei(w‘L%V(l +w),
which is solved in €2 whenever
w= 210" [e_i(w"'w)xQ ot [ei(w+w) V(1+ w)]] .



UNBOUNDED POTENTIAL RECOVERY IN THE PLANE 5

Here, we take @ to be a fixed, auxiliary, axis-parallel square which properly
contains ). Thus, defining the operator S{“/ = Sl‘c/’x by

Sk [F] = Loz [e—z‘(w% X@ 07 [ )xo v FH ,

we see that as soon as ||}, || 7., 7o < 1, we can treat (I—S},)~! by Neumann

series to deduce that it is a bounded operator on H*. This yields a solution
Up g = e“/’(l + w) where

(3) w=wye = (1— 8718k 1] e A,

In what remains of this section, we prove that S’f/ is contractive for suffi-
ciently large k. This property will be crucial in the proof of Theorem 1.1 as
well as in Section 4. We write S¥[f] = 1S}V f], where

Sk — 8;1 OMik 08;1 OMk

and the multiplier operators M** are defined by M**[F] = eﬂ(”’*E)XQ F.
The key ingredient in the proof of the following estimate, is the classical
lemma of van der Corput [20].

Lemma 2.1. Let 0 < s1,89 < 1. Then
IMEFF) (-, @)l g < CRT™ME2H (L 2) | ey, 2 €Q, k> 1

Proof. By the Holder and Hardy—Littlewood—Sobolev inequalities, we have

(4) IMFF(F)|l2 < CIF |l e »
and
(5) IMFF[F[| sy < C|IF)l2,

with 0 < s1,82 < 1. So by complex interpolation, it will suffice to prove
that

(6) IMEF N - < CR2 | F | g

Indeed, if so < s; we interpolate with (4), taking s = s1, and if s1 < s9
we interpolate with (5), taking s = so. Now by real interpolation with the
trivial L? bound, (6) would follow from

k| . -1 .
7) IMFFFl g1 < OB [Flgy,
(see Theorem 6.4.5 in [7]), where the Besov norms are defined as usual by

Iflps =suwp2IPyfls and  [fllgy = 3 2Pl
» 00 jEZ ’ .
JEZ
Here, PTJ? =9(279|- ])f with 9 satisfying supp ¥ C (1/2,2) and

d o) =1.

JEZL
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As |Fllg < C||Fllo and ||F[|; < C|[Fllgy,. the estimate (7) would in

turn follow from

® IMERF o < CRH | F .
Now, by the Fourier inversion formula and Fubini’s theorem,
1 ) — R ‘ '
INERE(€)| = ‘ / () +D(E) / Flw) e duw € dz‘
2m)?1 Jq

+ik (21711)2*(22722)2 iz~(w—§) -~
< ‘ e 1 e dz) |F(w)| dw
Q
so that (8) follows by two applications of van der Corput’s lemma [20] (fac-
torising the integral into the product of two integrals). ([

In the following lemma, we optimise the decay in k, which will be impor-
tant in Section 4.

Lemma 2.2. Let 0 < s < 1. Then
ISF[F)Cy )l e < CETYF (@)l ey, 2€Q, k> 1

Proof. By two applications of Lemma 2.1,

IS5l e e < IMTF 0 071 0 MF[| g, s < CRTHIO7 0 MF| e
< CR M IM | e g
<R = ok,
and we are done. O

In the following lemma, we use Lemma 2.1 only once, and gain some
integrability using the Hardy-Littlewood—Sobolev theorem. By taking k
sufficiently large, we obtain our contraction and thus our Bukhgeim solution
u = uy . as described above.

Lemma 2.3. Let 0 < s < 1. Then
ISVPIFIC, @)l e < CRT™ V| | FC2) | ges 2 €9, k21
Proof. By the Cauchy—Schwarz and Hardy-Littlewood—Sobolev inequalities,
IVFlg < [IVli2q1Fll2g < ClIV I a1 s
where ¢ = 2. Thus, as S{.[F] = S¥[V F], it will suffice to prove that
||S]fHLq*>Hs < Ck—min{Qs,l—s}‘
When 0 < s < 1/3, by Lemma 2.1, we have
IST1 Lo s S IMTF 0871 o MF|| g, jros < CET2[07 1 0 M| 1y g
< CE™2|IM|| 14, frae
<C

k=25 |M¥ || s 1.
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When s > 1/3, we also use Holder’s inequality at the end;
STl Loy izs S IMT* 0871 o M| Ly oy < CEV 210271 0 MF[| g o
—sy gk

OR[N 0

<
< CE M oy 1o

where ¢* = and so we are done. O

2
s+17
Remark 2.4. Note that van der Corput’s estimate is independent of the size
of @ and so, when s > 1/3, the potential need not be compactly supported
for the results of this section to hold (when s < 1/3 we used the compact
support in a less obviously removable way).

3. PROOF OoF THEOREM 1.1

In this section we show that the boundary values of our Bukhgeim so-
lution uy, can be determined from knowledge of Ay. The argument is
inspired by [41, Theorem 5] but we replace the Faddeev green function Gy,
by its analogue in terms of the operator S{“/ and avoid the use of single layer
potentials.

Indeed, considering the kernel representation of S¥, we can write S¥[F]
in the form

ShF)(z) = / Golz )V () F () di.
Q

where gy, the kernel of S¥. is given by

ei(w(n)wm)) / 71 efi(w(w)+m)) dw
472 (w=m)(z ~w) |
Q

In order to work directly with exponentially growing solutions we conju-
gate g, with the exponential factors, so that

(9) /Q Gy (2 )V () F () di = ¥ Sk [~ F](2),

where G (z,7) = e¥® gy (z,1m)e” ™. Notice also that when z € Q\Q and
n € , we have that

gp(2,m) = xq(n)

A,Gy(z,m) = 0.

Thus, if we take (9) with F' = Py (f), where Py (f) solves Au = Vu with
u|pq = f, using Alessandrini’s identity we obtain that, for each z € @ \ Q,

(10)  {(Av = A)[f], Gu(z o) = €IS Pr(f)](2).

In particular the right-hand side belongs to H'(Q \ Q) and hence we can
define the operator Iy, : HY? — HY/2 by

Lulf] =Ty 0 ((Av = Ko)[f), Gylon ),
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where T, : HY(Q \ Q) — HY?(9Q) is the trace operator. Now, by the
definitions of uy, , and w, we also deduce from (9) and (3) that

(11) /QGT/’('v TI)V(U) uk,x(n) dn = e“/’s(f/[l + w] =e"w = U,z — e
Combining (9), (10), and (11) we obtain the integral identity

(I —Ty)[ukzloa] = ™|aq.

Thus, we can determine uy , on the boundary if we can invert (I —T).
By the Fredholm alternative it will suffice to show that I, is compact and
that (I — Ty) has a trivial kernel on HY/2(9Q).

Theorem 3.1. Let V € H with 0 < s < 1. Then

(i) Iy is compact
(ii) Ty[fl = f = f=0.

Proof of (i). We have that
Lylf] = T[SVl Py (f)]]-

As the set of compact operators is a left and right ideal, we consider the
boundedness properties of each component of the composition. Firstly, Py :
HY2(0Q) — H'(Q) is bounded. Secondly, H'(Q) < LP(Q) compactly for
all 2 < p < co. Now taking p sufficiently large and % = % + %, by the
boundedness of the Cauchy transform followed by the Hardy-Littlewood—

Sobolev inequality,

I1S¥[e Gl m\a) < CIVG L2 < CIVza@) |Gl e

ClIVI g Gl e -
Finally, T, : H'(Q \ Q) — HY?(99) is bounded. Since the embedding
H'Y(Q) < LP(Q) is compact, it follows that I, is compact.

Proof of (ii). Letting p = S¥[e~™ Py (f)], we have that

<
<

Ol p] = fe~Vxqd: [V P (f)),
so that
40,0:[e™ p] = VPy(f) on Q.
This can be rewritten as Ale¥p — Py (f)] = 0 on Q. Now by hypothesis

Ty[f] = £, so that by (10) we have ¢®¥p = f on 9. Combining the two, we
see that

e¥p=Py(f) on Q.
From the definition of p we see that p = S’{}[p], and as soon as SI{} is strictly

contractive, that p = 0. This of course follows from Lemma 2.3 for large
enough k. Thus, f = e™¥p =0, so that I — I’y is injective as desired. U
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Remark 3.2. We need not suppose that the potential is compactly supported
here as long as we suppose that yqoV € H® and then the Bukhgeim solutions
which we identify are associated to this potential instead. For 0 < e < 1/2
and Q Lipschitz, we have yqoV € H® as long as V € H® with s > 1/2 + «.
To see this, note that by the fractional Leibnitz rule (see for example [33]),

IxaVllae < lIxallalVilwes + [Ixallwer|Vlza

with p < ﬁ and % + % = % Then the remark follows by the Hardy—
Littlewood—Sobolev inequality, combined with the fact that yq € H? for all

s < 1/2 (see for example [22]).

4. POTENTIAL RECOVERY

In order to recover the potential at x € €2, it remains to show that the
right-hand side of Alessandrini’s identity (2) converges to V' (z). That is to
say TF,,V(z) converges to V(z) as k tends to infinity, where

L . _

T, W [F](z) = — / e WEHE) P2) (1 + w(2)) dz.
4w R2

First we show that TXV can be considered to be a remainder term.

Theorem 4.1. Let V € H® with 0 < s < 1. Then
lim T [V](z) =0, zecQ.
k—o0

Moreover, if k > (1 + c||VHHS)maX{%’i}, then

Sup ITL V(@) < CR* V1%
e

Proof. By Lemma 2.1,

T3 V()] < CRIMMV]] - ]l

<
SCE Vgl = ST) ST [ e

By Lemma 2.3, we can treat (I — S’?/)*1 by Neumann series to deduce that
it is a bounded operator on H*® when k > 1 and Ck_min{2571_5}||V||Hs < %
Then

THVI@)] < CE IV g IST V] e

Ck=* |V 3.,
by an application of Lemma 2.2, which is the desired estimate. O

<
<

Noting that e!¥(&)+T%(2) = exp (ik(zl_“)t(”_m)z), it remains to prove

(12) Jim THV] (@) = V(o).

where T} is defined by

TV F)(z) = g /exp (ik(zlfxl)zz(zrm)Z)F(z) dz.
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Now when F' is a Schwartz function, this is equal to eix0F (), where
1 1 . ~
iz0 F — zx£ (51 )F d
HOF)@) = s [ e (€) e
This follows easily, making use of the distributional formula
k . 22722
& [ o = [t Do a
T
which holds for Schwartz functions ¢. We see that when V is a Schwartz
function, T’fV solves the time-dependent nonelliptic Schrédinger equation,

10pu 4+ Ou = 0,

where O = 0z,2, — Ozy2,, With initial data V' at time 1/k. When V € H?®
with s > 1, both V and its Fourier transform are integrable, and so both

T’fV and ¢#0V are continuous functions which are again equal pointwise.
Thus, in the following lemma we obtain the convergence (12) and therefore
complete the reconstruction for potentials in H® with s > 1.

Lemma 4.2. Let V € H® with 1 < s < 3. Then
€659V (2) — V(2)| < CE 2 |V|g=, x € Q.

Proof. By the Fourier inversion formula and the Cauchy—Schwarz inequality,

€V (@) = V@)l = G ‘/ e (- 1) ag
Wi | )"
— o' ||V||Hs(/Sin2 (i‘(gﬁés— £§>)d§)1/2

1 1 1/2
(f GEGER /Rz\m )

where we have used the trigonometric identity 2sin®# = 1 — cos 20 and the
fact that sinf < |6|. O

Altogether we see that |T1+w () — V(x)| < Ck'2 for all z € Q and
V € H® with 1 < s < 3, which improves upon the decay rate of [46] where
they recovered C? potentials. Note that there can be no decay rates, at least
for the main term, for the potentials of H® with s < 1 as they would then
be uniform limits of continuous functions and thus continuous.

For discontinuous potentials we are no longer able to recover at each point.
Instead we bound the fractal dimension of the sets where the recovery fails.
This point of view has its origins in the work of Beurling who bounded
the capacity of the divergence sets of Fourier series [8] (see also [4]). Now
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Sobolev spaces are only defined modulo sets of zero Lebesgue measure, and
so we consider first the potential spaces

L2 ={I,xg : g L*(R%)},

where I, is the Riesz potential |- [*~2. As L(£) = Cy|¢| ™%, we have that I, xg
is also a member of (an equivalence class of) H*.

To bound the dimension of the sets where the recovery fails, we will prove
maximal estimates with respect to fractal measures. We say that a positive
Borel measure p is a-dimensional if

B(z,r
19 = sp MPE) iy
z€R2,7>0 r

and denote by M*(§2) the a-dimensional probability measures which are
supported in 2. For 0 < s < 1, we will require the elementary inequality

(14) s * gl S Vea(p) 9llemey, o >2—2s,
which holds whenever y € M%(Q) and g € L*(R?). To see this, we note
that by Fubini’s theorem and the Cauchy—Schwarz inequality,
s * gl L1 (apy < s * pllz2 gl 22,
so that (14) follows by proving
I pl2s S cai)y @ >2—2s.

Now by Plancherel’s theorem,

Www;=@m*mM;s/mama&@%s/uuMwm@

ik

which is nothing more than the (2 — 2s)-energy. Then, by an appropriate
dyadic decomposition

[ et m,/fjij W2V d(y) S cal)

whenever & > 2 — 2s and p € M*(Q).

The Fourier transform of less regular potentials V' is not necessarily inte-
grable, and so in that case %0V is not even well-defined. Instead we make
do with the pointwise limit
(15) THV](z) = lim G+ THV](z) = lim e*7[Gy * V](z), =€,

N—00 N—00
where Gy = N2G(N-) and G is the Gaussian ¢~ I'*. This formula holds as V/
is compactly supported and integrable; conditions which the initial data in
the time-dependent theory does not normally satisfy. We will also require
the following lemma due, in this form, to Sjdlin [50].
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Lemma 4.3. [50] Let xz,t € R, v € [1/2,1) and N > 1. Then

n(N"1E) et !
IS G

where the constant implied by the symbol < depends only on = and the
Schwartz function n.

In the following theorem, we employ the Kolmogorov—Seliverstov—Plessner
method, as used by Carleson [15] for the one-dimensional Schrédinger equa-
tion. Dahlberg and Kenig [21] proved that the result of Carleson is sharp and
noted that his argument could be applied to the higher dimensional problem
(for which the argument is no longer sharp for the elliptic equation, see [10]).
We refine their argument, which extends to the nonelliptic case, by proving
estimates which hold uniformly with respect to fractal measures.

Theorem 4.4. Let 1/2 < s < 1. Then

H sup sup \eiED[GN * I % g HLl(du) < \/Coc(,u)HgHLZ(RZ)a a>2—s,
k>1 N>1

whenever p € M*(2) and g € L.

Proof. By linearising, it will suffice to prove

2

(16) Sea(wllglze, a>2-s,

Aammwmmuwmw@wmm

uniformly in measurable functions ¢t : @ - R, N : Q@ - N and w : Q — D.
By Fubini’s theorem and the Cauchy—Schwarz inequality, the left-hand side
of (16) is bounded by

2
N2 2N s d
[ [ | [ o) e tue | g

Writing the squared 1ntegra1 as a double integral, and applying Fubini’s
theorem again, it will suffice to show that

ol elsly) oeron--ve
(17)

w(z)w(y) dp(@)du(y) < ca(p)

uniformly in the functions ¢, N and w. Now, as |£[%* > |£1]°|&]%, the left-
hand side of (17) is bounded by

: 3 &\ jic-rp : d;
jgl‘ / G(N(Jx)>G<N(jy))el(i) (1) —t(u)€ il —v)6 ek

w(z)w(y) du(z)du(y),
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and by Lemma 4.3, we have

g &\ (=1 (H@) —tw)E2 iy, )Es
/G<N(2>)G(Né/>>€ 7! Jdgj B 1
Sl ~ g -y

‘l—s'

Substituting in, we see that the left-hand side of ( 17) is bounded by

d
(18) 0// 1 y)|du(x) 1 < // 1 z)du(y) _
\ﬂfl—yl\ S\$2—y2| s ’xl_yl’ S!$2—y2\ s

To complete the proof, we are required to bound (18) by ¢, (x). This will
require a dyadic decomposition which lends itself to the singularities along
the axis-parallel lines A, defined by

Ay={zeQ:z1=y1 or mgzyg}, y € Q.
Covering A, by balls {B;};>1 of radius r; and using the definition (13) of

calp), we have
(4y) <D n(Bj) <calp) Y 15

j>1 j>1

Taking the infimum over all such coverings and using the fact that the a-
Hausdorff measure of A, is zero when o > 1, we see that p(A,) = 0 for all
p € M*(§2). Thus we can ignore the sets A, when decomposing the inner
integral of (18).

For each j,¢ € Z we break up @ D € into dyadic rectangles of dimensions
277 x 27 and consider the unique rectangle Rj ¢ which contains y. We call
the unique rectangles R;_10-1, R;_14, and Rj,_1 that contain R;,, the
mother, the father, and the stepfather respectively. We write R}f(g ~ R;j,if
their mothers touch, but their fathers and stepfathers do not. As p(A,) =0,
we can write

[Pewaw = X [ Peyde).

G420 neRT ~R; Y

n

The rectangles of dimensions 277 x 2_2, with 1 < 5,4 <3,

associated with a single point y.
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which yields
(18) < C/ Z Z 2j(1—5)2£(1—5)u(R2g) du(y).
7,£=0 n:R;.LJN o,
Without loss of generality, we can suppose that
Z Z 2j(1_8)2£(1_8)/‘(R?,€) < Z Z 2j(1—s)2€(1—s)u(RZ€)7
0>35>0 n:R;.Lyeijyg 7=0=0 n:R?,ZNR]-,g
so that

a9 <cf 33 ARy duty)

j=£20 n:R;‘)ZN )

Now by covering each rectangle by discs of radius 277, and using the defini-
tion (13) of co(p), we see that

W(R},) < 20 e (p)277e,

and for each rectangle R, ; there are exactly nine rectangles RZ ¢, Which satisfy
RT-L,Z ~ R;y. Thus

J
(18) < cal(p) Z 9i(3msma)gts S calp),

2020

when o > 2 — s, and so we are done. O

Proof of Theorem 1.2. By Alessandrini’s identity (2) and Frostman’s lemma
(see for example [38]), it will suffice to prove that

(19) ,u{x s limsup | T, [V](z) — V()| # O} =0

k—o00

whenever y € M%(Q) and V € L*?(Q) with a > 2 — 5. By Theorem 4.1
and (15), this would follow from

,u{a: : lim sup lim sup \ei%D[GN x V](x) — V(x)| # 0} =0.

k—oo N—oo

Writing V' = I, * g, where g € L%, we take a Schwartz function h so that
lg — hllz2 < e. Then

,u{ x : limsup lim sup |ei%D[GN * V](z) —V(x)| > A }

k—oo N—ooo

Z @ sup sup |ez%D[GN x Isx (g — h)|(x)] > )\/3}—1—
k>1 N>1

: lim sup lim sup ]e’%D[GN « Is % h](z) — Is * h(z)| > \/3 } +

{
L sl
{

z i L+ (h = g)(@)| > A/3 .

< p

=
8

I
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As the terms involving A are continuous in all parameters, the second set of
the three is empty, so by the elementary inequality (14) and Theorem 4.4,
we see that

plo  dimsup [T, V(@) = V()] > A} S A7Vealu) lg = bl
—00
SA! Vealp) e,

for all € > 0, which yields (19), and so we are done. O

Proof of Theorem 1.5. This follows by applying Corollary 1.3 to the potential
g =V — k®xq. For Ve HY2, the potentials ¢ = V — k?xq are contained
in H* for 0 < s < 1/2 (see for example [22]) and so we find Bukhgeim
solutions Uy ., associated to ¢, and recover their value on the boundary as
before. However, Corollary 1.3 requires the potential ¢ to be contained in
H'/? which is not satisfied for any domain. However, it is clear from the
proof of Theorem 4.4 that we can relax this condition further to

(i axl)1/4(Zax2)1/4q“L2(R2) < 00,

which is satisfied when € is a axis-parallel square, but not when it is a
disc. 0

Remark 4.5. As in the previous sections we can consider potentials which
are not compactly supported. Here we can recover the potentials on  if
V € H?® with s > 3/4. Indeed, the arguments of this section require that

a2 (i)

for which it is again convenient to take €2 to be an axis-parallel square. Then
arguing as in Remark 3.2, by the fractional Leibnitz rule,

1G2) " V)@, | oy < Ixales, llall (i) "V (@1,

By factorising the integral using Fubini’s theorem and applying the argu-
ment of Remark 3.2 in the xo-variable, this holds if

I(i5 ', )1/4(Z872)80VHL2 R2) <

with sg > 1/2. Thus if a noncompactly supported potential is in H® with
s > 3/4, we can recover it on any compact domain.

XQV)HLQ(RQ) < o0,

Finally we note that the uniqueness result of Blasten [9] can be observed
using the connection with the time-dependent Schrodinger equation. In-
deed if the scattering data or boundary measurements are the same for two
potentials V; and V5, then by Alessandrini’s identity (2),

IVa = Vill2 = [IVa = T Vo + T Vi = Vil 2,
so that by the triangle inequality and Lemma 4.1, it suffices to prove
|V =TV|2 >0 as k— oo,
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which is a well-known property of the Schrodinger flow.

5. PROOF OF THEOREM 1.4

First we construct a real potential V', supported in €2, and contained in
H? with s < 1/2, for which

{g; €Q: lim et9V](z) A V(m)}‘ £0.

k—o00

Throughout this section we work with a different set of coordinates from the
previous sections. Indeed, for Schwartz functions F', we now write

1 A . ~
oy [ S R de

Let ¢, be a positive Schwartz function, compactly supported in [—1/4,1/4],
and consider ¢ = ¢, * ¢, which is supported in [—1/2,1/2]. Note that

QAS = ($0)2 > 0. We consider the potential V' defined by

Viw) =2 Vilw) =3 207 cos(2m)g(Pan)é(x2)

¢"F)(z) =

j>2 j>2

= 3 20 (2T g ) + D 20T (2o ()
j>2 Jj=z2

= Vi @)+ Vi (@),
Jj=2 Jj=2

which is supported in [—1, ] x [-3,3]. If B € (1/2+ s,1), by changes of
variables,

V|3 <03 20-26+29 / 1BEDNDE) (1 + €[2)de < oc.

Jj=2

Thus V is finite almost everywhere, and we will show that eix0y diverges

11 11
on [75, 1) X [~ 15> 16)-

This potential is an adaptation of an initial datum for the time-dependent
nonelliptic Schrédinger equation considered in [48]. The initial datum there
was not real, the diverging sequence of time was allowed to depend on the
point x, and more crucially, the initial datum was not compactly supported.
Thus our arguments will have a different flavour, working on the frequency
and spatial side simultaneously.

By changes of variables and the Fourier inversion formula,

1-8)j ,i27 ) . )
- [olevate) e e a2 g

eitD[VjJr]($) — (27r)2

9(1-B)j gi2/ w2 4 4 ~ .
= 27; /¢(29(m1 — 20 — 2165)) p(&2) €272 dEs.
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Taking t = 1/k with k the nearest natural number to 277! /21,

. (1-B)j gi2is . |
@) = g [ ol ) - Zre)dle) e

where [((z1,7)| < 7 when ;1 € [, 1], so that, using the compact support
of ¢, we see that

.1 (176)] 16 G+1 -~ .
V@) = |5 o(Clan i)~ ) d@) gy
9(-B)j | 16 .
> 5| [ 6(6wn) - P e)9(6) cos(tos) dea|

Now when z3 € [—1k, 5], we have |&a2| < 1, so that | cos(&a2)| > cos(1).
Using the fact that ¢ and d) are nonnegative, we obtain

B (1-8)s 16 P
V) > g [ () - B )t de

2m —16
> 012(1*5)3'_

It remains to bound from above the solution associated to the other pieces
of the potential. Again by the Fourier inversion formula,

’ ’L D[Vi] ‘/(b gl i%§1£26i(24£1(x1¥2€‘:1

)+§2$2)d§‘

T or ‘/qb(%(xl F I - 26))6(%) €i€2x2d€2‘.

Using the fact that ¢(y) < Cly|~'/2, we obtain
il - |$(€2)|
O @) < o200 [ BEN e,
|21 F — 78]

Taking 0 < € < min{1/4,1— 8}, and using the rapld decay of gg, we see that
1 1 .
EO[VE (@) < C20/2-) / déy+C279).

( eal<29 a1 F 20 — 265|112 )

Now one can check that when ¢ # j or j = /£ and F is an addition,

] < flan ¥ 2|
when [&| < 27¢. Indeed, when j > £, the left-hand side is less than 1|z
which is less than the right-hand side. On the other hand, when j < ¢ or
j = ¢ and F is an addition, the left-hand side is less than %|z;| which is
less than the right-hand side. Thus, the integrand of the final integral is
nonsingular so that the integral is bounded by C|z|~1/229 < C2¢.

By summing a geometric series in ¢, we obtain

| > HOVE @) + V()| < €027,
t#j



18 KARI ASTALA, DANIEL FARACO, AND KEITH M. ROGERS

and we can conclude that on [1—16, %] X [—%, %],
OV = ey, \ S ERPIVE 4 RV (1) = 127079 - 0p27F,

t#j

which diverges as j tends to infinity. Considering forty-five degree rotations
of the Vj, which are Schwartz functions, via the pointwise equality, this
yields

TEV > TSV = | 30 THVE + TV, | > 02009 — oo
(#]

on a forty-five degree rotation of [z, 1] x [, ], so that |T§[V]| diverges

as k tends to infinity. Thus, by Theorem 4.1, combined with Alessandrini’s
identity (2),

{x : £<(AV - AO)[um|aQ],e@|m> AV(z) as k— oo}

contains a forty-five degree rotation of [, 1] x [~ 4, ], which has nonzero

Lebesgue measure. O

Note that this result is stable in the sense that £ € N can be replaced by
any sequence {ny tren satisfying ny € [k, k + 1).

Remark 5.1. In [51], Sjolin asked for which values of s is it true that

lim e kAf( ) =0, ae. zeR(suppf),

k—o00

for all f € H®. In principle, this question could have stronger positive results
and weaker negative results than Carleson’s question: for which values of s
is it true that

hm €'t Af( )= f(z), ae xeRY

for all f € H*? Indeed, before Bourgain’s recent breakthrough [10], Sjélin
proved a stronger positive result for his question than what was known for
Carleson’s question in three dimensions. Here we solve Sjolin’s question
completely for the nonelliptic equation in two dimensions. That is to say,

lim "7 f(x) =0, a.c. z € R?\(suppf),

k—o00

for all f € H® if and only if s > 1/2.

APPENDIX A. THE DN MAP FROM THE SCATTERING AMPLITUDE

It is well-known that in the absence of zero Dirichlet eigenvalues there is
a unique weak solution to the Dirichlet problem (1) that satisfies

(20) lullm o) < Clf L2 00)
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(see for example [19] - in two dimensions L™/ 2(R™) can be replaced by L?(R?)).
Here H'/2(09) := HY(Q)/H}(Q), where H} () denotes the closure of C§°(9)
in H'(Q). The DN map Ay is then defined by

<Av[f ]M/J> =
o0
for all U € HY(Q) with ¢ = ¥ + H(Q). When the solution and boundary

are sufficiently regular, this definition coincides with that of the introduction
by Green’s formula. To see that Ay maps from H'/2(0Q) to H~Y/2(0Q),
the dual of H'/2(9Q), we note that by Holder’s inequality and the Hardy—
Littlewood—Sobolev inequality,

(172, 0)] < el @l @) + IV Iallullzs@) | #lzs
< A+ CIVIlullimo) 19 a1 0
whenever ¥ € H'(€), so that by (20), we obtain

[(AVIAL )| < CA+ VIR Al 2o 16 12 0

There are a number of different approaches to showing that the scatter-
ing amplitude at a fixed energy x? > 0 uniquely determines the DN map
Ay _ 2 and vice versa (see for example [6, 39, 58, 54, 56]). Here we follow a
constructive argument due to Nachman [40, Section 3]. We must addition-
ally assume that x2 is not a Dirichlet eigenvalue of —A + V. This can be
arranged by taking () sufficiently large as the eigenvalues decrease strictly
as the domain grows [43] (the result of [37] can be extended to L?-potentials
using the unique continuation of [32]). We also additionally suppose that V'
is real.

Let Gy and G be the outgoing Green’s functions that satisfy

(~A+V =Gy (z,y) =8z —y), (A —r")Go(z,y) =d(z —y),

and let Sy and Sy be the corresponding near-field operators defined via
single layer potentials;

Svlf)(z) = /mGV(x,y)f(y)dy, Solfl@) = [ Gole.y)f(y) dy.

o0

These are bounded and invertible, mapping H~'/2(dQ) to H'/?(9Q) (the
two—dimensional proof can be found in [31, Proposition A.1]). Then Nach-
man’s formula [39],

Av[f]v = /QVU\IJ +Vu-VU,

Ay_p2 = Ao+ Syt — Sy,

allows us to recover the DN map on Lipschitz domains.

Thus it remains to recover the single layer potential Sy from the scattering
amplitude Ay at energy x2. For w € S!, the outgoing scattering solution
v(+,w, k) is the unique solution to the Lippmann—Schwinger equation

(21) ’U(yﬂ")?K) = ei/{yw - GO(yaZ)V(Z)U(Zawa’%) dz.
R2
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For (o,w) € S! x S, the scattering amplitude then satisfies

(22) Ay (o,w, k) = / eI (2 (2, w, k) dz.
R2

When 2 is a disc, Nachman recovers Sy via formulae given by expansions
in spherical harmonics as below. Otherwise he uses a density argument (we
remark that Sylvester [56] also invokes density in order to recover). Since
we have been obliged to work with Q) a square, at this point we deviate and
instead follow an argument of Stefanov [52], obtaining an explicit formula
for the Green’s function Gy in terms of Ay . Alternatively it seems likely
that we could pass to the DN map on the square from that on the disc via
the argument in [41, Section 6] for the conductivity problem, but we prefer
this more direct approach.

Stefanov worked in three dimensions, with bounded potentials, and a
number of details change in two dimensions, so we present the argument.
We recover Gy outside of a disc which contains the potential, but which is
contained in the domain, so that Sy can be obtained by integrating along
the sides of our square €.

First we require the following asymptotics.

Lemma A.1.
—Z ei‘%lx| eiﬁly‘ T y 1
- SR (- £ ) o)
8Tk |g|z |y|2 " ly| |2y 2

Proof. 1t is well-known (see for example (3.66) in [42]) that Gy satisfies

i ik|z|
(23) Gv(w,2) = ————v(z k) +o( =),
(87)% K2 |z|2 || |z|2

GV(xvy) - Go({L‘, y)

and, in particular,

et ekl _

24 Go(y,2) = —F—
. NSV

On the other hand, it is easy to verify that
(25) GV(.’IJ,y) _G()(mvy) - - QGv(.’E,Z)V(Z)GO(y, Z) dz.
R
Substituting in (23) and (24), see that Gy (z,y) — Go(z,y) is equal to

i eiklzl giklyl .
! ee/e_mZl'zV(z)v(z,—ﬁ,&)dz-i—o( ),
x

BT Jaf Jy)2 a2

so that by (22) we obtain the result. O

In the following, J, and H,(ll) denote the Bessel and Hankel functions of

the first kind of nth order, respectively (see for example [36]). We also write
x in polar coordinates as (|x|, ¢5).
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Theorem A.2. Let V € H® with s > 0 be supported in the disc of radius p,
centred at the origin, and consider the Fourier series

Ay (o,w, k) Z Z U €197 €T

neZ mez
Then

Gy (z,y)=Go(z,y) = "y HO (]| ) HED (|0 e,

16
neEZ meZ

where the series is uniformly, absolutely convergent for |x| > |y| > R > %p.

Proof. We can expand Go(z,y) = i'Hél)(m]w —yl) as

Gola,y) = & (H (el (sl + 2 5 HED (slal) Juslyl) cos(6 — )

n>1

(see for example [17, Section 3.4] or [49, Theorem 3.4]). As H(}g = (—1)"HT(L1)
and J_, = (—1)"J,, in order to separate variables it will be convenient to
write this as

)= 5 3 D lal) (el .
neL

As before, it is easy to check that

Gy (z,y) — Go(z,y) = — - Go(z,2)V(2)Gy(z,y) dz,

and so substituting (25) into this we obtain Gy — G = —I1 + I2, where
I = /GO x,2)V(2)Go(z,y) dz

Ig :/Go(x,zl)V(Zl)/Gv(zl,ZQ)V(ZQ)Go(y,ZQ) dZdel.

Now in both integrals we introduce the expansion of G (note that Go(z,y) =
Go(y, z)), extracting the terms independent of z, z1, z3. In this way we get

(26) = zz%mm (k)| HD (s]y|)emo=eiméy,

nEZ meEZ

(27) TS Z > B H (|2 HD (s]y |0 e,

nEZ meZ

where

On,m —/ V(2)Ju(kl2]) T (] 2])e 7 ™% dz,

Bun = [ TulrlaDV )Gy (a1, 20)V ()T (wlal)e 1€ dindi
R
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It remains to show that the sums (26) and (27) converge uniformly and
absolutely for [z| > |y| > R > 2p. Once we know that this is the case, we
can take limits and use the asymptotics of the Hankel functions for large r;

(1) _ _—i(nZ+I) 2 %ir 1
e

(see for example [36, Section 5.16]), and then Lemma A.1 tells us that

. 2 (=)™
_7(_Z)n+m+1*(5n,m - an,m) = —Z( ) An,m-
16 T 8

To see that the sums converge note that, by Hélder’s inequality, we have
|anm| < CpllVI[ 2| Tn (6] - DllLoe(B,) | Tm (5] - Do (5,),
Brn| < NGVIIz28,x ) IV 72T (8] - Dl poeB,) | Tm (K] - Dl oo (8,)-

1

At this point we deviate from [52] as there seems to be less local knowledge
regarding Gy in two dimensions. Instead we can rewrite (25) as

Gv(y) =Go(y) = (A +V = K% —i0) " [VGo(-y)],

and use that the resolvent is bounded from L2((1+|-[*)?) to L2((1+]-]?)7%)
with § > 1/2 (see [1, Theorem 4.2]). Thus, using that V' is compactly
supported, and taking 5= + L with large p so that 1 — 2 = s,

1Gv (s 9)lle2s,) < 1Go(-9)llzzs,) +Cp”VG0('ay)”L2(BP)
<Go(9lle2(s,) + Col Vgl Gols Y)liLe(s,)
< NGoCWlL2s,) + CollV I Go(s 9)ll Lo (5,),

by the Hardy-Littlewood—Sobolev inequality. Integrating again with respect

to y, and recalling that the singularity of Hél) at the origin is logarithmic,
we see that |Gv|l2(,xB,) < C. Then, using the Taylor series expansion
for the Bessel function,

’_‘Z \nH-j ()Qﬁw

]>0

1 /py\I7l
<pr<§) , 0<r<p,

we see that

lanm| < CpllV |2 in |,(p)|n|1<g)m,

[m]!

Bl < Cp(1+ uvnimi(g)'"‘;(g)lmy

! m!

Finally, we require the Hankel function estimate,

3\ 7l
HY ()| < Crlnll(5) ", R<r,
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which is proven in [2, Lemma 2.3]. The sums (26) and (27) are then bounded
by a constant multiple of

>3 (r) (r)”

which is convergent when |z| > |y| > R > 2p, and so we are done. O

The authors thank Juan Antonio Barceld, Victor Arnaiz, Antonio Cérdoba,
Adrian Nachman, Gen Nakamura, Alberto Ruiz, Chris Ruiz, Mikko Salo,
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