THE BASE CHANGE IN THE ATIYAH AND THE LUCK
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ABSTRACT. Let F be a free finitely generated group and A € Maty, xm (C[F]).
For each quotient G = F/N of F we can define a von Neumann rank function
rkg(A) associated with the [2-operator [2(G)™ — 12(G)™ induced by right
multiplication by A.

For example, in the case where G is finite, rkg(A) = rkfcc(rl) is the nor-

malized rank of the matrix A € Maty,xm (C[G]) obtained by reducing the
coefficients of A modulo N.

One of the variations of the Liick approximation conjecture claims that the
function N~ rkp,n(A) is continuous in the space of marked groups. The
strong Atiyah conjecture predicts that if the least common multiple lem(G) of
the orders of finite subgroups of G is finite, then rkg(A) € mz.

In our first result we prove the sofic Liick approximation conjecture. In
particular, we show that the function N — rkp/y(A) is continuous in the
space of sofic marked groups. Among other consequences we obtain that a
strong version of the algebraic eigenvalue conjecture, the center conjecture
and the independence conjecture hold for sofic groups.

In our second result we apply the sofic Liick approximation and we show
that the strong Atiyah conjecture holds for groups from a class D, virtually
compact special groups, Artin’s braid groups and torsion-free p-adic analytic
pro-p groups.
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1. INTRODUCTION

1.1. The strong Atiyah conjecture. The strong Atiyah conjecture arose from a
question of M. F. Atiyah [2, page 72] about whether L2-Betti numbers of a manifold
with a cocompact proper G-action can be irrational. In [8] J. Dodziuk reformulated
the Atiyah question as a question about CTW-complexes of finite type and this
problem received the name of the Atiyah conjecture. T. Austin [3] showed that
the set of L?-Betti numbers arising from finitely generated groups is uncountable
(hence it contains irrational values, but no explicit value was given). Explicit
examples appear in [15] 24, 36, 16]. These examples also lead to constructions
of closed Riemannian manifolds with irrational L2-Betti numbers confirming the
prediction of M. Atiyah. All these examples involve groups having finite subgroups
of arbitrary large order. The formulation of the strong Atiyah conjecture for groups
with a uniform bound of orders of finite subgroups is due to W. Liick and T. Schick.
The case of torsion-free groups is of particular interest, because it generalizes the
famous Kaplansky’s zero divisor conjecture.

For a countable set X, let [2(X) denote the Hilbert space with Hilbert basis the
elements of X; thus [?(X) consists of all square summable formal sums Y.y 4,z
with a, € C and the inner product is

(Z AT, Z byy) = Z Ayby.

zeX yeX rzeX

Let G be a countable group. Then G acts by left and right multiplication on
I2(G). The right action of G' on [?(G) extends to an action of C[G] on [?(G) and so
we obtain that the group algebra C[G] acts faithfully as bounded linear operators
on [?(@). In what follows we will simply consider C[G] as a subalgebra of B(I?(G)),
the algebra of bounded linear operators on I?(G).

A finitely generated Hilbert G-module is a closed subspace V < [2(G)", in-
variant under the left action of G. We denote by proj, : I>(G)" — [?(G)" the
orthogonal projection onto V and we define

dimG V= Trc;(projv) = Z<(12) projv, 1i>(12(G))n7
i=1
where 1; is the element of [?(G)™ having 1 in the ith entry and 0 in the rest of the
entries. The number dimg V' is the von Neumann dimension of V.

Let A € Mat,, xm(C[G]) be a matrix over C[G]. The action of A by right multi-
plication on [2(G)™ induces a bounded linear operator ¢4 : I2(G)" — [2(G)™. We
put

kg (A) = dimg Im ¢4 = n — dimg ker 8.

Observe that if G is finite, then rkg = I%CI If G is a quotient of a group F' and
A € Mat, «m (C[F]) is a matrix over C[F], by abuse of notation, we will also write
ke (A) instead of tkg(A), where A is the image of A in Mat,, x., (C[G]).

If G is not a countable group then rkg is also well defined. Take a matrix A
over C[G]. Then the group elements that appear in A are contained in a finitely
generated group H. We will put rkg(A) = rky(A). One easily checks that the
value rkg(A) does not depend on the subgroup H.

Now we are ready to formulate the strong Atiyah conjecture.
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Conjecture 1 (The strong Atiyah conjecture over K for a group G). Let K be
a subfield of C. Assume that there exists an upper bound for the orders of finite
subgroups of G and let lem(G) be the least common multiple of these orders. Then
for every A € Maty, xm (K[G]), we have that

1

I‘kg(A) S lcm(G)Z

There is a considerable body of work to establish the strong Atiyah conjecture
for different classes of groups and fields. The first important contribution is due to
P. Linnell [25] who proved the strong Atiyah conjecture over an arbitrary subfield
of C if G is a group from the class C, where C is the smallest class of groups which

(1) contains all free groups;

(2) is closed under direct unions;

(3) satisfies G € C whenever G contains a free subgroup N with G/N elemen-
tary amenable.

The free group case in Linnell’s proof is handled by means of the Fredholm module
associated with a group action on a tree. Then the general case is reduced to the
free group case applying algebra techniques inspired by J. A. Moody’s paper [33].

J. Dodziuk et al. [9] proved Conjecturefor groups from the class D over Q, the
field of algebraic numbers. The class D is the smallest non-empty class of groups
such that:

(1) If G is torsion-free and A is elementary amenable, and we have a projection
p : G — A such that p~!(E) € D for every finite subgroup E of A, then
GeD.

(2) D is subgroup closed.

(3) Let G; € D be a directed system of groups and G its (direct or inverse)
limit. Then G € D.

Note that the class D contains all residually torsion-free solvable groups. A main
new ingredient of the proof with respect to Linnell’s paper [25] consists in the use
of the Liick approximation which we will discuss below. This idea appeared first in
a paper of T. Schick [39].

It is a standard fact that if G satisfies the strong Atiyah conjecture, then it
also holds for every subgroup H of G satisfying lem(H) = lem(G). The question
whether the strong Atiyah Conjecture holds for a group G if it holds for a subgroup
of finite index is a very delicate one. Some partial results were obtained in [26] [41].
Using these results the strong Atiyah conjecture over Q is proved for Artin’s braid
groups [26] and for finite extensions of the fundamental groups of compact special
cube complexes [41].

In [T4, Theorem 1.1] the strong Atiyah conjecture over Q was proved for torsion-
free p-adic analytic pro-p groups. This, for example, implies that any finitely gen-
erated group, which is linear over a field of zero characteristic, contains a subgroup
of finite index satisfying the strong Atiyah conjecture over Q. The proof also uses
the Liick approximation.

In [9] it was shown that the Kaplansky zero-divisor conjeture for C[G] follows
from the Kaplansky zero-divisor conjeture for Q[G]. In this paper we show that
the strong Atiyah conjecture for sofic groups over an arbitrary field follows from
the one over the field of algebraic numbers.
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Theorem 1.1. Let G be a sofic group. Assume that the strong Atiyah conjecture
holds for G over Q. Then the strong Atiyah conjecture holds for G over C.

As a consequence we prove the strong Atiyah conjecture over an arbitrary subfield
of C in all the cases that we have described above.

Corollary 1.2. Let G be a group belonging to one of the following families

(1) the class D;
(2) Artin’s braid groups;
(3) finite extensions of fundamental groups of compact special cube complezes;
(4) torsion-free p-adic analytic pro-p groups.
Then G satisfies the strong Atiyah conjecture over C.

The proof of Theorem depends on the solution of the sofic Liick approx-
imation conjecture over arbitrary fields of zero characteristic that we present in
Subsection [[.3

1.2. The Liick approximation conjecture. First let us introduce the Liick ap-
proximation conjecture. We use the notation from the previous subsection.

Conjecture 2 (The Liick approximation conjecture over K for a group G). Let K
be a subfield of C, F a finitely generated free group and F > N1 > Ny > ... be a
chain of normal subgroups of F with intersection N = NN;. Put G; = F/N; and
G = F/N. Then for every A € Maty,xm (K[F]),

lim rkg, (A) = rkg(A).
k—o0

W. Liick gave an elegant proof of this conjecture in the case where {G\} is a
family of finite groups and A € Mat, ., (Q[F]) ([29]). G. Elek and E. Szabé [13]
observed that Liick’s approach can be applied in a more general situation where the
groups Gy, are sofic. In [9] J. Dodziuk at al. developed a method that allowed to
prove the Liick approximation conjecture over Q when {G}} are in D. Combining
the ideas of [I3] and [9] one can unify the results of these papers and show that the
conjecture holds when the groups G}, are sofic and the coefficients of A are in Q (a
sketch of the proof of a slightly more general result can be found in [23]).

At this moment there are only two cases for which the Liick approximation
conjecture with arbitrary coefficients is known to be true in full generality. The
case where G is amenable is due to G. Elek ([I0], see also [35]) and the case where
G is free is due to the author ([22]).

Remark. We have only formulated the Liick approzimation conjecture for finitely
generated groups G. If G is an arbitrary group, we say that it satisfies this conjecture
if all its finitely generated subgroups do.

1.3. The sofic Liick approximation conjecture. As before, let ' be a free
finitely generated group and assume that it is freely generated by a set S. Recall
that an element w of F' has length n if w can be expressed as a product of n
elements from SUS~! and n is the smallest number with this property. We denote
by Bj(1) the set of elements of length at most k.

Let N be a normal subgroup of F. We put G = F/N. We say that G is sofic
if there is a family {Xj : k € N} of finite F-sets (I acts on the right) such that if
we put

Tps={reXp: z=z-wifwe Bs(1)NN, and z#z-wif we Bs(1)\ N},
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then for every s,
li |Tk,s|

=1.

The family of F-sets {Xj} is called a sofic approximation of G. This is one of
many equivalent definitions of soficity for a finitely generated group; we have found
this one in [43] Proposition 1.4]. For an arbitrary group G we say that G is sofic
if every finitely generated subgroup of G is sofic. Amenable groups and residually
finite groups are sofic. At this moment no nonsofic group is known.

Now, let us generalize slightly the notation introduced in Subsection Let
A € Maty,m(C[F]) be a matrix over C[F]. By multiplication on the right side, A
induces a linear operator ¢%, : I>(Xj)" — [*(X})™. We put

dimc ker (bf(k
| X

Now we are ready to state the main result of this paper.

dim x, ker (bf(k = and rkx, (4) =n — dimy, ker ¢§k.

Theorem 1.3 (The sofic Liick approximation conjecture over K for a group G).
Let K be a subfield of C. Let {Xy} be a sofic approzimation of G = F/N. Then
for every A € Maty,xm (K[F)),

lim rkx, (A) = rkg(A4).

k—o0

This result was known previously when K = Q ([I3], [9]). The proof of this

particular case used the solution of the so-called determinant conjecture in the case
of sofic groups when K = Q. This method cannot work for general K because
the determinant conjecture is not valid over an arbitrary field K (see [23]). Our
approach is completely different and it uses the theory of epic *-regular R-rings,

which we develop in this paper. We will give a more detailed sketch of the proof of
Theorem [[L3] in Section 2

1.4. The Liick approximation in the space of marked groups. There are
many different types of approximations that one may consider. In this subsection
we describe the approximation in the space of marked groups. A more general kind
of approximation is described in Subsection

The space of marked groups MG(F, S) can be identified with the set of normal
subgroups of F with the metric d(Ny, No) = ™", where n is the largest integer such
that the balls of radius n in the Cayley graphs of F//N; and F'/Ns with respect to the
generators S are simplicially isomorphic (with respect to an isomorphism respecting
the labelings). In this setting the approximation conjecture may be stated in the
following way.

Conjecture 3 (The Liick approximation conjecture in the space of marked groups
over K for a group G). Let {N, € MG(F,S)} converge to N € MG(F,S). Put
G = F/N and G, = F/Ny. Then for every A € Mat, xm (K[F]),

lim rkg, (A) = rkg(A).
k—o0
Clearly Conjecture [3]is a strong version of Conjecture 2l Applying Theorem

we obtain the following corollary.

Corollary 1.4. Conjecture[3 holds over C if all G; are sofic.
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1.5. Some other applications of Theorem The algebraic eigenvalue con-
jecture was introduced in [J]. It claims that if A € Mat, (Q[F]), then all the
eigenvalues of the operator ¢é are algebraic. In [9] it was proved for the groups G
from the Linnell class C and in [44] in the case where G is sofic, A € Mat,, (Q[F])
and A = A*.

Another consequence of Theorem is the proof of the following strong version
of the algebraic eigenvalue conjecture for sofic groups. In [26] P. Linnell and T.
Schick showed that if K is a subfield of C closed under complex conjugation, then
there exists the smallest x-regular subring of U(G) that contains K[G]. We denote
this subring by Rg|[g)- The reader can look at Subsection where we will give
more details concerning the notion of x-regular closure.

Corollary 1.5 (The strong algebraic eigenvalue conjecture for sofic groups). Let
G be a countable sofic group, K a subfield of C closed under complex conjugation
and A € Mat,(Rg[q)). Then for any X € C which is not algebraic over K, the
matriz A — X, is invertible over U(G).

We denote by R () the closure of R (g in U(G) with respect to the rkg-metric.
Applying Theorem [1.3] we also obtain the following corollary.

Corollary 1.6 (The center conjecture for sofic groups). Let K be a subfield of C
closed under complex conjugation and let G be a countable sofic group. Then

RK[G] NC=K.
In particular, if G is an ICC group, then Z(Rkq)) = K.

The next application of Theorem [I.3] shows that the von Neumann rank of a
matrix A € Mat,, ., (K[G]) does not depend on the embedding of K into C if G is
sofic.

Corollary 1.7 (The independence conjecture for sofic groups). Let G be a sofic
group. Let K be a field and let ¢1,¢2 : K — C be two embeddings of K into C.
Then for every matrizc A € Maty, xm (K[G])

rka(¢1(A)) = rka(d2(4)).
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2. THE DESCRIPTION OF THE PROOFS OF THEOREMS AND [L.1]

In this section we give an overview of the proofs of Theorems and We
hope that this section will help the reader to create a general picture of our argu-
ment. We start introducing the general notation used in the paper.

2.1. General conventions and notations. In this paper all rings and homomor-
phisms are unital. The letter K is reserved for a field and by an algebra we will
always mean a K-algebra.

If R is a ring, an R-module will usually mean a left R-module. The category of
R-modules is denoted by R-Mod.

R[z] is the ring of polynomials over R and R[z*!] is the ring of Laurent polyno-
mials.

A #-ring is a ring R with a map * : R — R that is an involution (i. e. (z*)* =
z, (z+y)* =x* +y*, (zy)* = y*z* (z,y € R)). If K is a *-ring, then a x-algebra
is an algebra with an involution x satisfying (Az)* = A*z* (A € K, x € R).

An element of a *-ring e is called a projection if e is an idempotent (e? = ¢)
and e is self-adjoint (¢* = ¢). A projection may be also defined as an element e
satisfying e = ee*.

For every subset S of a ring R,

Annf*(S) = {r € R: rz =0 for every z € S}

will denote the left annihilator of S in R. Similarly, Ann®(S) will denote the right
annihilator of S in R.

If n > 1 we denote by I, the n by n identity matrix. For matrices A and B,
A @ B denotes the direct sum of A and B:

A 0
A@B—(O B)'

2.2. The theory of x-regular R-rings and a structural reformulation of the
sofic Liick approximation conjecture. We start the paper by developing the
theory of «-regular R-rings. In Section[3|we present the main results concerning von
Neumann regular rings and *-regular rings and we also explain the construction of
the *-regular closure. In Section [4] we recall the notion of epic homomorphisms and
the Cohn theory of epic division R-algebras. This theory is our main inspiration to
create the theory of epic #-regular R-rings. In Section [5] we explain the notion of
Sylvester rank function and prove some of its properties. Finally, in Section [6] we
will show that a x-regular closure of a *-subring R is an epic R-ring (Proposition
and using this result we will show that any x-regular Sylvester rank function
has a canonical #-regular envelope (Theorem [6.3)). There are two relevant examples
which are related to the sofic Liick approximation conjecture.

Let K be a subfield of C closed under complex conjugation and let G be a
countable group. Then rkq is a *-regular Sylvester matrix rank function on K[G].
The *-regular algebra associated with rkg is Rgq). Now, let {X}ren be a family
of finite F-sets. Assume that {X}} approximates G. Fix a non-principal ultrafilter
w on N. Then rk, = limrkx, is another x-regular Sylvester matrix rank function

w

on K[G]. We denote by Ri[q]w the *-regular K[G]-algebra associated with k.
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A straightforward reformulation of the sofic Liick approximation conjecture over
K is to say that for every non-principal ultrafilter w on N,

rkg = rk,, as Sylvester matrix rank functions on K[G].

Our structural reformulation of the sofic Liick approximation conjecture over K
(Theorem [6.6) implies that it is equivalent to the existence of a K [G]-#-isomorphism

oK RK[G] — RK[G],UJ such that rkg = rk,, cag.

At first glance it seems that this reformulation cannot help us to prove Theorem
because to prove the existence of ak is harder than to prove the equality
between the Sylvester matrix rank functions rkg and rk,. However, as we have
already mentioned in Section |1} Theorem is already known when K = Q (and
in fact, when K = Q). Thus, we know that ag exists! This will be the first brick
in our construction of ay for an arbitrary subfield K of C.

It is clear that it is enough to prove the sofic Liick approximation conjecture
over finitely generated subfields K of C. Any finitely generated subfield K of C is
a subfield of a field Ks,, where K; are constructed inductively:

(1) K1 =Q;

(2) ifi > 1, K9; = Ko;_1 is the algebraic closure of Ky;_; in C;

(3) if 4 Z 1, KQH_l = Kgl()\l) for some )\1 eC \ Kgi, satisfying )\71 = )\;1
Observe that by construction, the subfields K; are closed under complex conjuga-
tion. We will prove the sofic Liick approximation conjecture over K; by induction
on i.

2.3. The inductive step for algebraic extensions. Given a Sylvester matrix
rank function rk on an algebra R and an algebraic extension £ /K we will define in
Subsection n 5[a Sylvester matrix rank function rk on the algebra R ® E that we
will call the natural algebraic extension of rk on R ®x E.

Assume that K is closed under complex conjugation, G is sofic and the sofic
Liick approximation holds over K (so ak exists). Then we will show that

RI_([G] = RK[G] R K

and the restriction of rkg to Rz G is the natural algebraic extension of the restric-
tion of rkg to Rk(g) (Theorem [10.2)). Similarly, we will obtain that

Riicew = Rija)w Ok K
and the restriction of rk, to Rgg,., is the natural algebraic extension of the
restriction of rk, to Rk(g)w- Therefore, there exists a unique K-isomorphism
&+ Rije) = Rile)w that extends ak. Since the algebraic extension rk of
a Sylvester rank function rk is uniquely determined by rk, we obtain also that

tkg = 1k, oag on K[G]. In this way we prove that the sofic Liick approximation
over K implies the sofic Liick approximation over K (Corollary [10.3)).

2.4. The inductive step for non-algebraic extensions. Let us describe now
the proof of the inductive step for transcendental extensions. We assume that the
sofic Liick approximation holds over Kj;.

Given a regular Sylvester matrix rank function rk on an algebra R we will define
in Section |7] a Sylvester matrix rank function rk on the algebra R ®@p K (t) that we
will call the natural transcendental extension of rk.
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If R is a von Neumann regular algebra then rk is characterized by the condition
that for every n by n matrix A over R, rk(I,, +tA) = n (Proposition . Observe
that the strong algebraic eigenvalue conjecture over Ky; (formulated in Subsection
implies that

kg (I, + MA) =tkg(A+ M\ 'L,) =n
for every n by n matrix A over Ry, (g From this observation we will obtain
that the sofic Liick approximation and the strong algebraic eigenvalue conjecture
over Ky; together imply that the restriction of rkg on Ka;y1[G] is the natural
transcendental extension of the restriction of rkg on Ko;[G] and the restriction of
rk,, on Ko;11[G] is the natural transcendental extension of the restriction of rk,, on

Recall that rkg = rk, on Ko;[G] by inductive hypothesis. Observe also that
the natural transcendental extension rk is uniquely determined by rk. Hence the
sofic Liick approximation over Ko; together with the strong algebraic eigenvalue
conjecture over Ko; imply the sofic Liick approximation over Ky;11 (the proof of
Corollary .

Thus, we have to show that the sofic Liick approximation over Ks; also implies
the strong algebraic eigenvalue conjecture over Ko;. We will do it by introducing a
new tool which we present now.

2.5. The centralizer of an operator in the space of Hilbert-Schmidt oper-
ators. Let H be a separable Hilbert space. Consider the space HS(H) of Hilbert-
Schmidt operators on H, i.e., linear operators A : H — H such that Y-, [|(e;) A
is finite where {e;} is an orthonormal basis of H. (For expository reasons the oper-
ators act on the right.) The space HS(#) is endowed with the Hilbert-Schmidt
scalar product given by

(4,B) = ()4, (ei) B).

By a standard argument this definition does not depend on the choice of {e;}.
The associated norm on HS(H) is called the Hilbert-Schmidt norm and we
will always consider HS(H) with respect to the topology induced by this norm.
Observe that HS(H) is an ideal in B(H). In what follows we will identify HS(H™)
and Mat, (HS(H)).

In Section|9.1|we will define a structure of (G x G)-Hilbert module on HS(I?(G)")
in such a way that the left and right multiplications by an operator from Mat,, (N (G))
commute with the action of the elements from G x G. For any operator A on a
Hilbert space we denote by o,(A) the set of eigenvalues of A.

If A € Mat,,(U(G)), then the set 0,(A) is countable. For any A € C we put

ny,i(A) = dimg ker(A — \)*.

We denote by Crsz(cyn)(A) the centralizer of A in HS(I(G)™). It turns out that
Crsaz(c)m(A) is a (G x G)-Hilbert submodule of HS(1*(G)™).

Theorem 2.1. Let K be a subfield of C closed under complex conjugation and let
G be a countable group.

(1) Then for any operator A € Mat,,(U(G)),

dimgxe Cuseeym (4) = Z Z(n)\,iJrl(A) —nxi(A))*.

A€o, (A) i=0
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(2) (The centralizer dimension property over K ) If, moreover, G is sofic
and A € Mat, (Rk(q)), then

o0
dimgxe Cusze)ym (4) = Z Z(nA,i+1(A) —nai(A))*

AeK =0
Since, ny(A) # 0 only if A € 0,(A4) and ny1 # 0 if A € 0,(A), the strong
algebraic eigenvalue conjecture over K for sofic groups is a consequence of the
previous theorem. The first part of Theorem will be proved in Proposition
0.9 The proof of the second part depends on a property of finite permutation

representations described in the following subsection.

2.6. The strict eigenvalue property. Let F' be a finitely generated free group
and let X be a finite F-set. Denote by

fx : C[F] = Mat, x(C) = Endg(C[X])

the representation of C[F] associated with the permutation action of F' on X. The
strict eigenvalue property is the property that appears in the following theorem.

Theorem 2.2 (The strict eigenvalue property). Let A, B € Mat,,xm (C[F[) be two
matrices over C[F|. Then for any € > 0 the set

Sc(A,B) ={X e C: rke(fx(B)) —rke(fx (B — AA)) > €| X]|
for some finite F-set X}

is finite.

Note that if A is an n by n matrix and B = I,, then the theorem says that for
any € > 0 there exists a finite set S¢(A) such that if for some finite F-set X, A is
an eigenvalue of fx(A) with multiplicity greater than €| X|, then A € S.(A).

In Section [§] we will prove Theorem In Subsection we will show how
the strict eigenvalue property and the sofic Liick approximation over K imply the
second part of Theorem This finishes the proof of Theorem We resume
the main steps of the proof of Theorem [I.3]in Table

In Section we will prove a more general version of Theorem [1.3] which, in
particular, implies directly Corollary

2.7. The proofs of Theorem and of other applications of Theorem
Let us explain the proof of Theorem Let G be a sofic group with finite
lem(G). If G satisfies the Strong Atiyah conjecture over Q, then Ry is semisimple
Artinian. Hence there are division rings D1, ..., D} and natural numbers ny ..., ng
such that

R@[G] = Matnl (Dl) D...D Matnk (Dk)
Using Theorem and Theorem we will show in Theorem that

R(C[G] =~ Maty,, (E1) @ ... ® Mat,, (Ex),

where E; is the division algebra isomorphic to the classical Ore ring of fractions of
D; ®g C. This will imply that G satisfies the strong Atiyah conjecture over C.
Corollaries and are proved in Subsection [10.4]
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TABLE 1. The scheme of the proof of Theorem

The sofic Liick approx-
imation over Ko;_q

The strong algebraic
eigenvalue conjecture
over Ko;

Subsection »U/

The sofic Liick approx-
imation over Ko; 11

Corollar
lary [10.3]

the proof of Corollary
[ Co B13]

The sofic Liick approx-
imation over Ks;

the proof of Theorem ~U«

The centralizer dimen-
sion property over Ko;

the proof of Theorem ﬂ

The strict eigenvalue
property over Ko;

11

3. VON NEUMANN REGULAR AND %*-REGULAR RINGS

3.1. Von Neumann regular rings. An element z of a ring R is called von Neu-
mann regular if there exists y € R satisfying xyz = x. A ring U is called von
Neumann regular if all the elements of U are von Neumann regular. In the fol-
lowing proposition we collect the properties of von Neumann regular rings that we
will need later.

Proposition 3.1. [I7] Let U be a von Neumann regular ring. Then the following
statements hold:

(1)
(2)

3)

every finitely generated left ideal of U is generated by an idempotent;
every finitely generated left submodule of a projective module P of U is a
direct summand of P (and, in particular, it is projective);

every finitely generated left projective module of U is a direct sum of left
cyclic ideals of U.

3.2. The ring of unbounded affiliated operators of a group. The ring of
unbounded affiliated operators U(G) of a countable group G is one of the main
examples of von Neumann regular rings that appear in this paper. The Ph.D thesis
of H. Reich [37] is a good source to learn basic facts about the ring U (G). In this
subsection we briefly define this ring and also introduce additional notions that will
motivate further definitions.

Recall that we consider C[G] as a subspace of B(I2(G)), the bounded linear oper-
ators on [?(G). The weak closure of C[G] in B(I?(G)) is the group von Neumann
algebra N (G) of G. It is equal to the second centralizer of C[G] in B(I*(G)). The
ring NV (G) satisfies the left Ore condition (a result proved by S. K. Berberian in
[5]) and its classical ring of fractions Q;(N(G)) is denoted by U(G) (see also Sub-
section . The ring U(G) can be also described as the ring of densely defined
(unbounded) operators which commute with the left action of G. Therefore, U(QG)
is called the ring of unbounded affiliated operators of G. The ring U(G) is a
x-regular ring. We will consider such rings in more detail in Subsection [3.4
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We can define a Sylvester matrix rank function rkg on U(G) in the following
way
m
(1) I‘kg(S_lA) = I‘kg(A) = dlmg(lz(G)nA) = Z«ll) [)I‘ij7 1i>l2(G)7
i=1
where A € Mat,,«m(N(G)) and s € N(G) is a non-zero-divisor in N'(G). Note that
if u € U(G), then

(2) rkg(u) = 1 if and only if w is invertible in U(QG).

The function rk¢ is an example of a Sylvester matrix rank function on a *-regular
ring. We will consider Sylvester rank functions in more detail in Section [5| The
Sylvester matrix rank function rkg induces a Sylvester dimension rank function
dimg on finitely presented left modules of U(G) (see Subsection [5.2|for more details)
that satisfies

dimg (U(G)u) = rkg(u), v € U(G).

3.3. Von Neumann regular elements in a proper *-ring. Let R be a x*-
ring. The involution * is called proper if x*x = 0 implies z = 0 and it is called
n-positive definite if >°) | zfx; = 0 implies 1 = --- = 2, = 0. Thus, the
involution is proper if and only if it is 1-positive definite. If the involution is n-
positive definite for all n, then we say that it is positive definite. We say that a
*-ring is proper if its involution is proper. We say that U is a positive definite *-
ring if its involution is positive definite. This is equivalent to Mat,, (i) being proper
for every n € N. For example, Mat,, (C) and U(G) are positive definite *-rings.

In general if z is a von Neumann regular element there are several elements y
satisfying xyr = x. However, if R is a proper *-ring there is a canonical one. We
include the proof of the following proposition for convenience of the reader. Its
variation can be found in [4].

Proposition 3.2. Let R be a proper x-ring and let x € R. Assume that x*z and
xz* are von Neumann reqular elements. Then the following holds.
(1) Rz = Rx*x.
(2) x and xz* are von Neumann regular.
(3) There exists a unique projection e in R such that Re = Rx and there exists a
unique projection f such that fR = xR (we put e = RP(z) and f = LP(x)).
(4) There exists a unique y € eRf such that yxr = e and zy = f (we put
=1 =y and call it the relative inverse of ).
(5) RP(z) = RP(z*z) = LP(z*) and (z*)=1 = (2[=11)*,
(6) (z*z)"1 = 27U (@) and 2171 = (z*a) e
(7) If x is self-adjoint, then x commutes with z[=1.

Proof. Since z*x is von Neumann regular there exists w such that z*zwz*z = z*z.
Hence wz*z — 1 € Annf(x*a:). Since R is proper,

Ann®(z*z) = Ann(z).

Thus, zwz*z = z and z*zw*z* = «*. This proves (1) and (2).
Let f = zwzx™. Then

f=zw(zwz*z)* = zwazw*z* = ff*.
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Hence f is a projection. Observe also that
fR> fxR=xR > fR.
Thus fR = zR. If there exists another projection f’ such that f'R = fR, then
f=rr=0n=r=r.
The existence and the uniqueness of e is proved in the same way. Hence we obtain
(S)it is clear that there exists y € eRf such that yx = e. Hence zy—f € Annf‘(m) =

Annf*(f). Thus, zy—f = (zy—f)f = 0 and so 2y = f. Now, if there exists another
1y’ satisfying the same properties as y, then

Yy =ey =yzy =yf=y.

This implies (4). The properties (5) and (6) follow from the uniqueness of RP(z),
()= and (z)=1.
If x is self-adjoint, then

zal ™ = e = (zal7U)* = 27y,

This proves (7). O

3.4. Von Neumann x-regular rings. A x-ring U is called von Neumann x-
regular (or simply #-regular) if it is von Neumann regular and its involution is
proper. The ring Mat, (C) is a s-regular ring. The ring C[G] is *-regular if and
only if G is locally finite. However, we can embed C[G] in the #-regular ring U(QG)
for an arbitrary countable group G.

A direct product of x-regular rings is again *-regular. If U is a *-regular ring,
then Mat,, (/) is again a *-ring and it is also von Neumann regular. However, recall
that in general * is not proper in Mat,, (U).

Although in the definition of a *-regular ring the properties to be von Neumann
regular and to be proper do not interact, using them together we obtain many
interesting consequences.

Proposition 3.3. Let U be a x-regular ring and I an ideal of U. Then I is x-closed
and, moreover, x is proper in U/I.

Proof. From Proposition 1), it follows that if x*z € I, then x € Uz*z C I and
x* € x*xl C I. Hence I is x-closed and = is proper on /1.
O

The next proposition explains how to construct the minimal *-regular subring
containing a given *-ring. This was proved first for positive definite *-regular rings
in [27] and it appeared in the form that we present here in [I, Proposition 6.2].

Let R be a x-subring of a *-regular ring /. We denote by R1(R,U) the subring
of U generated by R and all the relative inverses of the elements x*x for x € R.
Observe that by Proposition ), 71 € Ry(R,U) for every x € R. Thus,
R1(R,U) can be also defined as the subring of U generated by R and the relative
inverses of all the elements 2 € R. Clearly R (R,U) is again a x-subring of U. We
put

Rn+1 (Rv Z/[) =R (Rn(R’ U), U)
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Proposition 3.4. [I, Proposition 6.2] Let U be a *-reqular ring and let R be a
x-subring of U. Then there is a smallest x-regular subring R(R,U) of U containing
R. Moreover,

R(R,U) = G Ri(R,U).

i=1
The subring R(R,U) is called the *-regular closure of R in U.

Corollary 3.5. Let U be a x-regular ring and let R be a x-subring of U. Let V be
a subring of U such that

(1) R is a subring of V and

(2) for every self-adjoint element v € V, vl € V.
Then R(R,U) is a subring of V.

If K is a subfield of C closed under complex conjugation and G is a countable
group, then the s-regular closure of K[G] in U(G) is denoted by R g). For an
arbitrary group G, Rjq) is defined as the direct union of {Rgq: H is a finitely
generated subgroup of G}.

4. EPIC HOMOMORPHISMS

4.1. Epic homomorphisms. Let f : R — S be a ring homomorphism. We say
that f is epic if for every ring @) and homomorphisms «, 5 : S — @, the equality
ao f = fofimplies @ = B. An epic R-ring is a pair (S, f) where f : R — S is epic.
For simplicity we will write S instead of (S, f) when f is clear from the context.
We will say that two epic R-rings (S1, f1) and (Sa, f2) are isomorphic if there
exists an isomorphism « : S; — S; for which the following diagram is commutative:

R S R
1 f1 1 fe
Sl —« SQ.

We will use the following characterization of epic homomorphisms.

Proposition 4.1. [42] Proposition XI.1.2] Let f : R — S be a ring homomorphism.
Then f is epic if and only if the multiplication map

m:S®rS — S
is an isomorphism of S-bimodules.

More generally if f : R — S is a ring homomorphism, we say that s € S is
dominated by f if for any ring () and homomorphisms «, 8 : S — @, the equality
ao f = o fimplies a(s) = B(s). The set of elements of S dominated by f is a
subring of S, called the dominion of f.

It is clear that every surjective homomorphism is epic. The following result
implies that for von Neumann regular rings these two notions are equivalent.

Proposition 4.2. [42] Proposition X1.1.4] Let U be a von Neumann regular ring.
Then for every ring homomorphism v : U — S, the dominion of v is equal to v(U).

Corollary 4.3. Let R be an algebra and Uy and Us von Neumann regular rings.
Let f1 : R — Uy and fy : R — Us be two epic homomorphisms. Let v, : Uy — S and
Yo : Uy — S be two homomorphisms satisfying y10 f1 = ¥20 fo. ThenIm~y; = Im~ys.
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Proof. Let o, : S — @ be such that ao~; o fj = Bor; o f1. Since f; is epic
a oy = foy. Hence for every u € Uy, a(y1(u)) = B(71(u)). Therefore, the
dominion of v o f; contains 1 (U7).

On the other hand, let s € S\~;(U;). By Proposition [£.2] there are o, 8 : S — Q
such that a o gammay, = o1, but a(s) # B(s). In particular, this implies that
the dominion of v; o f; : R — S is contained in 71 (4;). Thus, the dominion of
v10 f1: R— S is equal to y1 ().

Similarly, we obtain that the dominion of vy 0 fo : R — S is equal to vy2(Us).
Since 1 o fi = ¥2 0 fa, we conclude that v (U1) = Y2 (Us).

([l

4.2. Rational closures and universal localizations. Let R be a subring of S.
Denote by GL(R; S) the set of square matrices over R which are invertible over S.
The rational closure of R in S is the subring of S generated by all the entries of
the matrices M1 for M € GL(R;S). If f : R — S is a homomorphism and S is
the rational closure of f(R) in S, then f is epic.

Let f: R — S be a map. Let ¥ be a set of matrices over R such that f(X) C
GL(f(R);S). Then there exists the universal localization of R with respect
to X. It is an R-ring A : R — Ry such that A(X) are invertible over Ry and every
Y-inverting homomorphism from R to another ring can be factorized uniquely by
A (see [7, Theorem 4.1.3]).

4.3. The Cohn theory of epic division R-algebras. An epic division R-ring
is an epic R-ring f : R — D, where D is a division ring. Since the rational closure
of f(R) in D is a division subring of D, by A2, Proposition XI.1.4], D coincides
with the rational closure of f(R) in D.

If R is a commutative ring, then there exists a natural bijection between Spec(R)
and the isomorphism classes of epic division R-rings: a prime ideal P € Spec(R)
corresponds to the field of fractions Q(R/P) of R/P and f : R — Q(R/P) is defined
as f(r) =r+ P for any r € R.

The situation for an arbitrary ring R is much more complicated. Let us first
recall the definition of the left Ore condition and the construction of the Ore ring
of fractions. An element r € R is a non-zero-divisor if there exists no non-zero
element s € R such that rs = 0 or sr = 0. Let T be a multiplicative subset of
non-zero-divisors of R. We say that (T, R) satisfies the left Ore condition if for
every r € R and every t € T, the intersection Tr N Rt is not trivial. If T consists
of all the non-zero-divisors we simply say that R satisfies the left Ore condition.

If (T, R) satisfies the left Ore condition then we can construct the left Ore ring
of fractions T~ !R (for more details the reader may consult [32, Chapter 2]). The
ring T~ 'R is isomorphic to the universal localization of R with respect to T, R is
a subring of T~'R and any element of T~'R can be written in the form ¢~!r for
some t € T and r € R. When T consists of all the non-zero-divisors of R and (T, R)
satisfies the left Ore condition, we denote TR by Q;(R) and we call it the left
classical ring of fractions of R.

An important result in the theory of classical rings of quotients is Goldie’s the-
orem [I8, Theorem 6.15]. One of its consequences (see [18, Corollary 6.16]) is that
every semiprime left Noetherian ring has a semisimple Artinian classical left ring
of fractions.
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If R is a (non-commutative) domain and it satisfies the left Ore condition then
its classical left ring of fractions Q;(R) is a division ring. Moreover, as in the
commutative case, the division R-ring Q;(R) is the unique (up to R-isomorphism)
faithful epic division R-ring. Thus, if R is a left Noetherian ring, then there exists
a natural bijection between the strong prime ideals of R (ideals P such that R/P
is a domain) and the isomorphism classes of epic division R-rings.

For an arbitrary ring R, P. Cohn proposed the following approach to classify
division R-rings. If D is a division ring, let rkp (M) be the D-rank of a matrix M
over D.

Proposition 4.4. [7, Theorem 4.4.1] Let (D1, f1) and (D2, f2) be two epic division
R-rings. Then (D1, f1) and (Da, f2) are isomorphic if and only if for each matriz
M over R

rkp, (f1(M)) = rkp, (fa(M)).

5. SYLVESTER RANK FUNCTIONS

5.1. Sylvester matrix rank functions. Let R be an algebra. A Sylvester ma-
trix rank function rk is a function that assigns a non-negative real number to
each matrix over R and satisfies the following conditions.
(SMatl) rk(M) =0 if M is any zero matrix and rk(1) = 1;
(SMat2) rk(M;Ms) < min{rk(M;),rk(Ms)} for any matrices M; and My which can
be multiplied;

(SMat3) rk ( M, 0 ) = rk(M7) + rk(My) for any matrices My and My;

0 M,
(SMat4) rk < ]\gl %‘3 ) > rk(M;) + rk(Ms) for any matrices My, Ms and M3 of
2

appropriate sizes.

If ¢ : Ly — Lo is an R-homomorphism between two free finitely generated R-
modules Ly and Lo, then rk(¢) is rk(A) where A is the matrix associated with ¢
with respect to some R-bases on L; and Lo. It is clear that rk(¢) does not depend
on the choice of the bases.

The following elementary properties of a Sylvester matrix rank function can be
obtained from its definition.

Proposition 5.1. Let R be an algebra and let vk be a Sylvester matrix rank function
on R. Let A, B € Mat, xm(R), C € Mat,(R), and u,v,w € R. Then

(1) tk(A+ B) < rk(A) +rk(B).

(2) If A= (ai;) then tk(A) <37, ;rtk(ai;).

(3) rk(uw) > rk(u) + rk(w) — 1. In particular, if rk(u) = 1, then rk(uw) =
rk(w).

(4) Assume that Rv+ Rw = R and v € RvN Rw. Then

rk(u) < rk(v) 4+ rk(w) — 1.
(5) For every € > 0 there are at most * values A € K, satisfying

tk(C — A,) <n—e.
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Proof. The first statement is obtained as follows.
(SMat3) 0 0 .
tk(A+ B) " = rk(o A )-
0
1

B
A 0 0 1 (SM<at2)
0 B 0 1 -

A 0 (SMat3)
rk( 0 B> = 1k(A4) + rk(B).

The second statement follows directly from the first one.
(3) We obtain(3) from the following series of inequalities.

rk(uw) (SM2%3) e ( u(;u (1) ) —1=

HG ) ()

rk(u) + rk(w) — 1.

(4) We can find a,b,¢,d € R such that av +bw =1 and u = cv = dw. Then

(SMat2)
rk(v) + rk(w) (SM263) 1y ( 8 3) ) >

w((5 )0 )i Y)-

1 bw (SMat4)
>
rk ( 0w ) > 1+4+rk(u).

(5) We will apply the part (4) for the ring Mat, (R) and the Sylvester rank
function %rk. Assume Aq, ..., A\, are distinct and satisfy

tk(C' — NI,) <n—e.
Put v; = C — \j111, and w; = H;:1(C — A;1,,). Let us prove that rk(w;) < n —ie.
We argue by induction on . The case i = 1 is clear and the inductive step follows
from the part (4):

rk(w;y1) <tk(v;) +rk(w;)) —n<n—e+n—ie—n=n—(i+ 1)e.

Since n — ke > rk(wy) > 0, we obtain that &£ < 2.
O

For any algebra R we denote by P(R) the set of Sylvester matrix rank functions
on R. The set P(R) is a compact convex subset of functions on matrices over R
(with respect to the point convergence topology).

For a given homomorphism f : R — S of algebras, we define f# : P(S) — P(R)
by

f#(rk)(M) = rk(f(M)), where M is a matrix over R.
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5.2. Sylvester module rank functions. A Sylvester module rank function
dim is a function that assigns a non-negative real number to each finitely presented
R-module and satisfies the following conditions.

(SMod1) dim{0} =0, dim R = 1;

(SMod3) if My — My — M3 — 0 is exact then

Given a matrix A € Mat,xm,m(R) we put My = R™/(R™A). Tt is clear that
M 4 is a finitely presented left R-module. Conversely, given a finitely presented left
R-module M we can find a matrix A € Mat,, x.,(R) such that M4 = M. This
observation allows to construct a natural one-to-one correspondence between the
Sylvester matrix rank functions and the Sylvester module rank functions.

Proposition 5.2. ( [31], [40, Chapter 7]) Let R be an algebra.
(1) Let rk be a Sylvester matriz rank function on R and let A € Mat, xm(R).
We put
dim(My4) = m — rk(A).
Then dim is well defined and it is a Sylvester module rank function on R.
(2) Let dim be a Sylvester module rank function on R and let A € Mat,, xm(R).
We put
rk(A) = m — dim(M,).

Then tk is a Sylvester matriz rank function on R.

Proof. Using [31, Lemma 2|, we obtain that the definition from (1) is well-defined
and does not depend on the choice of A. The rest of the proof is straightforward.
O

If rk and dim are related as described in Proposition we will say that they
are associated.

5.3. The pseudo-metric induced by a Sylvester matrix rank function.
Given a Sylvester matrix rank function rk on R, we define
5($7y) = I'k(l’ - y)a T,y € R.

Proposition implies that the function J is a pseudo-metric on R.

Corollary 5.3. Let x,y,z € R. Then the following holds.

(1) 6(z,y) = d(y, ).
(2) 0(z,2) < d(z,y) + 6(y, 2).

Even though ¢ is not always a metric, we refer to it as the rk-metric for conve-
nient abbreviation. Observe that the set

kerrk = {a € R: rk(a) =0}

is an ideal of R. We say that rk is faithful if kerrk = 0. By Proposition 1,2),
rk may be seen as a faithful Sylvester matrix rank function on the quotient ring
R/ kerrk, and so, § is a metric on R/ kerrk. Since the multiplication and addition
on R are uniformly continuous with respect to §, the (Hausdorff) completion of
R/ kertk, which we denote by Ry (or simply R when rk is clear from the context)
is a ring. The kernel of the natural map R — Ry is kerrk. The function rk can be
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extended by continuity on R, and on matrices over R, and one can easily check
that this extension (denoted also by rk) is a Sylvester matrix rank function on Ryy.

If G is a group and K a subfield of C closed under complex conjugation, then
the completion of R g with respect to the rkg-metric is denoted by R q)-

5.4. Sylvester matrix rank functions and rational closures.

Proposition 5.4. Let f: R — S be a homomorphism of algebras. Assume that S
is a rational closure of f(R). Then f# :P(S) — P(R) is injective.
Moreover, if S = Ry, is a universal localization, then

Im f# = {rtk € P(R) : tk(A) =n if A€ XnNMat,(R)}.
Proof. The first part of the proposition follows from Cramer’s rule (see, for example,

[40, Theorem 4.2]) and the second one is proved in [40, Theorem 7.4]. O

In view of the previous proposition if f : R — S is an algebra homomorphism
and S is a rational closure of f(R), then we will often consider P(S) as a subset of
P(R).

Corollary 5.5. Let R be an algebra and let T be a multiplicative set of non-zero-
divisors. Assume that (T, R) satisfies the left Ore condition. Then

P(T7'R) = {tk € P(R) : tk(t) =1 for allt € T}.

5.5. Exact Sylvester rank functions. We say that a Sylvester module rank
function dim on R is exact if it satisfies the following additional condition

(SMod3’) given a surjection ¢ : M — N between two finitely presented R-modules,
dim M —dim N = inf{dim L : L — ker ¢ and L is finitely presented}.
The following result has been recently proved by Simone Virili.

Proposition 5.6. ([45]) Let R be an algebra and let dim be an exact Sylvester
module rank function on R. For every finitely generated R-module M put

dim M =inf{dim L : L — M and L is finitely presented},
and for every arbitrary R-module put
dim M = sup{dim L : L < M and L is finitely generated}.

Then the extended function dim : R—Mod — Rx¢ U {400} satisfies the following
conditions:

(LF1) if 0 — My — My — M3 — 0 is exact then dim M; + dim M3 = dim M.
(LF2) dim M =sup{dim L : L < M and L is finitely generated}.

A function on R-Mod satisfying (LF1) and (LF2) is called a length function.
If a length function [ satisfies [(R) = 1, then the restriction of [ to finitely presented
R-modules is an exact Sylvester module rank function on R. Moreover, | can be
recovered from this restriction using the formulas which appear in Proposition [5.6]
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5.6. Sylvester rank functions on von Neumann regular algebras. An arbi-
trary algebra may not have an exact Sylvester module rank function. However, if U
is von Neumann regular, then, by Proposition 2), finitely presented U-modules
are projective, and so, all the exact sequences of finitely presented /-modules split.
Thus, every Sylvester module rank function on a regular algebra U/ is exact. Note
also that, by Proposition 3), a Sylvester matrix rank function on a von Neu-
mann regular algebra U is completely determined by its values on elements from
U. Thus, pseudo-rank functions studied in [I7] are exactly our Sylvester matrix
rank functions. We recall the results about Sylvester matrix rank functions on von
Neumann regular algebras that we will use in this paper.

Proposition 5.7. Let U be a von Neumann regular algebra and rk a Sylvester
matriz rank function.

(1) The algebra Uy is also von Neumann regular.
(2) The following conditions are equivalent:
(a) Z(Usx) is a field;
(b) Uk is simple;
(c) rk is the only Sylvester matriz rank function on Us.

Proof. The first statement is [I7, Theorem 19.7].
The second statement follows from [I7, Theorem 19.14] and [I7, Theorem 19.13].
(I

The conditions of the previous proposition hold in the following example. Recall
that a group G is called ICC group if all the non-trivial conjugacy classes of G
are infinite.

Proposition 5.8. Let G be an ICC group and K a subfield of C closed under
complex conjugation. Then Z(R ) is a subfield of C.

Proof. Since G is an ICC group, Z(N(G)) = C and so by [28, Proposition 30],
Z(U(G)) = C. Note that

ZU(G)) = Cuc)(G).
Hence Z(Rg|q) is a subfield of C. O

A Sylvester matrix rank function rk on an arbitrary algebra R is called regular
if there exists an algebra homomorphism f : R — U such that U is von Neumann
regular and rk € Im f#. In this case U is called regular envelope of rk. Clearly,
rk may have many regular envelopes. We will see later that in some cases we can
speak about the canonical regular envelope attached to rk. We denote by Preq(R)
the space of regular Sylvester matrix rank functions on R.

Observe that an n by n matrix A over a von Neumann regular ring i is invertible
if and only if rk(A) = n for some (and therefore, for all) faithful Sylvester matrix
rank function rk on ¢. Thus, in view of Proposition [5.4] we obtain that if ¥ is a
set of square matrices over an algebra R, then

(3) Preg(Rs) = {rk € Preg(R) : 1k(A) =nif A€ XN Mat,(R)}.

5.7. Ultraproducts of von Neumann regular rings. Given a set X, an ultra-
filter on X is a set w consisting of subsets of X such that

(1) the empty set is not an element of w;
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(2) if A and B are subsets of X, A is a subset of B, and A is an element of w,
then B is also an element of w;

(3) if A and B are elements of w, then so is the intersection of A and B;

(4) if A is a subset of X, then either A or X \ A is an element of w.

If a € X, we can define w, = {A C X : a € A}. It is an ultrafilter, called
principal. It is a known fact that if X is infinite, the axiom of choice implies the
existence of a non-principal ultrafilter.

Let w be an ultrafilter on X and {a; € R};cx a family of real numbers. We
write a = 1iUIJn a; if for any € > 0 the set {i € X : |a — a;] < €} is an element of the

ultrafilter w. It is not difficult to see that for any bounded sequence {a; € R};cx
there exists a unique a € R such that a = lim a;.

w
Let X be a set. Let {U;};cx be a family of von Neumann regular rings and for
each 7 € X let rk; be a Sylvester matrix rank function on ;. Then H U; is a von
ieX
Neumann regular ring. Let w be an ultrafilter on X. We put
rk,, (r) = limrk;(r;), where r = (r;) € H U;.
“ ieX

One easily obtains that rk,, is a Sylvester matrix rank function on H U;. We define
1€X
[Tt = (J] th)/ ker(rke,).
w i€ X
Then HUZ- is a von Neumann regular ring and rk,, is a faithful Sylvester matrix

w

rank function on H%w Observe that, if we start with x-regular rings ;, then, by

w
Proposition HZ/{i is also x-regular.
w

The previous construction may be used to show that Pr.q(R) is a closed convex
subset of P(R). A similar result was observed by G. Elek in [12] Proposition 1.1].
We will give a different proof suggested to us by Hanfeng Li.

Proposition 5.9. P,.,(R) is a closed convex subset of P(R).

Proof. Tt is clear that P,..4(R) is convex. Let us show that it is closed.
For each p € P,.4(R) let U, be a regular envelope of p. Hence there are f, :
R — U, and a Sylvester matrix rank function rk, on U, satisfying p = f# (rkp).
We put U = HpeP,‘eg(R) Uy and let f: R — U be f = (fp)pep,.,(r)- It is clear that
Preg(R) = f#(P(U)). Hence Py.4(R) is closed since f# is continuous and P(I/) is
compact.
O

5.8. The rank of a linear combination of two elements in a von Neumann
regular algebra. It is an interesting question whether every Sylvester matrix rank
function on an algebra R is, in fact, regular. By a result of A. Schofield [40] a
Sylvester matrix rank function taking its values in %Z comes from a map from
R to Mat, (D) for some division algebra D. The case n = 1 of this result was
proved by P. Malcolmson [31] using the notion of prime matrix ideal introduced by
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P. Cohn [7]. Thus, in view of Proposition the Sylvester matrix rank functions
on R taking integer values are in one-to-one correspondence with the epic division
R-algebras.

In the proof of the following proposition we use regularity of the Sylvester matrix
rank function in an essential way. Thus, it would be interesting to know whether
the same statement holds for an arbitrary Sylvester matrix rank function.

Proposition 5.10. Let R be an algebra and rk a regular Sylvester matriz rank
function on R. Then for every A, B € Mat, xm(R) and every e > 0 we have that

Hr e K : tk(A) —rk(A—AB) > €}| < @

Proof. Without loss of generality we may assume that n = m, R is von Neumann
regular and rk is faithful. Let C' € Mat,,(R) be such that ACA = A. Then, since

rk(CA) = rk(A) and
rk(CA — A\CACBCA) = tk(CAC(A — AB)CA) < tk(A — \B),
we obtain that
{AeK: 1k(A) —1k(A—AB) > ¢} C
{A€ K : 1k(CA) — 1k(CA — \CACBCA) > €}.
Let S = CAMat,(R)CA. By [I7, Lemma 16.2], the function rk'(T) = <)

Tk(CA)
defines a Sylvester rank function on S. Now, by Proposition (5)
{Ae K: 1k(CA) —1k(CA - ANCACBCA) > ¢} =
K: 1-1K(lg — A\CACBCA) > ——
{\e rk'(1g )\CCC)_rk(CA)}
has at most @ = @ elements. O

5.9. Sylvester rank functions on epic von Neumann regular R-rings. Let
R be an algebra and let ¢/ be an epic von Neumann regular R-ring. In the following
proposition we see that any Sylvester matrix rank function on U is completely
determined by its values on matrices over R.

Proposition 5.11. Let R be a subalgebra of a von Neumann reqular algebra U.
Assume that the embedding of R in U is epic. Then, for any ry,...,rx € U, there
exist a matriz M of size a x b over R and vectors vi,...,v; € R such that for
every ti,...,tx € R and every Sylvester matrix rank function rk on U,

M > — k(M)

rk(tir + ...+ terg) =1k ( oyttt

Proof. Any R-module can be written as a direct limit of finitely presented modules.
Thus, there are a directed set (J,<), a family of finitely presented R-modules
{L; : j € J} and a family of homomorphisms {¢;; : L; — L; : j < i}, satisfying
(1) ¢;; is the identity map on L; and
(2) ¢ji = diro ¢y forall j <i <1,
and such that U = hﬂjeJ L; as left R-modules. We denote by ¢; : L; — U the
associated homomorphisms.
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Since the direct limit commutes with the tensor product, we also have

URrU = ligu ®r L;j
jeJ
as left U/-modules, where the connecting homomorphisms in the direct limit are

Id@qui U g Lj —URRr L;.

Note also that ¢ ®g L; is a finitely presented left Z/-module, and so, i ®r L; and
all its finitely generated U-submodules are projective (see Proposition [3.1]).

Let C be the kernel of the map p : U* — Zle Ur; that sends (ci,...,cx) € UF
to p(er,...,ck) = c1r1 + ... + cxri. By Proposition 2), p splits. Hence, there
are k elements s; = (si1,...,s15) (1 <1 <k) such that C is generated by {s;}.

Let j € J be such that ¢;(L;) contains rq,...,7r,. Choose r;; € L; satisfying
r;. Since the embedding of R in U is epic, by Proposition for each

k k

Zsli QrTi= Zslm ®rl=0,

i=1 i=1
and we obtain that

k k
(1d ®¢>j)(z s1; OR Tij) = Z s ®r i = 0.
i=1 i=1

If an element maps to 0 at the limit, then it must map to 0 in finite time. Hence,

there exists n € J such that Id ®¢jn(2§:1 s;; ®@r i) = 0 for all 1 <1 < k. Hence
for every (z1,...,2) € C,

(4) ZJ) 1 Rr ¢jn TU ZSUZ QR (bjn(rz]) =1Id ®¢]n sz QR rzg =0.

=1 =1 i=1

By Proposition the multiplication map gives the isomorphism

zk:Z/l(l ®prTi) = zk:l/lri.
i=1 i=1
Therefore C' coincides with
{(z1,...,zr): 21(1®@rm)+ ... +x(1@r 1) = 0}.
Observe that Id ®¢,, sends Zle U(1 R @jn(rij)) onto Zle U1 g T;), with
Id ®¢n (1 ®r ¢jn(rij)) = 1 Qg 14,
and also from it follows that
C<{(z1,....2) + 21(1 @R @jn(r1;)) + ... + k(1 Or djn(re;)) = 0}.
This means that, in fact,
C={(z1,....2x) : 21(1®R ¢jn(r1y)) + ...+ 2k(1 ®r ¢jn(re;)) = 0},

and so,
k k

S UA®R Gjn(riy) =Y UL @R T;) ZUTZ

i=1 i=1



24 ANDREI JAIKIN-ZAPIRAIN

and, moreover, this isomorphism can be realized by sending 1 ®g ¢jn(r4;) to 7
(1 <i<k). In particular

k

k
UD L(1®R Gjnlry) ZUY_ tirs.
i=1

i=1
Since L, is finitely presented we have the following exact sequence of left R-modules:
REMR AL, 0,
where 7); is realized as a multiplication by a matrix M € Mat,xp(R):
ry(cr, ... cq) = (c1,...,¢a)M, ¢; € R.

Choose vy, ..., v € R? such that ¥(v;) = ¢;,(ri;). We denote by dim the Sylvester
module rank function associated with rk. Then we obtain

k k k
rk(z tiri) = dim(U Z tiry) = dimU(1 ©r Y _ tidjn(ri;))) =

i=1

k
dimU @p L) — dim(U @g Ln) /UL @R Y tidjn(ri;))) =

i=1

M M
b_rk(M)_(b_rk( o1+ ..+t >)_rk< to1 + .+t )‘rk(M)'

This finishes the proof. (I

6. EPIC *-REGULAR R-RINGS AND #*-REGULAR SYLVESTER RANK FUNCTIONS

6.1. Epic morphisms related to x-regular closures. In this subsection we show
that if R is a *ring and f : R — U is a *-homomorphism from R to a x-regular
ring U such that U is equal to the x-regular closure of f(R) in U, then f is epic.
This follows from the next proposition and Proposition 4.1

Proposition 6.1. Let U be a x-reqular ring and R a *-subring of U. Assume that
U =TR(R,U). Then the multiplication map m : U QrU — U is an isomorphism of
U-bimodules. In particular, U is an epic R-ring.

Proof. We have to show that m is bijective. Observe that the restriction of the
multiplication map m on U ®1 is bijective. Thus, it is enough to show that U ®r1 =
URrU. Let

S={relU: 1@rr=r®gl}.
It is clear that R < S. Note that if r; and ro € S, then
1®r(r1+7r2)=1®rm +1Qrra=r1®rl+r2Qpl=(r1+r) gl
Using that U @ g U is a U-bimodule, we also obtain that
1®grmreo=(1Q®gr)ro = (1 @g 1)re =
r1Qrro =r1(1Qrr:) =r1(re ®r 1) = rra g 1.

Thus, S is a subring of Y. Since U = R(R,U), by Corollary in order to prove
that § = U, we have to show that if r € S is a self-adjoint element and s is the
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relative inverse of r, then s € S. By Proposition 3.2(7), rs = sr, rsr = r and
srs = s. Therefore we obtain
1®rs=1Qrsrs=1Qrrss=r Qrss=1rsr Qr $s+ ss@r r(l —sr) =
rsQprrss+ssr Qp(l—rs) =s@rrs+sQg (1 —rs) =s®gr 1.
Now, by Proposition U is an epic R-ring.
|

Corollary 6.2. Let U be a *-regular ring and R a x-subring of U. Assume that
U =TR(R,U). Then, for any r1,...,7 € Maty, xm(U), there is a matrix M of size

a X b over R and there are matrices vy,...,v; of size n X b over R such that for
any t1,...,t, € Mat,(R) and every Sylvester matriz rank function rk on U,
tk(tiry 4+ ...+ tgre) =1k M —rk(M).
tivg + ...+ vk

Proof. Without loss of generality we may assume that m = n. From Propositions
and it follows that the embedding of Mat,, (R) into Mat,, (i) is epic. Hence
the corollary follows from Proposition [5.11 (]

6.2. Epic x-regular R-rings. Let R be a x-ring. An epic *-regular R-ring is a
triple (U, rk, f), such that

(1) U is a *-regular ring;

(2) rk is a faithful Sylvester matrix rank function on U;

(3) f: R— U is a x-homomorphism;

(4) R(f(R),U)=U.
We will write simply (U, rk) or U instead of (U, 1k, f) if f or (rk, f) are clear from
the context.

We will say that two epic *-regular R-rings (Uj,rky, f1) and (Us, ks, fo) are

isomorphic if there exists a *-isomorphism « : Uy — Uy for which the following
diagram

R SR
11 1 fa
U, —% Uy

is commutative and rky(a(a)) = rky(a) for every a € U;.

In this subsection we will prove, that, as in the case of epic division R-rings (see
Proposition [.4)), the values rk(f(M)), where M is a matrix over R, determines the
epic *-regular ring (U, f,rk) uniquely up to isomorphism.

Theorem 6.3. Let (Ui, 1k, f1) and (Us,tks, fo) be two epic x-regular R-rings.
Then (Uy,rky, f1) and (Usz,tke, f2) are isomorphic if and only if for every matrix
M over R

I‘kl(fl(M)) = er(fQ(M))

[134

Proof. The “only if” part is clear. Let us prove the “if” part. Assume that for
every matrix M over R

I'kl(fl(M)) = rk2(f2(M))

Let f = (f1,f2) : R—> U1 ®Uz and let U = R(f(R),U; Us). Let w1 : U — Uy and
o : U — Uz be the corresponding projections. By Corollary m (U) = U; and
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mo(U) = Us. Note that rk; oy and rkg ome are Sylvester matrix rank functions of
U. Since for any matrix M over R,

(5) rky (m1(f(M))) = rki (f1(M)) = rka(f2(M)) = rka(m2(f(M))),
Corollary implies that for any r = (ry,7m2) € U
tky (r1) = rky (71 (7)) = rko(m2(7)) = rka(ra).

Since rky and rks are faithful, we obtain that m; and s are injective, and so, they
are isomorphisms. Hence m o (7)™ : Uy — Uz is an isomorphism of epic *-regular
rings.

O

A Sylvester matrix rank function rk on a x-algebra R is called *-regular if
there exists a x-algebra homomorphism f : R — U such that U/ is x-regular
and tk € Im f#. The previous theorem shows that the epic *-regular R-ring
(R(f(R),U),1k, f) is completely determined by rk. We say that R(f(R),U) is
the x-regular R-algebra associated with rk. We denote by P.,., the space of
x-regular rank functions on R.

Proposition 6.4. Let R be a *-algebra. Then P.,..q is a closed convex subset of
P(R).

Proof. The proof of Proposition [5.9] works in this case as well. O

6.3. The general approximation. Let H be a countable group and let X be a
set on which H acts on the left side. Assume that H acts freely on X and H\X is
finite. We denote by Uy (1?(X)) (N (12(X))) the algebra of unbounded (bounded)
operators on [2(X) commuting with the left H-action.

If we fix a set of H-representatives X in X, we obtain a *-isomorphism

Uy U (I*(X)) = Mat g x| (U(H)).

If A is a matrix over Uy (12(X)), we put

I‘kx(A) =

Then tkx is a Sylvester matrix rank function on Uz (1?(X)). A different choice of
X changes ¥ only by conjugation. Thus, rkx does not depend on the choice of
X.

Let K be a subfield of C closed under complex conjugation. Let F' be a finitely
generated free group. If F' acts on X on the right and this action commutes with
the H-action, we obtain a *-homomorphism fx : K[F] — Uy (I>(X)). By an abuse
of notation we also use rkx to denote the induced Sylvester matrix rank function
on K[F].

Let S be a free set of generators of F. Let {Hj}ren be a family of countable
groups. For any k € N let X be an (Hy, F')-set (i.e. Hj acts on the left, F' acts
on the right and these two actions commute) such that Hj acts freely on X} and
Hi\ X} is finite. Let N be a normal subgroup of F and G = F/N. We define the
sets

Tps={reXp: z=z-wifwe Bs(1)NN, and z#z-wif we Bs(1)\ N}.
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We say that {X}} approximates G if for every s,

I | Hi\ T} s |
im —————
k—o0 |H k\X k|

The sofic approximation is a particular case of the general approximation and
corresponds to the case when the groups Hy, are trivial. The approximation in the
space of marked groups arises from the general approximation in the case when Hy,
and F act transitively on X} for every k. The reader may consult [23] Subsection
2.6], where we give a geometric interpretation of general approximation and [23]
Subsection 12.1], where another example of general approximation is presented.

Now, we can generalize the previous notation and formulate the general Liick
approximation conjecture.

=1.

Conjecture 4 (The general Liick approximation conjecture over K for a group
G). Let K be a subfield of C, F a finitely generated free group and N a normal
subgroup of F. For each natural number k, let Xy be an (Hy, F')-set such that Hy,
is a countable group that acts freely on Xy, and Hi\ Xy is finite. Assume that {Xi}
approximates G = F/N. Then for every A € Mat,xm(K[F]),

lim rkx, (A) = rkg(4).
k—o00

6.4. A structural reformulation of Conjecture We use the notation of

Subsection Fix a set of Hy-representatives Xy, in X;. Put ny = | Xj| and let
fk = \I/Xvk [¢) ka : (C[F] — Matnk(LI(Hk)).

Remark 6.5. Note that if K is a subfield of C closed under complexr conju-

gation and A € KI[F], then fr(A) € Mat,, (K[Hy]). Thus, the *-regular clo-

sure R(fx(K[F]),Mat,, (U(H))) of fr(K[F]) in Mat,, (U(Hg)) is contained in

Let w be a non-principal ultrafilter on N. We can define

fw : (C[F] — HMatnk (Z’{(Hk))

by sending A € C[F] to

fu(A) = (fr(A)).
Then, since the family {X}} approximates G = F/N, ker f,, is the ideal of C[F]
generated by {g — 1: g € N}. In particular, f,(K[F]) = K[G]. We put

Riciarw = RUL(KIF]), [] Mat,, U(Hz))).

Now, we reformulate the general Liick approximation conjecture. In the case
where G is amenable and the family { X} comes from a Fglner family of sets, this
result was proven by G. Elek in [11].

Theorem 6.6. Let K be a subfield of C closed under complex conjugation, F a
finitely generated free group and N a normal subgroup of F. For each natural
number k, let Xy be an (Hy, F)-set such that Hy is a countable group that acts
freely on Xj and Hp\Xy is finite. Assume that {X} approximates G = F/N.
Then the following two conditions are equivalent:

(1) For any matriz A over K[F],
lim rkx, (A) = rkg(4).

k—o0
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(2) For every non-principal ultrafilter w on N,
(Ric) 1ka) and (Ri(a)w, k)
are isomorphic as K[F]-x-rings.
Proof. If (1) holds, then (2) follows from Theorem [6.3|if we put R = K[F].

If (2) holds, then for any non-principal ultrafilter w on N and for any matrix A
over K[F] of size n x m

rka, (fr(A)) _
M) = rkw(fw(A)) = rkG(A)-

But this implies (1). O

limrkx, (A) = lim <

w

7. THE NATURAL EXTENSION OF REGULAR SYLVESTER RANK FUNCTIONS

Given an algebra R and a regular Sylvester rank function rk on R, we will
introduce two notions of natural extensions of rk, which will be regular Sylvester
rank functions on R ® E, where E is either K (t) or an algebraic extension of K,
respectively. These two constructions will play an essential role in our arguments
in further sections.

7.1. The natural transcendental extension of Sylvester matrix rank func-
tions of von Neumann regular rings. Let U be a von Neumann regular ring
and let rk be a faithful Sylvester matrix rank function on Y. Denote by dim the
Sylvester module rank function associated with rk. Then as we have explained in
Subsection [5.6] dim can be uniquely extended as a length function on Z/-modules.

The following proposition is a particular case of a result that has been proved
recently by S. Virili.

Proposition 7.1. [46, Theorem B] Let M be a U[t*!]-module and let L be a U-
submodule of M satisfying dim L < co. Put

dim(L +tL + ...+t 1L
Farr = lim im(L + + + )

1—00 (3

and let
dim M = sup{Ep.n : N is a U-submodule of M and dim N < oo}.

Then Epp (and so dTrYlM) are well-defined. Moreover, dim is an ezact Sylvester
module rank function on U[t*!].

For each i > 0 let @; be the set of polynomials in U[t] of degree at most i.
When M is a finitely generated U[t*']-module, then dim M can be calculated in

the following way.

Lemma 7.2. Let M be a finitely generated U[t*']-module generated by {my, ..., ms}
and let V' be the U-submodule generated by {my,...,my}. Then

dim(V +tV + ...+ t71V)
- :

dim M = Eyy = lim
11— 00

Proof. Let L be a U-submodule of M satisfying dim L < oco. Since dim L < oo, for
every € > 0, there exists k such that

dim L — dim(t ¥ Qo V N L) < e.
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Therefore,

dim M = stlip EM’tka%V = Sl;p Evo.w =FEmy.
O

We denote by rk the Sylvester matrix rank function on U[t*!] associated with
dim. The previous lemma can be reformulated in the following way.

Lemma 7.3. Let A € Mat, xm (U[t]). Then

(A4) = tim S0UQ=)"4)

1—00 {2

Proof. Since dim is exact, we obtain

rk(A) = m—dim@[E)™ /U] A)) = dim@[F]" 4) 222 iy dim{(Qi1)"4)

i—00 7

O

For any matrix A € Mat,,«n (U[t]) over the polynomial ring U[t] consider the
maps

P ey - U/ EN™ = U/ E)™ (a1, a0) = (a1, an) A

These are maps between free finitely generated U/-modules, and so, we can consider
rk((bﬁ[t]/(ti)). We put

~ rk QJ)A i

Foa) = i)

i

It is clear that rk; is a regular Sylvester matrix rank function on U[t]. Now we give
an alternative formula for rk.

Proposition 7.4. For every matriz A over U[t] we have that

rk(A) = lim rk;(A).

i—»00
Moreover, tk is regular (as a Sylvester matriz rank function on U[t*']).

Proof. For simplicity of exposition let us assume that A is an 1 by 1 matrix. Let s
be the degree of A as a polynomial over Y. Then for every i > s 4+ 1 we obtain

dim(QifsflA) < dim(Qi,l ﬂU[t]A) < I:I((A) < dlm(QlflA)
i - i - i '

Therefore, by Lemma [7.3
rk(A) = lim rk;(A).
1—> 00
Since, by Proposition m P,y (U[t]) is closed and rk; are regular, rk is also
regular (as a Sylvester matrix rank function on U[t]). By , rk is also regular as
a Sylvester matrix rank function on U[t*1].
(]
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7.2. The definition of the natural transcendental extension. Let R be an
algebra and let rk be a Sylvester rank function on R. Consider a matrix A €
Maty, xm (R[t]) over the polynomial ring R[t] and let

d)é[t]/(ti) S(R[H/ ()™ = (R[t]/EN™, (a1,...,an) — (ay,...,a,)A.
As before we put
A
o) = /)
. .
Proposition 7.5. Let rk be a reqular Sylvester matrix rank function. Then
(1) For every matriz A over R[t] there exists lim rk;(A), which we denote by
1— 00
rk(A).
(2) rk is a regular Sylvester matriz rank function on R[t*!].
(3) Moreover, if R is von Neumann regular, the associated Sylvester module

rank function dim on R[t!] is ezact.

Proof. Since rk is regular, (1) and (2) follow from Proposition
(3) The last assertion of the proposition is a part of Proposition O

Note that rk(p) = 1 for every 0 # p € K [t]. Thus, by Corollary we can think
about rk as a Sylvester rank function on R ®x K(t). The Sylvester matrix rank

function rk on R ®x K (t) will be called the natural transcendental extension
of rk.

7.3. Another characterization of the natural transcendental extension.
In this subsection we will give alternative characterizations of the natural tran-
scendental extension of a Sylvester matrix rank function on von Neumann regular
rings. -

First observe that there is an elegant way to calculate dim I where I is a left
ideal of U[t*1].

Proposition 7.6. Let I be a left ideal of U[t*!]. Then
dim I = sup{rk(ap)| In >0, Jag,...,an EU a9+ a1t + ...+ ant™ € I'}.
Proof. Let P, =Q; NI, M =U[t*']/I and Q; = (Q; + I)/I. Since dim is exact,
dim/ =1 — dim M.
Hence, by Lemma [7.2]

Qi =1— lim 9@t dim Py
i—00 7 1—00 7

Note that multiplication by ¢ sends P;/P;_1 into P;;1/P;. Hence
dim Pz — dim F)i—l = dlsz/Pz_l S dlm]DH_l/R = d1mR+1 — dlsz

and so

— dim P, Sy dim Pj — dim P;_;
dim 7 = lim — = lim = i -
isoo 141 i—00 i+1
lim (dim P; — dim P;_1) = lim (dim P; — dimtP;_,) =
i—00 i—00

71— 00
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Observe that
Pi/tP,_ 1 = T; = {bg €U| 3bg,...,b; €U : by + byt + ...+ bit" € I}.
Since any finitely generated U-submodule of T; is cyclic,
dim T; = sup{rk(bg)| Ib1,...,b;i €U : by + byt + ...+ bit" € I}.
Therefore, we obtain that
dim I = sup{rk(bo)| 3n >0, Tbg,...,by EU : b+ bt + ...+ byt" € I}.
O

Now, we present a characterization of the natural transcendental extension which
will help us to relate the sofic Liick approximation and the strong algebraic eigen-
value property.

Proposition 7.7. LetU be a von Neumann regular algebra and let rk be a Sylvester
rank function on U. Let tk" be a Sylvester matriz rank function on U[tT'] that
extends rk. Assume that for any n by n matriz A over U,

k' (I, +tA) = n.
Then 1k’ = rk.
Proof. Let A = I, +t(B + Ct) be an n by n matrix over U[t]. Then

iy s A0
rk(A)—rk(O In)—n.

Since multiplication by an invertible matrix does not change the Sylvester rank of
a matrix, we obtain that

s A 0 o Li+t(B+Ct) B+tC \ _
rk(o In)—rk< 0 I, =

wf I B+iC\ _ o L+tB O _
—tI, I, - —~tI, I, )~

’ B C
(e 2 C)),

Let s > 1. If we apply the previous procedure s — 1 times, we obtain that for any
Ay, ..., As € Matg(U), there exists D € Matyos—1(U) such that

s—2
(6) tk (I + Ayt + ...+ Agt®) = vk’ (I195—1 +tD) — Z k2 = k.
i=0

We want to show that for every k by k matrix A over U[t+1], rk(A) = rk(A). For
simplicity of exposition we assume that A is a 1 by 1 matrix.
By Proposition for every e > 0 there exists by + b1t + ...+ b, t™ € U[tT']A

and cg + it + ...+ cpt™ € Annzl’{[til](A) such that
rk(A) = dim(@U[t*']A) < rk(bo) + € and
rk(A) = 1 — dim(Ann?" 1 (4)) > 1 — rk(co) — e.
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Let u € U be such that byubg = by. Then we obtain that
k' (A) > 1k’ (bg + b1t + ... + byt™) > vk’ (bou(bg + b1t + ... + by t™)) =

V! (b (1-ub 4. . fubyy)) ™ @ and Proposition BT o,y g0y > () —e

+1
Since co + c1t + ...+ cpt™ € Annlu[t ](A), by Proposition (3),
tk'(A) <1 —1k'(co+ 1t + ... +cpnt™).

Let v € U be such that coveg = ¢g. Then

tk'(A) <1—1K(co+ et +...+ath) <1 —1K(cov(co + 1t + ... + t')) =

b d Proposition [F1[3
1— 1K (co(1 +vert 4 ...+ o)) () and Proposition .1Y3)

1— 1K' (co) = 1 — k(o) < rk(A) + €.
Since e is arbitrary, tk’(A) = rk(A). O
An immediate consequence of Proposition [7.7]is the following corollary.

Corollary 7.8. Let {rk;};en be a family of regular Sylvester matriz rank functions
on an algebra R. For each i € N, let rk; € P(R[t]) be the natural transcendental
extension of tk;. Let w be an ultrafilter on N. Then limrk; is the natural transcen-

dental extension of limrk;.
w

Let now K = K be algebraically closed. Let R be an algebra and rk a Sylvester
matrix rank function on R. If P = (¢t — A) is a maximal ideal of K[t] and A is a
matrix over R[t], we denote

rkp(A) = rk(A),
where A is obtained by reducing the coefficients of A modulo P. It is clear that

rkp is a Sylvester matrix rank function on R[f].

Corollary 7.9. Assume that K = K is algebraically closed. Let R be an algebra
and tk a regular Sylvester matriz rank function on R. Let {P; = (t — A\;) }ien be a

family of distinct maximal ideals of K[t]. Then there exists lim rNkpi € Py (R[t])
1—> 00
and it is equal to rk.

Proof. We have to show that for every non-principal ultrafilter w on N, lim ﬁ{pi =
rk. Put rk’ = lim rNkpi. By Proposition it is enough to prove that for every n
by n matrix A over R,

vk’ (I, + tA) = limrkp, (I, + tA) = limrk(I, + \;A) = n.
But this follows from Proposition [5.1](5). g

7.4. The natural transcendental extension of a x-regular Sylvester rank
function. Let R be a x-algebra and let rk be a *-regular Sylvester rank function
on R. In what follows, we extend * to R[t*!] by putting t* = ¢~!. In the next
proposition we show that under some natural conditions rk is also *-regular.
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Proposition 7.10. Let R be a *-algebra. Let rtk be a *-regular Sylvester rank
function on R having a positive definitive x-regular envelope. Then rk is a *-reqular
Sylvester rank function on R[t*'] (and so on R @y K(t)).

Proof. There are a positive definite x-regular algebra U, a Sylvester matrix rank
function rk; on U and a *-algebra homomorphism f : R — U such that rk =
f#(rk1). Denote by rky, the Sylvester matrix rank function + rk; on Endy, (U[t]/(t")).
Using that End; (U[t]/(t"™)) is canonically isomorphic to Mat, (i), we can define
an operation * on Endy (U[t]/(¢t™)) using this canonical isomorphism. Therefore,
Endy (U[t]/(t")) is a *-regular algebra. Let w be a non-principal ultrafilter on N.
Then []  Endy (U[t]/(t")) is also a *-regular algebra and rk,, = liin rk; is a Sylvester

rank function on it.
Let f, : R[t] — Endy (U[t]/(t™)) be the natural map and let

fo = (fa) s R[] = [ Endu@t]/(t")).

Since rk, (f,(t)) = 1, fu(t) is invertible. Thus, we can extend the homomorphism
f.o to R[t*'], by sending t~* to f,(t)~'. Although the ring R[t] is not a *-ring,
and so, the map f, does not respect the x-operation, the map f, : R[t*'] —
[L, Endy (U[t]/(t™)) is a *-homomorphism. Observe also that rk = (f,)*(rk,) by

the definition of rk. Therefore, rk is x-regular. d

Thus, if the hypotheses of the previous proposition hold we can speak about the
x-regular R[t™1]-algebra associated with rk. When R is semisimple Artinian, we

obtain the following description of the *-regular R[t*!]-algebra associated with rk.

Proposition 7.11. Let R be a semisimple Artinian x-algebra and let vk be a faithful
x-reqular Sylvester rank function on R having a positive definite x-reqular envelope.
Then the -regular R[t™']-algebra associated with the natural transcendental exten-

sion 1k is isomorphic to Q;(R[t*']).

Proof. Denote by U the -regular R[t*!]-algebra associated with rk and let dim be
the Sylvester module rank function on left R[t*!]-modules associated with rk. Let
a € R[t*!] be a non-zero-divisor. Since dim is exact,

rk(a) = 1 — dim(R[t™']/R[t*")a) = dim(R[t*']a) = dim(R[t*']) = 1.
Therefore, a is invertible in ¢/. Since R is a semisimple Artinian ring, R[tT!] is a
semiprime Noetherian ring. Hence, by Goldie’s theorem, there exists Q;(R[tT}])
and it is semisimple Artinian. Since any non-zero-divisor of R[t*!] is invertible
in U, Q;(R[t*']) embeds in U. Observe that Q;(R[t*!]) is also a *regular ring.
Therefore U = Q;(R[t*!]).

([

7.5. Algebraic extensions. Let R be an algebra and rk a Sylvester matrix rank
function on R. Let E/K be an algebraic extension of fields. Take a matrix A €
Maty, xm (R®K E). Then there exists a finite subextension Ey/K of E/K such that
Ae Matnxm(R QK Eo)

The action of A € Mat,xm(R ®k Ep) by right multiplication on (R @k Fp)™
defines an R-homomorphism

¢* 1 (R®k Eo)" — (R®xk Ep)™
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of free R-modules. We put

<oy L rk(e?)
rk(4) = B K|

Observe that rk(A) does not depend on the choice of Ey. It is clear that rk is a
Sylvester matrix rank function on R®g E and we call it the natural (algebraic)
extension of rk on R®g E .

Proposition 7.12. Let U be a von Neumann regular algebra and let E/K be an
algebraic separable extension.

(1) The algebrad @ E is von Neumann regular.

(2) Letrk be a faithful Sylvester rank function onU. Assume thatU is complete
with respect to the rk-metric, Z(U) is a field and the algebraic elements of
the extension Z(U)/K are in K. Then
(a) U ®K E is simple and
(b) tk is the unique Sylvester matriz rank function on U @ E.

Proof. (1) Let a« € U @ E. We want to show that a is von Neumann regular.
Without loss of generality we may assume that E/K is finite.
The algebra U ® E is a subalgebra of

U@k Endg (E) = U @k Mat)p. x| (K) = Mat|g. x| (U).

Thus, there exists b € U @ Endg (F) such that aba = a.
Consider Endg (E) as E-bimodule. Since E/K is separable, F ® k E is semisim-
ple, and so, there exists an F-subbimodule M of Endg (F) such that

Endg (E) = E @ M.
Let b =b1 + by with by € Y R F and by € U @ M. Hence
a = aba = a(by + bs)a = abia + abya.

Since a,abia € U Rk E and absa € U Qi M, abya = a. We are done.

(2) Without loss of generality we may again assume that E/K is finite. Then
U ®k E is complete with respect to the rk-metric. On the other hand, since the
algebraic elements of the extension Z(U)/K are in K,

ZURk E)2Z(U)®Kk E
is a field. Thus, the statement follows from Proposition ). O
We finish this section with the following obvious analog of Corollary

Proposition 7.13. Let {rk;}ien be a family of Sylvester matriz rank functions on

an algebra R and let E/K be an algebraic extension. For each i € N, let tk; be the
natural algebraic extension of tk; on R @k E. Let w be an ultrafilter on N. Then
limrk; is the natural algebraic extension of limrk; on R®k E.

8. THE STRICT EIGENVALUE PROPERTY

Let E be a subfield of C closed under complex conjugation. Let F' be a finitely
generated free group. Denote by Sp the set of finite F-sets. For every X € Sp, let

fX : E[F] — Mat|X‘(E) = EHdE(E[XD
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be the representation of E[F] associated with the permutation action of F' on X.
We put

V=[] Matix|(E) and f=(fx):E[F]— V.
XEeSk
We write an element a € V in the form a = (ax), where ax € Mat|x|(£). Since

f is injective, we will identify the elements of E[F] and their images in V. In this
section we prove the following result.

Theorem 8.1. Assume the previous notation. Then for every two elements z =
(zx) and w = (wx) of Maty,xm (R(f(E[F]),V)) and for every € > 0 the set

Se(z,w) ={\ € E: there exists X such that tkg(wx)—rkz(wx —Azx) > €| X|}
s finite.

This theorem clearly implies Theorem In the next subsection we will show
that, in fact, Theorem follows from Theorem

8.1. Reduction to the case z,w € Maty,x, (f(E[F])). In this subsection we show
that in order to prove Theorem we can assume that z,w € Mat, xm (f(E[F]))
and E = E is algebraically closed.

Clearly we can assume that F is algebraically closed. Put R = E[F] and U =
R(f(R),V). We denote by mx the projection of V onto Mat,x|(F) and we put

rkxy = rkMat‘X|(E) omx € P(Z/[).

By an abuse of notation we use rkx also to denote the induced Sylvester matrix
rank function on R. By Corollary there are a matrix M of size n’ x m' over
R and matrices vy, ve over R of size n”/ x m’ such that for every Sylvester matrix
rank function rk on U and every A € E

_ FOD Y a0 — skl aeh) s
(i = 32) = (g SO ) g 0m) = g < 29 < skt ),

w’zf(‘?f)and z’zf(i).

Let us put 2% = mx(2’) and wy = mx(w’). Thus, we obtain

where

KNt | (B) (wx) — rkMat‘X‘(E)(wX —Azx) =rkx(w) —rkx(w — Az) =
rkx (w') = rkx (W' = A2') = rtkngag o () (W) = TKatag o () (W = Az ).
Therefore, we have shown that it is enough to prove Theorem assuming that
2, w € Maty,sm (f(E[F])) and E = E.

We will prove Theorem [8:1]in Subsection [8:8] Since its proof is quite technical and
depends on several preliminary results, we consider first in the next subsection two
very particular cases.
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8.2. Two particular cases of Theorem In this subsection we explain the
proof of Theorem in two particular cases. We will not use the results of this
subsection later on.

Let us consider the first example. Here we assume that z,w € f(Z[F]). Let
a,b € Z be two coprime non-zero integers and assume that ¢ € Sc(z,w). Thus,
there exists an F-set X such that
(1) rkg(wx) — rko(bwx — azx) > €| X|.

Let us show that |a| and |b| are bounded in terms of z,w and e.

For any matrix M € Mat,,x,,(Z), we define deg, (M) = log, [Vior| to be the size
of the torsion part Vi, of the Z-module V = Z™/Z™ M. Then Lemma gives us
the following two inequalities.

() (m = k(M) o ] < des, (1) < (m — vio(M) ogs o] + deg (1),

Observe that since a and b are coprime,

bwx — az w
deg+< XaI X >deg+<alx >

Thus using we obtain that
(9)  (m—rko(bwx —azx))log, |a| < (m —rkg(wx))log, |a] + deg, (wx).

Therefore,

by (7) rko(wx) — rko(bwx —azx) b @) deg, (wx)
logy |a| "< log, Ja] = X < —E

The proof of this case ends by showing that degTT(lu)X) is bounded in terms of w

only (Lemmas and [8.7). In the same way we bound [b|. Thus, we have shown
that Sc(z,w) N Q is finite. A similar approach will be used in order to show that
Sc(z,w) is finite when w, z are arbitrary matrices from f(Mat,,x.,(Q[F])).

Now, let us consider the second example. Here we assume that @ is an alge-
braically closed subfield of C closed under complex conjugation and z € C\ Q. We
also assume that Theorem holds if £ = ). In this example we suppose that
w,z € f(Q[z][F]) and we will explain how to show that S¢(z,w) N Q[z] is finite.

By way of contradiction we assume that S.(z,w)NQ[z] is infinite. Let {p; }ien C
Se(z,w) N Q[x] and assume that all p; are different. For each i € N, let X; be a
finite F-set such that

(10) rkQ(z) (wx,) — k) (Wx; — pizx;) = €| Xl

If M is a matrix over Q[z][F] and ¢ € Q we denote by M(g) the matrix obtained
from M by substituting = by ¢ in the entries of M. Clearly, if M is a matrix over
Q[z], then kg (M (q)) < rkg(q)(M). Our idea consists in finding ¢ € @ and a subset
J C N such that

(1) {pi(q)}ics is an infinite subset of @ and
(2) for every i € J, rkg(wx,(q)) > rko@)(wx,) — 5| Xil.
Assume that such ¢ exists. Observe that w(q)x, = wx,(q). Thus, for every i € J,
rko(w(g)x;) — rke(w(g)x, —pi(9)2(9)x,) =

€ €
k() (wx,) — §|Xz'\ — kg (wx, —pizx,) > §|Xi|-
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Hence p;(q) € S<(2(q),w(q)). Since {p;(q)}ics is infinite, we obtain a contradiction
with our assumption that Theorem holds if £ = Q.

Observe that in general it is not true that if {f; };en C Q[z] is infinite, then there
exists ¢ € @ such that {f;(¢)}ien is infinite. A counterexample can be constructed
when Q = {q1,q2, ...} is countable. We simply put f; = H;Zl(x —qj).

However, this situation does not occur in our case, since we can show that the
degrees of polynomials p; are bounded by a constant which depends only on e and
w. This is done in the following way.

For any matrix M € Mat,, xn(Qlz]), we define deg, (M) = dimg Vo, to be the
dimension of the torsion part Vi, of the Q[z]-module V = (Q[z])™/(Q[z])" M. Let
0 # p € Q[z]. Then Lemma [8.4] implies that

(11)  deg(p)(m o (M) < e, (3 ) <

deg(p)(m — k() (M)) + deg  (M).

Observe that for every ¢ € N,

deg_, < inp,_[pizX" > = deg,, < ;}X ) .

Thus, using we obtain that

(12) deg(pi)(m —rkqa)(wx, —pizx,)) < deg(p:)(m — rkg(w) (wx,)) + deg, (wx,).

Therefore,

by ([10) ko) (wx,) — kg (wx, — pizx,) Y (2 deg, (wx,)
deg(pi) <  deg(p;)—22) E|X(,|) < 7JX| :
7 7

Now Lemmas [8.12( and [8.13|imply that % is bounded in terms of w only.
Thus, we obtain that the degrees of p; are unifdrmly bounded in terms of € and w.
This implies that there exists a constant C' € N such that for any C + 1 elements
q1,---,qc+1 from @ and for any infinite subset J of N there exists 1 < j < C +1
such that the set {pi(g;)}res is infinite.

Let us now show how to construct ¢ € @ and a subset J C N such that

(1) {pr(q)}res is an infinite subset of @ and
(2) for every k € J, rkg(wx, () > rkg)(wx, ) — 51Xkl
Let w be a non-principal ultrafilter on N. We put rk,, = lim,, rkx, € P(Q[z][F)).

By Corollary rk,, is the natural transcendental extension of the restriction of
rk,, on Q[F]. Therefore, by Corollary for almost all ¢ € Q

rky, (w(q)) > ko (w) — 2
Fix C' + 1 elements q1,...,qc+1 from @ satisfying this property. Since rk, (w) =
lim,, rkx, (w) and for each 4, rk,(w(g;)) = lim, rkx, (w(¢;)) we conclude that the
set

J ={k € N:rkx, (w(g)) — rkx, (w) > rky,(w(g;)) — rk,(w) — 2 Vi<i<C+1}
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is in w, and so infinite. Thus, we obtain that for every k€ Jand 1 <i < C+1

kg (wx, (¢i)) — kg ) (wx,,)
| Xk

= rkx, (w(q:)) — rkx, (w) >

€ €
ko (w(gi)) — ko, (w) = & > —<,
(1)) — o) — § > 5
But, recall that we have shown before that there exists ¢; such that the set {pr(¢;) }res
is infinite. This contradicts our assumption that S¢(2(g;),w(q;)) is finite. Thus,
we have shown that S.(z,w) N Q[z] is finite. A similar approach will be used

in order to show that S.(z,w) is finte when w,z are arbitrary matrices from

f (Maty cm (Q(z) [F])).

8.3. Dedekind domains. In this subsection O is a Dedekind domain, that is,
a commutative domain, which is not a field, and in which every nonzero ideal is a
product of maximal ones. The facts concerning Dedekind domains which appear in
this subsection may be found in [34] Chapter 1].
Let [ be a length function on O-mod (see Subsection|[5.5)) such that (M) = +oc if
M is a finitely generated non-Artinian O-module and (M) < +oo if M is Artinian.
The main two examples that will appear in this paper are the following.

(1) Let K be a number field. We denote by O the ring of integers of K. Then
Ok is a Dedekind domain. For any Ox-module M we put {(M) = log, |M|.
(2) Let @ be an algebraically closed field and let K be a finite extension of
Q(z). Denote by O the elements of K which are integral over Q[z]. Then
Ok is a Dedekind domain. For any Og-module M we put I(M) = dimg M.

In this subsection the nth power I = (a1 ...a, : a; € I) of an ideal I and the
n-fold cartesian product I = {(a1,...,a,) : a; € I'} have the same notation. We
hope that the reader will not be confused by this ambiguity.

Let K be the ring of fractions of O. For each maximal ideal P of O, denote by

Op:{%eK: abeO,b¢ P}

the localization of O at P. For any Op-module V, we put [p(V) = I(V). Then Ip
is a length function on Op. Clearly we have

(13) (V)= 1p(Op @0 V),
P

where the sum is over all maximal ideals of O.

Observe that O is not a PID, in general. However, Op is a PID, and so, it is
easier to work with [p than with [. The formula will help us to extend the
results, obtained first for [p, to [.

We denote by Zp the ideal group of O, i.e., Zp is the set of non-zero finitely
generated O-submodules of K (called also fractional ideals of O). Any element
I € Zp may be represented in a unique way as a product I = [[7_, P*", where P, are

different maximal ideals of O and n; are non-zero integers. We put I, = Hni>0 P
and I =T[, .o P/ ™. Let us define

deg. (1) = UO/Ly). degp,, (I) = 1p(Op/Opl,)

and for simplicity if 0 # a € K, we put deg, () = deg, (Oa) and degp , (o) =
degp | (Oa).
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Let M = (my;;) € Maty,xm(K). Since O is a Dedekind domain, finitely gen-
erated torsion-free O-modules are projective ([34, Theorem 1.10, Corollary 1.11]).
Therefore,

V = (Om + OnM)/OnM = (V/V;for) @ V;ora
where V;,, is the torsion part of O-module V. Generalizing the previous notation
we put

deg+(M) = l(‘/tor) and degP,+(M) = lP(OP Ko V;Eor)-

Remark 8.2. Observe that if O = Op, then deg, (M) = degp . (M) for any matriz
M over K.

Ler tkg (M) denote the ordinary rank of a matrix over K. Then
K @0 V/Vigr = K™ Hx(M0),
Observe that for non-zero ideals I, J of O,
I/1J=0/J.

Since every finitely generated projective O-module is isomorphic to a direct sum of
ideals of O, we obtain that

(14) (V/Vior)/J - (V/Vier) = (O/J)m_rkK(M),

If M € Mat,xm(O), then the invariant deg, (M) can be computed using the
following lemma.

Lemma 8.3. Let M € Mat,, x,,(O) be a non-zero matriz of K-rank k. Let I be the
ideal of O generated by all k x k minors of the matriz M. Then deg, (M) = 1(O/I).

Proof. This lemma is well-known if O is a principal ideal domain and follows from
the existence of the Smith normal form. Thus, we obtain that for any maximal
ideal P of O,

degp’+(M) = ZP(OP/OPI)
Now, using 7 we conclude that

deg, (M) = degp (M) = 1p(0Op/OpI) = 1(O/I).
P P

Given M € Mat, x,(0) and a € O we want to estimate deg ( aj\f >
Lemma 8.4. Let M € Mat, xm(O) and 0 # o € O. Then
M
deg, (a)(m — kg (M)) < deg, ( al,, ) < deg, (a)(m — 1k (M)) + deg (M).

Proof. Let V.=0™/O"M = (V/Vior) @ Vior. Therefore, by ,
(15) O™ /(O™ M + O™ a) = (O/(a))™ ™M) & Vi, /(aVie).
Thus, we obtain the following

deg, < M > _ (O™ (O™ M + O™a)) YD

al,,
deg, (a)(m —rkg (M)) + 1(Vior/(aVior)).
Since deg, (M) = [(Vior), we are done. O
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Proposition 8.5. Let My, My € Mat, xm(O), and let 0 # « € K. We put
my = rkg (My — aMy) and mg = rkg (Ms).

Assume that mg > my. Then

d M-
deg (a) < M.
ma — My

Proof. Let P be a maximal ideal of O. If a ¢ Op, then degp , () = 0 and so

degp +(M2)
d =0< ——.
egp 4 (a) e ——
Assume now that a € Op. Applying Lemma to matrices over Op and degp .

(see Remark [8.2)), we obtain that

by Lemma@
dogpy(a)(m =) " E e,

M- by Lemma@
degp | ( alfn ) = degp ; (a)(m —m2) + degp , (M2).

Therefore, since m; < mg, we obtain again the inequality

degp | (M2)
mo — M '

MQ—aMl )_

al,,

degP,+ () <

Thus, we conclude that

egp 4 (Ma) _ deg, (M3)

mo —my mo — MMy

d
deg, (a) = S degp (@) < 3
P P
O

8.4. The number field case. In this subsection we apply the results of Subsection
[B:3)in the case where K is a number field and O = Of is the ring of integers of K.
The length function on Og-mod is defined as follows:

I(M) =logy | M|, where M is an O-module.

We will write degf(a) instead of deg, (o) if we want to emphasize that deg,
proceeds from a length function on Ok. If a € K; < K5 then

deg’?(a) = |Ky : Ki| degh ' ().
In the case 0 # a € Ok we have that

1K:Q|
21¢+(%) = |0k /Oka| = |Nijg(@)| = ([ ] lail)
i=1
where aq, ..., ay, are the roots of the minimal polynomial of « over Q. Let [a] =
max; |a;|. Then we obtain
(16) deg, (@) = logy [Nk /g(a)| < [K : Q|logy[a.

If M = (m;j) € Matyxm(K) is a non-zero matrix, we put
(M1 = max > Tmi.

For a zero matrix M we put [M] = 1. Now we can estimate deg, (M) for M €
Matnxm(OK).
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Lemma 8.6. Let M € Mat, x,n(Ok). Then the following inequality holds:
deg, (M) < mlK : Qlog,[M].
Proof. Let k = rkx (M) and let I be the ideal of Ok generated by all k x k minors
of the matrix M. Then by Lemma deg, (M) = I(Og/I). In particular, if y is
a non-zero k x k minor of M, then
deg, (M) =1(Ok/I) < [(Ok /Oky) = deg (y).

Since for any a,b € K we have that [a + b] < [a] + [b] and [ab] < [a][b], we
obtain that

Therefore,

by
deg, (M) <deg,(y) < |K:Q|logy[y] <m|K :Q|log,[M]

and we are done.

For any element f =Y, . ash (a), € Q) of the group algebra Q[F] we put

(1= Tlanl-

If M = (m;;) is a matrix over Q[F], then we define
[M] = meZ(miﬂ-
i

The following lemma is a direct consequence of the definitions.

Lemma 8.7. Let X be a finite F-set and let fx : Q[F] — Mat|x|(Q) be the map
induced by the action of F on X. Let M € Mat,um(Q[F]) (and so fx(M) €
Maty,) x| xmix|(Q)). Then
[ (M)] < A1),
Let a € Q. Let us put
Ni(a) = 2057 = |0g() /(@) .

Corollary 8.8. Let F' be a free finitely generated group and let X be a finite F'-set.
Let K be a finite extension of Q. Assume that My, My € Mat,wm(Ok[F]) and
ae€ K. We put

my = rkg (fx (M2 — abMy)) and ma =tk (fx (M2)).

Assume that mg > my. Then
m|X||Q(«):Q|

Ny (a) € [Mp] “mm
Proof. Putting together the previous results, we obtain

o deg (a) PropositionBH  deg, (fx(My))  LemmaEd
degg( )(a) = + +

K Qo) B (m2 —my)|K: Q)] —

m|X||K : Q|logy[fx (Ma)] LemmaBd m|X||Q(a) : Q| logy[Mo]
(m2 —m1)|K : Q(a) - (mg —myq)

O
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8.5. The function field case. In this subsection we apply the results of Subsection
in the case where K is a finite extension of Q(x), where @ is an algebraically
closed subfield of C and O = Ok is the integral closure of Q[z] in K. The length
function on Og-mod is defined as follows:

(M) = dimg M, where M is a Og-module.

As in the number field case we will write deng (c) if we want to emphasize that
deg, proceeds from a length function on O (since the construction of O is not
canonical and depends on the choice of x, we write deg$™ () and not deg’ (a)).

Let L be an algebraic extension of Q(x). A @-valuation on L is a homomor-
phism v : L\ {0} — (R, +) such that

(1) v(q) =0 for every g € @ and
(2) v(a+b) > min{v(a),v(b)}.

We say that a valuation is trivial if v(a) = 0 for every a € L. In this paper a
valuation will always mean a non-trivial valuation. We will also put v(0) = co. Two
valuations v; and vy are equivalent if there are two positive real numbers 1 and ro
such that r1v; = rovy. Denote by Cf, the set of equivalence classes of Q-valuations
on L.

If K is a finite extension of Q(z), then an equivalence class v € Ck will be
always represented by a valuation whose image is equal to Z (there is exactly one
such valuation in each class). It is a standard fact that Cx may be thought of as
a non-singular projective curve over @ and K is the field of rational functions on
Ck.

In general, we will say that v € Cf, is a zero of @ € L if v(a)) > 0 and v is a pole
of aif v(a) < 0. If v() > 0, there exists a unique ¢ € @ such that v(a — ¢q) > 0.
Then we put a(v) = ¢g. If v is a pole, then we put a(v) = co. If we denote by O,
the set of elements « of L such that v is not a pole of «, then the map m, : a — «a(v)
is the unique @Q-algebra homomorphism that sends O, onto Q.

The following equality is well-known.

Lemma 8.9. [20, Proposition I1.6.9] Let Q be an algebraically closed field, K/Q(x)
a finite extension and 0 # o € K. Then

K : Q)] = Z v(a) = — v(a).

vECK ,v(a)>0 veCK,v(a)<0

Corollary 8.10. Let Q be an algebraically closed field, K/Q(x) a finite extension
and ay, a9 € K. Assume that oy # as. Then

K : Qlar — az)| < K2 Qan)| + K : Qo).
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Proof. Let v € Ck. If v(ag —ag) < 0, then v(a1) < 0 or v(az) < 0 and v(ag —ag) >
min{v(ay),v(az)}. Therefore,

L 8.9
K : Qo — )| emma B Z v(ag —ag) <
vECK ,v(a1—az)<0

— Z min{v(aq ), v(ag)} <

veCK, v(a1)<0 or v(a)<0

. Z ’U(Oll) . Z ’U(Ckz) Lemr;am

vECK ,v(a1)<0 vECK,v(a2)<0

[K : Qen) ] + K = Qlaz)]-

([l
Let us denote by O% the elements of K that are integral over Q[z~!].
Lemma 8.11. We have that
deng (o) = Z v(a) and degf}‘ () = Z v(a).
0ECK w(a)>0,u(x)>0 vECK v(a)>0,v(z)<0
In particular
max{deg¥¥ (a), deg 7% (a)} < |K : Q(a)] < deg¥* (a) + degT¥ ().
Proof. First observe that
Ok ={a € K :v(a) > 0 for every v € C such that v(z) > 0}
and any maximal ideal of O is of the form
P,={a €Ok : v(a) >0}
for some v € C satisfying v(z) > 0. Then we obtain that
(a)4 = | | A
0(2)>0,0(a)>0
Therefore,
deg?% () = > v().
vEC K, v(a)>0,0(z)>0
The formula for degf;‘ () is obtained in the same way. O

Now let us estimate deng(M) for M € Mat,um(Ok). If M = (my;) €
Mat, xm (K), we put

D (M) =~ min{{v(mi;)},0}.
veCK
Lemma 8.12. Let M € Mat, xm(Ok). Then the following inequality holds:
deg{* (M) < mDk (M).
Proof. Let k = rkx (M) and let T be the ideal of Ok generated by all k x k minors

of the matrix M. Then by Lemma degf’( (M) = (Ok/I). In particular, if y
is a non-zero k x k minor of M, then

degQ% (M) = 1(Ok /T) < (Ok /Oky) = degP= (y).



44 ANDREI JAIKIN-ZAPIRAIN

Let v € Ck. Since for any a,b € K we have that v(a + b) > min{v(a),v(b)} and
v(ab) = v(a) + v(b), we obtain that

v(y) > k(min{v(m;;)}).
Therefore,

Lemma [R11] Lemma B3]
deg?* (M) <degl*(y) <  [K:Q(y)| "=

- Z v(y) < —k Z min{v(m;;)} < mDg(M).

veCk,v(y)<0 veCK,v(y)<0
([l

For any element f = >, _paph (an € K) of the group algebra K[F] we put
v(f) =minperp{v(an)}. If M = (m;;) is a matrix over K[F], then we define

Dg(M)=- Z min{{v(m;;) : ¢,5},0}.
veCK

The following lemma is a direct consequence of the definitions.

Lemma 8.13. Let X be a finite F-set and let fx : K[F] — Mat|x|(K) be the
map induced by the action of F on X. Let M € Maty,xm(K[F]) (and so f(M) €
Matn|X\><m|X|(K))- Then
D (fx(M)) < Dk (M).
Let Q(x) < K < L be two finite extensions of Q(x). Then the restriction map

resp /g : Cp = Ck

is onto. Moreover for any v € Cx and © € Cf, satisfying resy x (0) = v there exists
a number e; such that

(17) |L: K| = Z e; and for every a € K, 0(a) = ezv(a).

v€CL,resy  k (D)=v

From it follows that
(18) Dy(M) = |L: K|Dic(M).

Corollary 8.14. Let F be a free finitely generated group and let X be a finite
F-set. Let QQ be an algebraically closed field and let E be an algebraic closure of
Q(z). Let K/Q(x) be a finite subextension of E/Q(x) and o € E. Denote by
Ok the integral closure of Q[z] in K and by O% the integral closure of Q[x™1]
in K. Assume that My, My € Mat,xm(Ok|[F]) and let 0 # d € K be such that
dM, dMy € Maty,xm (O [F]). We put

mq = I"kE(fx(Mg — aMl)) and mo = I‘kE(fx(Mg)).
Suppose that mg > my. Then

K(a): Qo) < MIXIEK(@) : KI(Drc(My) + Dic(dMs))

ma — My
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Proof. Set L = K(«) and let Of, be the integral closure of Q[z] in L and O}, the
integral closure of Q[z~!] in L. Putting together the previous results, we obtain
that

Propos<ition B3 degfl‘ (fX (M2)> Lemlrél

deg?"
egy " (a) pp—

m|X|Dp(fx (Mp)) LemmaEIR m|X| D, (Ms)
meo — My - mo — My '

Similarly, we have that
/ X|Dp(dM-
deg:?l‘ (Ot) < w
mo — M
Hence by Lemma [8.11

L5 Qa)] < deg®(a) + degT () < TIXIPLI) & Dy (M) v 9

mo — My
m|X||L : K|(Dg(Ms) + Dk (dMz))
mo — My '

(]

8.6. A number theory result. In this subsection we will show the following
result.

Proposition 8.15. For given k € N and C' € R there are only finitely many
algebraic numbers « satisfying

(1) |Q(a) : Q| =k and
(2) Ny(a—i) < C fori=0,...,k.

Proof. Let K = Q(a). Write o = ¢ with a,b € Og. Let 0; : K — Q be k
different embeddings of K into Q. We put a; = 0;(a) and b; = 7;(b). Consider the

polynomial
k

k
flz) = H(aj —bjz) =Y ¢z’ € L.

j=0
Put A = |0k /(Oka+ Okb)|. Then we obtailjn
|f(0)] = |0k /Ok(a—ib)| = A-[(Oga+ Okb)/Ok (a — ib)| =
A |(Ok(a—ib)+ Okb)/Ok(a —ib)| =
A |(Og + Ok (a—1))/Og(a—4)| = A Ny(a —i).
Let M = (m;;) be a (k+1) x (k+1) matrix with m;; = (j—1)""! (as usual 0° = 1).
Since M is invertible,
(coy-yew) = (f(O), ..., f(R)M ™t = A- (£Ny(a),..., =N (a — k)M~
Put ¢; = §. Then
(chy -y ) = (ENy (), ..., =N (= k)M
Since we assume that all Ny (a — 1) are bounded by C, there are only finitely many

possibilities for (cf, ..., ¢}, ). Now, note that « is a root of the polynomial Z?:o c}xj.
Hence we are done.
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d

8.7. A result on rational functions of algebraic curves. Let @) be an alge-
braically closed field. Let E be an algebraic closure of Q(x). The set of @-valuations
on E is denoted by Cg. Since E is the union of finite subextensions K/Q(x), we
have the following equality

CE = m CK.
K/Q(z) is finite K<E

Since resy/ix : Cp — Ck is onto when L/Q(x) and K/Q(x) are finite, for every

finite subextension L/Q(x) of E/Q(x) the restriction map resg,;, Cp — Cp is also

onto. Observe that if « € L and © € Cp, then a(?) = a(resg,1 (7)) (here a in the

first place is considered as an element of E and in the second as an element of L).
Now we are ready to present the main result of this subsection.

Proposition 8.16. Let C € R and let K/Q(x) be a finite subextension of E/Q(x).
For every i € N let a; € E be such that

(1) |K(v) : Qo) < C and
(2) |K(): K| <C.

Assume that all o; are different. Let S = {0 € Cg : {a;(0) }ien is finite}. Then
resg /i (S) contains at most C(2C + 1) valuations.

Proof. Let ¥1,...0x € S such that {resg,x(9;)} consists of N different valuations.
Since 9, € S, there exists 51 € Q U {oo} such that J; = {j € N: (1) = f1} is
infinite. Similarly, since 7, € S, there exists 83 € Q U {oo} such that J, = {j €
Ji : a;(01) = B2} is infinite. Repeating this procedure, we obtain that for every
1 <4 < N there are f1,...,5; € QU {oco} and an infinite subset .J; C N such that

a;(0s) = ps for every je J;, 1 <s <.
Without loss of generality we may assume that
1;2€JN7{ﬂz ISZSNl}CQaHd 51:()Olf 1=Ny+1,...,N.

Hence we obtain that o1,...,0n, are zeros of the function oy — as € E. Let
L = K(ay, as). The following holds.

Corollary [8.10]
IL: Qa1 — az) < IL: Q)| + |L : Q(az)| <
|L: K(a1)|[K (1) : Q(ar)| + |L: K(az)||K(az2) : Q(az)| <

|
|K(az) : K||K (1) : Q(en)] + [K (1) : K[|K (1) : Q(az)| < 2C.
Thus, by Lemma aq — o has at most 2C? zeros in CJ,. Since
{TGSE/L(ﬁi) 1 S 7 S Nl}

consists of N; different valuations, Ny < 2C2.
Since |K (1) : Q(a1)| < C, by Lemma[8.9] a; has at most C different poles in
CKk(a,)- Hence N — N; < C, and so N <2C?+C. [l
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8.8. Proof of Theorem We maintain the notation from the beginning of
this section and Subsection As we have explained in Subsection [8.1] we can
assume that z = f(A) and w = f(B), where A and B are n by m matrices over
E[F] and F is algebraically closed. Clearly we can also assume that F/Q has
finite transcendental degree, and so, it will be enough to consider the following two

situations.
(1) E = Q (in this case we put 7 = Q and Oy = Z) or

(2) Q is an algebraically closed subfield of C, E = Q(x) is the algebraic closure
of Q(z) in C, where x € C\ @, and Theorem holds over @ (in this case
we put T' = Q(z) and Or = Q[z]).

Let K be a finite extension of T such that A and B are matrices over K[F|. Let
Ok be the integral closure of Or in K. Multiplying A and B by a non-zero element
from O we may also assume that A and B are matrices over Og|[F].

Assume that S.(z,w) is infinite. Then we can find different

{N €eE:jeN}C S (z,w).

For each j € N let X; be such that
(19) rkx, (w) —rkx, (w — Ajz) > e
For simplicity, we will write w; instead of wx;, z; instead of zx, and rk; instead
of rkx;.

Denote by L; the extension of K generated by \;. Let o € Gal(E/K). Since
o(wj) = wj and o(z;) = z;, we obtain that

rk; (w) — vk (w = A;2) = rRnta o (2,) (W5) = TRntag i (2,) (W5 = Aj25) =

rhntat v (L) (W5) = TRMat (o (Ly) (W5 — (X)) 25) = 1k (w) = rkj(w = a(;)2)).

Thus, by Proposition |L; : K| < 2. Therefore,

K:Tin

Put Cl = \K:T|n.

€

Let us fix a non-principal ultrafilter w on N. We define rk,, = limrk; € P(E[F]).

8.8.1. Case 1. First we assume that we are in the case £ = Q. By Proposition
@, there exists Cy € Z>g, such that

rk,, (w) — rky,(w + (C2 — 4)z) < i for every i =0,...,C".
Therefore we have that the set
(20) J ={j :1kj(w) — rk;(w + (Cz —i)z) < g for every i =0,...,C1}
belongs to w. In particular, J is infinite.

Combining and , we obtain that for every j € Jand i =0,...,C,

(21) I'ij (U)j =+ (CQ — Z)ZJ) — I'kL]. (’U.)j =+ (CQ — Z)Zj — ()\J + C2 — ’L)ZJ) =
1261 (ks (w + (G = 0)2) = rkj(w = A;2)) = 1.
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Applying Corollary [8:8] we obtain that for every j € J and i =0,...,CY,

Corollary@
Ni(Aj+Cy—1) <

(1B + (Cy — i) A]) T e e ey Y B
2m(Q(3;):0 2mCy
([B+(Ca—d)A)™ = <([B]+(C1+C)[A]) "~

Observe that the last expression does not depend on j € J. Since Q(\; + Cs) =
Q(A,) has degree at most C; over Q, we have only finitely many possibilities for A;
by Proposition [8:15] Hence we have obtained a contradiction.

8.8.2. Case 2. Now we assume that we are in the second case and E = Q(z).
Let L/Q(x) be a subextension of E/Q(z). If o € Cp, then we put O = {a €
L: v(a) > 0}. There is a unique Q-algebra homomorphism

¢5: 05 = Q.
For every Sylvester matrix rank function rk on Op[F], we define
rks (M) = rk(ds(M)).
Denote by Spec(Ok) the set
Spec(Ok) ={veCk: O <O} ={veCk: v(z)>0}.
Then Ck \ Spec(Ok) is finite. First let us show the following lemma.
Lemma 8.17. For infinitely many v € Spec(Ok)

tky,(B) — tky o (B) <

>~ ™

Proof. Consider the map
(Ok[F))™ = (O [F)™, (a1,...,an) = (a1,...,an)B,

as a map of Q[z][F]-modules and let B be a matrix over Q[z][F] associated with
this map. Since, by Proposition rk,, is the natural algebraic extension of the
restriction of rk,, on Q(x)[F],
rk,, (B)
) =T Q-

By Corollary the restriction of rk,, on Q(z)[F] is the natural transcendental
extension of the restriction of rk, on Q[F]. Thus, Corollary implies that for
almost all p € Spec(Q|[z]),

~ ~ €
(22) rk,, (B) —rk,, ,(B) < 1|K : Q(z)].
For almost all p € Spec(Q[z]), p unramifies over K, i.e.
(23) |(resre/Q)) " (D) = |K : Q(x)].
For these p,

rk,, ,(B) = > rk,, o (B),
vE(resk/qQ(x)) "1 (p)
and so

K : Q)| tko(B) — > rke,o(B) <

vE(resk /Q(x)) 1 (p)
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Thus, if p € Spec(Q|x]) satisfies (22)) and , then there exists v € (resg /() ' (p)
such that

tky,(B) — tky o (B) <

Since there are infinitely many p € Spec(Q[z]) satisfying and (23), we are
done. O

>~ o

Let
mC1(Dk(B) + Dk (dB))

By Lemma we can choose O3 different v; € Spec(Ok) (i = 1,...,C3) such
that

Cy = max{Cl, } and C35 = 02(202 + 1) + 1.

rtky, (B) — rky 0, (B) <

=

Since rk,, = limrky, and rk, , = limrky, ., the set
w w

J={jeN:rkx,(B) —1kx,,,(B) < 5 fori=1,...,C3}

N

belongs to w and so it is infinite. For each i = 1,...,C3, let v; € Cg be such that
resg/ i (05) = vi.

Lemma 8.18. There exists 1 <1 < (3 such that the set

{ri(@i): jeld}
is infinite.
Proof. Let us check that {\; : j € J} satisfies the hypothesis of Proposition
We have already shown that

[K(A;) : K| < [K(})) : Q)] < Ch.
On the other hand for every j € J we obtain that
Corollary B.14 1| X;||K();) : K|(Dk(B) + Di(dB)) by (19
|K()‘j):Q()‘j)| < k] é 1k B—)MA =
kg (fx,(B)) — rke(fx,( i4))
mCl(DK(B) + DK(dB))

€
By Proposition resg/ i (S) has at most C3 — 1 elements, where

S = {’LNJ e Cg: {)\j(’[))}jej is ﬁnite}.
Therefore, there exists 1 < ¢ < C5 such that the set {\;(;) : j € J} is infinite. O

Now we will finish the proof of the second case. Let us put o = 9; (where ¥; is
as in the previous lemma). Let

I={jeJ: )\ # o}

The rank of a finite matrix over O3 cannot increase after the reduction modulo
ker ¢5. Hence for every j € I,

ko (fx; (95(B) — Aj(0)¢s(A))) = tkq(fx; (¢5(B — A;A))) <
rkE(fXj (B — )\JA))
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Therefore, we obtain
rkq(fx, (6a(B))) - tka(fx, (85(B) = X (0)és(A))) =
ke (fx, (B) = 51| = tke(fx, (B = A;4) !

This means that S¢(¢3(A), ¢3(B)) is infinite. Now, since Theorem holds over
@, we obtain a contradiction.

by (@) ¢
> §|Xj

9. THE CENTRALIZER OF AN OPERATOR IN THE SPACE OF HILBERT-SCHMIDT
OPERATORS

9.1. The space HS(I>(X)) of Hilbert-Schmidt operators as an H x H-
Hilbert module. Let H be a countable group. A (left) finitely generated Hilbert
H-module is a Hilbert space V' together with a linear isometric H-action such that
there exists an isometric linear embedding of V' into [2(H)™ with the obvious left
H-action. A morphism between two finitely generated Hilbert H-modules U and
V is a bounded H-equivariant map o : U — V.

Let V be a finitely generated Hilbert H-module and consider a linear H-equivariant
embedding of V < [2(H)™. Let Py : [>(H)™ — [>(H)™ be the orthogonal projection
onto V. We put

n
dimH V.= TI"H(Pv) = Z“li)PV’ 1i>(l2(H))n’
i=1
where 1; is the element of [?(H)™ having 1 in the ith entry and 0 in the rest of the
entries. The number dimg V is the von Neumann dimension of V' and it does
not depend on the linear H-equivariant embedding of V' into [?(H)".

We call a sequence of Hilbert H-modules U — V — W weakly exact if the
kernel of the second map coincides with the closure of the image of the first one.
Recall the following important fact about the von Neumann dimension.

Proposition 9.1. [30, Theorem 1.12] If 0 - U -V — W — 0 is a weakly exact
sequence of Hilbert H-modules, then

Let X be a set on which H acts on the left side. Assume that H acts freely on
X and H\X is finite. The group H x H acts on X x X freely with finite number of
orbits and so 12(X x X) is isometric to the H x H-Hilbert module (2(H x H)IHF\XI*,

If v € [2(X) we denote by 6, € [2(X)* the functional on [?(X) that sends
u € 1?(X) to (u,v). For every (z,y) € X x X let

Ui(z,y) =6 ®y € (*(X))" @ P(X).
This map uniquely extends to an H x H-isometry between the Hilbert space 1?(X x
X) and the Hilbert tensor product (I%(X))* ® I2(X).

For v* € (I2(X))* and u € I2(X), let ¥5(v* ®u) be the Hilbert-Schmidt operator
that sends w € [2(X) to (w)v*u. This maps extends uniquely to an isometry
between (12(X))* ® I2(X) and HS(I*(X)).

We define a left H x H action on HS(I?(X)) in the following way:

()[(g,h) - A] = h((g~"0)A),
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where A € HS(1%(X)), g,h € H, v € I>(X). It is straightforth to check that W,
commutes with the H x H action. Thus, HS(I%(X)) is a left H x H-Hilbert module
isometric to I2(X x X). We collect the main properties of the maps § and W5 in
the following lemma.

Lemma 9.2. The following properties hold.
(1) Letv e 1*(X) and A € B(I*(X)). Assume that (v)A =3 .y azx. Then
d(wya = Z [
zeX
(2) Ifv,u €1*(X) and A € B(I*(X)), then
\IIQ((S(U)A* X u) = A\P2(5U (24 U) and \IIQ(5U X (U)A) = \Ilg((sv X U)A
We denote by U (12(X)) (Ng(12(X))) the algebra of unbounded (bounded) op-
erators on [?(X) commuting with the left H-action. Note that N (I2(X)) is iso-
morphic to Mat| g x| (N (H)), and so, U (I*(X)) is isomorphic to the left and right
classical ring of fractions of N (I2(X)).
If Ae Ny(I?(X)), then the centralizer of A in HS(I?(X)) is defined as
CHS(ZQ(X))(A) = {D S HS(Z2(X)) :AD = DA}

We would like to define in the same way the centralizer of A in HS(I*(X)) for
A € U (I1*(X)). However, we cannot do it because in this case AD and DA are
not always defined if D € HS(I?(X)). Therefore, we will proceed differently.

Since A € U (I*(X)), we can write A = Bflcl = CQB;I with By, By, C1,C5 €
Ny (13(X)) (B1, By are invertible in Uy (1?(X))). We put

CHS(IQ(X))(A) = {D S HS(Z2(X)) : ClDBQ = BlDCQ}

It is clear that Cyg(2(x))(A) is an H x H-Hilbert submodule of HS(I*(X)). Ob-
serve also that the definition of Crg(2(x))(A) does not depend on the choice of
representations of A as A= By 'Cy = CoBy "

Let 7 : Ny (12(X)) = Nuxu(I2(X x X)) (i = 1,2) be two embeddings such that
for every A € Ny (1*(X)) and z,y € X
(24) (xay)’rl (A) = Z @(Z,y) and (y7x)7_2(A) = Z az(yv Z)

zeX z€X

if (1)A=3" cxa.z
Now let us put ¥ = ¥y 0 Uy,

Proposition 9.3. Let A € Ny (I>(X)). Then for every f € I*(X x X),
V() (A7) = AV(f) and U((f)72(A)) = U(f)A.
Proof. Since ¥ is linear and continuous, it is enough to consider f = (z,y) € X x X.
Write
(x)A* = Z B.z.

zeX
Then, using Lemma we obtain that for any w € X,

(W) ((,y)T1(A)) = (W)¥(Y Balz,y)) = () (¥2()_ B0 ®y) =

zeX zeX
(w)(Y2(0(@)a- ®y)) = (w)(AV2(d; @ y)) = (w) AV (z,y).
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Hence we obtain that ¥((x,y)m(4*)) = A¥(z,y). The equality U((z,y)m2(A)) =
U(x,y)A is proved similarly. O

Clearly we can extend 7; to the x-homomorphism
7 Ug (X)) = Ugxa(P(X x X))(i =1,2).
Corollary 9.4. Let A € Uy (1*(X)). Then
W(ker(ry (A") = 72(4))) = Crrse o (A).
In particular,
dimpgx g Crsuz(x))(A) = dimpg« g ker(11(A%) — 2(4)).

Proof. Represent A as A = B 'Cy = CoBy ' with By, By, C1,Cy € Ny (12(X)).
Then, since the operators 71 (B7) and 75(Bs) are injective and they commute, we
obtain that

ker(71 (A*) — m9(A)) = ker(m, ((By 1C1)*) — m(CoBy 1)) =
ker((11(C1(BY)™") = 12(C2By ) (Bf)2(B2)) =
ker(71 (C7)72(B2) — 71 (B7)m2(C2)).
Thus, from Proposition and the definition of Cpg(2(x))(A) we conclude that
U (ker(m1(A%) — 72(A))) = W(ker(r (CT)72(B2) — 1 (B)m2(C2))) =
Crsz(x)) (A).
|

9.2. An application of the Liick approximation. Let K be a subfield of C
closed under complex conjugation. Let G be a finitely generated sofic group. Rep-
resent G as G = F//N where F is a finitely generated free group and let {X;} be a
collection of finite F-sets which approximates G. Put R = K[F].

The action of F' on X, induces a *x-homomorphism fx, of R:

fx, : R—= Vi =B(*(X;)) = Mat|x;|(C).

Consider Xg = G as a (G, F)-set. We put Vo = Us(I*(Xo)) = U(G). Let
fx, : R = Vo be the natural s-homomorphism of R in V. As usual rky, is the
canonical Sylvester matrix rank function on V.

Now define V = [[;°, Vs and let f = (fx,) be a representation of R in V. Let
U =TR(f(R),V). We denote by m; the projection of V on the ith coordinate and
put rk; = rkx, om;.

Proposition 9.5. The following holds.

(1) The projection mo : V — U(G) restricts to a surjective x-homomorphism
7T0|1,{ U — RK[G]-

(2) Fori > 1, the projection m; : V — Matx,|(C) satisfies m;(U) C Mat, x, (K).

(3) Moreover, if the sofic Liick approximation holds over K, then for any z €
Mat,, (U),

im tk;(2) = rko(2).

?

Proof. (1) and (2) follow from Corollary and Remark (3) is a consequence
of Corollary [6.2] because we assume that the sofic Liick approximation holds over
K. O
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The main result of this subsection is the following.

Proposition 9.6. Assume that the sofic Liick approximation holds over K. Let
z = (2)i>0 € Mat,,(U). Then the following equality holds.

' . dimc Cya,, (v)) (%))
dimexG Oar, (502(@) (20) = lim 1% [2

Proof. For simplicity of exposition let us assume that n = 1.

Let F} and F5 be two groups isomorphic to F. Put F = FyxFj and let R = K[ﬁ‘]
The sets X; x X are F-sets where Fi acts on the first factor and F5 acts on the
second. Since {X;} approximates G = F/N, {X; x X;} approximate G' = G x G.

The action of F on X j X X; induces a representation fj of R in

V; = B(I*(X; x X;)) = Mat,y,2(C).

We denote by rky; the unique rank function on V;.
We put
Vo = Uaxa(I?(G x G)) 2U(G x Q)
and let fj : R — Vp be the natural representation of Rin V. Let rkv~0 be the rank

function rkGXGNOIl V. 3 R 5 ) ~
Now define V = [[:2,V; and let f = (f;) be a representation of R in V. Let

U= R(f(f%), 1}) We denote by ; the projection of V on the ith coordinate and
put rk; = rkvi oTT;.

If j > 0andi=1,2 we define Tij 2V — ljj as we have done in Section first
it is defined for bounded operators as in and then it is extended to unbounded

operators. For i = 1,2 we put
Ti:(Tij):V%f}.
Note that 71 (f(R)) and 7o(f(R)) are subalgebras of f(R). Hence, by Corollary

E3

z=m(z") - m2(2) € R(f(R),V).
Since {X,; x X;} approximates G x G, the argument that we have used in order to
prove Proposition [0.5] can be applied again here to show that

tko(2) = lim rky (2).
k—o0
By Corollary
dimGXG CHS(Z2(G))(ZO) =1- I‘ko(g) and

1 M ~ . .
X2 dime Crsaz(x;,))(25) =1 -1k;(2) if j > 1.
This implies the desired result. (I

9.3. An estimation of the size of the centralizer of an operator in the space
of Hilbert-Schmidt operators. For any operator A on a Hilbert space we denote
by o,(A) the set of eigenvalues of A. Let H be a countable group acting freely on
the left on a set X with finite number of orbits and let A € Mat,,(Ug (1?(X))). For
any A € op(A) we put

nxi(A) = dimg ker(A — \)".
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If A is a matrix over C (that is H = 1), we have the following formula, which can
be found in [0, Theorem 6.13].

Proposition 9.7. Let A be a compler n by n matriz over C. Then we have the
following equality

dime Crgar,, o) (A) = D Y (naig1(A) — nai(A))%.
A€o, (A) i=0

First observe the following consequence.

Corollary 9.8. Let A be an n by n matriz over a subfield K of C and let € < %

Put § = 1HvI=2e V21_26 Assume that dimg Cyag, (c)(A) > n?(1 —€). Then there exists
exactly one A € o,(A) satisfying nx1(A) > dn. Moreover A € K.

Proof. The existence and uniqueness of A follow from the equality in Proposition
It is clear that A is algebraic over K and every Galois conjugate A of \ also
satisfies ny/ 1(A) > dn. Hence A = X', and so, A € K. O

Now we shall give a constructive proof of the first part of Theorem

Proposition 9.9. Let H be a countable group acting freely on the left on a set X
with finite number of orbits. Let A € Mat, Uy (1*(X))). Then

oo

dimp e Cntat, (s @) (A) =Y (nait1(A) — nxi(A))°.
Aeop(A) i=0

Let Ua x; be the space ker(A —X)7+ N (ker(A — X)7)*. For any € > 0, let U , ;
be an H-invariant closed subspace of Uy, ; such that

(1) dimg Uj ;= dimy Ua,z; — € and 4
(2) Ais bounded when restricted to Uj , ;, (Uj 5 ;)4 ..., (Uj ;)47

In the same way we define a space U}, ;- Then we have that
(25) dlmH Ug,A7j,dimH UA*,S\,j 2 nA7j+1(A) - TL)\J(A) — €.
For every v € US, 5 and u € Uj , ; we define
w;(v,u) = (B(pya-—xy1 Ou) + (O a-—x)i-1 @ (W) (A= X))+ + (6, @ (u) (A= N\)’)
and let W§ , . be the closed subspace of (I*(X))* ®I*(X) generated by the vectors
{wj(v,u): veUj. 5, ue Uiy}

Lemma 9.10. Let A € Uy (1*(X)). Then the following holds.

(1) For every e >0, \IIQ(W‘Z,)\J) < Crsazx)(4).
(2) Letk e N, A,..., A\ € 0p(A) and nq,...,n, € N. Then

k

n; ko ng
lim dimpn (DD Wa(Why, ) | = D) (na11(4) —na, 5 (A))%

L
=0 i=1 j=0 i=1 j=0
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Proof. (1) For simplicity we assume that A\ = 0. Let v € Uj. 5 ; and u € U g ;.

Represent A as A = By 'Cy = CoBy " with By, By, C1,Co € Ny (12(X)). Applying
Lemma we obtain that

Cl\IJQ(’LUj('U,'LL))BQ - Bl‘I/Q(UJj(U,u))CQ =

J J
C1V, (Z 5(1))(14*)]‘71' ® (u)Al> By — B1V, (Z 5(1))(14*)]‘71' ® (U)A7‘> Cy by Lemr;a 2)

i=0 =0

J J
\IIQ (Z (s(v)(A*)j—icf ® (’U,)A’L> BQ — Bl‘IJQ <Z 5(1})(A*)j*i ® (U)A'LCQ) =
1=0

1=0

d J
i i by Lemma 9.
Wy (Z 5(v)(A*)j—i+1Bf ® (u)A ) Bo—B1V, <§ S(oyamyi—i ® (u)A +1B2> y m: E22)
1=0

i=0

J J
B1V, (Z 6(1))(A*>j—i+1 ® (U)Az — Z 6(v)(A*)j—i & (U)AHl) By =
1=0

=0

B1\I/2 (6(1))(A*>j+1 XU — (51; [029] (U)Aj+l) B2 =0.

This proves (1).
(2) Fix € > 0. Let p be a continuous linear map

i k i
p: O, SEN 5U§1*,Ti,j QUi = it 2jeo P2(Wi s, )

defined on the generating set {61,1.,). @ u; ;v € US
of

o Wi € U 5, ;) by means
P bu @uiy = Wa(wj(vig, uig)) -
Observe that p is bounded. Since the sums

k  n; k n;
€ __ € € __
UF=2_2 Ulsyand V=D du. o,
i=1 j=0 i=1 =0

*

are direct sums of closed subspaces of [2(X) and [?(X)
map

respectively, the obvious

P @i @)Ly dus, — @US, ;2 Ve RUS,
which sends d,, ; ® u; ; to w;(v;;,u;;), is a weak monomorphism. Therefore, p =
d5 0 p is a weak isomorphism. Applying Proposition and , we conclude that
(2) holds .

O

It is clear that Proposition [9.9] follows from the previous lemma. We finish this
section by proving the following result which we will use later.

Proposition 9.11. Let A be a complex n by n matriz and let k € N. Then we
have the following inequality

n2

k—1
dime Cwtas,, (c) (4) — > Y (airi(A4) =nri(4)* < e
0

Ae€op(A)na1(A)2F i=
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Proof. Let € C and s > 0. Then

(26) ) (nuita(A) —nui(A)) <
(P51 (A) = 1,5(A)) D (i1 (A) = m4(A)) <
. n
min{n, 1(A), S+71} Ny (A).
Hence, using Proposition we obtain that
k-1 Proposition ]
dimc OMatn(C) (A) - Z Z(n)‘ﬂ"’_l(A) - nAﬂ: (A))2 ropoazlon
A€op(A),na1(A)>F =0
> D (nair1(A) = nai(A)*+
A€op(A)nx1(A)<g i=0
o Y

> D (naigi(A) = na(4)? <

)\EUP(A),W/)\J(A)Z% i=k

9.4. From the strict eigenvalue property to the centralizer dimension
property. In this subsection we will show that the sofic Liick approximation over
an algebraically closed subfield K of C implies the centralizer dimension property
over K for sofic groups. As we have already mentioned in Subsection [2.5] the main
ingredient of the proof is the strict eigenvalue property.

Theorem 9.12. Let K be an algebraically closed subfield of C closed under complex
conjugation. Assume that the sofic Lick approximation holds over K. Then for
every sofic group G and A € Mat,(Rkq)),

dime i Catat, (rs@2(@) (A) = D Y (naig1(A) —nai(A))?

AEK i=0

Proof. We will use the notation of Subsection By Proposition there exists
z = (2;) € Mat,,(U) such that zp = A. Moreover, z; € Mat, (Mat,x,(K)) for all
i>1

For every € > 0, denote by S, the following set

Se ={\ € K : there exists j > 1 such that rk;(z —X) <n(l—e¢)}.

Observe that, by Theorem S, is finite.
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From Proposition [0.6] and Proposition we obtain that for every k € N,

| dima @ Cat, (HS @2 ())) (20) —

k—1 .
. 1 by Proposwlon@
lim 3 5> (it (z) — nai(z))? <
J—=0 |XJ| ©

)\ES% =0

dime Cpat, (v;) (25)

lim |dimgxg Cwmat, (H52(G))) (20) —

j—o0 | X512 |
+ 7172 by Proptﬁition@ 12
k - k-
By Proposition for every A € C and every k € N,
(27) nak(z0) = lim M
’ j—o0 |XJ‘

Thus, we obtain that

dimeg xa Omat, (H502(G))) (20) =
k

-1

- 1

lim lim E X2 (mx,i+1(25) — nai(25))
=0

2 since Sy /i is finite

k—o00 j—o0
AESl

. b,
lim ZHOO ) - m)r T E

k—oco
AeS
. 2
klgn E E (m,m(zo —nxi(20))* < E E nxi+1(20) — nasi(20))”.
oo
xesS; i=0 AeK i=0
k

Combining this inequality with the one from Proposition[9.9] we obtain the theorem.
O

Corollary 9.13. Let K be an algebraically closed subfield of C closed under complex
conjugation. Assume that the sofic Lick approzimation holds over K. Let G be a
sofic group and A € Mat,(Rkq)). Then for any A € C\ K, the matriv A — \I,, is
invertible over Req)-

Proof. From Theorem and Proposition we obtain that ny 1(A) = 0 since
A ¢ K. Hence tkg(A — AI,) = n, and so, A — I, is invertible over Rc¢jq)- O

Remark 9.14. It is not necessary to assume in Theorem[9.13 and Corollary[9.13
that K is closed under complex conjugation if the matriz A has entries in K[G].

10. THE PROOF OF THEOREM [[.3] AND OF ITS COROLLARIES

In this section we will finish the proof of Theorem [T.3] and its corollaries. In fact
we will prove the following strong version of Theorem [I.3] which resolves Conjecture
[ over an arbitrary subfield of C in the case where all H; are sofic.

Theorem 10.1. Let K be a subfield of C, F' a finitely generated free group and
N a normal subgroup of F. For each natural number k, let X be an (Hy, F)-set
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such that Hy is a countable sofic group that acts freely on Xy and Hi\ Xy is finite.
Assume that {Xy} approximates G = F/N. Then for every A € Maty,xm (K[F]),

lim rkx, (A) = rkg(4).
k—o00

As we have explained in Subsection 2.2 without loss of generality, we can assume
that K in Theorem is finitely generated and so we only have to consider K
of finite transcendental degree over Q. For these K we prove Theorem by
induction on the transcendental degree of K/Q. The base of induction K = Q is
known and it can be proved using the original ideas of W. Liick [29] (see also [13]
and [23]). There are two types of inductive steps:

(1) Assuming that Theorem holds over a subfield K of C closed under
complex conjugation we will show that it holds over K.

(2) Assuming that Theorem holds over @, where @ is an algebraically
closed subfield of C closed under complex conjugation, we will show that it
holds over Q(\), where A € C\ @ and |A| = 1.

10.1. The Liick approximation over the algebraic closure. Let K be a sub-
field of C closed under complex conjugation. In this subsection we prove that if
Theorem holds over K, then it holds over K. This will be obtained as a
corollary of the following theorem.

Theorem 10.2. Let K be a subfield of C closed under complex conjugation. As-
sume that the sofic Lick approzimation holds over K. Let G be a sofic group. Then
the restriction of tkg on K|[G] is the natural algebraic extension of the restriction
of tkg on K[G].

Corollary 10.3. Let K be a subfield of C closed under complex conjugation. If the
general sofic Liick approximation conjecture holds over K, then it holds over K.

Proof. We will use the notation of Subsection[6.4] assuming that H; are sofic. Since
the general sofic Liick approximation conjecture holds over K, rkg and rkeg,, are
equal on the matrices over K[F|. By Theorem the restriction of tkg on K|[G|
is the natural algebraic extension of the restriction of rkg on K[G] . On the other
hand, applying again Theoremwe obtain that for each ¢, the restriction of rky,
on K[H;] is the natural algebraic extension of the restriction of rkg, on K[H;], and
so, by Proposition the restriction of tkg,, on K[F] is the natural algebraic
extension of the restriction of rkg,, on K[F]. Therefore, rkg and rkg,, also are
equal on the matrices over K[G]. O

Now let us prove Theorem The main step of the proof is the following weak
version of the center conjecture.

Proposition 10.4. Let G be a finitely generated sofic ICC group and let K be a
subfield of C closed under complex conjugation. Assume that the sofic Liick approx-
imation holds over K. Then any element in Z(Rk|g)) \ K is not algebraic over
K.

Proof. Represent G as G = F/N where F is a free group and let { X} be a collection
of finite F-sets which approximates G. Put R = K[F]. The action of F' on X;
induces a representation f; of R in Matx, (/) (see Remark .
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We denote by rkyy, the unique rank function on W; = Matx, (K). We put
Wo = U(G). Let fo : R — W)y be the natural representation of R in Wy and let
I‘kWO = I‘kg.

Now, we define W = [[2,W; and let f = (f;) be a representation of R in
W. We put U = R(f(R),W). We denote by m; the projection of W on the ith
coordinate and put rk; = rkyy, om;.

Let ¢ € Z(Rk(q))- By Proposition ¢ € C. Assume that c is algebraic over
K. Hence there exists a polynomial p irreducible over K such that p(c) = 0. Let
20 € Rija) = R(fo(R), Wo) be such that rkg(c — z0) < é In particular,

U\M—l

rka(p(z0)) <

Since rkg(c — zp) < %, by Proposition

. 16
dimgxc Cusa(a))(z0) > 35"
By Corollary . 4.3] there exists z € U with mp(z) = 29. For i > 1, we put z; = m;(2).
By Proposition [9.5] and Proposition [9.6] there exists i such that

1
o, (p(z0)) < and dime Oy, (2) > | X,[%

N

By Corollary there exists k € K such that

l\D\»—t

Therefore

R

rkyy, (p(k)) < tkw, (p(2i) = p(k)) + tkw, (p(2:)) <tk (20 = k) + tkow, (p(2)) <
Since p(k) € K, p(k) = 0. Thus p has degree 1, and so, ¢ € K. a
Now we are ready to prove the main result of this subsection.

Proof of Theorem[10.9 If G is sofic, then Z1 G is sofic by [19]. If G is infinite, then
7 G is an ICC group. Thus, without loss of generality we may assume that G is
an ICC group.

Since G is an ICC group, Z(Rk|¢)) is a field. By Proposition the algebraic
elements of the extension Z(Rg|g))/K are in K. Hence by Proposition (2a),
we obtain that Rx(q) @k K is simple.

Let U be the subring of U(G) generated by R (g) and K. Since R (g @k K is
simple,

U= 'RK ®KK

Moreover, by Proposition 2b), the restriction of rkg on ¢ is the unique Sylvester

matrix rank function on ¢, and so, it coincides with the natural algebraic extension

of the restriction of rkg on Rk(g). Since K[G] is a subalgebra of U, we are done.
O
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10.2. The proof of the inductive step for transcendental extensions. In this
subsection we prove that if the general sofic Liick approximation conjecture holds
over an algebraically closed subfield @ of C closed under complex conjugation, then
it holds over Q(A). This will be obtained as a corollary of the following theorem.

Theorem 10.5. Let Q) be an algebraically closed subfield of C closed under complex
conjugation. Assume that the sofic Lick approximation holds over Q@ and let A €
C\ Q. Let G be a sofic group. Then the restriction of rkg on Q(M)[G] is the natural
transcendental extension of the restriction of tkg on Q[G].

Proof. Let A € Mat,, (Rg[q)- Since the sofic Liick approximation holds over @, by
Corollary [9.13] —A~1! is not an eigenvalue of A and so,

rkg (I, + AA) = n.
Therefore, Proposition implies that the restriction of rkg on Rgig[) is the
([

natural transcendental extension of the restriction of rkg on Rg(q)-

Corollary 10.6. Let Q be an algebraically closed subfield of C closed under complex
conjugation. If the general sofic Liick approximation conjecture holds over @Q, then
it holds over Q(X) for every A € C\ Q.

Proof. The argument of the proof of Corollary works in this case as well.
Instead of Theorem [10.2] one should use Theorem and instead of Proposition

Corollary O
10.3. The proof of Theorem [I.1] Theorem [I.1]follows from the following result.

Theorem 10.7. Let G be a countable sofic group such that lem(G) is finite. As-
sume that G satisfies the strong Atiyah conjecture over Q. Then the following holds.

(1) There are division rings D1,..., Dy and natural numbers ny ..., ng such
that

R@[G] = Matm (Dl) b...D Matnk (Dk)
(2) The ring R ®q C satisfies the left Ore condition and
RC[G] = QI(RQ[G] ®Q (C) = Matnl (Ql(Dl ®@ (C)) e...P Matnk (Ql(Dk ®@ (C))
Moreover, the rings E; = Q;(D; ®g C) are division rings.
(3) G satisfies the strong Atiyah conjecture over C.

Proof. Let K be a subfield of C and let DimZ be the additive subgroup of R
generated by

{rkg(A) : Ais a matrix over K[G]}.

lcm(G)Z < DlmG On the other hand, the strong Atiyah

conjecture for G over K is equivalent to the equality lcm( )Z DlmG By Propo-
sition [5.11} we have that

(28) Dimg = (tka(r) : r € Ri(q)-

It is clear that in general

lcm(G)Z using we obtain that 1 € Rgyg) can be decom-
posed as a sum of at most lem(G) orthogonal idempotents. Therefore, Rgq) is
equal to a direct sum of at most lem(G) irreducible left Rgg-modules. Hence,

(1) Since Dim& =
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Rgjc is semisimple Artinian, and so by the Artin-Wedderburn theorem, there are
division rings D1, ..., Dy and natural numbers n ..., ng such that

Rgja) = Maty, (D1) @ ... © Mat,, (D).

(2) Let K be a finitely generated extension of Q. First observe that Rgq ®g K
is Noetherian by the Hilbert Basis Theorem. The ring Rgig ®g K is an almost
simple ring, that is a ring where every non-trivial ideal has a non-trivial intersection
with the center (see [2I, Lemma 2.15]). Thus, since the center of Rgq ®g K is
semiprime, Rgjg)®g K is semiprime as well. Thus, by Goldie’s theorem, Rgq®@g K
satisfies the left Ore condition. This implies that Rgg) ®g C satisfies the left Ore
condition.

Also, by [38, Lemma 1.1], for every field extension L/Q, D; ®g L does not have
non-trivial zero-divisors, and so Q;(D; ®g L) are division rings.

Now we will show that

Riie) = Qu(Rge ®g L)
for every finitely generated extension L/Q such that L is a subfield of C closed
under complex conjugation. This also implies that Re(q) = QZ(R@[G] ®g C).
Observe that a finitely generated subextension L/Q of C/Q is a subfield of a
field K5, where K; are constructed inductively:
(1) K1 =
(2) ifi > 1, K9; = Ko;—1()\;) for some \; € C which is not algebraic over Ka; 1
and has complex norm 1.
(3) if i > 1, Kg;41 = Ko; is the algebraic closure of Ky; in C;
We will show by induction on ¢ that
Ricijc) = QuRge) ©q Ki)-

The base of induction is clear.
Assume that
In particular, Ry, [q) is semisimple Artinian.
Let rk be the Sylvester matrix rank function induced by the restriction of rkg

on Ry, ) and let rk be its natural transcendental extension to RKoir[@) (AL
We have

Qi(Rics () NT]) 2 Qu(RE,, (6] @kary K2i)-
By Proposition the left-hand side is the *-regular R, ,[q] [Afl]—algebra asso-
ciated with rk. Observe that the inclusion of K»;[G] into QU(R K116 DKy, Koi) 18
epic. Hence Q1(Rk,, ,[G] ®K.;_, K2i) is isomorphic to the *-regular Ko;[G]-algebra

associated with the restriction of rk on Ko; [G]. By Theorem m this restriction
coincides with rkg. Since Ry, g is the *-regular Ky;[G]-algebra associated with
the restriction of rkg on Ko;[G], we obtain that

Rl = QUR K1 [6) Okpiny K2:)
as Ko;[G]-rings, and so,
Riaiic) = Qi(Rgje) ®g Kai)-

Assume now that
Ri,i6) = QiR ®g Kai)-
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Let ¢ : Ri,iq)] @K, Koiv1 — U(G) be the canonical homomorphism induced
by the inclusions Rp,,(q) C U(G) and Ka;41[G] C U(G). By Proposition [7.12(1),
RKW[G] ® K, Koiy1 is von Neumann regular. Therefore, Im ¢ is also von Neu-
mann regular, and so, Im¢ = Rk, (g]- Let rk be the Sylvester matrix rank

function induced by the restriction of rkg on R, (g and let rk be its natural al-
gebraic extension to Ry, (] @k, Kaiy1. Observe that the inclusion of Ka;y1[G]
into Ry, [¢) @k, K2iy1 is epic. Therefore, by Proposition any Sylvester ma-
trix rank function on Ry, (q) ®Kk,; K2it1 is completely determined by its values on
matrices over Ks;11[G]. Thus, by Theorem rk = ¢#(rk¢;). This implies that
ker ¢ = {0}. Thus, we obtain that

RK2i+1[G] = RKzi[G] QKa; K2i+1
as Ka;11[G]-rings, and so,
RK2i+1[G] = QZ(R@[G] ®@ K2¢+1).

(3) Let ¢ : Rejg — Maty,, (E1) @...® Mat,, (Ex) be an isomorphism that sends
Rgjc isomorphically onto Mat,,, (D1)®...®Mat,, (Dy). Let e; denote a minimal
idempotent of Mat,,, (E;). Then

1 5 ~ . .
mZ:Dlmg: <I‘kg(¢ 1(€i)) : 1:17.__7k-> ZDlmg.
Hence G satisfies the strong Atiyah conjecture over C. 0

10.4. The proof of other applications of Theorem Corollary can
be obtained as a consequence of Theorem but it is also a particular case of
Theorem 011

Corollary follows from Corollary and Theorem

Observe that since every sofic group is embedded in an ICC sofic group, it is
enough to prove Corollary [I.6] for ICC groups. Assume that G is an ICC sofic
group. Let ¢ € Z(Rk¢). By Proposition ¢ € C. By Corollary c is
algebraic over K. By Proposition c € K. This proves Corollary

Corollary is a straightforward consequence of the sofic Liick approximation.
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