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Abstract. Assume that C is the pseudovariety F of all finite groups or the

pseudovariety S of all finite solvable groups and Γ is either a finitely generated
free group or a surface group.

The C-genus of Γ, denoted by GC(Γ), consists of isomorphism classes of

finitely generated residually-C groups G having the same quotients in C as
Γ. We show that the groups from GC(Γ) are residually-p for all primes p. In

particular, they are RFRS groups.

This allows to settle positively a particular case of a question of Alexander
Grothendieck: assume that G is a finitely generated residually-C and u : F → G

is a homomorphism such that the induced map of pro-C completions uĈ : FĈ →
GĈ is an isomorphism, then u is an isomorphism.

1. Introduction

We say that a non-empty class of groups C is a pseudovariety if it is closed
under subgroups, homomorphic images and finite direct products. We denote by
F , P, N and A the pseudovariety of all finite groups, polycyclic groups, finitely
generated nilpotent groups and finitely generated abelian groups, respectively. If
C is a pseudovariety, we put Cf = C ∩ F . The pseudovariety of all finite soluble
groups Pf will be also denoted by S. If p is a prime number, then Cp will denote
the pseudovariety of finite p-groups lying in C and Cp′ will denote the pseudovariety
of finite p′-groups lying in C. Given two pseudovarieties C and B, we denote by
CB the pseudovariety consisting of isomorphic classes of group G having a normal
subgroup N ∈ C such that G/N ∈ B.

Let C be a pseudovariety of finite groups and Γ a finitely generated residually-C
group. The C-genus of Γ, denoted by GC(Γ), consists of isomorphism classes of
finitely generated residually-C groups G having the same quotients in C as Γ. It is
well-known (see, for example, [37, Corollary 3.2.8]) that G ∈ GC(Γ) if and only if
the pro-C completions of G and Γ are isomorphic: GĈ

∼= ΓĈ . A related but different
definition of genus was introduced in [24].

A group G is called parafree if it is residually nilpotent and there exists a free
group F such that G/γn(G) ∼= F/γn(F ) for every n (γn(G) denotes the nth term
of the lower central series of G). These groups were introduced by Baumslag in [6].
If G is finitely generated, then it is parafree if and only if G ∈ GNf (F ) for a finitely
generated free group F . Examples constructed by Baumslag shows that GNf (F ) is
infinite (see, for example, [8]).

A well-known question attributed to Remeslennikov ([30, Question 5.48]) asks
whether GF (F ) consists of a single element. We formulate this as a conjecture.
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Conjecture 1. Let G be a finitely generated residually finite group. Assume that

the profinite completion Ĝ of G is a free profinite group. Then G is a free group.

It was shown by Wilton [42] that Conjecture 1 holds if we additionally assume
that G is a limit group. Recently, this was extended on a larger class of groups by
Morales in [36].

By analogy with Conjecture 1 we propose a similar conjecture for groups in the
S-genus of a finitely generated free group.

Conjecture 2. Let G be a finitely generated residually S-group. Assume that GŜ
is a free prosolvable group. Then G is a free group.

By a surface group we will mean the fundamental group of a compact closed
surface of negative Euler characteristic. In the orientable case, surface groups ad-
mits the presentations of the form Sg = 〈x1, . . . , xg, y1, . . . , yg| [x1y1] · · · [xg, yg] = 1〉
(g ≥ 2); and in the non-orientable case it is Ng = 〈x1, . . . , xg| x2

1 · · ·x2
g = 1〉 (g ≥ 3).

Although free groups arise as fundamental groups of non-closed surfaces of negative
Euler characteristic, we will not consider free groups as surface groups.

A group G is parasurface if it is residually nilpotent and there exists a surface
group S such that G/γn(G) ∼= S/γn(S) for every n. It is clear that if G is finitely
generated, then G ∈ GNf (S). Finitely generated non-surface parasurface groups
were constructed by Bou-Rabee in [12]. As in the case of free groups it is not
known whether GS(S) or GF (S) consist of a single group.

Conjecture 3. Let S be a surface group. The sets GS(S) and GF (S) consist of a
single group.

A finitely generated residually finite group Γ is called profinitely rigid if GF (Γ)
consists only of Γ. It is straightforward to see that finitely generated abelian groups
are profinitely rigid. However, there are examples of virtually cyclic groups ([7])
and of finitely generated torsion-free nilpotent groups of class 2 ([23]) that are not
profinitely rigid. The first examples of profinitely rigid groups containing a non-
abelian free group have recently been constructed in [10, 11]. Some of them are
virtually surface groups. At this moment examples of profinitely rigid virtually
non-abelian free groups are not known.

In this paper we prove that the groups in GF (Γ) and GS(Γ), where Γ is either a
finitely generated free group or a surface group, are residually-p for every prime p.
This result answers a question of Baumslag (see [8, Problem 5]).

Theorem 1.1. Let Γ be either a finitely generated free group or a surface group
and assume that G belongs to GF (Γ) or GS(Γ). Then G is residually-p for every
prime p. Thus, GF (Γ) ⊆ GS(Γ) ⊂ GNf (Γ) ⊆ GNp(Γ).

Observe that Theorem 1.1 implies that Conjecture 1 is a consequence of Conjec-
ture 2.

Let P be a property of groups. We say that P is profinite if for two finitely
generated residually finite groups G1 and G2, having the same finite quotients, if
G1 satisfies P, then G2 also does. In view of Theorem 1.1 we want to mention a
result of Lubotzky [34] who showed that the property of being residually-p is not
profinite.

A group G is called locally indicable if any non-trivial finitely generated sub-
group of G maps onto Z. An immediate consequence of Theorem 1.1 is the following
corollary.
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Corollary 1.2. Let Γ be either a finitely generated free group or a surface group
and assume that G belongs to GF (Γ). Then Γ is locally indicable.

Proof. By Theorem 1.1, G is residually-p, and so it is a subgroup of the pro-p
completion GN̂p of G. Since G ∈ GF (Γ), GN̂p is either a free pro-p group or a

non-finite Demushkin pro-p group. Thus, any non-trivial subgroup of GN̂p has an

infinite abelianization. Therefore, GN̂p , and so G, are locally indicable. �

In fact, we believe that the following more general result should hold.

Conjecture 4. A finitely generated free profinite group is locally indicable.

Observe that a non-abelian free profinite group, as opposed to free pro-p groups,
has finitely generated closed subgroups with trivial abelianization: consider the
universal Frattini cover of a perfect finite group [19, Section 22.6]. Therefore, the
argument of the proof of Corollary 1.2 does not work in this case.

In [22] Grothendieck posed the following problem: let Γ1 and Γ2 be finitely
presented, residually finite groups, and let u : Γ1 → Γ2 be a homomorphism such

that the induced map of profinite completions û : Γ̂1 → Γ̂2 is an isomorphism; does
it follow that u is an isomorphism? Bridson and Grunewald [9] provided a negative
answer on this question. In this paper we will settle positively a generalization of
Grothendieck’s problem in the case Γ1 is free.

Theorem 1.3. Let C be either S or F , F a finitely generated free group and G a
residually-C group. Let u : F → G be a homomorphism that induces an isomorphism
uC : FĈ → GĈ between pro-C completions. Then u is an isomorphism.

The proof of Theorem 1.3 uses another direct consequence of Theorem 1.1: the
groups from GF (Γ) and GS(Γ), where Γ is either a finitely generated free group or
a surface group are RFRS groups (see Section 4.1 for the definition). The notion
of RFRS groups arose in a work of Agol [1], in connection with the virtual-fibering
of 3-manifolds [2].

The results on profinite rigidity of finitely generated free groups are related to
the questions on characterizing of word maps that are measure preserving. Let F be
a finitely generated free group on free d-generators x1, . . . , xd and w = (w1, . . . , wk)
a non-empty tuple of elements of F . We say that w is primitive in F if it is a part
of a free generating tuple of F . In the same way we can define primitive tuples in

a free profinite group F̂ and in a free pro C-group FĈ , where C is a pseudovariety
of finite groups.

Given a finite groupG, we can define a map wG : Gd → Gk that sends (g1, . . . , gd)
to the image of w under the homomorphism F → G sending xi to gi. If the tuple
w is primitive, then the map wG is measure preserving (i.e. all the fibers of this
map are of equal size) for every finite group G. If C is a family of finite groups, we
say that w is measure preserving in C if wG is measure preserving for all G ∈ C.
We can ask the following natural question.

Question 5. Let F be a finitely generated free group, k ≥ 1 and w = (w1, . . . , wk)
a tuple of elements of F . For which families C of finite groups, the condition that
w is measure preserving in C implies always that w is primitive in F?

A positive answer on this question for the family of finite symmetric groups was
given by Puder and Parzanchevski in [40]. The following result shows that the most
difficult case of Question 5 corresponds to the one where k = 1.
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Theorem 1.4. Let C be a non-empty family of finite groups, F a finitely generated
free group and k ≥ 1. Let w = (w1, . . . , wk) be a tuple of elements of F such that
w is measure preserving in C. Assume that for any finitely generated free group U
only primitive words u ∈ U satisfy that u is measure preserving in C. Then w is
primitive in F .

In the case where C is a pseudovariety of finite groups, w is measure preserving
in C if and only if w is primitive in FĈ (see, Proposition 5.1).

In particular, the result of Puder and Parzanchevski implies that (w1, . . . , wk) is

primitive in F if (w1, . . . , wk) is primitive in F̂ . In [42] Wilton gave an alternative
proof of this using his result, which we have mentioned before, that limit groups
with free profinite completion are free. It is natural to ask whether (w1, . . . , wk)
should be primitive in F if (w1, . . . , wk) is primitive in FŜ .

Conjecture 6. Let F be a finitely generated free group, k ≥ 1 and w = (w1, . . . , wk)
a tuple of elements of F . Assume that w is measure preserving in S. Then w is
primitive in F .

Our next results suggest that Conjecture 6 may be true.

Theorem 1.5. The following holds.

(a) Conjecture 6 is equivalent to Conjecture 2 in the case of the groups G =
U ∗u U , where U is free and u ∈ U is not a proper power.

(b) Let Fk be a free group of rank k and assume that a tuple w = (w1, . . . , wk)
of k elements of Fk is measure preserving in Aq(Aq′Np) for some primes
p and q. Then w is primitive in Fk. In particular, Conjecture 6 holds if k
is equal to the rank of F .

Observe that if U is a free group and u is not a proper power, then the double
U ∗u U is residually free [5], and in particular, residually-(finite solvable).

The paper is organized as follows. The proofs of two cases of Theorem 1.1 use
different techniques. In the case of G ∈ GF (Γ), which we prove in Section 2, our
argument is based on the study of representation varieties of G. The case G ∈ GS(Γ)
is shown in Section 3 and its proof uses properties of L2-Betti numbers. In Section
4 we prove Theorem 1.3 and in Section 5 we prove Theorems 1.4 and 1.5.
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2. Finitely generated groups with free profinite completion

2.1. Commutative algebra preliminaries. Let R be a finitely generated ring.

Denote by R̂ the profinite completion of R and by MaxR the set of its maximal
ideals.

Let m ∈ MaxR. Observe that, since the field R/m is finitely generated as a ring,
it is of positive characteristic and thus, by Hilbert’s Nullstellensatz [3, Corollary
5.24], it is also finite.

Let Rm denote the localization of R at the maximal ideal m, and let Rm̂ =
lim←−R/m

i be he m-adic completion of R. By [3, Corollary 10.20], the natural
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homomorphism Rm → Rm̂ is injective. On the other hand, by [3, Proposition 3.9],
the natural isomorphism R →

∏
m∈Max(R)Rm is also injective. Thus, we obtain

that the map R→
∏

m∈Max(R)Rm̂ is injective, and so, R is residually finite.

If R is finite, then, in fact, we have that

R ∼=
∏

m∈Max(R)

Rm
∼=

∏
m∈Max(R)

Rm̂.

This implies that if R is finitely generated, then its profinite completion R̂ is iso-

morphic to
∏

m∈Max(R)Rm̂. This description of R̂ implies the following criterion

on when two finitely generated rings R and S satisfy R̂ ∼= Ŝ.

Lemma 2.1. Let R and S be two finitely generated rings. Then Ŝ ∼= R̂ if and only
if there exists a bijection α : Max(R)→ Max(S) such that for every m ∈ Max(R),
(R)m̂ ∼= (S)

α̂(m)
.

In this subsection we fix a finite field F and denote by F its algebraic closure.
Let R be a finitely generated F-algebra. We denote by XR the affine set

XR = HomF−algebras(F⊗F R,F) ∼= HomF−algebras(R,F).

We endow XR with the Zariski topology and denote by F[XF ] the ring of regular
functions on XR. Recall that F[XF ] ∼= F ⊗F R/ rad(F ⊗F R) and there exists a
natural bijection between XR and Max(F ⊗F R): a point p ∈ XR corresponds to
the ideal ker p.

For any p ∈ XR, ker p ∩ R is a maximal ideal of R. The field of definition of
p, denoted F(p), is equal to R/(ker p ∩R). It is a finite extension of F.

Let F̃ be a finite extension of F. The set XR(F̃) consists of p ∈ XR such that

F(p) can be embedded in F̃. It is clear that

|XR(F̃)| = |HomF−algebras(R, F̃)|.
The Krull dimension of a commutative ring R, denoted dimR, is the supre-

mum of the lengths of all chains of prime ideals (see [3, page 90 and Chapter 11]).
The dimension of an affine F-set X is the Krill dimension of F[X]. We will use
the following two facts about the Krill dimension.

Proposition 2.2. Let R be a finitely generated commutative F-algebra.

(1) If R ≤ R̃ and R̃ is integral over R, then dim R̃ = dimR.
(2) If R is a domain and m is a maximal ideal of R, then dimR = dimRm̂.

Proof. (1) follows from [3, Corollary 5.9 and Theorem 5.11]).
(2) We have that by [3, Corollary 11.19], dimRm̂ = dimRm and by [17, Theorem

A on page 286], dimRm = dimR. �

The main result of this subsection is the following proposition.

Proposition 2.3. Let R and S be two finitely generated F-algebras and k ≥ 0.
Assume that

(a) Ŝ ∼= R̂ and
(b) XR is irreducible of dimension k.

Then XS is irreducible of dimension k. In particular S/ radS is a domain of Krull
dimension k.
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Proof. Put R̃ = F⊗F R and S̃ = F⊗F S.

Claim 2.4. For every m ∈Max(S), Sm̂ is of Krull dimension k.

Proof. Consider first a maximal ideal m of R. Since XR is irreducible, radR is a
prime ideal of R and R/ radR is a domain. Moreover, since radR is nilpotent,

dimRm̂ = dim(R/ radR) ̂m/ radR
and dimR = dim(R/ radR).

Therefore, we conclude that,

dimRm̂ = dim(R/ radR) ̂m/ radR

Proposition 2.2(2)
=

dim(R/ radR) = dimR
Proposition 2.2(1)

= dim R̃ = dimF[XR] = dimXR = k.

Now, the claim follows from Lemma 2.1. �

Claim 2.5. Let Y be an irreducible component of XS. Then dimY = k.

Proof. Decompose XS as the union of its irreducible components XS =
⋃l
i=1 Yi (all

Yi are different) and assume that Y = Y1. Let p ∈ Y \
⋃l
i=2 Yi, and let m̃ = ker p

be the corresponding maximal ideal of S̃.
Put m = S ∩ m̃. Then m ∈ Max(S) because S̃ is integral over S. Let P̃ =⋂
q∈Y ker q be the minimal prime ideal of S̃ corresponding to Y . Thus, F[Y ] ∼= S̃/P̃ .

Since p is not contained in other irreducible components Yi for i ≥ 2, P̃ is the only
minimal prime ideal of S̃ containing in m̃. Put P = S ∩ P̃ . Then P is the only
minimal prime ideal of S containing in m. This implies that Pm = SmP is the only
minimal prime ideal of Sm and so Pm = radSm is nilpotent. Hence,

the image of P in Sm̂ is also nilpotent. (1)

Therefore, we conclude that

dimY = dimF[Y ] = dim(S̃/P̃ )
Proposition 2.2(1)

= dimS/P
Proposition 2.2(2)

=

dim(S/P )
m̂/P

= dim(Sm̂/Sm̂P )
(1)
= dimSm̂

Claim 2.4
= k

�

Claim 2.6. The affine set XS is irreducible.

Proof. Let Fi/F be a field extension of degree i. By the Lang-Weil inequality (see
[32]),

lim
i→∞

|XR(Fi)|
|Fi|k

= lim
i→∞

|HomF−algebras(R,Fi)|
|Fi|k

is equal to the number of irreducible components of XR of dimension k. Since XR is

irreducible, we obtain that this number is 1. Applying that Ŝ ∼= R̂, we also obtain
that

lim
i→∞

|XS(Fi)|
|Fi|k

= lim
i→∞

|HomF−algebras(S,Fi)|
|Fi|k

= lim
i→∞

|HomF−algebras(R,Fi)|
|Fi|k

= 1.

Therefore, using again the Lang-Weil inequality, we conclude that XS has only one
irreducible component of dimension k. Combining this with Claim 2.5, we obtain
that XS is irreducible �

If XS is irreducible, then S/ radS is a domain. The Krull dimension of S/ radS
is equal to the dimension of XS . �
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2.2. A criterion to be residually-p. Let F be a finite field of characteristic p
and A an affine algebraic group defined over F. Let G be a finitely generated group
and assume that it is given as

G = 〈x1, . . . , xd|R〉,

where R is a set of words in {x±1
1 , . . . , x±1

d }. We will study the group G through the

rings RA(G) which encode all the information about representations G→ A(F).
We denote by F[A] the ring of F-regular functions on A. Assume that it has the

following presentation

F[A] = F[y1, . . . , yl|s1 = 0, . . . , sm = 0],

where s1, . . . , sm are polynomials in y1, . . . , yl over F. Thus, if T is a F-algebra,
any element of A(T ) can be represented as a l-tuple (t1, . . . , tl) of elements of T
satisfying s1(t1, . . . , tl) = 0, . . . , sm(t1, . . . , tl) = 0.

The ring RA(G) is the commutative F-algebra generated by

{y1,1, . . . , y1,l, . . . , yn,1, . . . , yd,l}

with relations

s1(y1,1, . . . , y1,l) = 0, . . . , sm(y1,1, . . . , y1,l) = 0, . . . , sm(yd,1, . . . , yd,l) = 0

expressing that the tuples X1 = (y1,1, . . . , y1,l), . . . , Xd = (yd,1, . . . , yd,l) satisfy the
relations of elements of A, and relations

r(X1, . . . , Xd) = 1A(F), r ∈ R,

associated with the relations of the group G. For example if F = 〈x1, . . . , xd〉 is a
free group, then

RA(F ) ∼= F[A]⊗Fd. (2)

We denote by XG
A the affine set

XG
A = HomFp−algebras(RA(G)/ rad(RA(G),Fp) = HomFp−algebras(Fp⊗FpRA(G),Fp).

Consider the representation

ΦGA : G→ A(RA(G)/ rad(RA(G))

which sends xi to the matrix Xi + Matn(rad(RA(G)). Then for any representation
φ : G → A(Fp) there exists a unique homomorphism pφ ∈ XG

A such that the
diagram

G
ΦGA−−→ A(RA(G)/ rad(RA(G)))

|| ↓pφ

G
φ−→ A(F)

(3)

is commutative. (In this diagram pφ acts on the entries of the l-tuples).

Lemma 2.7. Let H be the image of G in its pro-p completion. Denote by π : G→
H the canonical map and let

π∗ : RA(G)/ rad(RA(G)→ RA(H)/ rad(RA(H)

be the induced surjective map. If the ring RA(G) has only one minimal prime ideal,
then π∗ is also injective.
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Proof. For simplicity put

RG = RA(G)/ rad(RA(G) and RH = RA(H)/ rad(RA(H)).

Let φ : G → A(F) be the trivial representation and let m = ker pφ, where pφ :

RG → Fp is as in (3). Denote by (RG)m̂ the ring (RG)m̂/ rad((RG)m̂). We denote

by α the canonical map RG → (RG)m̂. Since RG is a domain, by [3, Corollary
10.18], RG → (RG)m̂ is injective. Hence α is also injective.

The maps α and π∗ induce two homomorphism

A(RG)→ A((RG)m̂) and A(RG)→ A(RH)

which we will also denote by α and π∗, respectively.
Observe that the group

A1((RG)m̂) = {A ∈ A((RG)m̂) : A ≡ 1A(F) (mod m)}

is a pro-p group and the image of the map α ◦ ΦGA : G → A((RG)m̂) lies in

A1((RG)m̂). Thus, α ◦ΦGn factors through π. Therefore, there exists a unique map

β : RH → (RG)m̂ such that the following diagram is commutative.

G
ΦGA−−→ A(RG)

α−→ A((RG)m̂)

↓π ↓π∗ ||

H
ΦHA−−→ A(RH)

β−→ A((RG)m̂)

.

Since α is injective, π∗ is also injective. �

Now we are ready to present the main result of this subsection.

Proposition 2.8. Let G be a finitely generated residually finite group. For each
n ∈ N let An be an affine algebraic group defined over a finite field of characteristic
p. Assume that

(a) for any finite quotient Ḡ of G, there exists n such that Ḡ is a subgroup of
An(Fp) and

(b) for each n ∈ N the ring RAn
(G) has only one minimal prime ideal.

Then G is residually-p.

Proof. Let H be the image of G in its pro-p completion and denote by π : G→ H
the canonical map.

Assume, by way of contradiction, that there exists a non-trivial element g in the
kernel of the canonical map π : G→ H. There exists a finite quotient Ḡ of G such
that the image of g in G is non-trivial. The group G can be embedded in An(Fp)
for some n. Let

φ : G→ G ↪→ An(Fp)

be the induced representation of G.
Let π∗ : RAn(G)/ rad(RAn(G)) → RAn(H)/ rad(RAn(H)) be the map induced

by π. Since the representation φ does not factor through π, kerπ∗ is not trivial.
However, by Lemma 2.7, π∗ is injective. This is a contradiction. �
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2.3. Applications to free and surface groups. Let G be a finitely generated
group. The ring RA(G) is constructed using the relations of G. In the same way the

profinite completion R̂A(G) of G can be constructed using a profinite presentation

of Ĝ. This implies the following proposition.

Lemma 2.9. Let F be a finite field and A an affine algebraic group define over F.
Let G1 and G2 be two finitely generated groups with isomorphic profinite comple-

tions. Then R̂A(G1) ∼= R̂A(G2).

Now we are ready to present the main tool in the proof of the first part of
Theorem 1.1.

Proposition 2.10. Let Γ be a finitely generated residually finite group. For each
n ∈ N, let An be an affine algebraic group defined over a finite field of characteristic
p. Assume that

(a) for any finite quotient Ḡ of G, there exists n such that Ḡ is a subgroup of
An(Fp) and

(b) for each n ∈ N the affine set XG
An

is irreducible.

Let G ∈ GF (Γ). Then G is residually-p.

Remark 2.11. If An = GLn or An = SLn, then the condition (a) holds automat-
ically.

Proof. By Lemma 2.9, for all n ≥ 1, R̂An(Γ) ∼= R̂An(G). Hence, by Proposition
2.3, XG

An
is irreducible, and so, RAn

(G) contains a unique prime ideal. Therefore,
by Proposition 2.8, G is residually-p. �

Now we are ready to prove the first part of Theorem 1.1.

Theorem 2.12. Let Γ be either a finitely generated free group or a surface group
and assume that G belongs to GF (Γ). Then G is residually-p for every prime p.

Proof. In this proof GLn and SLn are affine algebraic groups defined over Fp.
First consider the case where Γ = F is free. Then in this case Fp ⊗Fp RGLn(F )

is a domain (see (2)), and so XF
GLn

is irreducible. Thus, we can apply Proposition
2.10.

Now assume that Γ = Sg is an orientable surface group of genus g. Consider the
Fp-algebra R generated by

{xli,j , dl, e : 1 ≤ l ≤ 2g, 1 ≤ i, j ≤ n}
with relations dl · detXl = 1 for l = 1, . . . , 2g and the relations coming from the
equality

[X1, X2] · · · [X2g−1, X2g] = e · 1GLn(Fp).

Since R is generated by 2gn2 + 2g + 1 variables and defined by 2g + n2 equations,
by [39, Corollary 1.14], the dimension of an irreducible component of XR is at least
(2g − 1)n2 + 1.

The ring RGLn(Sg) is obtained from R by adding the relation e = 1. Since en = 1

in R, any irreducible component of X
Sg
GLn

is also an irreducible component of XR.

By [33, Theorem 1.8], the dimension of X
Sg
GLn

is (2g − 1)n2 + 1 and there exists

only one irreducible component of dimension (2g − 1)n2 + 1. Therefore, X
Sg
GLn

is
irreducible. Now the result follows from Proposition 2.10.



10 ANDREI JAIKIN-ZAPIRAIN

Now assume that Γ is non-orientable surface group. Combining the previous
argument with [33, Corollary 1.11] we obtain that XΓ

SLn
is irreducible. Thus, we

can again apply Proposition 2.10. �

3. Finitely generated residually-(finite solvable) groups with free
prosolvable completion

We start this section by explaining several results about the first L2-Betti num-

bers b
(2)
1 (H) of a group H which we will use in this paper. The reader can find the

definition of L2-Betti numbers and their basic properties in [28].

Proposition 3.1. The following holds

(a) Let H be a group and T a subgroup of H of finite index. Then

b
(2)
1 (T ) = |H : T | · b(2)

1 (H).

(b) Let S be a surface group and H a non-trivial subgroup of Sp̂. Then

b
(2)
1 (H) ≤ dimQH1(H,Q)− 1.

(c) Let Γ be either a free or surface group and H a dense subgroup of Γp̂. Then

b
(2)
1 (H) ≥ b(2)

1 (Γ).

Proof. (a) This is [28, Theorem 4.15(iii)].
(b) By [27, Corollary 5.2], H is residually-(amenable locally indicable). Hence

by [25, Corollary 1.4], rkH ≥ rk{1}. Arguing as in the proof of [25, Corollary 1.6],

we conclude that b
(2)
1 (H) ≤ dimQH1(H,Q)− 1.

c) Let Γp̂ > U1 > U2 > . . . be a chain of open normal subgroups of Γp̂ with
trivial intersection. Put Hi = H ∩ Ui and Γi = Γ ∩ Ui. Then

b
(2)
1 (H)

[35, Theorem 1.1]

≥ lim sup
i→∞

dimQH1(Hi,Q)

|H : Hi|
≥

lim sup
i→∞

dimQp H1(Ui,Qp)
|Γp̂ : Ui|

= lim sup
i→∞

dimQH1(Γi,Q)

|Γ : Γi|
= b

(2)
1 (Γ).

�

We will also need the following lemma.

Lemma 3.2. Let S be a surface group and N a non-trivial closed normal subgroup
of SŜ . Then there exist a normal open subgroup K of SŜ , such that NK/K ∼= Csq ,
where q is prime and s ≥ 2.

Proof. There exists a prime q such that q divides the (profinite) order of N/[N,N ],

We want to show that the order of N/[N,N ]Nq is at least q2.
There exists an open subgroup U of SŜ , such the image of the map

N/[N,N ]Nq → U/[U,U ]Uq

is not trivial. This implies that the image M of N in the pro-q quotient Uq̂ of U is
non-trivial. If M is of finite index in Uq̂, then clearly

|M/[M,M ]Mq| ≥ |S/[S, S]Sq| ≥ q2.

If M is of infinite index, it cannot be finitely generated (see for example, [20,

Theorem 1.1]), and so, M/[M,M ]Mq is infinite.



FINITE AND SOLVABLE GENUS 11

Since M is a quotient of N , we conclude that the order of N/[N,N ]Nq is at least

q2. Thus, there exists a normal open subgroup L of SŜ/[N,N ] such that ML/L is

of order at least q2. This implies the lemma. �

Now we are ready to prove the second part of Theorem 1.1.

Theorem 3.3. Let Γ be a finitely generated free group or a surface group and let
p be a prime. If G ∈ GS(Γ), then G is residually-p.

Proof. We will prove the theorem in the case Γ = Ng is a non-orientable surface
group. The case where Γ is a free group or an orientable surface group can be
proved in the same way.

Let H be the image of G in the pro-p completion of G. Observe that, since
GŜ
∼= SŜ , H is a dense subgroup of Sp̂. Let N be the kernel of the map GŜ → HŜ .

We want to show that N = {1}. We will assume that N 6= {1} and obtain a
contradiction.

Since GŜ
∼= SŜ , by Lemma 3.2 there exists a normal open subgroup K of GŜ ,

such that NK/K ∼= Csq , where q is prime and s ≥ 2. Put T̃ = G ∩NK and let T

be the image of T̃ in H.
Using again that GŜ

∼= SŜ , we obtain that

dimFq H1(T ;Fq) ≤ dimFq H1(T̃ ;Fq)− 2 = (g − 2)|G : T̃ | = (g − 2)|H : T |.
On the other hand, taking into account that T is a subgroup of Sp̂, we obtain that

dimFp H1(T ;Fq) ≥ dimFp H1(T ;Q)
Proposition 3.1(2)

≥

b
(2)
1 (T ) + 1

Proposition 3.1(1)
= |H : T |b(2)

1 (H) + 1
Proposition 3.1(3)

≥
(g − 2)|H : T |+ 1.

We have arrived to a contradiction. �

4. Grothendieck’s problem concerning profinite completions for a
finitely generated free group

4.1. RFRS groups. A groupG is called residually finite rationally solvable or
RFRS if there exists a chain G = H0 > H1 > . . . of finite index normal subgroups
of G with trivial intersection such that Hi+1 contains a normal subgroup Ki+1 of
Hi satisfying that Hi/Ki+1 is torsion-free abelian. The chain {Hi} satisfying this
property is called witnessing.

Let C an extension-closed pseudovariety of finite soluble groups. We say that a
group G is C-RFRS if G has a witnessing chain {Hi} such that Hi is normal in G
and G/Hi ∈ C for all i. Observe that in this case G is residually-C. It is clear that
a RFRS group is also S-RFRS.

Proposition 4.1. Let G be a group from GF (Γ) or GS(Γ), where Γ is a finitely
generated free or a surface group. Let p be a prime and assume that p 6= 2 if Γ is
a non-orientable surface group. Then G is Np-RFRS.

Proof. The pro-p completion of G can be describe as follows:

GNp
∼=
{

(Fk)Np if G = Fk or G = Nk+1 and p 6= 2
(Sg)Np if G = Sg



12 ANDREI JAIKIN-ZAPIRAIN

Thus, we have that for every open subgroup V of GNp , the abelinization of V is
torsion-free. Consider a chain of normal open subgroupsGNp = U0 > U1 > U2 > . . .
of GNp with trivial intersection such that |Ui : Ui+1| = p for every i ≥ 0. We put
Hi = G ∩ Ui. It is clear that {Hi} is a witnessing chain of G and G/Hi ∈ Np. �

4.2. Universal K[G]-ring of fractions. A division R-ring φ : R → D is called
epic if φ(R) generates D as a division ring. Each division R-ring D induces a
(generalized) Sylvester module rank function dimD on R: for an R-module M we
define dimDM to be the dimension of D ⊗RM as a D-space.

Given a ring R, Cohn introduced the notion of universal division R-ring (see,
for example, [16, Section 7.2]). In the language of Sylvester rank functions, an epic
division R-ring D is universal if for every division R-ring E and for every finitely
generated R-module M , dimDM ≤ dimE(M). By a result of Cohn [15, Theorem
4.4.1], the universal epic division R-ring (if it exists) is unique up to R-isomorphism.
The universal division R-ring D is called universal division ring of fractions
of R if D is epic and R is embedded in D.

Let K be a field and G an RFRS group. By [25, Corollary 1.3], the universal
division K[G]-ring of fractions exists. We denote it by DK[G]. In the case where
K = Q, DK[G] is isomorphic to the Linnell ring D(G). In [29] Kielak gave a
description of DQ[G]. A similar description for an arbitrary field K was given in
[25]. Although this description may appear complicated, it is very useful (as, for
examples, the results of [29, 18] show) and it is a key step in our proof of Theorem
1.3.

Let H be a subgroup of finite index inG and T = {t1, . . . , t|G:H|} a right transver-
sal of G in H. The division subring of DK[G] generated by K[H] is isomorphic to
DK[H] as K[H]-ring, and so, we will denote it also by DK[H]. Moreover we have
that

DK[G] =

|G:H|⊕
i=1

DK[H] ti.

Let α : H → Z be an epimorphism and N = kerα. Then the ring DK[N ]H
generated by DK[N ] and H is isomorphic to a crossed product DK[N ] ∗Z. Moreover,
if g ∈ N such that α(g) = 1, then any element from a ∈ DK[N ]H can be written

uniquely as a =
∑m
i=k aig

i with ai ∈ DK[N ]. Denote by ‖ ‖α a norm on DK[N ]H
defined by means of

‖
∑
i

aig
i‖α = max{2−i : ai 6= 0}.

Observe that −α is also a homomorphism H → Z, and

‖
∑
i

aig
i‖−α = max{2i : ai 6= 0}.

Our convention is that ‖0‖α = 0. Let DK[N ]H
∧α

be the completion of DK[N ]H
with respect to the metric induced by the norm ‖ ‖α. Then

DK[N ]H
∧α

= {
∞∑
i=k

aig
i : ai ∈ DK[N ]} and DK[N ]H

∧−α
= {

∞∑
i=k

aig
−i : ai ∈ DK[N ]}.

The subringK[H]
∧α

= {
∑∞
i=k aig

i : ai ∈ K[N ]} ofDK[N ]H
∧α

is called the Novikov

ring of K[H] with respect to α. Observe that DK[N ]H
∧α

is a division ring. Since
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DK[H] is the Ore ring of fractions of DK[N ]H, the canonical embedding DK[N ]H ↪→
DK[N ]H
∧α

extends uniquely to an embedding δH,α : DK[H] ↪→ DK[N ]H
∧α

. This leads
us to the following commutative diagram.

K[H] ↪→ DK[H]

↓ ↓δH,α

K[H]
∧α

↪→θH,α DK[N ]H
∧α

.

The following theorem follows directly from [29, Theorem 4.13] (see also [25, The-
orem 5.10] for the case where K has positive characteristic).

Proposition 4.2. [29] Let K be a field, G an RFRS group group and G = H0 >
H1 > H2 > . . . a witnessing chain. Let a1, . . . , as ∈ DK[G]. Then there exists n
and an epimorphism α : H → Z for H = Hn such that if T = {t1, . . . , t|G:H|} is a
transversal of G in H and

ai =

|G:H|∑
j=1

aijtj , aij ∈ DK[H],

then for every i and j,

δH,α(aij) ∈ Im θH,α and δH,−α(aij) ∈ Im θH,−α.

4.3. Grothendieck’s problem for free modules. In this subsection let Z be
a finite field or Z and K its field of fractions. Let R be a ring and D a division
R-ring. We say that an R-module M is D-free if the canonical map M → D⊗RM
is injective. The following result, which we think is of independent interest, is the
main step in the proof of Theorem 1.3.

Theorem 4.3. Let C be an extension-closed pseudovariety of finite soluble groups,
E = AC and G a C-RFRS group. Let M be a finitely generated DK[G]-free Z[G]-
module, L a free Z[G]-module and α : L → M a homomorphism of Z[G]-modules.
Assume that for every P ∈ Ef the induced map

IdZ[P ]⊗α : Z[P ]⊗Z[G] L→ Z[P ]⊗Z[G] M

is onto and

dimDK[G]
L = dimDK[G]

M.

Then α is an isomorphism.

Proof. Let G0 be a subgroup of G of finite index and let φ : Z[G0] → R be a
Z[G0]-ring. The map α induces the map

φ̃ := IdR⊗α : R⊗Z[G0] L→ R⊗Z[G0] M.

Fix a free basis l1, . . . , ld of L as a Z[G0]-module. Assume that φ̃ is an isomorphism.

Then R⊗Z[G0]M is a free R-module with free basis φ̃(1⊗ li). For any m ∈M there

exists a unique aφ(m) = (aφ1 (m), . . . , aφd(m)) ∈ Rd such that

1⊗m = aφ1 (m) · φ̃(1⊗ l1) + . . .+ aφd(m) · φ̃(1⊗ ld).

The coefficients aφi (m) depend on the basis l1, . . . , ld. It will always be clear from
the context with respect what basis we calculate them.
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Claim 4.4. Let G0 be a subgroup of G of finite index, φ : Z[G0]→ R a Z[G0]-ring

and ψ : R → S an R-ring. Assume that φ̃ is an isomorphism. Then ψ̃ ◦ φ is also
an isomorphism. Moreover,

aψ◦φ(m) = ψ(aφ(m)) for every m ∈M.

Proof. If φ̃ is an isomorphism, then it is clear that ψ̃ ◦ φ is also an isomorphism.
The equality

aψ◦φ(m) = ψ(aφ(m)) for every m ∈M
follows from the uniqueness of aψ◦φ(m). �

Claim 4.5. Let P ∈ E be a quotient of G and πP : Z[G] → Z[P ] the canonical
map. Then π̃P is an isomorphism.

Proof. First assume that P is finite. Then from the hypothesis of the theorem, it
follows that π̃P is onto. Let N be such that P = G/N . Then using that DK[N ] is
the universal filed of fractions of K[N ], we obtain that

dimK(K ⊗Z[N ] L) = dimK(K[P ]⊗Z[G] L) ≥ dimK(K[P ]⊗Z[G] M) =

dimK(K ⊗Z[N ] M) ≥ dimDK[N]
M = |G : N | · dimDK[G]

M =

dimDK[G]
L = dimDK[N]

L = dimK(K ⊗Z[N ] L).

Thus, dimK(K[P ]⊗Z[G] L) = dimK(K[P ]⊗Z[G] M), and so π̃P is injective.
Now assume that P is infinite. Let us first show that π̃P is injective. Let

0 6= x ∈ Z[P ] ⊗Z[G] L. Let l1, . . . .ld be a free basis of L. Then 1 ⊗ l1, . . . , 1 ⊗ ld
is a free basis of Z[P ] ⊗Z[G] L. Write x =

∑d
i=1 xi ⊗ li with xi ∈ Z[P ]. Since

P is polycyclic, it is residually finite. Therefore, there exists a finite quotient P
of P such that if ηP : Z[P ] → Z[P ] denotes the canonical map, then for some i,
ηP (xi) 6= 0. Hence

(ηP ⊗ IdL)(x) =

d∑
i=1

ηP (xi)⊗ li 6= 0.

Observe that
π̃P ◦ (ηP ⊗ IdL) = (ηP ⊗ IdM ) ◦ π̃P .

Since P ∈ Ef , as we have proved before π̃P is an isomorphism. Thus, π̃P (x) 6= 0.
Now we want to show that π̃P is surjective. Let

U = (Z[P ]⊗Z[G] M)/ Im π̃P .

Snce P is polycyclic, by [38, Theorem A and Corollary A], an irreducible Z[P ]-
module is finite. Thus if U 6= {0}, there exists a finite quotient P of P such that
Z[P ]⊗Z[P ] U 6= 0. But this is impossible because π̃P is an isomorphism. Thus, U
should be trivial, and so π̃P is surjective. �

Let θG : Z[G] ↪→ DK[G] be the canonical embedding of Z[G] in the universal
K[G]-ring of fractions.

Claim 4.6. The homomorphism θ̃G is an isomorphism.

Proof. Let A = K[G]⊗Z[G](M/L).Then A is a finitely generatedK[G]-module. The
hypothesis of the theorem implies that Z ⊗Z[G] (M/L) = {0}. Hence K ⊗K[G] A =

{0}. Since DK[G] is universal, DK[G]⊗K[G]A = {0}, and so θ̃G is onto. Since

dimDK[G]
L = dimDK[G]

M , θ̃G is an isomorphism. �
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Let S ⊂ M be a finite generating set of M . Let l1, . . . , ld be a free basis of L
as a Z[G]-module. By Proposition 4.2, there exists a normal subgroup H of G and
an epimorphism α : H → Z such that G/H ∈ C and if T = {t1, . . . , t|G:H|} is a
transversal of G in H and

aθGi (m) =

|G:H|∑
j=1

aθGij (m) · tj , aθGij (m) ∈ DK[H],

then for every m ∈ S, 1 ≤ i ≤ d and 1 ≤ j ≤ |G : H|,

δH,α(aθGij (m)) ∈ Im θH,α and δH,−α(aθGij (m)) ∈ Im θH,−α, (4)

We put S = {aθGij (m) : m ∈ S, 1 ≤ i ≤ d, 1 ≤ j ≤ |G : H|}. There is also another

way to construct elements from S. Observe that {tj · li : 1 ≤ i ≤ d, 1 ≤ j ≤ |G : H|}
is a basis of L as a Z[H]-module and also θ̃H is an isomorphism. Hence

S = {aθHi (m) : 1 ≤ i ≤ |G : H| · d, m ∈ S}.
By our assumption, G is residually-C. Thus, there exists a chain of normal

subgroups G > N1 > N2 > . . . with trivial intersection such that G/Ni ∈ C. Put
Hi = [H,H] ∩Ni. It is clear that H/Hi ∈ A × C and so G/Hi ∈ AC, because C is
extension-closed.

For each k ≥ 1 and β = ±α there exists a canonical map πH/Hk,β : K[H]
∧β

→

K[H/Hk]
∧β

that leads to the following commutative diagram

Z[H/Hk]
πH/Hk←−−−− Z[H]

θH−−→ DK[H]

↓δH/Hk,β ↓δH,β ↓δH,β

K[H/Hk]
∧β πH/Hk,β←−−−−− K[H]

∧β θH,β−−−→ DK[kerα]H
∧β

.

Claim 4.7. For every a ∈ S and every k ≥ 1, we have that

πH/Hk,β(θ−1
H,β(δH,β(a))) ∈ Im δH/Hk,β for β = ±α.

Moreover, if a = aθHi (m)

δ−1
H/Hk,β

(πH/Hk,β(θ−1
H,β(δH,β(a)))) = a

πH/Hk
i (m)

Proof. As we have already observed, Claim 4.6 implies that θ̃H is an isomorphism.

Thus, (4) implies that δ̃H,β is onto. Claim 4.4 implies that ˜δH,β ◦ θH = ˜θH,β ◦ δH,β is

an isomorphism. Hence since θH,β is injective, δ̃H,β is also injective ans so bijective.
Applying Claim 4.4, twice we obtain that

δH,β(aθHi (m)) = a
δH,β◦θH
i (m) = a

θH,β◦δH,β
i (m) = θH,β(a

δH,β
i (m)) (5)

By Claim 4.5, π̃G/Hk is an isomorphism. Again this implies that π̃H/Hk is also an
isomorphism. Thus Claim 4.4 implies that

δH/Hk,β(a
πH/Hk
i (m)) = a

δH/Hk,β◦δH/Hk
i (m) = a

πH/Hk,β◦δH,β
i (m) = πH/Hk,β(a

δH,β
i (m))

(6)
Thus, from (5) and (6) we obtain that

πH/Hk,β(θ−1
H,β(δH,β(aθHi (m)))) ∈ Im δH/Hk,β

and
δ−1
H/Hk,β

(πH/Hk,β(θ−1
H,β(δH,β(aθHi (m))))) = a

πH/Hk
i (m).



16 ANDREI JAIKIN-ZAPIRAIN

�

Claim 4.8. We have that S is a subset of Z[H].

Proof. Choose g ∈ H such that α(g) = 1. Let a = aθHi (m) ∈ S. Then

θ−1
H,α(δH,α(a)) =

∞∑
i=m

qig
i and θ−1

H,−α(δH,−α(a)) =

∞∑
i=−l

rig
−i

with qi, ri ∈ K[kerα]. Let us show that qi = 0 if i > l. Indeed, by Claim 4.7,

πH/Hk(qi) = πH/Hk,α(qi, α) = πH/Hk,−α(r−i) = 0.

Since ∩Hk = {1}, this implies that qi = 0. Thus, a ∈ K[H]. However, since the
image πH/Hk(a) of a in K[H/Hk] is in Z[H/Hk] for all k, a is in fact in Z[H]. �

Consider the following commutative diagram of Z[G]-modules:

L ↪→ M
↓ ↓

1⊗ L
θ̃G|1⊗L−−−−−→ 1⊗M

.

By Claim 4.8, θ̃G(1⊗L) = 1⊗M . Since M is DKG-free, the map M → 1⊗M that
sends m to 1⊗m is an isomorphism. This implies that the map L ↪→M is onto.

�

The following result gives a criterion for invertibility of a matrix over Z[G].

Corollary 4.9. Let C be an extension-closed pseudovariety of finite soluble groups,
E = AC and G a C-RFRS group. Let A ∈ Matn(Z[G]). If for every quotient P ∈ Ef
of G the image of A in Matn(Z[P ]) is invertible, then A is invertible over Z[G].

Proof. The multiplication on the right side by the matrix A induces a homomor-
phism α : Z[G]n → Z[G]n. Theorem 4.3 implies that α is an isomorphism of
Z[G]-modules. Hence A is invertible. �

Corollary 4.10. Let G be a group from GF (Γ) or GS(Γ), where Γ is a finitely
generated free or a surface group. Let p and q be (probably equal) primes. Let M
be a finitely generated DFq [G]-free Fq[G]-module, L a free Fq[G] and α : L → M a
homomorphism of Fq[G]-modules. Assume that for every quotient P ∈ Aq′Np of G
the induced map

IdFq [P ]⊗α : Fq[P ]⊗Fq [G] L→ Fq[P ]⊗Fq [G] M

is onto and dimDFq [G]
L = dimDFq [G]

M. Then α is an isomorphism.

Proof. If Γ is a non-orientable surface group, then G has a subgroup G0 of in-
dex 2 such that G0 belongs to GF (S) or GS(S), where S is an orientable surface
group. Hence if p = 2, then for every quotient P ∈ A2′N2 of G0 the induced map
Fq[P ] ⊗Fq [G0] L → Fq[P ] ⊗Fp[G0] M is also onto. This means that in the case of
p = 2 we can assume that Γ is a free group or an orientable surface group. Thus,
by Proposition 4.1, G is Np-RFRS.

Let E = ANp and P ∈ Ef , then there exists a normal subgroup N ∈ Aq of P

such that P = P/N ∈ Aq′Np. Observe that the map IdFq [P ]⊗α is onto if and only

if Fq[P ] ⊗Fq [G] (M/α(M)) = 0 if and only if Fq[P ] ⊗Fq [G] (M/α(M)) = 0 (because
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the Jacobson ideal of Fq[P ] contains {n − 1: n ∈ N}) if and only if IdFq [P ]⊗α is

onto. Hence, IdFq [P ]⊗α is onto. By Theorem 4.3, α is an isomorphism. �

For a group algebra K[G] we denote by IK[G] its augmentation ideal and, if H

is a subgroup of G, by IGK[H] the left ideal of K[G] generated by IK[H].

Lemma 4.11. Let q be a prime, G and H groups and u : H → G a homomorphism.
Let N be a normal subgroup of G. Assume that G = u(H)[N,N ]Nq. Then the
induced map

Fq[G/N ]⊗Fq [H] IFq [H] → Fq[G/N ]⊗Fq [G] IG

is onto.

Proof. We can change H by u(H) and assume that H is a subgroup of G. Consider
the following commutative diagram of Fq[G]-modules.

0→ IGFq [H] → Fq[G] → Fq[G/H] → 0

↓ || ↓
0→ IG → Fq[G] → Fq → 0.

After applying Fq[G/N ]⊗Fq [G], and taking into account that G = HN , we obtain
the following commutative diagram with exact horizontal sequences.

H1(H,Fq[G/N ]) → Fq[G/N ]⊗Fq [G] I
G
Fq [H] → Fq[G/N ] → Fq[G/NH] → 0

↓ ↓ || ||
H1(G,Fq[G/N ]) → Fq[G/N ]⊗Fq [G] IG → Fq[G/N ] → Fq → 0.

Thus, we will prove the lemma if we show that the map H1(H,Fq[G/N ]) →
H1(H,Fq[G/N ]) is onto. We have that

H1(H,Fq[G/N ]) ∼= H1(H,Fq[H/N ∩H] ∼= H1(N ∩H,Fq)
and H1(G,Fq[G/N ]) ∼= H1(N,Fq).

Since G = H[N,N ]Nq, N = (H ∩ N)[N,N ]Nq. Therefore, the canonical map
H1(N ∩H,Fq)→ H1(N,Fq) is onto. This finishes the proof of the lemma. �

Proof of Theorem 1.3. Observe that U induces the homomorphism

α : Fq[G]⊗Fq [F ] IFq [F ] → IG

of Fq[G]-modules.
Since uĈ is an isomorphism, for every normal subgroup N of G such that G/N ∈

C, G/[N,N ]Nq ∈ C and so G = u(F )[N,N ]Nq. Thus, by Lemma 4.11, the induced
map

Fq[G/N ]⊗Fq [G] (Fq[G]⊗Fq [F ] IFq [F ])→ Fq[G/N ]⊗Fq [G] IG

is onto.
Le d be the rank of F . Then L = Fq[G] ⊗Fq [F ] IFq [F ] is a free Fq[G]-module

of rank d. Hence dimDFq [G]
L = d. By Theorem 1.1, G is parafree. Therefore it

follows from [26, Corollary 3.7 and the discussion afterwards] that dimDFq [G]
IG is

also equal to d. Hence, by Corollary 4.10, the map α is an isomorphism. Therefore,
u is an isomorphism. �

5. Images in finite solvable groups

In this section we prove Theorems 1.4 and 1.5.
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5.1. Measure preserving tuples in free pro-C-groups. In this subsection we
prove the following result mentioned in the introduction.

Proposition 5.1. Let C be a pseudovariety of finite groups, FĈ a free pro-C group
with free generators x1, . . . , xd, k ≥ 1 and and w = (w1, . . . , wk) a tuple of elements
of FĈ. Given a finite group G ∈ C, we can define a map wG : Gd → Gk that sends
(g1, . . . , gd) to the image of w under the homomorphism FĈ → G sending xi to gi.
Then w is measure preserving in C if and only if w is primitive in FĈ.

Proof. The “if” part of the proposition is clear. Let us prove the “only if ”part.
We use the results of [21, Section 3]. There it is assumed that C is extension-closed,
but all proofs work perfectly without this assumption.

It is clear that k ≤ d. Let H1 be the closed subgroup of FĈ generated by
x1, . . . , xk and H2 the closed subgroup of FĈ generated by by w1, . . . , wk. Observe
that H1 is free pro-C with free generators x1, . . . , xk. Let α : H1 → H2 be the map
hat sends xi to wi.

Let N be an open normal subgroup of H1 and G = H1/N . Since wG is measure
preserving, there exists a homomorphism H2 → G sending wi to xiN . This implies
that α is an isomorphism.

Since the map wP is measure preserving for every P ∈ C, the condition (b) of [21,
Proposition 3.2] holds. This implies that there exists α̃ ∈ Aut(FĈ) whose restriction
on H1 is α. Thus, w is primitive in FĈ . �

5.2. Measure preserving tuples in free groups. In order to prove Theorem
1.4 and Theorem 1.5 (a) we will need the following result, which is knowing to the
specialists. We include its proof for the convenience of the reader.

Proposition 5.2. Let F be a free group of rank d and w1, . . . , wk ∈ F . Let H be
a subgroup of F generated by w1, . . . , wk and G = F ∗H F the double of F over H.
Assume that G is free of rank 2d − k. Then the tuple (w1, . . . , wk) is primitive in
F .

Proof. Let F be a field. There is a natural map G → F , equal to the identity
isomorphism on each copy of F . Thus, F[F ] has a natural structure of F[G]-module.
Since G is free H2(G;F[F ]) = 0. A standard calculation of the cohomology groups
of an amalgamated product (see for example, [13, Theorem 2]) gives an exact
sequence

H1(G;F[F ])→ H1(F ;F[F ])⊕H1(F ;F[F ])→ H1(H;F[F ])→ H2(G;F[F ]).

Since G is free, H2(G;F[F ]) = 0. Therefore, the restriction map

H1(F ;F[F ])→ H1(H;F[F ])

is onto. Consider the exact sequence of F[F ]-modules

0→ IF[H] → F[H]→ F→ 0.

After applying F[F ]⊗F[H] we obtain the exact sequence

0→ F[F ]⊗F[H] IF[H] → F[H]→ F→ 0.

In particular, F[F ]⊗F[H] IF[H]
∼= IFF[H]. Hence we obtain the exact sequence

0→ H1(H;F[F )→ HomF[F ](I
F
F[H],F[F ])→ HomF[F ](F[F ],F[F ])→ 0
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of right F[F ]-modules. In the same way we have the exact sequence

0→ H1(F ;F[F )→ HomF[F ](IF[F ],F[F ])→ HomF[F ](F[F ],F[F ])]→ 0.

Thus, since the restriction map H1(F ;F[F ])→ H1(H;F[F ]) is onto, the restriction
map

HomF[F ](IF[F ],F[F ])→ HomF[F ](I
F
F[H],F[F ])

is onto as well. Since IF[F ] is a free F[F ]-module, IFF[H] is a direct summand of IF[F ].

Thus, by [14, Theorem D], H is a free factor of F . �

5.3. Proof of Theorem 1.4. Let F be a free group of rank d. We prove the
theorem by induction on k. Thus, by our assumption, the base of induction holds.

Assume now that k ≥ 2. Let F ′ be a copy of F . We will denote by g′ ∈ F ′ a
copy of the element g ∈ F . Since w is measure-preserving in C, (w1, . . . , wk−1) is
also measure-preserving in C. Therefore, by induction hypothesis,

v = (w1, . . . , wk−1)

is primitive in F . Hence the group

U = F ∗ F ′/〈w.−1
1 w′1, . . . , w

−1
k−1w

′
k−1〉F∗F

′

is free of rank 2d−k+1. By an abuse of notation we will see F and F ′ as subgroups
of U . Thus, we consider τ = (w1, . . . , wk, w

′
k) as a tuple of elements from U . Let

G ∈ C and let (g1, . . . , gk, g
′
k) ∈ Gk+1. Then

|τ−1
G (g1, . . . , gk, g

′
k)| = |w−1

G (g1, . . . , gk)||(w′G)−1(g1, . . . , gk−1, g
′
k)|

is constant. Therefore, τ is measure preserving in C. Let u = w−1
k w′k ∈ U . Since

τ is measure preserving in C, (w1, . . . , wk, u) is also measure preserving in C. In
particular, u is measure preserving in C. By the hypothesis of the theorem, this
implies that u is primitive in U . Thus, U/〈u〉U is free of rank 2d−k. By Proposition
5.2, (w1, . . . , wk) is primitive in F .

5.4. Proof of Theorem 1.5(a). Assume that Conjecture 2 holds for the groups
U ∗u U , where U is free and u ∈ U is not a proper power. In view of Theorem 1.4,
it is enough to prove Conjecture 6 in the case where k = 1.

Assume that U is a free group and u ∈ U is measure preserving in S. Then it is
clear that u is not a proper power. By Proposition 5.1, u is primitive in UŜ . Let
G = U ∗u U . By [5], we know that G is residually free and so, it is residually-(finite

solvable). Since, u is primitive in ÛS , GŜ is free prosolvable of rank 2d−1. Since we
assume that Conjecture 2 holds for G, G is free of rank 2d−1. Thus, by Proposition
5.2, u is primitive in U .

Now assume that Conjecture 6 holds. Let F be a finitely generated free group
on free d-generators x1, . . . , xd and 1 6= w ∈ F . Assume that (F ∗w F )Ŝ

∼= UŜ ,
where U is a free group. It is clear that since w is not trivial the rank of U is 2d−1.
Then for every finite soluble group G we have that

|G|2d−1 = |Hom(UŜ , G)| =
∑
g∈G
|w−1
G (g)|2.

Thus,
1

|G|
∑
g∈G
|w−1
G (g)|2 = |G|2(d−1).
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By Cauchy-Schwarz inequality,

|G|2(d−1) =
1

|G|
∑
g∈G
|w−1
G (g)|2 ≥

 1

|G|
∑
g∈G
|w−1
G (g)|

2

= |G|2(d−1),

and the equality holds if and only if |w−1
G (g)| is constant. This implies that w is

measure preserving in S and by Conjecture 6, w is primitive. Hence F ∗w F is free.

5.5. Proof of Theorem 1.5(b). Let F = 〈x1, . . . , xk〉 be a free group of rank k,

u : F → F

the homomorphism that sends xi to wi for 1 ≤ i ≤ k and

α : Fq[F ]k → IFq [F ]

the homomorphism of Fq[F ]-modules that sends (a1, . . . , ak) to
∑k
i=1 ai(wi − 1).

Since w is measure preserving in Aq(Aq′Np), by Proposition 5.1, w is primitive
in F ̂Aq(Aq′Np)

. Thus for any normal subgroup N of F such that F/N ∈ Aq(Aq′Np),
F = u(F )N . By Lemma 4.11, for any quotient P ∈ Aq′Np of F , the induced map

Fq[P ]⊗Fq [F ] Fq[F ]k → Fq[P ] ⊗Fq [F ] IFq [F ]

is onto. Hence by Corollary 4.10, α is an isomorphism, and so, u is an isomorphism.
Thus w is primitive in F .
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