UNITS OF GROUP RINGS, THE BOGOMOLOV MULTIPLIER,
AND THE FAKE DEGREE CONJECTURE
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ABSTRACT. Let 7 be a finite p-group and Fy a finite field with ¢ = p™ elements.
Denote by Iy, the augmentation ideal of the group ring Fq [7]. We have found
a surprising relation between the abelianization of 1 + Iy, , the Bogomolov
multiplier Bo(7) of © and the number of conjugacy classes k(7) of 7:

| (14 T, )ab | = ¢~ [Bo(m)].

In particular, if 7 is a finite p-group with a non-trivial Bogomolov multiplier,
then 1 + I]Fq is a counterexample to the fake degree conjecture proposed by M.
Isaacs.

1. INTRODUCTION

Let J be a finite dimensional nilpotent algebra over a finite field F,. Then the set
G =1+ J is a finite group. The groups constructed in this way are called algebra
groups. The group G naturally acts by conjugation on J. It is easy to see that this
action is equivalent to the conjugation action of G on itself. The G-action on J
induces a G-action on the dual space J* = Homp, (J,F;), called the coadjoint action.
It follows that for any of the three G-actions the number of orbits equals the number
of conjugacy classes of G. Moreover, it can be shown that the sizes of coadjoint
orbits are even powers of q. Consider the list of integers obtained by taking the
square roots of the sizes of the coadjoint orbits of G on J*. These numbers are
g-powers, the sum of their squares is |G| and the length of the list is the number of
conjugacy classes of G. This precisely resembles the list of degrees of the irreducible
characters of G. Indeed, if J? = 0, there exists an explicit expression that gives a
bijective correspondence between the characters of G and the orbits of J* (see [17]
and [21]). In particular, when J? = 0, we obtain that the character degrees of G,
counting multiplicities, are the square roots of the sizes of the G-orbits in J*. It
was conjectured by M. Isaacs that the same holds also in the general case:

Conjecture 1 (Fake degree conjecture). In every algebra group G = 1+ J the
character degrees coincide, counting multiplicities, with the square roots of the
cardinals of the G-orbits in J*.

Note that an immediate corollary of this conjecture (see Lemma 9) is that
the orders of [J,J]r and [1 + J,1 4+ J]g have to be equal (in this work we write
[a,b] = a=tb~Lab for group commutators and [a,b];, = ab — ba for Lie brackets).
Thus in order to understand Conjecture 1, one should first answer the following
question.
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Question 2. Is it true that the size of the abelianization of 1 4+ J coincides with
the index of [J, J|r in J?

In [8] an example that provides a negative answer to Question 2 in characteristic
2 was constructed. However, in questions related to character correspondences for
finite p-groups the prime p = 2 always plays a special role (see, for example, [9]),
and so one might hope that Conjecture 1 still holds in odd characteristic.

This was our motivation for looking at the following family of examples. Let 7
be a finite p-group. Given a ring R we will set Ir to be the augmentation ideal of
the group ring R[n]. If we take R = F,, then If_ is a nilpotent algebra and 1+ I, is
the group of normalized units of the modular group ring Fg[n]. It is not difficult to
see that the index of [Ig,,Ir, ], in Ir, is equal to ¢“(™ =1, where k() is the number
of conjugacy classes of 7 (see Lemma 10). Our main result describes the size of the
abelianization (1 +Ig, )ap of 1 +Ir, .

Theorem 3. Let 7 be a finite p-group. Then |(1+ Ir,)an| = ¢<(™~Bo()].

The group Bg(7) that appears in the theorem is the Bogomolov multiplier of .
It is defined as the subgroup of the Schur multiplier H*(7, Q/Z) of 7 consisting of
the cohomology classes vanishing after restriction to all abelian subgroups of 7. The
Bogomolov multiplier plays an important role in birational geometry of quotient
spaces V/m as it was shown by Bogomolov in [2]. In a dual manner, one may view
the group Bg(m) as an appropriate quotient of the homological Schur multiplier
Hy(m, Z), see [14]. We were surprised to discover that, in this form, the Bogomolov
multiplier had appeared in the literature much earlier in a paper of W. D. Neumann
[15], as well as in the paper of B. Oliver [16] that plays an essential role in our
proofs. The latter paper contains various results about Bogomolov multipliers that
were only subsequently proved in the cohomological framework.

There are plenty of finite p-groups with non-trivial Bogomolov multipliers (see,
for example, [12]). Thus we obtain a negative solution to the fake degree conjecture
for all primes.

Corollary 4. For every prime p there exists a finite dimensional nilpotent IF,-algebra
J such that the size of the abelianization of 1+ J is greater than the index of [J, JL,
in J. In particular, the fake degree conjecture is not valid in any characteristic.

Our next result provides a conceptual explanation for the equality in Theorem 3.
Let F be an algebraic closure of IF,. One can think of G = 1+Ir as an algebraic group
defined over F,. It is clear that G is a unipotent group. A direct calculation shows
that the Lie algebra £(G) of G is isomorphic to Ir. We write G(F,) for the F,-points
of G. The derived subgroup G’ of G is also a unipotent algebraic group defined
over F,, (see [3, Corollary 1.2.3]), and so by [11, Remark A.3], |G/(F,)| = ¢@™&",
Note that in general we have only an inclusion

(1 + I]Fq)/ = (G(Fq))/ - G/(Fq)7
but not the equality.

Theorem 5. Let 7 be a finite p-group and G =1 + Iy.
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(1) We have
dim G’ = dimp[£(G), £(G)]L = |7| — k(m).
In particular,
(G(F,) : G/(Fy)| = ¢,
, we have

G'(Fq)/G(Fy)" = Bo(n).

el

(2) For everyg=p

Our hope is that the second statement of the theorem would help better under-
stand the structure of the Bogomolov multiplier. As an example of this reasoning,
recall that a classical problem about the Schur multiplier asks what is the relation
between the exponent of a finite group and of its Schur multiplier ([18]). Standard
arguments reduce this question to the case of p-groups. It is known that the ex-
ponent of the Schur multiplier is bounded by some function that depends only on
the exponent of the group ([13]), but this bound is obtained from the bounds that
appear in the solution of the Restricted Burnside Problem and so it is probably very
far from being optimal. Applying to the homological description of the Bogomolov
multiplier, it is not difficult to see that the exponent of the Schur multiplier is at
most the product of the exponent of the group by the exponent of the Bogomolov
multiplier. Thus, we hope that the following theorem would help obtain a better
bound on the exponent of the Schur multiplier.

7

Theorem 6. Let 7 be a finite p-group and G =1+ Ip. For every ¢ = p™, we have

exp Bo(m) = min{m | G'(F;) C G(Fym)'}.

Acknowledgments: Javier Garcia-Rodriguez and Andrei Jaikin-Zapirain partially
supported by the grant MTM 2011-28229-C02-01 of the Spanish MEyC and by the
ICMAT Severo Ochoa project SEV-2011-0087. The first author also supported by
the FPI grant BES-2012-051797 of the Spanish MINECO. Urban Jezernik supported
by the Slovenian Research Agency and in part by the Slovene Human Resources
Development and Scholarship Fund.

This research was in part carried out while the third author was visiting the
Universidad Auténoma de Madrid and Instituto de Ciencias Matematicas. He would
like to thank everyone involved for their fine hospitality.

2. PROOFS OF THE RESULTS

2.1. Proof of Theorem 3. Let (,, denote a primitive n-root of unity. If p is a
prime and ¢ is a power of p, let Ry = Z,[(4—1] be a finite extension of the p-adic
integers Z,. Note that R, /pR, = F,. Fix a Z,-basis B, = {\; | 1 < j < n} of
R, and let ¢ be a generator of Aut(R, |Z,) = Gal(F,|F,) such that () = N\
(mod p). Let us define

Ig, =Ig, /(x —27 |z €lg,, g €m).

Set C to be a set of nontrivial conjugacy class representatives of . Then qu can be
regarded as a free Zy-module with basis {A\(1 — ) | A € By, r € C}. Finally define
the abelian group M, to be

M, :qu/<p)\(1 —7r)—@(A)(1—71P) | A€ By, r€C).
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The proof of Theorem 3 rests on the following structural description of the group
(1 + I]Fq )ab-

Theorem 7. Let 7 be a finite p-group. There is an exact sequence

1 ——= By(n) X7Tgb*>(1+I]Fq)ab M, Tab 1.

Proof. Given a ring R, recall the first K-theoretical group K;(R) = GL(R)ap. When

~ *

R is a local ring, there is an isomorphism K;(R) 2 R}, (see [20, Corollary 2.2.6]).

We therefore have Ky (F,[7]) = F; x(1 +Ir,)ab, and our proof relies on inspecting

the connection between K (F,[r]) and K;(Rq[7]) by utilizing the results of [16].
Put Q, to be the ring of fractions of R, and let

SKi1 (Rg[m]) = ker (K1 (Rg[m]) = Ki(Qy[n])) -
By [16, Theorem 3], we have that SK;(R4[n]) = Bo(m). Now set
Wh'(Rg[m]) = Ki(Rg[r])/(R] xmar, x SK1(Rgl7])).

The crux of understanding the structure of the group Ki(R,[7]) is in the short exact
sequence (see [16, Theorem 2])

T

1 — Wh'(R,[7]) Ig, Tab 1,

where the map I' is defined by composing the p-adic logarithm with a linear
automorphism of IRQ ® Qp. More precisely, there is a map Log: 1+ Ig, — Ir, ®Qy,
which induces an injection log: Wh'(R,[n]) — TRq ® Qp. Setting ®: Ig, — Ir,
to be the map > . agg — > . ¢(ag)g?, we define I': Wh'(Ry[n]) — TRQ ®Q,
as the composite of log followed by the linear map 1 — %@. It is shown in [16,
Proposition 10] that imT" C Ig,, i.e., T' is integer-valued. We thus have a diagram

(1) 1+ Ig,
i xib)olog
1 ——= Wh' (Ry[n]) —— I,
The group Wh'(R,[7]) is torsion-free (cf. [19]), so we have an explicit description
(2) K1 (Rg[n]) = R x SKi(Rg[]) X map, x Wh'(Rg[7]).

To relate the above results to K (F,[n]), we invoke a part of the K-theoretical
long exact sequence for the ring R [n] with respect to the ideal generated by p,

(3) K1 (Ry[r], p) —2> K1 (Ry[r]) —> Ki (Fy[r]) — 1.

Note that K;(Rq[n],p) = (1 +pRy) x Ki(Re[7],pIr,) and Ry /(1 +pRy) = F;.
Hence (2) and (3) give a reduced exact sequence

m (1 + I]Fq)ab
1(SK1(Rg[x]) X map)

4)  Ki(Rg[n],pIr,) —2> WH'(R,[r])

To determine the structure of the relative group Ki(Ry[7],pIr,) and its connection
to the map 9, we make use of [16, Proposition 2]. The restriction of the logarithm
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map Log to 1+ plg, induces an isomorphism log: Ki(R4[7],pIr,) — plg, such
that the following diagram commutes:

(5) 1+plg,

i log

lo =
1 — Ki(Ry[],pTr,) — = plg, .

In particular, the group Ki(Ry[n], pIr,) is torsion-free, and so u(SKi(Rg[7]) x
7ab) = SKi(Ry[7]) X mab. Note that by [1, Theorem V.9.1], the vertical map
1 +plr, = Ki(Rg[n],pIR,) of the above diagram is surjective.

We now collect the stated results to prove the theorem. First combine the
diagrams (1) and (5) into the following diagram:

(6) 1+plk, 1+ 1,

\L log
Kl(Rq[ﬂ)pIRq) \
log

pqu

0

Since the back and top rectangles commute and the left-most vertical map is
surjective, it follows that the bottom rectangle also commutes. Whence coker 0 =
coker(1 — %@). Observing that the latter group is isomorphic to My, the exact
sequence (4) gives an exact sequence

(7) 1—— Bo(’fr) X g —> (1 + I]P‘q)ab Mq Tab 1.

The proof is complete. O
We now derive Theorem 3 from Theorem 7.

Proof of Theorem 3. The exact sequence of Theorem 7 implies that [(1 + Ir, )an| =
|Bo(7)| - |[Mg|. Hence it suffices to compute |Mgy|. To this end, we filter M, by the
series of its subgroups

My D pMy D p* My D -+ D plo& (P M, .
Note that the relations pA(1 — ) — p(A\)(1 — 7P) = 0 imply p'°&(P™ M, = 0.
For each 0 < i < log,(expm), put
m={a" |zen}and C=CN(m\ mip1).
Then
P'M /p My = (A1 —1): A€ By, reC)=EPCy.
Ci

It follows that |M,| = ¢/l = ¢*(~1 and the proof is complete. O
Example. Let m be the group given by the polycyclic generators {g; | 1 < i < 7}
subject to the power-commutator relations

9 =01, 95 =95, 95 = 91 = 02 = 9§ = 97 = 1,

[92791] = 93, [93791] = ge6, [93592] = gr, [94792] = 9e, [95791] = g7,
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where the trivial commutator relations have been omitted. The group = is of
order 128 with m,, = Cy x C4. Its Bogomolov multiplier is generated by the
commutator relation [g3, ga] = [g5,91] of order 2, see [10, Family 39]. We have
k(7) = 26 and by inspecting the power structure of conjugacy classes, we see that
M, = C33 x C§. On the other hand, using the available computational tool [5], it
is readily verified that we have (1 +Ir, )an = C5° x Cf x Cg. Following the proof
of Theorem 7, the embedding of Bo(7) X map, into (1 + Ir, )ar, maps the generating
relation [gs, g2] = [g5,91] of Bo(m) into the element exp((1 — g7)(g3 — g5)), which
belongs to (1 + I]Fq);lb. In particular, the embedding of Bo(7) x map, into (1 +Ir, )ab
may not be split.

2.2. The fake degree conjecture. In this subsection we explain in more detail
how Corollary 4 follows from Theorem 3.

Given an algebra group G = 1+ J where J is a finite dimensional nilpotent
F-algebra, the fake degree conjecture establishes a bijection between degrees of
irreducible characters of G and the square roots of the lengths of the coadjoint orbits
in J* = Homp(J, F). The following result is well known and enables us to compute
lengths of coadjoint orbits. We include its proof for the reader’s convenience.

Lemma 8. Let A € J*. Define By : J xJ — F to be the bilinear form which assigns
to every pair (u,v) € J x J the element A([u,v]) € F. Then Stab(\) = 1 + Rad Bi.

Proof. Let g = 1+ u be an element of G. Then g fixes A if and only if for every
v € J, Mgvg™t) = A(v) or equivalently A(gvg~* — v) = 0. Since multiplication by g
acts bijectively on J this amounts to A(gv — vg) = A(uv — vu) = A([u,v]) = 0 for
every v € J, i.e., u € Rad B) and the result follows. O

‘We now focus on 1-dimensional characters. In this case, the fake degree conjecture
would establish a bijection between linear characters of G and fixed points of J*
under the coadjoint action of G.

Lemma 9. Let J be a finite dimensional nilpotent algebra over a finite field F. Put
G =1+ J. Then the number of fixed points in J* under the coadjoint action of G
equals the index of [J, J|r, in J. In particular, if the fake degree conjecture holds,
then

[J/[J Tl = [(1 4 T)ab-

Proof. By Lemma 8, A € J* is fixed under the coadjoint action of G if and only if
Rad By = J, which amounts to A([J,J]r) = 0. The number of fixed points in J*
therefore equals the number of linear forms vanishing on [J, J];,. Hence if the fake
degree conjecture holds, then

|J/[J, J]r| = |{fixed points of J*}| = [{linear characters of G}| = |(1 + J)ap|- O

We now consider the case when .J is an augmentation ideal of the group algebra
F[r] of a finite p-group 7 over a finite field F of characteristic p. The ideal Iy =
Rad F[n] is nilpotent and hence 1 + Iy is an algebra group. The following result is
well known.
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Lemma 10. Let 7 be a finite group and F a field. Then
dimgp Ir /[Ip, Ir]L = k(7) — 1.

Proof. Tt is clear that the set 7 is an F-basis for F[r]. We first claim that
dimp Fr]/[F[n], Flr]]L = k(7).

Let x1, ..., %) be representatives of conjugacy classes of . Observe that for any
x,y,9 € ® with y = g~ 'zg, we have x — y = [g, 9!
therefore span F[r|/[F[r], F[n]]L-

Set A; to be the linear functional on F[r] that takes the value 1 on the elements

x]p. The elements Ty, ..., Z(x)

corresponding to the conjugacy class of x; and vanishes elsewhere. Observe that
for any g,h € 7w, we have [g,h];, = g(hg)g~! — hg and hence each )\; induces a
linear functional on Flr|/[F[x], Flr]].. Now if >, a;2; = 0 for some a; € F, then
o = )\i(zj a;z;) = 0 for each 4. It follows that Zi,...,Ty(,) are also linearly
independent and hence a basis. This proves the claim.

Now, it is clear that {g —1: g € w\ {1}} is an F-basis for Ir. Since for any
g,h € m, we have [g,h]r = [¢g — 1,h — 1], it follows that [F[x], F[r]]r = [Ir, Ir]L,
whence the lemma. O

It follows readily from Theorem 2 and Lemma 10 that whenever 7 is a p-group
with Bo(7) # 0, the algebra J = Ip gives an example for the statement of Corollary
4. Since for each prime p there exist groups of order p° (resp. 2° for p = 2) with
non-trivial Bogomolov multipliers (see [6, 4]), Corollary 4 follows.

2.3. Proof of Theorem 5 and Theorem 6.

Proof of Theorem 5 and 6. We will consider an extension IF; of F, of degree m. The
inclusion G(Fy) € G(IF;) induces a map f: G(Fg)ab — G(F;)ap with

ker f = (G(Fy) N G(F,)")/G(F,)"

Note that there exists a large enough m such that G'(F,) = G(F,) N G(F;)’, and
hence ker f = G'(F,)/G(F,)’. For this reason we want to understand ker f for a
given m.

The inclusion F, C F; induces a map

incl: K;(F,[n]) — K1 (F;[n]).

Note that f is just the restriction of incl to (1 + Ig, )ab. Recalling sequence (4) from
the proof of Theorem 7, we set

SKi (Fi[x]) = u(SK1(Ru[]) € (1 + I, x))ab = G(F1) /G (F1)".
Commutativity of the diagram
(8) K1(Rq[n]) —— K1 (Fy[n])

iincl iincl

K1 (Ry[]) —— Ki(Fi[n])
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shows that incl restricts to a map incl: SK;(F,4[n]) — SKi(F;[7]). Recalling that
SK; (Ry[7]) = Bg(), we obtain from sequence (7) the commutative diagram

1—— SK1(]FQ[7TD X Tap —> G(Fq)ab Mq Tab 1
J{inclxid lf J{L
1HSK1(FZ[’/T]) X WabHG(Fl)ab M, Tab 1,

where ¢ is the map induced by the inclusion Ig, C Iy, .

We will now show that ker: = 0. This will imply ker f C SK; (F,[n]). Without
loss of generality, we may assume that there is an inclusion of bases B; C B;. As in
the proof of Theorem 3, let us consider the series

M; DpM; 2 p>M; D ... D ploss(ePm
Observe again that for each 0 < i < expm — 1 we have
p'M, /pHI M, = (A1 —7): A€ By, 7 €C),
p'M /p M = (N1 —7): A€ By, r€C).

If we consider the graded groups associated to the series above, we get an induced

map
expm—1 expm—1
gr(e): @ p' M, /p"t M, — @ p' M, /p"Tt M.
i=0 i=0

By construction ¢ is induced by the assignments A(1 — r,,) — A(1 — ), for every
A € By, r € C. Hence gr(¢) is injective in every component and therefore injective.
This implies ker ¢ = 0, as desired. In particular, we obtain that

9) IG(F,)/G (F,)| > | M, | = gKm—1,

We are now ready to show the first statement of Theorem 5. Observe that G is
a unipotent connected algebraic group defined over F,, and so is G’ ([3, Corollary
1.2.3]). Hence G’ =y, AdmG" (¢ f [11, Remark A.3]) and so |G/(F,)| = pi™m &',
By (9), we have |G(F,)/G'(F,)| > p(™~1, whence dim G’ < |r| — k(7). On the
other hand we have [£(G), £(G)|L = [Ir, Ir]L, which, by Lemma 10, has dimension
|| — k(). It is well known that for an algebraic group, dim G’ > dim[£(G), £(G)]L
(see [7, Corollary 10.5]). Thus dim G’ = |x| — k().

Let us set e = exp Bg(m). We now claim that ker f = SK; (F,[n]) if and only if e
divides m = |F; : Fy|. This will imply the second statement of Theorem 5 and also
Theorem 6.

Let us consider Fi[r] = @) | F,[r] as a free Fy[r]-module. This gives a natural
inclusion GL; (F;[n]) — GL,,(F4[x]), which induces the transfer map

trf : Ky (Fy[7]) — Kq(Fy[7]).
Note that if 2 € Ky (Fq[n]), then (trf oincl)(z) = 2™. By commutativity of (8) the
transfer map restricts to a map

trf : SKq (Fy[n]) — SKi(Fy[n]).

Moreover, by [16, Proposition 21] the transfer map is an isomorphism. It thus follows
that incl(SK; (Fy[n])) = 1 if and only if e divides m. Hence ker f = SK; (F,[n]) if
and only if e divides m and we are done. O
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