APPROXIMATION BY SUBGROUPS OF FINITE INDEX AND
THE HANNA NEUMANN CONJECTURE

ANDREI JAIKIN-ZAPIRAIN

ABSTRACT. Let F' be a free group (pro-p group) and U and W two finitely gen-
erated subgroups (closed subgroups) of F. The Strengthened Hanna Neumann
conjecture says that

> rk(UnaWa™!) < tk(U)rk(W), where tk(U) = max{rk(U) — 1,0}.
tEU\F/W
This conjecture was proved in the case of abstract groups independently by J.
Friedman and I. Mineyev in 2011.

In this paper we give the proof of the conjecture in the pro-p context and
also present a new proof in the abstract case. We also show that the Liick
approximation conjecture holds for free groups.

1. INTRODUCTION

Let F be a free group and U and W two finitely generated subgroups of F. In
1954, A. G. Howson [I7] showed that

k(U N W) < 2rk(U)rk(W) + rk(U) + rk(W), where tk(U) = max{rk(U) — 1,0}.
Three years later H. Neumann [29] improved the Howson bound and proved that
k(U N W) < 2rk(U)rk(W).

She also conjectured that the factor of 2 in the above inequality is not necessary
and that one always has

k(U N W) < tk(U)Tk(W).

This statement became known as the Hanna Neumann conjecture. It received a lot
of attention since then.

In 1990, W. D. Neumann [30] conjectured that, in fact, the following inequality
holds

> k(U NaWa) < rk(U)rk(W).
xeU\F/W

This conjecture received the name of the Strengthened Hanna Neumann conjec-
ture. It was proved independently by J. Friedman [I6] and I. Mineyev [28] only
in 2011 and these proofs were also the first proofs of the original Hanna Neumann
conjecture. Later W. Dicks gave a simplification for both proofs (see [8, @]).

2000 Mathematics Subject Classification. Primary 20E18, 20E05 Secondary 20J05, 16A06,
20C07, 22D25.

Key words and phrases. Free groups and pro-p groups, the Hanna Neumann conjecture, Liick’s
approximation.

1
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It is clear that we can ask a similar question in the context of pro-p groups. Let
U and W be a finitely generated closed subgroups of a free pro-p group. Is it true
that

(1) > k(UnaWa™) < tk(U)rk(W)?
zeU\F/W

A variation of this question is considered in [32], Open Question 9.1.21]. In [23
Proposition 3.6] A. Lubotzky proved that free pro-p groups have Howson’s property,
i.e. the intersection of two closed finitely generated subgroups is again finitely
generated. However, Lubotzky’s proof was not constructive and did not provide
any upper bound on the rank of the intersection U NV in terms of the ranks of U
and V. The main result of this paper is to prove the inequality .

Theorem 1.1. The Strengthened Hanna Neumann conjecture holds in a free pro-p
group.

After some preparations in Sections 2 and 3, we prove Theorem [I.1]in Section 4.

Note that Friedman’s and Mineyev’s proofs of the Strengthened Hanna Neumann
conjecture for abstract free groups use combinatorial methods of actions of groups
on graphs. Unfortunately, we do not have analogous techniques in the case of
pro-p groups. However, as in many other similar situations (like, for example, in
the proof of the pro-p analog of the Kurosh subgroup theorem [27]), we can use
(co)homological methods. It turns out that our homological approach works also
in the abstract case and this leads us to a new proof of the original Strengthened
Hanna Neumann conjecture.

We will provide all the details of this new proof. Thus, the reader interested
only in the Strengthened Hanna Neumann conjecture for abstract free groups may
skip Sections 2, 3 and 4 and start reading the paper from Section

Our hope is that this new method can be used in the proof of the Hanna Neumann
conjecture (and probably of the Strengthened Hanna Neumann conjecture) for non-
abelian surface groups. The best result for surface groups is due to T. Soma [37]
(see also [30]) and says that

k(U NV) < 1161rk(U)rk(V)

for two finitely generated subgroups U and V of a surface group.

One of the tools that we use in our proof in the abstract case is the Liick approxi-
mation conjecture for free groups. We believe that this result is also of independent
interest.

Theorem 1.2. The Liick approzimation conjecture holds for free groups.

In Section Blthe reader will find all the definitions and a brief historical account of
this conjecture and the proof of Theorem [I.2] The Strengthened Hanna Neumann
conjecture for abstract free groups is proved in Section 7 after some preparatory
work in Section 6.
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2. APPROXIMATION BY CHAINS OF OPEN SUBGROUPS IN FREE PRO-p GROUPS

Let G be a pro-p group. Denote by F,[[G]] the completed group algebra of G
over F,,. Right or left pro-p F,[[G]]-modules together with their (continuous) mor-
phisms form two abelian categories (in [32] they are denoted by PMod(F,[[G]]) and
PMod(F,[[G]]°?) respectively). In this paper the modules from PMod(F,[[G]])
and PMod(F,[[G]]°?) will be called simply G-modules.

Let ¢ : F,[[G]]" — Fp[[G]]™ be a homomorphism of left G-modules. There exists
a matrix Ay € Mat, x.m (Fp[[G]]) such that ¢ is realized as the multiplication by Ag:

d(ar,...,an) = (a1,...,an)Aq for any (a1,...,a,) € Fp[[G]]".
Let H be an open normal subgroup of G. We denote by ¢, g the map induced by
¢ on Fp[[G/H]]"™:
daruaal, ... an) = (a1,...,a,)Ay for any (a1,...,a,) € Fp[G/H]".
We put
Koya(6) = SOl

Note that kg/r(¢) — cq/u(¢) =n —m.

Let G = G; > G2 > ... be a chain of normal open subgroups of G with trivial
intersection. In this section we will study the behavior of the sequence {kq/c, (¢)}
where G is a free finitely generated pro-p group.

Our first result is well-known and its variation has appeared for example in [I]
Lemma 4.1].

dimy, cokerog, g
|G : H|

and cg/p(¢) =

Lemma 2.1. Let G be a pro-p group, ¢ : F,[[G]]" — F,[[G]]™ a homomorphism of
left G-modules and Hy < Hy two open normal subgroups of G. Then

ca/m (@) < caym,(¢) and kgym, (¢) < kaym,(9).
Proof. Note that
cokerdg m, = Fp @, (H,/H,) COKerdG/m, -
Hence by [I, Lemma 4.1], cg/m, (¢) < cq/m,(#). Thus, we also obtain that
kg, (¢) =n—m+ca/u, () <n—m+co/n,(d) =ka/n,(9).

The following consequence is almost immediate.

Corollary 2.2. Let G be a pro-p group and G = Gy > G4 > ... a chain of normal
open subgroups of G with trivial intersection. Then there exist the limits
ka(¢) = lim kg c.(¢) and ca(¢) = lim cg/c,(¢)
and they do not depend on the chain G = Gy > Gg > ...
Proof. By Lemma the sequence {kq/g,(¢)} is decreasing. This implies that
there exists the limit lim kg, q, ().
1—> 00

Let G = G} > G4 > ... be another chain of normal open subgroups of G with
trivial intersection. Then for any ¢ there exists j such that G; < G} and G;- < G;.
Hence by Lemma |2.1

kG/c; (¢) < kayc,(¢) and kg, (¢) < kgc;(¢) for every k > j.
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This implies that the limit lim kq,q,(#) does not depend on the choice of the chain
1—> 00
G = G1 > Gy > ... Clearly the same holds for the limit lim cq/q, (). O
71— 00

Now we assume that G is a finitely generated free pro-p group. We want to show
that kg (¢) is always an integer in this case. The reader may compare this result
with [I, Theorem 4.3]. We will use a similar strategy in our proof.

Theorem 2.3. Let F' be a finitely generated free pro-p group and ¢ : F,[[F]]" —
F,[[F]]™ a homomorphism of left F-modules. Then kr(¢) is an integer.

Proof. Let v1(F) = F and v,41(F) = [yo(F), F]. We fix n for a moment and put
G = F/yn(F). Then G is finitely generated torsion free nilpotent pro-p group.
Hence F,[[G]] is a Noetherian domain without zero divisors. Denote by Q(F,[[G]])
its skew field of quotients. [I, Theorem 2.1] (see also the proof of [15, Lemma 7.1])
says that for some chain G = G; > G2 > ... of normal open subgroups of G with
trivial intersection

ca(9) = i cqy6, (¢) = dimge, ja) QFplG]]) @k, [r)) cokere.

In particular, cq(¢) is an integer because Q(F,[[G]]) is a skew field.
Observe that F/Fpk*yn(F) is a finite group and ﬂz‘;lekvn(F) = v, (F). Thus,
by Corollary we obtain that img o0 € pph, () (¢) is also equal to cp., () (9)-
Now, we will construct inductively a chain F} > F; > F3 > ... of normal open
subgroups of F' such that
(1) ’yl(F) <F;, < ’yifl(F)Fpi N F;_1 and
2) ler/r(0) = crppmy (D)) < 5
The group Fy is F. Assume that we have constructed F;_; satisfying (1) and (2).
Since

M cpos oty ) (@) = (i) ()

k— o0
there exists k > 4 such that |cp/., (r)(¢) — Cp/ ok s (F (¢)) < 1. Put F; = F,_1 N
Fpk%(F). Clearly (1) holds. Note that by Lemma
Also, by Corollary cryi(r) (@) < cpyp, (¢). Hence

cr/F(9) S Cpypotn, (i)

| =

|CF/Fi (¢) - CF/%-(F)(¢)| < |CF/Fpk%.(F) (¢) - CF/’Yi(F)(¢)| =

and so (2) also holds.
From the construction it follows that N;F; = 1 and F; < F;_1. Therefore,

~

kF(¢) =n—-m-+ ‘lim CF/Fi((ﬁ) =n—-m-+ ‘lim CF/%(F)((b)
11— 00 1— 0
is integer because cp/.,(r)(¢) are integers. O
Remark. The previous theorem remains true if we only assume that F' is an inverse
limit of torsion free p-adic analytic pro-p groups.
3. FINITELY PRESENTED MODULES OF A FREE PRO-p GROUP

Let G be a pro-p group. We denote by & the complete tensor product of G-
modules (see [32] Section 5.5]). The category of left (right) G-modules has enough
projectives (see for example, [32, Proposition 5.4.2]). This allows us to define
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Torf» Gl (N, - as the n-th derived functor of N @, (6] — (see [32} Section 6]). For
simplicity we will write Torf instead of Torlff'[[G“.

In this section F' will denote a finitely generated free pro-p group. The following
result is well-known for specialist, but we was not able to find an exact reference
for it. Therefore, we include an indication for its proof.

Lemma 3.1. Let P be a right F-submodule of Fy[[F]|?. Then P is free as a right
F-module. In particular we obtain the following.

(1) If P is a finitely generated right submodule of F,[[F]|?, then P = F,[[F]]"
for some non-negative integer r.
(2) Ewery finitely presented right F-module is isomorphic to Py /Py, where
Fy[[F]]" 2 P, < Py 2 F,[[F]]?

for some non-negative integers r and d.

Proof. Let N = F,[[F]]%/P. Since F is a free pro-p group, by [3, Theorem
4.1], Tors (N,F,) is equal to zero. Hence, by [32, Proposition 6.1.9], the map
Tori (P, F,) — Tort (F,[[F]],F,) = 0 is injective, and so, Tort (P,F,) = 0. From
[3L Corollary 3.2], we obtain that P is projective. Since F,[[F]] is a local ring, P is
free. (|

From now on we fix a chain F' = F; > F5 > ... of normal open subgroups of F’
with trivial intersection. We put

dimp Tor! (N, M
B (N, M) = limsup 2 Tor (N, M)
1—00 ‘F . le

Remark. We do not know whether the value of ff'(N, M) depends or not on the
chain F = Fy > Fy > .... In Proposition|3.2 we will show that it does not if M is
finitely presented and N is F-trivial. Also we will see later that

dimg, Tor;" (N, M)

are uniformly bounded if N and M are finitely presented. Thus, Bf (N, M) is finite
in this case.

For simplicity we put 8 (N) = 8 (N,F,) and 8{ (M) = Bf (F,, M).
Proposition 3.2. Let M be a left finitely presented F-module. Then
iy I, Tor}* (F,, M)

exists, it does not depend on the chain {F;} and it is an integer.

Proof. Since M is a finitely presented F-module, by Lemma there exists a
homomorphism of F-modules ¢ : Fy[[F]]" — F,[[F]]™ such that the sequence

0 = F[[F]" & F,[F]™ — M -0
is exact. Then tensoring this sequence with F,, over F,[[F;]], we obtain the exact
sequence

PF/F;
=

0 — Tor}*(F,, M) — F,[[F/Fi]]" F,[[F/E]™ — Torg (F,, M) — 0.
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Hence
dimp, Tort (F,, M)

Thus, by Corollary [2.2] there exists
dimp, Tor}" (Fp, M)

li =k

Fares |F: F)| #(9)
and it does not depend on the sequence {F;}. Since F is a free pro-p group, Theorem
[2:3 implies that this limit is an integer. (]

The functions (7 inherits many properties of Tor;. For example, we have the
following result.

Lemma 3.3. Let0 — N1 — Ny — N3 — 0 be an exact sequence of right F-modules
and let M be a left F-module. Then

BE(Ny, M) < BF(Na, M) < ¥ (Ny, M) + B (N3, M).

Remark. A similar statement holds if we interchange the roles of the left and right
modules.

Proof. Since every closed subgroup U of F is free, Tor (N3, M) = 0. Thus, by
[32, Proposition 6.1.9], the short exact sequence 0 — N; — Ny — N3 — 0 of right
H-modules induces the following exact sequence of IF,-spaces:

0 — Tort™(Ny, M) — Tork(Ny, M) — Tor’ (N, M).
This give the desired inequalities. O

In [I9, Theorem 2], J. Lewin proved that a finitely presented module over a free
algebra over a field contains a free submodule of finite codimension. In the following
proposition we prove a similar results for F-modules. In what follows in this and
the next sections the dimension means the dimension over F,,.

Proposition 3.4. Let M be a finitely presented left F-module. Then M contains
a free left F'-submodule of finite codimension.

Remark. A similar statement holds if we substitute left by right.

Proof. By Lemma M is isomorphic to Py /P,, where P, < P; are finitely gener-
ated free left F-modules. Since P is a finitely generated F-module, the submodule
(F —1)P, is open in P,. Thus, there exists an open submodule P] of P; such that
P[NPy, <(F —1)P,. Let P/’ = P, + P|. Observe that

(2) PN (F-1)P = (F-1)Ps.

By Lemma P/" is a free F-module. Since F,[[F]] is a local ring, any lifting
of a Fp-basis of P{'/(F — 1)P/’ is a free generating set of P;’. Hence, from it
follows that we can complete a free generating set of P, to a free generating set of
P/’ Therefore P; is a free summand of P/, i.e. there exists a free submodule P}

such that P’ = P, @ P,. Thus, P{’/P, = Pj is free and of finite codimension in
P./P> = M. O

Corollary 3.5. Let N and M be right and left F-modules respectively. Assume
that

(1) N is finitely presented and
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(2) M is finitely presented or of finite dimension
Then Tort (N, M) is finite.

Proof. First consider the case where M has finite dimension. Since N is finitely
presented, there exist an exact sequence of right F-modules

0 — F,[[F]]" — F,[[F]]¢ = N — 0.
Tensoring this sequence with M we obtain the following exact sequence.
0 — Torf (N, M) — M" — M — Tor} (N, M) — 0.

Hence, Torf(N, M) is finite.

Now, assume M is finitely presented. By Proposition [3.4] M contains a free
submodule My of finite index. Since My is free, Torf(—, M) = 0. Hence, applying
[32, Proposition 6.1.9], we conclude that

dimg, Tor{ (N, M) < dimy, Tor{ (N, M/Mj)
is also finite. O

Let now H be a (closed) finitely generated subgroup of F' and H; = F; N H. Let
N and M be right and left H-modules respectively. We put

dimg, Torf (N, M)

H : P 1 ’

N, M) = limsu

A (N, M) = lim sup \H - H]

Since H is also a free pro-p group, all the properties, established for B (N, M),
hold for B (N, M) as well.

Note that if H is an open subgroup of F, then starting from some k, F; < H if
1 > k. Thus, if N and M are also F-modules and H is open in F', we obtain that

dimg, Tor" (N, M)
3 H(N, M) = limsu £ ! d =
(3) B ( ) I Sup A
i |F : H|dimg, Tor;" (N, M)
11m su
e F:F

= |F: H|p{ (N, M).

Let M be a left (or right) F-module and H a normal open subgroup of F. We
say that M is H-admissible if there exists a free F-submodule P of M of finite
codimension such that M /P is H-trivial.

Observe, that by Proposition [3.4] every finitely presented F-module M contains
a free submodule P of finite codimension. If H is equal to the kernel of the action
of F on M/P, then we obtain that M is H-admissible. Now we are ready to prove
the main result of this section.

Theorem 3.6. Let F be a free finitely generated pro-p group, H a normal open sub-
group of F and M a left H-admissible F-module. Then there is a left H-submodule
M’ of M such that B (M’) =0 and dimg, (M/M’) < Bf'(M).

Remark. Note that when F is 2-generated, then, in fact, dimp, (M/M'") should be
equal to BE (M) and if F is cyclic then BE¥(M) =0 and so M' = M.
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Proof. Since M is H-admissible, M contains a free F-submodule M of finite index
and H acts trivially on M/My. We will prove by induction on the index of My in M
that there is a left H-submodule M’ of M, containing My, such that 8 (M’) =0
and dimg, (M/M") < Bf (M).

The base of induction when M = My is clear, because M, is H-free and so
B (My) = 0. Assume now that the proposition holds if dimg, M/My < n and let
us prove it in the case dimg, M/My = n.

Let M7 be a F-submodule of M of codimension 1 that contains M. Then, since
dimp, M /My < n, there exists a H-submodule M of Mj, containing My, such
that B (M) = 0 and dimg, (M, /M]) < BF (M),

By Lemma BE(My) < BF(M). By Proposition BF (M) and BE (M) are
integers. Hence B (M) > BE(My) + 1 or B (M) = pf(M;y). In the first case
we simply take M’ = M/ and we have done. Thus, let us assume that f' (M) =
BF (My).

Recall that H acts trivially on M/M]. Let a € M\M; and put M’ = (a, M7).
The following exact diagram of H-modules

0
!

0O—-M —- M — F, =0
4 +

O—=My - M — F, —0

induces the following exact diagram of IF,-vector spaces (here we assume that F; <
H):

0
!

0— Torfi(F,, M]) — Torli(F,,M") 2 Torfi(gp,wp)
2 1 i

0— Torf"(F,, M) — Torfi(F,, M) 2% Torf(F,,F,)

Assume that Sf1(M’) # 0. Hence

dimy, Tor{" (F,, M") # 0.

li 1

Since

1
BH(M]) = lim T dim, Tor}" (F,, M) = 0,

we obtain that

1
lim

Taking into account that 8; o ¢; = ¥; o a;, we obtain that §;(Im¢;) < Ime; and
since ker 3; = 0, we conclude that

. 1 .
111)1’& W dlm]]Tp Im '(/)Z # 0.
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Hence

. F‘L . F‘L
BF (M) — BF(My) = lim 2208, Ton (Fp’f”';— ;lrm Tor{" (Fp, My) _

lim ——2 "'

a contradiction. Thus, Sf/(M’) = 0 and we are done.
O

4. THE STRENGTHENED HANNA NEUMANN CONJECTURE FOR PRO-p GROUPS
The main result of this section is the following theorem.

Theorem 4.1. Let F be a finitely generated free pro-p group and let N and M be
right and left finitely presented F-modules respectively. Then

BT (N, M) < B (N)BT (M).

Proof. By Proposition [3.4] N contains a free submodule Ny of finite index. Since
M is H-admissible for some open normal subgroup H of F', by Theorem there
exists a H-submodule M, of M such that Sff(My) = 0 and dimg, (M /M) <

BEF(M). Without loss of generality we may also assume that H acts trivially on
N/NO and M/Mo

By Lemma [3.3]

B{I(N7 M) < B{{(N7 MO) + dime (M/MO)B{_I(Nv Fp) <

BT (N, Mo) + B (M)B{ (N).
If F; < H, then Tort"(Ny, My) = {0}, because Ny is a free F,[[F;]]-module. Hence,
applying again Lemma we obtain that
BI' (N, Mo) < By (No, Mo) + dimg, (N/No) 8" (Fp, Mo) = 0.
Thus, we conclude that
BTN, M) < 81 (M)B! (N).

Therefore, using , we obtain that

1

T P ONLM) € st (V)BE () = B (N)BF (4.

B (N, M) = ST

]

Now let us see how Theorem implies the Strengthened Hanna Neumann
conjecture for pro-p groups. In the following lemma @ will denote the profinite
direct sum (as it is defined in [27, 1.12]).

Lemma 4.2. Let U W < F be two finitely generated closed subgroups of a finitely
generated free pro-p group F. Then

(4) B (F[[UNFILF[[F/WI) = > tk(UnaWa™"),
z€U\F/W

In particular, BT (F,[[U\F])) = TK(U) and 87 (E,[[F/W]]) = TK(W).
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Proof. Let M be a left F-module. Put U; = U N F;.
Consider F,,[[U\F1]] as a right F;-module. Since F; is normal in F,

Fp[[U\NF)] & @pcupn\pFpllz ™ Uiz\F]
as right F;-modules. By [32, Lemma 6.10.10],
dimg, Tor!™ (F, [z~ Usz\F}]], M) = dimg, Tor?  Ui*(F,, M)
= dimy, Tor{ (F,([z~ U\ F]], M).

Since F,[[z~'U;z\F]] and F,[[U;\F]] are isomorphic as right F-modules, we con-
clude that

dimg, Tor;" (F,[[U\F]], M) = |F : F;U|dimg, Tor;" (F,[[U:\F]], M).
Thus

) dimg, Tor}" (F,[[U\F]], M) _ dimy, Tor{* (F,, M)
|F : Fi| |U : Uz|

In particular, if M = F,, we obtain that ¥ (F,[[U\F]]) = tk(U). A symmetric
argument also implies that

(6) Bl (F,[[F/W]]) = tk(W).
Now let M =T,[[F/W]]. Using that
FyllF/W]] 2 @oevnrywFp[[U/(U N aWa )]

as left U-modules and that the fuctor Torgji (Fp,—) commutes with the profinite
direct sum [27, Lemma 3.3], we conclude that

(7) Torllji (Fp, FPHF/WH) = Drev\F/W Torllji (]va ]Fp[[U/(U N xWx_l)]])
Fix for a moment ¢ (for, example let i = 1). Let
S={xcU\F/W: UnaWat# {1}}.

Note that « € S if and only if Tor!*(F,, F,[[U/(U NzWz~1)]]) # {0}. Thus, since,
by Corollary the left part of the expression is of finite dimension, we obtain
that S is finite. Hence the profinite direct sum in the right part of the expression
is finite, and so,

dimy, Torl (F,,, F,[[F/W]]) = Z dimy, Torl (F,,, F,[U/(U N aWz~1)]]).
zeS
Combining this with the equality we obtain that

dimg, Torfi (FL[[UNF,F,[[F/W]))

(8) |F: F| -

Z dimp, Tor{*(F,, F,[[U/(U NnaWz~1)])) .

zeS ‘UUZI
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Now consider the equality when i tends to infinity. Then we obtain that

BH (B, [U\H]], B, [[H/W])) = 3 8 (F, U/ (U nawz—1)])) "8

zeS
ZE(U NaWa™t) = Z k(U NazWaz™t)
zeS zeU\F/W

and we are done.
O

Corollary 4.3. Let F be a free pro-p group and U and W two closed finitely
generated subgroups of F'. Then

> k(U NnaWa) < tk(U)rk(W).
z€U\F/W

Proof. If the inequality does not hold, then there exists a finite subset S of U\ F/W
such that > _¢Tk(U NaWaz ™) > rk(U)rk(W). Thus, substituting, if necessary,
F by the subgroup generated by U, W and S, we may assume without loss of
generality that F is finitely generated.

Then by Lemma

B (FR[[U\F])) = tk(U), Bf (F,[[F/W]]) = rk(W).
and

BEEUNFILE[F/ W)= Y tk(UnaWa™),

Hence Theorem [A.1] implies

> k(U naWa!) < rk(U)rk(W)
zeU\F/W

5. THE LUCK APPROXIMATION CONJECTURE FOR FREE GROUPS

Let G be a discrete group and let [?(G) denote the Hilbert space with Hilbert
basis the elements of G; thus [?(G) consists of all square sumable formal sums
> gec Ag9 With ag € C and inner product

<Z agg, Z bph) = Z aga'

geq heG geG

The group G acts on [?(G) by the multiplications on the left and right sides. The
left action of G on I2(G) extends to an action of C[G] on [?(G) and so we obtain
that the group algebra C[G] acts faithfully as bounded linear operators on I2(G).
In what follows we will simply consider C[G] as a subspace of B(I%(G)), the algebra
of bounded linear operators on [2(G). The weak closure of C[G] in B(I*(G)) is
the group von Neumann algebra A (G) of G. Tt is equal to the second centralizer
of C[G] in B(I*(G)). The ring N(G) satisfies the Ore conditions and its classical
ring of quotients is denoted by U(G). The ring U(G) can be described as the ring
of densely defined (unbounded) operators on [?(G) which commute with the right
action of G. A more detailed account of the subject is given in [2].
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Let now ¢ : C[G]™ — C[G]™ be a homomorphism of left C[G]-modules. There
exists a matrix Ay € Mat,xm(C[G]) such that ¢ is realized as the multiplication
on the right side by Ag:

éla,...,an) = (a1,...,an)Ay for any (ai,...,a,) € C[G]".

Let H be a normal subgroup of G. The multiplication on the right side by Ay
induces also a bounded linear operator ¢, g : (I*(G/H))™ — (I*(G/H))™. Let

PLOjyer s,y ¢ (P(G/H))" — (I*(G/H))"
be the orthogonal projection onto ker ¢g,r. We put

dimg/H ker ¢G/H = TrG/H(projker¢G/H) = Z<pr0jker beH 1i7 1i>(l2(G/H))n,
i=1
where 1; is the element of ({2(G/H))™ having 1 in the ith entry and 0 in the rest
of the entries. The number dimg, g (ker g p) is the von Neumann dimension of
ker ¢/ -
Now, let G = G; > G5 > ... be a chain of normal subgroups of G with trivial
intersection. The Liick approximation conjecture [24] says the following:

Conjecture. For every group G and every chain G = G1 > G > ... of normal
subgroups of G with trivial intersection

(9) kli)rglo dimg/q, ker ¢g/q, = dimg ker ¢q.

W. Liick gave a very elegant proof of the conjecture in the case where G is an
arbitrary group, Gy are of finite index and A, has rational coefficients ([25]). In
the case where G/Gy, are sofic and the coefficients of A, are rational the conjecture
is proved by G. Elek and E. Szabé in [14]. Combining the ideas of [14] with the
methods of [I2] one can show that the conjecture holds when G/G; are sofic and
the coefficients of A4 are algebraic over Q. By a result of G. Elek, the conjecture
is also known in full generality when G is amenable ([I3], see also [31]). We note
that one of the two inequalities of the conjecture is well-known to specialists and
attributed to D. Kazhdan. Its proof is essentialy contained in [23, Theorem 2.3(1)],
see also |35, Proposition 6.7].

Proposition 5.1. (Kazhdan’s inequality) For every group G and every chain G =
G1 > Gy > ... of normal subgroups of G with trivial intersection

limsup dimg g, ker ¢g/q, < dimg ker ¢¢.
k—o0

The main result of this section is the proof of the Liick approximation conjecture
for free groups.

Theorem 5.2. The Liick approzimation conjecture holds for free groups.
The theorem is a consequence of Proposition [5.1] and the following result.

Proposition 5.3. Assume the previous notation and suppose that G is a free group.
Then for every normal subgroup H of G,

dimG ker gf)G < dimg/H ker ¢G/H-
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Proof. Let T be a subring of a ring S. We say that T is division closed in S if each
element of T which is invertible in S is also invertible in 7. The division closure
Ds(T) of T in S is the smallest subring of S which contains 7' and it is division
closed in S. Linnell’s solution of the strong Atyah Conjecture for free groups [20]
implies that the division closure D(G) = Dy (g)(C[G]) of C[G] in U(G) is a division
ring (see, for example, [34, Lemma 3]). Also from the proof of [34, Lemma 3], it
follows that

dimG ker ¢G = dimD(G) ker QZNS

where ¢ is the map from (D(G))" to (D(G))™ defined as

d(ar,...,an) = (a1,...,an)Ag for any (a1,...,a,) € (D(G))".

Recall that the inner rank rz(A) of a n by m matrix A over a ring R is defined
as follows.

rr(A) =min{s: A= A;A,, for some A; € Mat, «xs(R), Az € Matsxm(R)}.

A square matrix is called full if its inner rank coincides with its size. In [I0] W.
Dicks and E. D. Sontag introduced the notion of Sylvester domain that can be
characterized as a ring R that can be embedded in a skew field D in such way that
every full matrix over R becomes invertible over D. If, moreover D = Dp(R), then
the Cohn theory of skew R-fields implies that D is unique (as a R-ring) and it is
called the universal skew R-field (see [7, 4.5]).

It is a classical result due to G. M. Bergman and P. M. Cohn (see, for example,
the discussion in [6]) that C[G] is a Sylvester domain. Let us denote its universal
field of fractions by Dg. From a result of I. Hughes [I8] (see also [I1]) it follows
that Dg and D(G) are isomorphic as C[G]-rings.

By [10, Proposition 2] (see also [7, Lemma 4.5.7]), every fully-inverting homo-
morphism to a skew field preserves the inner rank. Thus,

reia)(Ag) = mpe (Ag) = Ty (Ag).-

Hence we obtain that

dimp(q) ker ¢ = n — rpa)(Ag) = n — e (Ag).
On the other hand, from standard properties of the von Neumann dimension (see,
for exampe, [24] Theorem 1.12 (2)]), we obtain that
dimc;/H ker ¢G/H >n— TC[G’] (A¢)

Hence, we conclude that

dimg ker ¢g = dimp () kerp = n — reja)(Ag) < dimg g da/o-

O

Now we give several corollaries of Theorem The first two corollaries are
about the approximation of a free group by finite quotients. By [5, Corollary 3], we
know that if G is free, then K[G] is a fir (i.e. every one-sided ideal is free). Thus
every K[G]-module M is isomorphic to P;/P; where P, < P; are free modules.
Moreover, if M is finitely presented, then P; and P, can be chosen to be finitely
generated.
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Corollary 5.4. Let G be a free group and M a finitely presented left C[G]-module.
Then
dim¢ Tor(f[Gi] (C, M)

lim
i—00 |G : Gy
exists for every chain G = G1 > G > ... of normal subgroups of finite index with

trivial intersection. Moreover it does not depend on the chain {G;}.

Proof. Let
0—ClG" & ClGI™ — M — 0

be the exact sequence of C[G] modules. The corollary is the consequence of Theorem

because
dim¢ Tor(lc[Gi] (C,M)

dimg/Gi ker ¢G/Gi =
O

In fact, the previous corollary also holds with coefficients in any field of charac-
teristic 0.

Corollary 5.5. Let K be a field of characteristic 0, G a free group and M a finitely
presented left K[G]-module. Then

K[Gi]

. dimyg Tor] (K, M)
lim
1—00 |G : GZ|
ezists for every chain G = G1 > G2 > ... of normal subgroups of finite index with

trivial intersection. Moreover it does not depend on the chain {G;}.

Remark. The limit that appears in the corollary will be denoted by BIK[G] (M).

In order to prove the corollary we need the following lemma.

Lemma 5.6. Let L/K be a field extension and R a K-algebra. Let N and M be
right and left R-modules respectively. Put S = RQx L. Then the following equality
holds.
dimg Tor®(N, M) = dim, Tor{ (N @ L, L @ M).
Proof. From the definitions of Tor functors we obtain that
Tory (N ®x L, L ® M) = L @k Tor(N, M)

as L-spaces. This gives the lemma.
d

Proof of Corollary[5.5 Since M is a finitely presented K[G]-module, there are a
finitely generated subfield K of K and a homomorphism of Ky[G]-modules ¢ :
Ky[G]™ — Ko[G]™ such that the sequence

0 — KolG]" & Ko[G]™ — Mg — 0
is exact and M = K[G] ®,jq) Mo. Now embed Kj in C. Hence by Lemma
dimg Tor™ %I (K, M) = dim g, Tor™ 1% (Ko, M) =
dime TorS9(C, € @k, My).
Thus, Corollary implies the desired result. O



THE HANNA NEUMANN CONJECTURE 15

The third consequence of Theorem[5.2]is about the approximation of a free group
by torsion free amenable quotients. Let K be a field, Z an amenable group and
assume that K[Z] has no non-trivial zero-divisors. Then it is well-known that K|[Z]
satisfies the left and right Ore condition and so it has the classical field of fractions
that we denote by D(K[Z]).

Corollary 5.7. Let K be a field of characteristic 0, G a free group and M a finitely
presented left K|G]-module. Let G = Gy > Go > ... be a chain of normal subgroup
with trivial intersections such that G/G; are amenable and the rings K[G/G;] have
no non-trivial zero-divisors. Then there exists i such that

K9 (M) = dimp ke, Tort C(D(KG/GL), M).

Proof. As in the proof of Corollary without loss of generality we can assume
that K = C. Let

0 — (CIG)" S (CIG)™ = M — 0
be an exact sequence of left C[G]-modules. From the remark at the end of the page
422 of [22] it follows that
dimg/Gi ker¢G/G =n—-—m-+ dimg/g 12(G/G) Jeire] M =
n —m + dimpc(g/c,)) D(C[G/Gi]) ®cja) M =
dimp(cia/c,)) Tory ' (D(C[G/G]), M)
In particular, dimg, g, ker ¢q,q, are integers. Hence Theorem implies that there
exists ¢ such that
B (M) = dimg ker ¢ = dimgq, ker dg/a, =
dimp(cia/c.)) TorS N (D(CIG/Gy]), M).
O

6. FINITELY PRESENTED MODULES OVER A FREE GROUP

In this section we assume that F' is a finitely generated free group and K is a
field of characteristic 0. Let H be a subgroup of F' . Then by the Nielsen-Schreier
theorem H is also free. Fix a chain F' = F} > F, > ... of normal subgroups of F’
of finite index and assume that

(10) every subgroup of finite index of F' contains Fj, for some k.

In particular, { F;} intersect trivially. Let N and M be right and left K[H]-modules
respectively. We put

dimg Torf WEOHT N M
(v, M) =i

Observe that X (V) = R (N, K and g5 (M) = BH (K, M).

From the property of the chain {F;} it follows that if M and N are also
F-modules and H is a subgroup of F of finite index, then
(1) BN, M) = |F 2 1|8, ).

This equality will be used only in the proof of Theorem[7.2} in the results of Section
@ it will be enough to assume a weak version of : the intersection N F}, is trivial.
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Remark. As in the pro-p case we know neither

i dimg Tor XM (N )
1m

exists in general nor whether BEXMI(N, M) depends on the chain {F;}.
Lemma 6.1. Let H be a subgroup of F,
00— Ny — Ny —>N3—0
be an exact sequence of right K[H|-modules and M a left K[H]-module. Then
BE(Ny, M) < BEU(N,, M) < BV (Ny, M) + I (N, M),

Remark. A similar statement holds if we interchange the roles of the left and right
modules.

Proof. Since every subgroup U of F is free, Torg([U] (N5, M) = 0. Thus, by [33,
Theorem 8.3], the short exact sequence 0 — N1 — Ny — N3 — 0 of right K[H]-
modules induces the following exact sequence of K-spaces:

0 — Tor XM (N ) = Tor O (N, ) — Tor M (N, .
This give the desired inequalities. [

The aim of this section is to prove an analog of Theorem for K[F]-modules.
However, it seems that the straightforward analog does not hold. The main obstacle,
for the argument of the proof of Theorem [3.6 to work in the case of K[F]-modules,
is that K[F)] has irreducible modules of dimension greater than 1, and so, we can
not use the inductive argument as we have done in the proof of Theorem [3.6] This
difficulty has led us to consider modules over a modification of the group ring K[F].
The same ring plays an essential role in Dicks’ simplification of Friedman’s proof
18]
Let L be a field and let 7 : F — Aut(L) be a homomorphism. We denote
by L,[F] the twisted group ring: its underlying additive group coincides with the
ordinary group ring L[F] but the multiplication is defined as follows

O ki) Ligs) =Y. k()1 figss kisly € L, fi,g; € F.
i=1 j=1

i=1j=1
Now we are ready to present an analog of Theorem [3.6

Theorem 6.2. Let L be a field of characteristic 0 and T : F — Aut(L) a homomor-
phism with finite image. Put H = kerT. Let M be a left L.[F]-module and assume
that there exists a free L.[F]-submodule My such that dimp, M /My is finite and H
acts trivially on M /My. Then there exists a L[H|-submodule M’ of M, containing
My, such that

L[H] (M)

L[H .
/81[ ](M/) =0 and dlmLM/M/ S ﬁ

L[H]
Remark. Note that when F is 2-generated, then, in fact, dimy, M /M’ = ﬁ1|F7£I]|V[)

and if F' is cyclic then ﬁlL[H] (M)=0 and so M' = M.
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Proof. We divide the proof in several claims.
Note that if we define the action of L.[F] on L by means of

k k
O lif) - 1=>"Lir(fi)1) (Ll €L, fi € F),
=1 =1

then L becomes an irreducible left L. [F]-module.
Claim 6.3. L is the unique irreducible left L, [F]-module on which H acts trivially.

Proof. Let J be the ideal of L.[F] generated by {h—1| h € H}. Put R = L,[F]/J.
Then any left L.[F]-module on which H acts trivially is also an R-module. Let
K be the subfield fixed by the automorphims in the image of 7. Note that since
the automorphisms from Gal(L/K) are linearly independent over L, L is a faithful
R-module. On the other hand,

dimg R = |F : H|dimg L = (dimg L)?.

Thus R & Endg (L) and so L is the unique irreducible R-module up to isomorphism.
O

Claim 6.4. Let P be a finitely presented left L. [F]|-module. Then |F : H| divides
L[H]

AL (P).

Proof. Put H; = HNF; and let H! = [H;, H;] be the derived subgroup of H;. Then

H! is a normal subgroup of F. It is well-known that F/H] is torsion-free. Since

7 sends the elements of H! to the trivial automorphism of L, abusing slightly the

notation we write R; = L,[F/H]]. By [2I, Corollary 4.5], R; has no non-trivial

zero-divisors. Since F/H/ is virtually abelian, R; is Noetherian. Thus, R; has the
classical skew field of fractions that we denote by D(R;). Also note that

(12) D(R;) = D(L[H/H]]) @rm) L [F]
as (D(L[H/H])), L;[F])-bimodules, where D(L[H/H/]) denotes the classical skew
field of fractions of L[H/H]]). In particular, if V is a finitely generated D(R;)-
module then
dimD(L[H/H{]) V= |F : H| dimD(Ri) \%
is divisible by |F' : H|.
By Corollary [5.7] there exists ¢ such that
PPy = dimop (a1 Tory "\(D(L[H/H)), P).

Note that L.[F] is a left free L[H]-module. Thus every free resolution of L.[F]-

module is also a free resolution of L[H]-modules. Thus, taking into account ,

we can calculate Torf[H] (D(L[H/H]]), P) in the following way

Tory"(D(L[H/H])), P) =
Tory " (D(LIH/H])) @1y L [F), P) = Tory " (D(R)), P).
Thus
s Py = dimp iz m1) Tory " (D(Ry), P) =
|F : H|dimp(g,) Tor,""/(D(R,), P).
This finishes the proof of the claim. O
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Now we are ready to finish the proof of the theorem. We will prove the theorem
by induction on dimjy M/M,. The base of induction when M = My, is clear,
because My is a free L[H]|-module, and so, 61 (MO) = 0. Assume now that
the proposition holds if dim; M /My < n and let us prove it in the case where
dimL M/MO =n.

Let M; be a maximal L,[F]-submodule of M that contains Mj. By Claim
M/M; = L. Then, since dimy, M71/My < n, there exists a L[H|-submodule M] of

My, containing My, such that BL[H (M{) =0 and

ﬂf[H] (My)

dimy (M /M) < 7|

By Lemma [6.1]
) < g ).

By Clalm. 61 and BL[ ](Ml) are divisible by |F' : H|. Hence 61 ( ) >
BL[H](Ml) +|F : H| or 61 ( ) = ﬂlL[H]( M;y). In the first case we simply take
M’ = M] and we have done. Thus, let us assume that BlL[H] (M) = ﬂlL[H] (My).

Take a € M\M; and let M’ be L[H] submodule generated by a and Mj. Since
H acts trivially on M /My, dimy M’'/M{ = 1. The following exact diagram of
L[H]-modules

0
1

0O—-M —- M — L =0
1 1

O—-M—» M — L —0

induces the following exact diagram of L-vector spaces:

0
!

0— TorlW(, M) — ToX™(r, M)y 25 ToM(L, L)
1 Lo Ui:

0 — Torj Lim L](L M) — TorlL[Hi](L,M) i, TorlL[H"](L,L)
Assume that 6 (M’) # 0. Hence

dimy, Tor (L, M7y £ 0

1
I
Since

sH(M]) = lim

1 . L[H;
i—00 ‘H : Hz| dim Torl[ ](L’M{) =0

we obtain that

1
llgglo ] dimy, Im ¢; # 0.

Since §; o ¢; = ¥; o o, we obtain that 5;(Im ¢;) < Im1); and since ker 3; = 0 we
conclude that

: 1 .
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Hence

dim; Tor®™ (L. M) — dimy Tor™ (L, M
51L[H](M) *ﬂlL[H](Ml) = lim 1y, 10Ty (L, M) : uny, Lory (L, M) _

. dimg, Im);
lim ——————

0
i—00 |HH1| 7& ’

a contradiction. Thus, BlL[H] (M') = 0 and we are done.

7. THE STRENGTHENED HANNA NEUMANN CONJECTURE FOR FREE GROUPS

Let F' be a finitely generated free group and K a field of characteristic 0. The
main result of this section is an analog of Theorem

Let M be a left (or right) K[F]-module and H a normal subgroup of F of finite
index. We say that M is H-admissible if there exists a free submodule P of M of
finite K-codimension such that M /P is H-invariant. We say that M is admissible
if it is H-admissible for some normal subgroup H of F' of finite index. The modules
that will interest us are admissible.

Proposition 7.1. Let U be a finitely generated subgroup of F'. Then the left K[F]-
module K[F/U] is admissible.

Proof. Let M = K[F/U]. Since U is finitely generated, there exists a subgroup
H of F of finite index such that H is equal to the free product of U and some
subgroup W of F (see [26, Proposition 3.10]). Let uq,...,u; and wq,...,w; be
sets of free generators of U and W respectively. Then the left ideal P of K[F]

generated by u; — 1,...,u; — L,wy — 1,...,w, — 1 is free on these generators.
Hence P = P/K[F](U — 1) is free. Note that P has finite codimension in M and
M/P = K[F/H] is NyeprH/-invariant. O

The following result is the main result of this section.

Theorem 7.2. Let F be a finitely generated free group, K a field of characteristic
0 and let N and M be right and left finitely presented admissible K[F]|-modules
respectively. Then

BN, M) < BN (V) B ().

Proof. Let H be a normal subgroup of finite index of F' such that M and N are
H-admissible. We put G = F/H = {g1,...,0:}. Let L = K(z4|g € G) be the field
of rational functions on ¢ variables over K. Then we can define 7 : F' — Aut(L) as
follows

T(f)(p(mgU"'ugt)) :p(xng"'vxfgt)v p(mgu"'agt) €L

Put Ly = L™, Then L/Ly is a Galois extension with Galois group isomorphic to
G. We put N = N ®@gr) L7 [F] and M = L:[F] ®kp) M. Since 7 sends H to the
identity, the bimodules gpL-[F]|ria) and gp)L[F] i) are isomorphic. Hence we
have the following isomorphisms of right L[H]-modules:

N = N®K[F] L. [F] N®K[F] L[F] = N®g L.
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Analogously, we obtain that M = L ®x M as left L[H]-modules. Thus, by Lemma

b6
(13) BN, by = P, A, g () = g (A1) and
KNy = gE ().

Since M is H-admissible, M contains a free K[F]-submodule M, of finite codi-
mension such that H acts trivially on M/My. Since L,[F] is a free (and so a
flat) K[F]-module, My = L.[F] @ (r) Mo is a free L,[F]-submodule of M. More-
over H acts trivially on M /]\7[0. A similar argument implies also that the right
L,[F]-module N contains a free submodule Ny of finite codimension.

By Theorem there exists a L[H] -submodule M’ of M such that

LIy — i < B

First observe that ﬁf[H] (N,M’) = 0. Indeed, since TorlL[HmFi](No, M) vanish for
all 4, Lemma [6.1] implies that

LHYN, MY < dimy, (N /No)sEHY A1y + pEHY (N, 317) = 0.

Applying again Lemma [6.1} we obtain that

BN, 81) < BE(N, A1) + dim (V1 /315N, L) <
B () g ()
|F: H| '
Therefore,
by @@ W, M) vy @ BN, )
B, M) T = T S <
B s N vy @ B ) ) vy B ()T ().

|F: H? - |F: HP?
U

In order to show how the Strengthened Hanna Neumann conjecture follows from
Theorem we need to prove the following two lemmas.

Lemma 7.3. Let F be a finitely generated free group and let N and M be right and

left finitely presented admissible K[F]-modules respectively. Then Tor{qF] (N, M)
is finite.

Proof. Since N and M are admissible, N contains a free submodule Ny of finite
codimension and M contains a free submodule M, of finite codimension. Since
Ny and My are free, Torf{[F] (Ng,—) = Tor{([F](—, My) = 0. Hence the long exact
sequence for Tor-functors ([33, Theorem 8.3]) implies that

dimg TorX PV (N, M) < dimg TorX YN (N/No, M /M)

is finite. O
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Lemma 7.4. Let F be a finitely generated free group, U, W finitely generated sub-
groups of F' and K a field. Then

(14) BTN KUNFLKIF/W) = Y k(U naWa™).
@€U\F/W

In particular, BEYNK[U\F)) = tk(U) and BEFVK[F/W]) = tk(W).
Proof. Let M be a left K[F]-module. Put U; = U N F;.

Consider K[U\F] as a right K[F;]-module. Since F; is normal in F,

K[U\F] = @,cyp\r K[z 'Uiz\F}]

as right K[F;]-modules. By Shapiro’s Lemma (see, for example, [3, Proposition
6.2]),

dimg Torqui'] (K[z~ Uz \F;), M) = dimg Tor{([flUiz] (K, M)

=dimg Tor{([F] (K[z~ Uz \F], M).

Since K[zU;z=1\F] and K[U;\F] are isomorphic as right K[F]-modules, we con-
clude that
dimg TorX ¥ (K [z~ 1U2\ F}], M) = dimg Tor™ P KU\ F)], M)
and so
dimg Tory “HK[U\F],M) = 3" dimg Torf " (K [z Usa\F], M) =
2€UF,\F
|F : F,U| dimg Tor™ (K ([U\F}], M) = |F : F;U|dimg TorX (K, ).
Thus
dim Torf "N (K[U\F], M)  dimg Tort V) (K, M)
|F: F| B \U = Ui
In particular, if M = K, we obtain that ﬁlK[F](K[U\F]) = rk(U). A symmetric
argument also implies that
(15) B P /W]) = TR(W).
Now let M = K[F/W]. Using that
K[F/W] = GpevnrywK[U/(UNaWa™)]

as left K[U]-modules we conclude that

dimg Torl V(K K[F/W]) =
> dimg Torf (K, K[U/(U naWa™)).
c€U\F/W
Puting all these equalities together we obtain that
dimg Tor* (K [U\F], K[F/W])

(16) |F: Fj| -

5 dimg Tor™ (K, K[U/(U naWa=1)])) .

wCUNF/W |U : U1|
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Fix for a moment ¢ (for example, put ¢ = 1). Let
S={zcU\F/W: UnaWaz"t# {1}}.
Note that = € S if and only if TorK[Ul](K, K[U/(UnaWz~1)]) # {0}. Thus, since,

by Lemma. 3l the left part of the equality is finite, we obtain that S is finite.
Now consider the equality when 7 tends to infinity. Then we conclude from

that

B (K O\F), KIF/W)) = > 8F N (K [U/(U naWa™))) =

€S
ZE(U NaWaz™t) = Z k(U NaWa ™).
€S xeU\F/W

O

Corollary 7.5. Let F' be a free group and U and W two finitely generated subgroups
of F. Then
> k(U NaWa) < tk(U)rk(W).
t€U\F/W

Proof. If the inequality does not hold, then there exists a finite subset S of U\ F/W
such that Y _¢Tk(U N Wz ™) > rk(U)rk(W). Thus, substituting, if necessary,
F by the subgroup generated by U, W and S, we may assume without loss of
generality that F is finitely generated.

Let K be a field of characteristic 0. Then by Lemma [7.4]

BN KIU\F) = k(). B (KTE/W]) =K (W).
and
BN KIUNFLKIF/W) = Y k(U naWwaz™).
TsEU\F/W
Hence Proposition and Theorem imply that

Z k(U NaWaz ™) <1k(U)rk(W)
T€U\F/W
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