GROUPS OF POSITIVE WEIGHTED DEFICIENCY AND THEIR
APPLICATIONS
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ABSTRACT. In this paper we introduce the concept of weighted deficiency for abstract
and pro-p groups and study groups of positive weighted deficiency which generalize
Golod-Shafarevich groups. In order to study weighted deficiency we introduce weighted
versions of the notions of rank for groups and index for subgroups and establish weighted
analogues of several classical results in combinatorial group theory, including the Schreier
index formula.

Two main applications of groups of positive weighted deficiency are given. First
we construct infinite finitely generated residually finite p-torsion groups in which every
finitely generated subgroup is either finite or of finite index — these groups can be thought
of as residually finite analogues of Tarski monsters. Second we develop a new method for
constructing just-infinite groups (abstract or pro-p) with prescribed properties; in par-
ticular, we show that graded group algebras of just-infinite groups can have exponential
growth. We also prove that every group of positive weighted deficiency has a hereditarily
just-infinite quotient. This disproves a conjecture of Boston on the structure of quotients
of certain Galois groups and solves Problem 15.18 from Kourovka notebook.

1. INTRODUCTION

1.1. What this paper is about. Let I' be a finitely presented group. Recall that the
deficiency of T denoted by def(I") is the maximum value of the quantity |X| — |R| where
(X, R) runs over all presentations of I' by generators and relations. Note that def(I")
cannot equal oo as | X| — |R| does not exceed d(I"), the number of generators of I'. One of
the best known results involving deficiency is a theorem of Baumslag and Pride asserting
that a group of deficiency > 2 has a finite index subgroup which homomorphically maps
onto a non-abelian free group. While the conclusion of this theorem is very strong, the
class of groups of deficiency > 2 to which it applies is rather limited. In this paper
we shall consider groups of positive weighted deficiency (PWD), a much broader class of
groups which nevertheless exhibit a number of “largeness” properties.

Groups of positive weighted deficiency generalize another class of groups, first intro-
duced by Golod and Shafarevich in 1964 as a tool for solving two outstanding problems:
the general Burnside problem in group theory and the class field tower problem in number
theory. In the last two decades there has been a lot of interest in studying the gen-
eral structure of Golod-Shafarevich groups, in particular, establishing similarities between
Golod-Shafarevich groups and free groups (see, e.g., [Ze], where it is proved that Golod-
Shafarevich pro-p groups always contain non-abelian free pro-p groups). A recent work
in this area [EJ] dealt with what were called generalized Golod-Shafarevich groups — these

Date: June 14th, 2011.

2000 Mathematics Subject Classification. Primary 20F05, 20F50, Secondary 20E18, 20E07, 20F69,
17B50.

Key words and phrases. Golod-Shafarevich, deficiency, Tarski monsters, just-infinite.

The first author is supported by the NSF grant DMS-0901703.

The second author is supported by Spanish Ministry of Science and Innovation, grant MTM2008-06680.
1



GROUPS OF POSITIVE WEIGHTED DEFICIENCY AND THEIR APPLICATIONS 2

are groups of positive weighted deficiency in our terminology. The reason that a larger
class of groups was considered in [EJ] was not an attempt to seek the most general results,
but the fact that the class of PWD groups is more natural than that of Golod-Shafarevich
groups and is easier to work with.

The purpose of this paper is three-fold. First, we shall give a strong motivation for the
concept of weighted deficiency and thus provide a new point of view on (generalized) Golod-
Shafarevich groups. Second, we obtain new largeness results about PWD groups, building
on the techniques introduced in [EJ]. Third, we provide two important applications of
PWD groups:

(i) construction of residually finite analogues of Tarski monsters (see §1.4)
(ii) anew construction of hereditarily just-infinite abstract and pro-p groups (see §1.5).

1.2. Weighted deficiency. We shall define weighted deficiency in two categories of groups
— finitely generated abstract groups and countably based pro-p groups, but here for sim-
plicity we limit our discussion to finitely generated groups in the pro-p case as well. First
we introduce a class of functions on pro-p groups with values in the interval [0, 1) which we
call valuations (see § 2.2) — informally speaking these are “multiplicative valuations” (in
the usual sense) with some additional properties. Now let X be a finite set and F = F(X)
the free pro-p group on X. Given any function Wy : X — (0, 1), one can extend it to a
valuation W on F' such that the value of W on each element of F' is largest possible. Any
function W : F' — [0, 1) obtained in such a way will be called a weight function on F with
respect to X (see § 2.4 for a formal definition).

If W is a weight function on F(X) with respect to X, for any subset S of F(X) we
define W(S) = >, cgW(s) € R>o U {oo}. Given a pro-p group G, we define the weighted
deficiency * of G denoted by wdef(G) to be the supremum of the quantities

W(X)-W(R) -1

where (X, R) runs over all pro-p presentations of G and W runs over weight functions on
F(X) with respect to X. We note that a pro-p group G is Golod-Shafarevich if and only
if it has a presentation (X, R) such that W (X) — W(R) — 1 > 0 for some uniform weight
function W on F(X) with respect to X (see § 2.4 for the definition).

If T is an abstract group and p is a prime, one could define the weighted p-deficiency of
' in the same way (using abstract presentations instead of pro-p presentations), but it will
be more convenient to define the weighted p-deficiency of I' as the weighted deficiency of its
pro-p completion I'; (the small difference between these two definitions will be discussed
in Section 6). Finally, the weighted deficiency of T' is the supremum of its weighted p-
deficiencies over all primes p.

Sometimes it is useful to think about weighted deficiency in a slightly different way. If
(X, R) is a presentation of a pro-p group G and F' is the free pro-p group on X, then any
weight function on F' with respect to X induces certain valuation on G; conversely, we will
show that any valuation on G comes from some weight function. Therefore, given a pro-p
group G and a valuation W on G, we can consider the deficiency of G with respect to W,
denoted by defy (G) — it is defined in the same way as wdef(G), except that instead of
all weight functions we only consider the ones which induce W. Thus, wdef(G) can also
be defined as the supremum of the set {de fiy (G)} where W runs over all valuations on G.

1Our notion of weighted deficiency is somewhat similar to the notion of p-deficiency introduced in a
recent paper of Schlage-Puchta [SP].
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This definition does not reveal much about the structure of groups of positive weighted
deficiency (PWD). To begin with, it is not clear at all that PWD groups cannot be finite
(or even trivial). The fact that PWD groups are always infinite is a consequence of the
Golod-Shafarevich inequality first proved in a slightly weaker form in [GSh] (see [Ko] for a
full version). It is also easy to see that there exist torsion PWD groups. Combining these
two results, Golod [Go] produced the first examples of infinite finitely generated torsion
groups. In this paper we shall give a different and arguably more elementary proof of the
fact that PWD groups must be infinite (see § 4.1).

Many important families of abstract and pro-p groups have positive weighted deficiency.
First of all, it is clear that any group of deficiency > 2 has PWD. It takes a simple
computation to show that a group G (abstract or pro-p) has positive weighted deficiency
whenever def(G) > 0 and d(G/[G, G]GP) > 5 where d(-) stands for the minimal number
of generators. This implies that the fundamental group of a hyperbolic 3-manifold always
has a finite index subgroup with PWD (see Section 6 for more details).

More generally, a pro-p group G' has PWD whenever d(G) > 1 and 7(G) < d(G)?/4,
where 7(-) is the minimal number of relators (see, e.g., [Er, § 2.3]). These inequalities hold
for many Galois groups of the from Gal(K), 5/K) where K is a number field, S is a finite
(possibly empty) set of primes of K and K, g is the maximal p-extension of K unramified
outside of S. For instance, the group Gal(K, s/K) has PWD if K = Q and S contains at
least 5 primes congruent to 1 mod p or if p,(K) > 2+ 2y/v(K) + 1, where p,(K) is the
rank of the p-component of the ideal class group of K and v(K) is the rank of the unit
group of K — this follows from [Sha, Theorems 1,5] (see also [Ko, Theorems 11.5, 11.8]).

In addition, the class of groups of positive weighted deficiency is closed under two
natural operations:

(a) If G is a pro-p PWD group, then any open subgroup of G also has PWD.
(b) If G is PWD (abstract or pro-p), then G x H has PWD for any other group H.

We note that the smaller class of Golod-Shafarevich groups contains the families of hy-
perbolic 3-manifold groups and Galois groups mentioned above, but is not closed under
operations (a) and (b).

1.3. Quotients of PWD groups. Unlike groups of deficiency > 2, PWD groups need
not be finitely presented and do not necessarily satisfy the conclusion of the Baumslag-
Pride theorem, but they do have various largeness properties, as was already evident from
the original work of Golod and Shafarevich. A common type of statement about PWD
groups is the existence of an infinite quotient with a prescribed property. Here are two
typical results of this kind:

(1) Every abstract PWD group has an infinite torsion quotient which still has PWD
[Wil3]
(2) Every abstract PWD group has an infinite quotient with Kazhdan’s property (7T')
[EJ]
One of the key results in this paper provides a natural addition to this list. It shows
that given an abstract PWD group I' and a finitely generated subgroup A of I'; one has a
surprising amount of control on the image of A in a suitable quotient of I':

Theorem 1.1. Let I' be an abstract PWD group and A a finitely generated subgroup of
. Then T has an infinite quotient I such that

(i) the image of A in TV is either finite or of finite index;
(il) some finite index subgroup of I’ has PWD.
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An intriguing part of the proof of Theorem 1.1 is a very simple way to decide which of
the two possibilities in (i) holds. Let G = I'; be the pro-p completion of I', let L be the
closure of (the image of) A in G, and let W be a valuation on G such that de fiy (G) > 0.
Then the quantity we need to look at is the W-index of L in G, denoted by [G : L]y (see
§3.3 for the definition). The W-index [G : L] may take values in R>; U{oo} and is finite
whenever the usual index [G : L] is finite (note that [G : L] < [I' : A]). The converse,
however, is very far from being true — for instance, if A is normal in I" and the quotient
I'/A is of subexponential growth, then [G : L]y is finite (for any W).

Going back to Theorem 1.1, we will show that if [G : L]y < oo, the image of A in I”
can be made of finite index, and if [G : L] = oo, the image of A can be made finite. In
addition to playing a key role in the proof of Theorem 1.1, W-index has many similarities
with the usual index, of which probably the most interesting one is the weighted version
of the Schreier index formula (see Theorem 3.12). We believe that this notion of W-index
deserves further study.

Let us mention another new result about quotients of PWD groups. It will be used in
the proof of one of our results about just-infinite groups (see Theorem 1.8 below), but is
probably of independent interest:

Theorem 1.2. Fvery abstract PWD group has a quotient with LERF which still has
PWD.

Property LERF plays a prominent role in many recent works in geometric group theory
and 3-manifold topology, and there are very few groups for which LERF has been estab-
lished. While Theorem 1.2 does not prove LERF for any “familiar” groups, it provides
what we believe is one of the most general constructions of groups with LERF.

Using Theorem 1.2 we will also obtain a slight improvement of the main result of [EJ]:

Theorem 1.3. FEvery abstract PWD group has an infinite residually finite quotient with
property (T).

We now turn to the discussion of applications of PWD groups discovered in this paper.

1.4. Constructing residually finite monsters. In 1980 Ol’shanskii [Ol] proved the
following remarkable theorem:

Theorem 1.4 (Olshanskii). For every sufficiently large prime p there exists an infinite
group ' in which every proper subgroup is cyclic of order p.

Groups described in this theorem along with their torsion-free counterparts were the first
examples of Tarski monsters, and many other groups with extremely unusual finiteness
properties have been constructed since then. Most of the “monster” constructions produce
groups which are neither finitely presented nor residually finite, and there is significant
interest in building monsters satisfying one of these properties (or showing that this is
impossible). A major progress in this direction was obtained a few years ago by Ol’shanskii
and Sapir [OS] who constructed non-amenable finitely presented torsion-by-cyclic groups.

If T" is a residually finite group, it clearly cannot satisfy the conclusion of Theorem 1.4,
and the best approximation one can hope for is that I' is a globally zero-one group as
defined below.

Definition. Let I' be a finitely generated abstract group which is not virtually cyclic. We
will say that

(a) T' is a globally zero-one group if every subgroup of I' is either finite or of finite
index.
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(b) T'is a locally zero-one group if every finitely generated subgroup of I is either finite
or of finite index.

The existence of residually finite globally zero-one groups remains a major open problem
(see § 8.1 for a brief discussion). In this paper we construct the first examples of residually
finite locally zero-one groups:

Theorem 1.5. Fvery abstract group of positive weighted deficiency has a residually finite
quotient which is locally zero-one.

Theorem 1.5 will be proved using repeated applications of Theorem 1.1 (in fact, a
slightly stronger version of it).

We note that other examples of residually finite torsion groups with “unusual” properties
were constructed by Ol'shanskii and Osin [OO].

1.5. Applications to just-infinite groups. An abstract (resp. profinite) group is called
just-infinite if it is infinite and all its proper quotients 2 are finite. Being just-infinite is
as close to being simple as a profinite or residually finite group can be — this is one of the
reasons why just-infinite groups are an interesting class to study. A classification theorem
due to Wilson [Will] implies that any abstract just-infinite group I' satisfies one of the
following mutually exclusive conditions:
(i) T is virtually simple
(ii) T' is hereditarily just-infinite, which means that I' is residually finite and every
finite index subgroup of I' is also just-infinite
(iii) T" has a finite index subgroup isomorphic to a direct power A™ where A is another
just-infinite group and n > 2

We note that the most interesting groups in class (iii) are branch groups. There is an
analogous statement in the profinite case (see [Gr2]) except that this time there are only
two “possibilities”, as infinite profinite groups cannot be simple.

An easy application of Zorn lemma shows that any infinite finitely generated abstract or
virtually pro-p group has a just-infinite quotient [Gr2, Proposition 3], but it seems that not
much was known regarding what type of just-infinite groups one may obtain as quotients
of a given class of groups. We are able to address this issue in this paper. Let I' be an
abstract PWD group and (2 its residually finite locally zero-one quotient from Theorem 1.5.
Note that any infinite quotient of {2 must also be a locally zero-one group; moreover, we
will show that any infinite quotient of €2 has infinite profinite completion. It follows that
just-infinite quotients of € cannot be of type (i) or (iii), so any just-infinite quotient of
must be hereditarily just-infinite. Thus Theorem 1.5 has the following consequence:

Corollary 1.6. FEvery abstract group of positive weighted deficiency has a hereditarily
just-infinite torsion quotient.

It was not even known whether finitely generated hereditarily just-infinite torsion groups
exist (this question was posed as Problem 15.18 in Kourovka notebook [Kou]). We note
that examples of just-infinite torsion groups of other types were known — e.g., the groups
in [O]] are simple torsion groups, while the first Grigorchuk’s group [Grl] is a just-infinite
branch torsion group.

Our next result is a pro-p analogue of Corollary 1.6 which will require more work:

2By a quotient of a profinite group we will always mean a quotient by a closed normal subgroup
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Theorem 1.7. Every pro-p group of positive weighted deficiency has a hereditarily just-
infinite quotient.

Theorem 1.7 disproves the following number-theoretic conjecture of Boston. Let p be
a fixed prime, K a number field, S a finite set of primes of K none of which lies above
p and K s the maximal p-extension of K unramified outside of S. Boston conjectured
that whenever the Galois group Gal(K), s/K) is infinite, all of its just-infinite quotients
must be branch groups (see, e.g. [Bo]). As we already mentioned, many groups of the
form Gal(K, s/K) have positive weighted deficiency and thus by Theorem 1.7 Boston’s
conjecture is false for each of those groups.

We also obtain several results showing that hereditarily just-infinite groups may be
rather large. For instance, we will prove the following:

Theorem 1.8. For every prime p there exists a hereditarily just-infinite abstract group A
such that if w is the augmentation ideal of the group algebra Fy[A], then the graded algebra
grFy[A] = @ w"/w™t has ezponential growth.
n>0

The corresponding result for pro-p groups also holds, and this time we will establish
the pro-p version first and then deduce the result about abstract groups (Theorem 1.8).

We note that another result showing that hereditarily just-infinite profinite groups can
be large (in a very different sense) was recently obtained by Wilson [Wil5, Theorem A].

We finish with a peculiar application involving Kazhdan’s property (7). In [Er] it was
shown that groups of positive weighted deficiency can have property (7'). Hence Theo-
rem 1.5 implies the existence of residually finite locally zero-one groups with property (7).
Note that an infinitely generated subgroup of a locally zero-one group must be a union of
finite groups and hence amenable. Thus, we deduce the following:

Corollary 1.9. There exist infinite finitely generated residually finite groups in which all
finitely generated subgroups have (T') and all infinitely generated subgroups are amenable.

1.6. Organization. In Section 2 we define weight functions and valuations on pro-p
groups and introduce some standard tools that will be used in this paper. In Section 3
we establish basic properties of weight functions and valuations, including the weighted
Schreier formula. In Section 4 we discuss weighted deficiency of pro-p groups; the case
of abstract groups is deferred until Section 6. Section 5 contains the proof of the pro-p
version of Theorem 1.1 which is a key step in the proof of Theorem 1.5. In Section 7 we
introduce property LERF and some of its variations and prove Theorem 1.2 and Theo-
rem 1.3. In Section 8 we establish the main applications of PWD groups; in particular,
we prove Theorem 1.5, Corollary 1.6 and Theorem 1.7. Theorem 1.1 will be established in
the course of the proof of Theorem 1.5. Section 9 is devoted to the proof of Theorem 1.8.

1.7. Acknowledgments. We would like to thank Dan Segal for suggesting an idea that
helped initiate this project, Efim Zelmanov for proposing Theorem 1.7 (as a conjecture)
and Yiftach Barnea for useful comments on an earlier version of this paper. We are also
very grateful to the anonymous referee for pointing out several inaccuracies and many
suggestions which helped clarify the exposition.

1.8. Glossary of notation.

— F(X). The free pro-p group on a set X (where p is a prime fixed in advance).
— I'5. The pro-p completion of an abstract group I
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— (4. The subgroup {g € G : W(g) < a} of a pro-p group G, where W is a valuation
on G fixed in advance; defined in § 2.2.

— G<q. The subgroup {g € G : W(g) < a} of a pro-p group G, where W is a
valuation on G fixed in advance; defined in § 2.2.

— gry(B). The graded associative algebra of an associative algebra B with respect
to a valuation w on B; defined in § 2.3.

— Lw(G). The graded restricted Lie algebra of a pro-p group G with respect to a
valuation W on G; defined in § 2.3.

— LT (g). The coset gGy (4 (called the leading term of g), where g # 1 is an
element of a pro-p group G and W is a valuation on G fixed in advance; defined
in § 2.3.

— rkw(G). The W-rank of a pro-p group G, where W is a valuation on G; defined
in § 3.2.

— |G : H]w. The W-index of a closed subgroup H of a pro-p group G, where W is
a valuation on G; defined in § 3.3.

— defw (X, R). The deficiency of a pro-p presentation (X, R) with respect to W,
where W is a finite weight function on F'(X) with respect to X; defined in § 4.1.

— defw (F, N). The deficiency of a pair (F, N) with respect to W, where F is a free
pro-p group, N is closed normal subgroup of F and W is a finite weight function
on F; defined in § 4.1.

— wdef(G). The weighted deficiency of a pro-p group G; defined in § 4.1.

— defw(G). The deficiency of a pro-p group G with respect to a finite valuation W
on G defined in § 4.2.

— de fVGV(U) The G-invariant deficiency of a pro-p group U with respect to a finite
G-invariant valuation W on U, where G is a profinite group containing U as an
open normal subgroup; defined in § 4.4.

2. PRELIMINARIES

In this section we introduce some of the key notions that will be used in this paper,
including valuations on pro-p groups and profinite F)-algebras and weight functions on free
pro-p groups. We also recall several (mostly standard) results about graded associative
and restricted Lie algebras and fix basic terminology (some of which is not standard).

Some conventions. In this paper the word ‘countable’ will mean finite or countably
infinite. All abstract groups that we consider will be assumed countable and all pro-
p groups will be assumed countably based (hence also countably generated). We are
mostly interested in finitely generated groups (abstract or pro-p), but the larger classes
of countable abstract groups (resp. countably based pro-p groups) are more convenient
to work with since they are closed not only under taking homomorphic images but also
under taking subgroups (closed subgroups in the pro-p case).

2.1. Algebras of noncommutative powers series and free pro-p groups. In this
short subsection we define free pro-p groups and relate them to algebras of noncommutative
powers series. For more details and proofs of the results referred to as ‘well known’ the
reader may consult [RZ] or [Wil4].

If X is a countable set, by F'(X) we shall denote the free pro-p group on X (where a
prime p is fixed in advance). If X is finite, F'(X) can be defined as the pro-p completion
of Faps(X), the free abstract group on X.
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If X = {x1,29,...} is countably infinite, we consider the topology on F,;s(X) where
a base of neighborhoods of identity is given by those normal subgroups of p-power index
which contain all but finitely many elements of X. The free pro-p group F(X) is defined
as the completion of Fs(X) in this topology. It is not hard to see [RZ, Corollary 3.3.10]
that F'(X) is isomorphic to the inverse limit of the free pro-p groups on {z1,...,z,} as
n — 0o0. Note that F'(X) is much smaller than the pro-p completion of Fys(X), the latter
not even being countably based.

It is well known [RZ, Corollary 7.7.5] that if X is any countable set, then any closed
subgroup of the free pro-p group F'(X) is isomorphic to F(Y') for a countable set Y.

It is very convenient to study free pro-p groups using their embedding into (multiplica-
tive groups of) algebras of power series over F,. If @ = {q1,...,¢n} is a finite set, then
F,(Q) =Fp{q1, ..., qn)) denotes the F)-algebra of noncommutative power series in ) over
F,. If @ = {q1,¢2...,} is countably infinite, then F,({(Q)) can be defined as the inverse
limit of {F,{(q1,-..,qn)}-

If @ is a countable set and A = F,((Q)), then the closed subgroup of A* generated by
X ={144¢q: ¢ € Q} is a free pro-p group on X. Moreover, the natural map from the
completed group algebra [F,[[F(X)]] to A that extends the inclusion map X — A is an
isomorphism (see [Laz, § I1.3] or [Wil4, Theorem 7.3.3]).

2.2. Valuations. In this subsection we define the concept of a valuation on profinite F,-
algebras and pro-p groups. We warn the reader that our definition of a valuation on a
pro-p group is more restrictive than the corresponding notion used in many other works,
e.g. [Laz].

Definition. Let B be an associative profinite F,-algebra with 1. A continuous function
w: B — [0,1] is called a valuation if

(i ()—Oifandonlyiff:();

)
(i) w(l) =
(iii) w(f —|—g) < max{w(f),w(g)} for any f,g € B;
(iv) w(fg) < w(f)uw(g) for any f,g € B.

Remark: Valuations in our sense are sometimes called multiplicative valuations. The
usual (additive) valuations are logarithms of multiplicative valuations.
For each a € (0, 1] we set
B, ={be€e B:w() <a}and Bc, ={be B:w() < a}.
Since [0, «) is open in [0,1) and w is continuous, B, is an open ideal of B (hence has
finite index in B). Thus, each valuation automatically satisfies an additional condition:
(v) For each a > 0 the set Imw N (a, 1] is finite, where Imw is the image of w.
It also follows that B, = Bg for some f3.

Next we define valuations on pro-p groups.

Definition. Let G be a pro-p group. A continuous function W : G — [0,1) is called a
valuation if

(i) W(g) =0 if and only if g = 1;

(ii) W(fg) < max{W(f),W(g)} for any f,g € G;

(iii) W([f,g]) < W(f)W (g) for any f,g € G, where as usual [f,g] = f~tg ' fg.
(iv) W(gP) < W(g)? for any g € G.

Each valuation W on a pro-p group G satisfies the following additional conditions:
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(v) For each a > 0 the set Im W N («, 1] is finite;
(vi) W(g~1) = W(g) for each g € G.
Condition (v) is established as in the case of algebras, and (vi) follows from (ii), conti-
nuity of W and the fact that ¢! lies in the closure of the set {g" : n € N}.

The basic connection between valuations on pro-p groups and profinite IF,-algebras is
very simple.

Observation 2.1. Let B be a profinite Fp-algebra, let w be a valuation on B, and let
M ={be€ B:wb) <1} (this is clearly an ideal of B). Let G be a closed subgroup of
1+M={14+m:m € M}, and define the function W : G — [0,1) by W(g) = w(g — 1).
Then W is a valuation on G.

Proof. Continuity of W and condition (i) in the definition of a group valuation are clear.
To prove (ii), note that fg —1 = (f — 1)+ f(g — 1). Since w is a valuation on B, we have

W(fg) =w(fg—1) <ma{w(f —1),w(f)w(g—1)}
< max{w(f — 1), w(g — 1)} = max{W(f), W(g)}.

Similarly, (iii) follows from the identity [f,g] —1 = ft¢ }((f —1)(g—1)— (g —1)(f — 1))
and (iv) from the identity fP —1 = (f — 1)P. O

Again let G be a pro-p group and W a valuation on G. For each « € (0, 1] we set
(2.1) Go={9€G:W(g) <a}and G, ={9€ G:W(g) < a}.

Similarly to the algebra case, each of the subgroups G, and G, is open and normal in
G and G, = G for some J. Since clearly NG, = {1}, we deduce that {G,} is a base of
neighborhoods of 1 in G, so in particular G must be countably based.
Induced valuations. Let W be a valuation on a pro-p group G.
(a) If H is a closed subgroup of G, then the restriction of W to H (also denoted by
W) is a valuation of H. In the notations (2.1) we have H, = H N G, for each
a € (0,1).
(b) If ¢ : G — G’ is an epimorphism of pro-p groups, then W induces a valuation W’
on G’ given by
W (p(x)) = min{W(y) : o(y) =p(2)}.
In the notations (2.1) we have p(G,) = G, for each « € (0,1).

(c) If N is a closed normal subgroup of G and ¢ : G — G/N the natural projection,
the induced valuation on G/N will also be denoted by W, that is,

W(xN) =min{W(y): y € xN}.
Weight of a subset. If S is a countable subset of G, we define
W(S) =Y W(s).
seS
Finally, we introduce the notion of a pseudo-valuation that will be occasionally used.

Definition. Let G be a pro-p group. A continuous function W : G — [0,1) is called a
pseudo-valuation if it satisfies conditions (ii), (iii) and (iv) in the definition of a valuation
(but not necessarily condition (i)).

Thus, valuations are precisely pseudo-valuations which take positive values on non-
identity elements.



GROUPS OF POSITIVE WEIGHTED DEFICIENCY AND THEIR APPLICATIONS 10

2.3. Graded algebras associated to valuations. It is common in combinatorial group
theory to consider Lie, restricted Lie and associative algebras graded by natural numbers
N (see, e.g, [DDMS, § 11,12]). We will naturally encounter gradings by more general
abelian semigroups.

Definition. Let € be an abelian semigroup (written multiplicatively) and F' a field.
(a) Let A be an associative F-algebra. A collection of F-subspaces {Aq}aco of A will be
called an Q-grading of A if
(i) A = ®Bacola
(i) AaAg C Aqp for each a, 5 € Q
(b) Assume that charF" = p and let L be a restricted Lie F-algebra. A collection of
F-subspaces {Lq}acq of L will be called an Q-grading of L if
(i) L= @aeQLa
(ii) [La,Lg] C Lag for each o, B € Q
(iii) L5 C Lar for each a € Q

Remark: If Lis arestricted Lie algebra graded by €2, its (restricted) universal enveloping
algebra U(L) admits a natural grading by QU {1} where 1 is the identity element adjoined
to Q.

We are now ready to define graded associative (resp. restricted Lie) algebras corre-
sponding to valuations on profinite F)-algebras (resp. pro-p groups). These algebras will
be graded by subsemigroups of the multiplicative group ((0,1],-).

Definition. (a) Let B be an associative profinite Fj-algebra, w a valuation on B and
Q = (Imw\{0}), the subsemigroup of ((0, 1], -) generated by Imw\{0}. The corresponding
Q-graded (associative) algebra gr(B) is defined by

g?"w(B) = @O(GQBQ/B<CE
with componentwise addition and multiplication given by

(b+ Bea) - (¢ + Beg) = bc+ Beag
For each b € B we let b = b + By ) be the image of b in gry(B).
(b) Let G be a pro-p group, W a valuation on G and Q = (Im W). The corresponding

Q-graded restricted Lie algebra Ly (G) is defined by

LW(G) = @aEQGa/G<a

with componentwise addition, Lie bracket given by

[9G<a>hG<ﬁ] =g, h]G<a,3
and p-power operation given by

(9G<a)’ = ¢"Gcar.
For each g € G\ {1} we let
LT (9) = 9Gcw(y)
be the image of g in Ly (G), called the leading term of g. We also set LT (1) = 0.

In the examples of this type the grading set €2 is often finitely generated, and in any
case QN (a, 1] is finite for any « > 0, as observed above. This property makes it possible
to give inductive arguments for such gradings. Note that the familiar N-gradings naturally
appear in this setting in the special case when Q) is the set of positive powers of a fixed
real number a € (0,1).
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We shall use the following elementary result:

Lemma 2.2. Let G be a pro-p group, w a valuation on Fy[[G]] with w(g — 1) < 1 for
all g € G, and define the valuation W on G by W(g) = w(g — 1). Then the linear map
L Ly (G) = gry(F,[[G]]) given by

9G<w(g) = (g—1)+ IF}?HGH<W(9) Jor each g € G

18 a monomorphism of restricted Lie algebras, and thus we have a natural homomorphism
of graded associative algebras Uy (G) — gry(Fp[[G]]) where Uy (G) is the (restricted)
universal enveloping algebra of Ly (G).

Proof. Note that for any g € G we have ((9Gw(y) = (9 — 1) + Fp[[G]lcw(g) # 0 for
otherwise g — 1 € I, [[G]] <y (g), S0 w(g — 1) < W(g) = w(g — 1), a contradiction. Since ¢
is grading preserving by construction and any nonzero homogeneous element of Ly (G) is
equal to gG oy (4) for some g, we conclude that ¢ is injective.

Given g,h € G\ {1}, let a = gh —hg = (g — 1)(h — 1) — (h — 1)(g — 1). Since
[g,h] — 1 =g 'h~'a, we have

W[9G <w(g), hGewm)) = a+ (g7 h™" = Da + F[[Gll<w gywn)-

Note that w(g~'h™' — 1) = w((hg)™' — 1) < 1, so either w(a) = 0 (hence a = 0) or
w((g~ht —1)a) < w(a) < wlg— Dw(h — 1) = W(g)W (h). In any case, (g~h~' —1)a €
FpllGl)<w (gyw (), whence

L[9G <w (g)s PG cwmy]) = a + FpllGllcw(gywn) =
[9 =1+ Fpl[Gllcw(g): h — 1+ Fp[[Gllcw )] = [L(9G<w(g)): L(RG < (y)]-

Thus, ¢ preserves the Lie bracket. The fact that ¢ preserves the p-power operation is
checked similarly. O

2.4. Weight functions. The algebras of power series F),((Q)) and free pro-p groups admit
a class of valuations with particularly nice properties. These valuations are called weight
functions. The notion of a weight function was introduced in [EJ], but associated filtrations
on free pro-p groups have been considered for a long time under different names, probably
starting with Lazard’s work on p-adic analytic groups [Laz].

Definition. Let Q = {q1,¢2,...} and A = F,(Q)). A continuous function w : A — [0,1]
is called a weight function with respect to @ if

(a) w is a valuation on A

(b) w(fg) = w(f)w(g) for any f,g € A

(c) If f =3, amq where each A\, € F), each m, is a monic monomial in @ (that
is, mq is of the form g;, ...¢;) and all m, are distinct, then w(f) = max{w(my,) :

Aa # 0}

If w is a weight function on A = F, (@) (with respect to @), then clearly w is determined
by its values on @); moreover, we must have w(q) < 1 for all ¢ € @, for if w(q) = 1, then
w(q™) = 1 for all n € N by condition (b), which would violate continuity of w since ¢" — 0
as n — oo. Similarly, if @ = {q1,¢o,...} is infinite, we must have lim;_, ., w(g;) = 0.
Conversely, if wy : @ — (0, 1) is any function such that lim;_, . wo(g;) = 0 if @ is infinite,
then wg can be (uniquely) extended to a weight function w on A with respect to @ it is
also easy to see that if w’ is any valuation on A such that w|’Q = wy, then w'(f) < w(f)
for any f € A. This provides a simple characterization of weight functions among all
valuations.



GROUPS OF POSITIVE WEIGHTED DEFICIENCY AND THEIR APPLICATIONS 12

Now let F' be a free pro-p group. Recall from § 2.1 that if X is a free generating set of
F, there is a canonical isomorphism F,[[F]] = F,(Q)) where Q@ = {z —1: 2 € X}. We
define weight functions on free pro-p groups using this isomorphism.

Definition. Let F' be a free pro-p group and W a valuation on F'.

(a) Let X = {x1,z9,...} be a free generating set of F. We will say that W is a
weight function with respect to X if there exists a weight function w on F,[[F]]
with respect to {x —1: x € X} such that W(f) =w(f —1) for all f € F.

(b) We will call W a weight function if W is a weight function with respect to some
free generating set X. Any set X with this property will be called W -free.

Remark: If X is a free generating set of F' and w is a weight function on F,[[F]] with
respect to @ = {x—1: z € X}, the function W on F given by W (f) = w(f—1) will always
be a valuation (hence a weight function) on F. By Observation 2.1 we just need to check
that w(f—1) < 1for all f € F, which is easy. Indeed, for any f € F the expansion of f—1
as a power series in ) has zero constant term. Therefore, w(f — 1) < max{w(q) : ¢ € Q}
and max{w(q) : ¢ € Q} < 1, as observed above.

While the definition of a weight function with respect to X substantially depends on
X, we will see that for any weight function W there are a lot of W-free generating sets.
We will often need to establish that a given function W is a weight function without
specifying a W-free generating set, and the above definition is not well suited for this
purpose. Instead we shall obtain a “coordinate-free” characterization of weight functions
in terms of associated restricted Lie algebras.

If F' is a finitely generated free pro-p group, there is a natural family of weight functions
on F' which we call uniform.

Definition.

(a) Let F be a finitely generated free pro-p group and W a weight function on F. We
will say that W is uniform if there is a W-free generating set X of F' such that W
restricted to X is constant.

(b) Let G be a finitely generated pro-p group and W a valuation on G. We will
say that W is uniform if there exists a finitely generated free pro-p group F, an
epimorphism 7 : F' — G and a uniform weight function W on F' which induces W
under 7.

Definition. Let G be a finitely generated pro-p group. The Zassenhaus filtration { DG }r>1

is defined by DxG = [] (1:G)P’. Equivalently, DxG = {g € G : g — 1 € w¥} where w
ipi >k

is the augmentation ideal of the completed group algebra IF,[[G]]. For the proof of the

equivalence of these definitions see, e.g., [DDMS, Theorems 11.2 and 12.9].

Proposition 2.3. Let F' be a finitely generated free pro-p group, W a uniform weight
function on F', and let w be the augmentation ideal of F,[[F]]. Given f € F\ {1}, let d(f)
be the unique integer such f € Dgs)F' \ Dg(py41; also set d(1) = oo. Then there exists

B € (0,1) such that W(f) = B¥) for all f € F.

Proof. Since W is uniform, there exists § € (0,1), a free generating set X of F' and a
weight function w on F,[[F]] with respect to @ = {x — 1 : 2 € X} such that w(q) = 8 for
all g€ Q and W(f) =w(f —1) forall f e F.
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Each nonzero a € F,[[F]] can be uniquely written as a power series in (), and by
definition of w we have w(a) = (%) where k(a) is the minimal degree of a monomial in
() which appears in the expansion of a with nonzero coefficient.

Note that the augmentation ideal w is precisely the set of elements of Fp[[F]] whose
power series expansion in ) has zero constant term, so any nonzero a € F,[[F]] lies in
Wh@ \ WF@+1 " Thus for any f € F\ {1} we have d(f) = k(f — 1), whence W(f) =
w(f —1) = g, O

Proposition 2.4. Let G be a finitely generated pro-p group and W a valuation on G.

(a) If W is uniform, then the associated filtration {Gq} coincides with the Zassenhaus
filtration of G (apart from repetitions). In particular, each G, is characteristic in
G.

(b) Assume that G is free and W is a weight function. Then the converse of (a) holds,
that is, {Ga} consists of characteristic subgroups only if W is uniform.

Proof. (a) Let F' be a free pro-p group, m : F — G an epimorphism and W a uniform
weight function on F' which induces W. By Proposition 2.3 there is 8 € (0,1) such that
W(f) = B* for any f € D F\ Dy, F, whence for any a € (0,1) we have F,, = D, F where

k =|it5) [ Therefore, G = (Fa) = m(DiF) = DiG.

(b) Assume that W is not uniform. Let X be a W-free generating set, and let a =
min{W(z) : © € X}. Then G, # G and G, contains at least one element of X, so G,
cannot be characteristic. O

Remark: Another characterization of uniform weight functions, somewhat similar to
Proposition 2.4, will be clear from results of Section 3: a weight function W on a finitely
generated free pro-p group F' is uniform if and only if every free generating set of F' is
W -free.

2.5. Free restricted Lie algebras. In this subsection we collect some facts about free
restricted Lie algebras that will be used in the paper. Most of these facts can be found in
[Ba]. We start with a classical result of E. Witt [Wt], for a recent exposition of which we
recommend [BKS] (see also [Ba, Theorem 8, p.68]):

Theorem 2.5 (Witt). Every subalgebra of a free restricted Lie algebra is free.

Remark: If L is a restricted Lie algebra, by a subalgebra (resp. ideal) of L we shall
mean a subalgebra (resp. ideal) closed under the p-power operation. By the universal
enveloping algebra of L we shall mean its restricted universal enveloping algebra.

Free restricted Lie algebras can be explicitly realized inside free associative algebras.

Proposition 2.6. Let Q be a set and F a field of characteristic p. Let A = F(Q) be
the free associative F-algebra on @ (that is, the algebra of noncommutative polynomials),
and let L be the restricted Lie subalgebra of A generated by QQ. Then L is a free restricted
Lie F-algebra on Q. Moreover, if U(L) is the universal enveloping algebra of L, then the
natural map U(L) — A induced by the embedding L — A is an isomorphism.

Proof. This is a standard result which follows, e.g., from [Ba, Proposition 14, p.66] and
[Ba, Corollary, p.52]. O

The following result is well known, but we provide a proof since we are not aware of
any reference.
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Lemma 2.7. Finitely generated free restricted Lie algebras are hopfian.

Proof. Let F be a field and L a restricted Lie F-algebra generated by a finite set (). Let
U(L) be its universal enveloping algebra and w the ideal of U (L) generated by L. From an
explicit construction of U(L) (see, e.g., [DDMS, § 12.1]) it is clear that U(L) is generated
by @ as an associative F-algebra and w is generated by () as an ideal. This easily implies
that for each n € N the quotient U(L)/w™ is finite-dimensional.

Let D, L = L N w™. It is clear that D, L is an ideal of L, which is invariant under all
endomorphisms of L; moreover, the quotient L/D,, L is finite-dimensional, since it embeds
in U(L)/w™. Hence if ¢ : L — L is an epimorphism, then for each n € N, ¢ induces
an epimorphism ¢, : L/D,L — L/D,L which must be an isomorphism. Therefore,
Kerp C () D,L.

neN
Assume now that L is free on Q. Then (| D,L C () w™ = {0} (this is clear, e.g.,

neN neN
from Proposition 2.6), so from the previous paragraph we conclude that L is hopfian. [

The next result provides a simple way to verify when a given generating set of a free
restricted Lie algebra is a free generating set.

Lemma 2.8. Let L be a free restricted Lie algebra and S a generating set of L. Then S
s a free generating set of L if and only if the elements of S are linearly independent mod

(L, L] + LP.

Proof. The forward direction is immediate by Proposition 2.6. Conversely, assume that
S is linearly independent mod [L, L] 4+ LP, and let Sy be a finite subset of S. By The-
orem 2.5 the subalgebra Ly = (Sp) is free. If X is a free generating set of Ly, then
| X| = dim Lo/([Lo, Lo) + L) > dim Lo/(([L, L] + LP) N Lg) > |Sp|. Thus, |X| = [So| and
Sp is also a free generating set of Ly by Lemma 2.7. Hence S freely generates L. g

Our last result concerns possible gradings on free restricted Lie algebras. If L is a free
restricted Lie algebra and €2 is an abelian semigroup, one can obtain a class of 2-gradings
on L as follows. Choose a free generating set () of L and an arbitrary function D : @ — €2;
then there is unique Q-grading {L,} of L such that ¢ € L D(q) for each ¢ € Q. We shall
now show that if Q is a subsemigroup of ((0,1),-) such that QN (a,1) is finite for any
a > 0, then all Q-gradings of L are obtained in such a way.

Proposition 2.9. Let Q be a subsemigroup of ((0,1),-) such that QN («a, 1) is finite for
any a > 0. Let L be a free restricted Lie algebra. Then for any Q-grading on L there
erists a free generating set of L consisting of homogeneous elements.

Proof. Let L = ®oeqla be an Q-grading of L. Since [L, L] + LP is a graded subspace of
L, we can find its graded complement U in L. Let S be a graded basis of U. We will show
by (downward) induction on a € €2 that L, C (S).

If @« = max ), then L, N ([L, L]+ L?) = {0}, whence L, C U. Now take any o € (0,1),
and assume that Lg C (S) for any § > «. Take any [ € L,. Then we can write [ as
l=u+kP+,[l;;m], where w € U, k € L1/p, l; € La,, m; € Lg, and «;5; = . Hence
by the induction hypothesis [ € (S).

Thus S generates L, and so by Lemma 2.8 S is a free generating set. U

3. SOME PROPERTIES OF VALUATIONS AND WEIGHT FUNCTIONS

In this section we establish basic properties of valuations and weight functions on pro-
p groups. Some of these properties have already been proved in [EJ] (usually under
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additional restrictions), but we have chosen to give independent proofs even when a precise
citation to [EJ] was possible. This enables us to make this section self-contained and give
simpler and more transparent proofs for these results.

In § 3.1 we obtain several characterizations of weight functions among all valuations on
free pro-p groups. Given a valuation W on a pro-p group G, in § 3.2 we define the W -rank
of G and the notion of a W-optimal generating set and establish several characterizations
of W-optimal generating sets. Finally, in § 3.3 we define the notion of W-index for every
closed subgroup of G and prove the weighted analogue of the Schreier formula relating
W-rank and W-index.

3.1. Characterizations of weight functions. We begin by recalling the definition of
standard Lie and group commutators from Hall’'s commutator calculus [Halll].

Let @ be a countable set and Lie(Q) the free FF,-Lie algebra on (. The standard
commutators in Q of degree 1 are simply elements of (). Suppose we have defined standard
commutators of degrees < n — 1 and have chosen some well-order on the set of those
commutators so that u < v whenever degu < degv. An element u € Lie(Q) is called a
standard Lie commutator in @ of degree n if u = [uy, us] where

(i) w1 and ug are standard Lie commutators with degu; + degus = n;
(ii) U > ug;
(iii) If deg (u1) > 1 and uy = [v1, ve], where v; and v are standard commutators with
v1 > U2, then us > vs.
Standard group commutators are defined in the analogous way.

Proposition 3.1.

(a) Let @ be a countable set. The elements {CJ”Ic : ¢ is a standard Lie commutator in Q}
form a basis of the free restricted Lie algebra on Q).
(b) Let X be a countable set, ' = F(X) the free pro-p group on X and

C ={c: cis a standard group commutator in X}.

Fiz an order on {cpk : c€C,k >0}. Then any element of f € F' can be written
in the form
f= H cpko‘c”“ (% * %)
ceC,k>0
where each acy € {0,...,p—1}.

A factorization as in (***) will be called a power-commutator factorization in X.

Proof. (a) is a well known result which follows, e.g. from [Ba, Theorem 1, p.51] and [Ba,
Proposition 14, p.66].

(b) is fairly standard as well, but we will give a proof as we are not aware of a satisfactory
reference. Let PC = {cpk : ¢ €C,k > 0}. For every open subgroup U of F' let PC(U) be
the set of all elements of PC which do not lie in U (note that PC(U) is always finite).

Step 1: First we claim that for every open normal subgroup U of F, we can write
[ = 1lwepew)w*Vryu with 0 < oy < p—1 and rpy € U (where the product is
taken in the order fixed in the statement of the proposition). This is done by induction
on [F : U], with the base case U = F being trivial. For the induction step, let G = F/U,
and let v,G be the last non-trivial term of the lower central series of G. By Hall’s basis
theorem [Halll, Theorem 11.2.4], ,,G is generated by standard commutators of degree n
in X; moreover, v,G is a finite p-group, so there exists z € PC such that z &€ U, but the
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image of z in F'/U is a central element of order p. Applying the induction hypothesis to
the subgroup U’ = (U, z), we get that f = f'- 7y, where ' = HwepC(U,) w». U’ with
0 <oy <p—1landrsy € U'. We can write ¢ = 2%y for some 0 < o« < p—1 and
reu € U, so f = f'2%y. This factorization of f almost has the required form, except
that the factor z% may not be in the correct position. However, since z commutes with
F modulo U, we can permute z“ with any of the factors in f’, possibly replacing 7 by
another element of U.

Step 2: Now let {U,} be a descending chain of open normal subgroups of F' which
form a base of neighborhoods of identity. By Cantor’s diagonal argument, replacing {U,}
by a subsequence, we can assume that for any w € PC, the exponent sequence {ov, v, }
from Step 1 is eventually constant; call this constant a,. Since ryy, — 1 as n — oo and
every open subgroup of F' contains all but finitely many elements of PC, it is clear that
[ = ILyepc w*®, which is a factorization we were looking for. O

We are now ready to state our first characterization of weight functions.

Convention: If G is a pro-p group, W a valuation of G and Y a subset of GG, we shall
consider {LT (y) : y € Y} as a multiset.

Proposition 3.2. Let F' be a free pro-p group, X a generating set of F' and W a valuation
on F. Let S ={LT (z) : x € X} C Lw(F) and (S) the restricted Lie subalgebra generated
by S. Then the following are equivalent:

(i) W is a weight function with respect to X
(ii) For any standard commutator ¢ in X we have W (c) = Hle W (x;)"™ where x1,...,xq
are the elements of X which occur in ¢ and n; is the number of occurrences of
x; in ¢, and for any f € F given by its power-commutator factorization f =
1 @ we have W(f) = max{W(c)"" : acr # 0}
ceC,k>0
(iii) (S) is freely generated by S (as a restricted Lie algebra)
(iv) Lw (F) is a free restricted Lie algebra freely generated by S.

Proof. We shall proceed via the sequence of implications (i)= (iii) = (ii) = (i) and (iii)<
(iv).

“(i)= (iii)” By assumption, there exists a weight function w on F,[[F]] with respect
to {x —1 : 2 € X} such that W(f) = w(f — 1) for all f € F. The definition of
weight functions on algebras easily implies that gr, (Fp[[F]]) is a free associate algebra on
Q={r—1: z€ X}.

Let 7 : U(Lw(F)) — grw(Fp[[F]]) be the canonical map (see Lemma 2.2). Since mg
is a bijection between S and @, we deduce that the associative subalgebra of U(Ly (F))
generated by S is free on S. Hence by Proposition 2.6 the restricted Lie subalgebra (S)
must be free on S.

“(iii)= (ii)” Let ¢ = ¢(x1,...,24) be a standard group commutator in X, and let
Lie(c) = Lie(¢)(LT (x1),...,LT (z4)) be the corresponding standard Lie commutator in S.
Since (S) is free restricted on S, we have Lie(c)pk = 0 for any k& > 0, and an easy induction
on deg (c) shows that LT (¢?") = Lie(c)?". In particular, the equality LT (¢) = Lie(c)
implies the desired formula for W (c).

Now take any 1 £ f € F. Let f = qu cPrack he its power-commutator factorization

in X, and let t = max{W(c)pk © oep # 0}. Since W is a valuation, we have W(f) < t,
and we need to show that W (f) = t.
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As before, let F; = {g € F : W(g) < t}, Fey = {g € F : W(g) < t}, and let
7: F, = F,/F<; C Ly (F) be the natural projection. Note that (cP" k) = ac,kLie(c)pk
if W(c)pk =t and W(cpko‘cvk) =0if V[/(c)plC <t,so

()= Y acilie(c)”".

W (c)pF =t

Suppose now that W (f) < ¢t. Then 7(f) = 0, whence ZW(C)pk:t ozc’kLie(c)plc = 0. This
contradicts the assumption that (S) is freely generated by S.

“(ii)= (i)” This is almost obvious. Indeed, let W’ be the unique weight function with
respect to X which coincides with W on X. Applying the implication “(i)= (ii)” to W',
we conclude that the values of W and W' on each element of F' must coincide.

“(iii)= (iv)” We only need to show that Ly (F) = (S). Take any 1 # f € F, let
f=T1lx P" ek be its power-commutator factorization in X, and let t = W(f). The
argument from the proof of the implication “(iii)= (ii)” also shows that

LT(f)= > aciLie(o)".
W (c)pF =t
Thus, LT (f) € (S).
Finally, the implication “(iv)=- (iii)” is obvious. O

Corollary 3.3. Let F be a free pro-p group and W a valuation on F. Then Ly (F) is a
free restricted Lie algebra if and only if W is a weight function on F.

Proof. “<” If W is a weight function then Ly (F') is free by Proposition 3.2.

“=” Assume that Ly (F) is free. By Proposition 2.9, there exists a free graded gen-
erating set Sy of Ly (F). We can write each element s € Sy in the form LT (y) for some
y € F, and let Y C F be such that S = {LT(y) : y € Y}. Then Y generates F
since Ly ((Y)) 2 (So) = Lw(F), so F has a free generating set X contained in Y. Put
S={LT(z): = € X}. Since S C Sy, (S) is a free restricted Lie algebra freely generated
by S. Thus, W is a weight function by Proposition 3.2. O

Since subalgebras of free restricted Lie algebras are free restricted (Proposition 2.5),
Corollary 3.3 implies the following important result:

Corollary 3.4. Let I be a free pro-p group and W a weight function on F. If H is a
closed subgroup of F, then the restriction of W to H is also a weight function.

3.2. W-rank and W-optimal generating sets.
Definition. Let H be a pro-p group, W a valuation on H and « € [0,1]. We put
ca(H) =log ,[Ha : Hey]
where as before
Hy={heH:W(h)<a} and Heo={he H:W(h)<a}.

Now let G be a pro-p group, and denote by ®(G) the closure of [G, G]GP (so that ®(G)
is the Frattini subgroup of G). Let G = G/®(G). Then any valuation W on G induces
the corresponding valuation on G, and we have

Go = Ga®(G)/B(G) = Ga/D(R)a  Gea = Gea®(G)/B(G) = Gea/P(G)<a
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Observation 3.5. There is a natural isomorphism
Ga/G<a/(P(G)a/P(G)<a) = Ga/CGca
In particular, co(G) = co(G) — co(P(G)).
Proof. This is an easy consequence of isomorphism theorems for groups. O

Definition. Let G be a pro-p group and W a valuation on G. The quantity
rkw(G) = ) cl(@)a
aclmW
is called the W-rank of G.

The following proposition explains why this notion of W-rank is natural:

Proposition 3.6. Let G be a pro-p group and W a valuation on G.
(a) There exists a minimal generating set X of G such that for each o € ImW we

have |[{z € X : W(x) = a}| = co(G). In particular, if G is of finite W -rank,
W(X) =rkw(QG).
(b) IfY is any generating set of G then for any o € ImW we have |{y € Y : W(y) >

al| > ZBZQ cg(G). In particular, if G is of finite W-rank,
W(Y) > rkw(G).

Proof. (a) For each o with ¢, (G) # 0 choose a basis T, of the F,-vector space Go/G <q-
By definition of G, and G, we can lift T}, to a subset X, C G such that W (z) = « for
each x € X,. Then the set X = UX, clearly has the required property.

(b) Fix o € ImW, and let k = 3 5., c3(G). Note that k = log ,[G : ®(G)G<a], and
thus at least k elements of the generating set Y of G have non-trivial projection onto
the space G/®(G)G<o. On the other hand, any y € Y with W(y) < « will have trivial
projection, and thus there must be at least k elements in Y with W-weight > a. ]

Definition. Let G be a pro-p group and W a valuation on G. We say that a generating
set X of G is W-optimal if for all « € Im W

Hz € X : W(z) = a}| = ca(Q).
Corollary 3.7. Let G be a pro-p group and W a valuation on G. Assume that G is of
finite W-rank. Then a generating set X of G is W-optimal if only if W(X) = rkw (G).
We will use the following characterization of W-optimal generating sets.

Proposition 3.8. Let G be a pro-p group, X C G a generating set and W a valuation on
G. Let S ={LT (z) : = € X}. Then the image of S in Ly (G)/Lw (®(G)) forms a basis
if and only if X is W-optimal.

Proof. Note that Ly (G)/Lw (®(G)) is naturally isomorphic to ©,Gs/G <o by Observa-
tion 3.5.
“=" If the image of S in Ly (G)/Lw (®(G)) forms a basis, then

Hze X: W(z)=a}| =|{LT (z): z€ X, W(z) = a}| =dimGo/G <o = ca(G),
so by definition X is W-optimal. o
“<” If X is W-optimal then again dimG,/G<o = {LT (z) : =z € X, W(x) = a}|.
Thus we only have to show that {LT (z) : = € X, W(z) = a} C Go/G<4 is linearly
independent modulo the subspace ®(G)q/P(G)<q for each a € Im W.
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If this does not hold, then there exists g € G<, and a, € {0,...,p — 1} not all equal
to zero such that g [],cx w(y)=a ** € ®(G). But this means that for some z € X with
W(x) = a, the set X \ {z} U{g} still generates G. Since W(g) < W (x), this contradicts
the assumption that X is W-optimal. d

Next we will show that if W is a weight function (on a free pro-p group), the concepts
of W-free and W-optimal generating sets coincide.

Proposition 3.9. Let W be a weight function on a free pro-p group F and X a free
generating set for F'. Then X is W-free if and only if X is W-optimal.

Proof. “<” Assume first that X is W-optimal. Let S = {LT (z) : =z € X} C Ly (F)
and L = (S), the restricted Lie subalgebra generated by S. By Theorem 2.5, L is a
free restricted Lie algebra. By Proposition 3.8, the image of S in Ly (F)/Lw (®(F)) is
linearly independent. It is easy to see that Ly (®(F)) D [L, L] + L, so the image of S in
L/([L, L] + L?) is also linearly independent. Hence by Lemma 2.8, S is a free generating
set of L, and so X is W-free by Proposition 3.2.

“=" Conversely, suppose that X is W-free. To prove that X is W-optimal, it is enough
to show that for any free generating set X’ of ' and any o > 0 we have | X% | > [ X5,
where for a set Y we put

Yea={yeY :W(y) <a} and Yso={yeY : W(y) >a}.

Fix o > 0. Take any y € (X')<q, and choose its power-commutator factorization in X.
By Proposition 3.2 this factorization cannot include factors of the form ™ with 0 < n < p
and ¥ € X>4; in other words, y must be written in the form y = [[,cx__ 2" - where
r € ®(F). It follows that the image of the set X_ , in F//®(F) lies in the subspace spanned
by the image of X,. Thus, since the image of X’ spans F'/®(F), the image of X%, should
span F/®(F)F,. Hence, since X>,, is linearly independent mod ®(F)F,, we conclude
that | X% | > [X>al- O

Given a pro-p group G, a valuation W on G and some W-optimal generating of G, it
is natural to ask if one can (explicitly) construct a W-optimal generating set for a closed
subgroup H of G. Our last result in this subsection addresses this problem in the case
when G is free, W is a weight function and [G : H] = p.

Lemma 3.10. Let G be a pro-p group, W a valuation on G and H an open subgroup of
index p. The following hold:

(a) There exists a W-optimal generating set X of G and x € X such that X \{z} C H
(b) For any X and x satisfying (a) the set

(3.1) X' =Upex\(o} 0 [, 2], [y, @, 2], .. [y, ... 2] U {aP}
~——
p—1 times
is a generating set of H. Moreover if G is free and W is a weight function, then
X' is W-optimal.

Proof. (a) Let X be some W-optimal generating set of G. Clearly, Xy \ H is finite, and
choose x € X\ H for which W (x) is smallest possible. For each y € X\ (HU{z}) choose
7(y) € N such that yz/®) € H, and let X = (XoNH)U{y2z'® :y € Xo\ (HU{z})}U{z}.
Clearly, X also generates G, by construction X \ {z} C H and W(X) < W(Xj). Since
Xo is W-optimal, X is also W-optimal.
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(b) From the Schreier process of writing generators for subgroups of finite index we
know that the set Uyex\ ;3 {y*,i =0,...,p—1}U{2P} generates H. It is easy to sce that

y*" € (X') for each 4, so X’ also generates H.
Now, assume that G is free and W is a weight function. Let L = Ly (G), and let
S ={LT (y):y € X}. By Proposition 3.2, L is a free restricted Lie algebra on S.
Now let s = LT (z), let 8" = Uyes\(s} 18, [t 8], [t 5, 8], .-+, [t, s,...,8] U {sP}, and let
——

p—1 times
L’ = (S’) be the restricted subalgebra generated by S’. By [BKS, Lemma 2.1], L' is a
subalgebra of index p (=codimension 1) in L, and S’ is a free generating set of L’.

Next note that S’ is precisely the set of leading terms of elements of X’. Thus, since
(X') = H, we have Ly (H) = Lw((X')) 2 (S") = L'. We know that [L : L] = p and
|G : H] = p, whence [L : Ly (H)] = p.

Thus, Ly (H) = L', so Ly(H) is free restricted on " = {LT (2') : 2’ € X'}. By
Proposition 3.2, W is a weight function on H with respect to X’, so X' is W-free and
hence W-optimal. O

3.3. W-index and weighted Schreier formula. If G is a pro-p group and H is a closed
subgroup of G, it is easy to see that the index of H in G can be computed by the following

formula:
G : H] = H pCa(G)—Ca(H)_
aclm W

where the integers c,(-) are defined as in § 3.2. The notion of W-index is defined using
certain generalization of this formula:

Definition. Let G be a pro-p group, H a closed subgroup of G and W a valuation on G.

The quantity
1 — P\ Ce(G)—calH)
G Hw= ][ ( )

1—«
aclm W

is called the W-index of H in G.
The following properties of W-index are straightforward:

Proposition 3.11. Let G be a pro-p group, W a valuation of G and H a closed subgroup

of G. The following hold:
. G:Go
(2) [G : Hlw = lima [l
(b) H is of finite W-index in G if and only if

> aealG) = cal(H)) < oo

aclm W

(¢) W-index is multiplicative, that is, for any closed subgroup K of H we have [G :
Klw=[G:Hlw - [H : Klw.

Our main goal in this subsection is to prove the following weighted analogue of the
Schreier index formula relating W-index and W-rank:

Theorem 3.12 (Weighted Schreier formula). Let G be a pro-p group, W a valuation on
G and H a closed subgroup for which [G : H|w < oo. Then

T’kw(H) -1 < [G : H]W . (T’kw(G) - 1).
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Moreover, if G is free and W is a weight function, then
’I”kiw(H) —1= [G : H]W . (Tkw(G) — 1).

We start with two lemmas dealing with the integers c,(-). The first lemma is straight-
forward.

Lemma 3.13. Let H be a closed subgroup of G and o > 0.

(a) If K is a closed subgroup of H, the natural map Ko/K<o — Hy/H<,, is injective.
In particular, co(K) < co(H)

(b) Ca(H) = Ca(G) - [HGa : HG<a]

(c) Assume that H is normal in G. Then [HGy, : HG<y] = co(G/H), and so
ca(G/H) = co(G) —co(H).

The second lemma reduces the computation of the integers ¢, to the case of open
subgroups.

Lemma 3.14. Let H be a closed subgroup of G and a > 0, and let U be an open subgroup
with H CU C HG,,.
(a) We have natural isomorphisms

Hy/Heo 2 Uy /Ui, O(H)o/P(H)co 2 P(U)o/P(U)ca  and Ho/Heo 2 UL/ U—q.

(b) The following equalities hold: co(H) = co(U) and co(H) = co(U).

Proof. We prove (a) and (b) simultaneously. Note that UG, = HGy and UG <o = UG <4,
s0 ¢o(H) = ¢o(U) by Lemma 3.13(b). Thus, the natural map H,/H<, = U, /U<q, which
is injective by Lemma 3.13(a), must be an isomorphism.

We also have ®(H) C ®(U) C ®(HG<y) C ®(H)G <4, and thus by the same argument
ca(H) = co(U) and the natural map ®(H)a/P(H)<o — P(U)a/P(U)<q is an isomor-
phism.

The last isomorphism follows from the first two isomorphisms, Observation 3.5 and
commutativity of the following diagram (which is straightforward to check):

(3-2) Ha/H<a/<cI’(H)a/‘I’(H)<a) Hﬁa/ﬁax

i |

Ua/Uca/(@(U)a/P(U)<a) — Ua/U<a
]

Lemma 3.15. Let G be a pro-p group, W a valuation on G and H a closed subgroup of
G. Then
cHlw= 1 : .
G : Hlw HS%JIQOG[G Ulw
Proof. First note that the above limit (either finite or infinite) exists by multiplicativity
of W-index. By Lemma 3.14(b) for any o > 0 and any open subgroup U with H C U C
HF., we have cg(H) = cg(U) for all § > «. This observation immediately implies the
desired equality. O

Our next result establishes the weighted Schreier formula in the case of subgroups of
index p.
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Lemma 3.16. Let G be a pro-p group, W a valuation on G and U an open subgroup of G
of index p. Let X be a W-optimal generating set of G and x € X be such that X \{z} C U
(such X and x exist by Lemma 3.10). We have
(a) [G: Ulw = =2 where a = W (x)
(b) If rkw(G) < oo, then rkw(U) — 1 < [G : Ulw - (rkw(G) — 1). Moreover, if G is
free and W is a weight function, then rky (U) — 1 =[G : Ulw - (rkw(G) — 1).

Proof. (a) Since p = [G : U] = Hv p (@)= U) there exists unique 8 € (0,1) such that
cg(G) = cg(U)+1 and ¢y(G) = ¢y (U) for v # B. Thus we just have to prove that 8 = «, for
which it suffices to show that ¢, (G) # co(U). Since co(G) — co(U) = logp[UGa UG <4,
it is enough to show that x € UG, and x € UG .

By definition € G4 € UG,. On the other hand, if x € UG.,, we can find y € G,
such that z € yU. Hence {y} U X \ {z} is also a generating set of G, which contradicts
W -optimality of X.

(b) Note that W (zP) < W (z)? and W ([y,z,...,z]) < W(y)W (x)* for each y € X \ {z}

and k € N, and furthermore these inequalilzigsmbeescome equalities if G is free and W is
a weight function. If X’ is defined as in Lemma 3.10(b), an easy computation shows
that W(X’) — 1 < =2 (W(X) — 1), with equality holding when G is free and W is
a weight function. Thus the desired result follows from part (a), Lemma 3.10(b) and
Corollary 3.7. 0

Next we prove the analogue of Lemma 3.15 for W-rank which requires more work.

Lemma 3.17. Let G be a pro-p group, H its closed subgroup and W a valuation on G.
Assume that [G : H]w < oo. Then

rkw(H) = H<l%]n<1 GrkW(U).

Proof. Choose a descending chain of subgroups G = Uy D U; D Us D ... such that
[U; : Uiy1] = p for each ¢ and NU; = H. To prove the lemma we will show that
(a) rkw(H) < liminf; o rkw (U;) and
(b) rkw (H) > limsup,_,. rkw (U;).
For a closed subgroup K of G and 8 > 0 we set

rhwz,(K) =) ca(K)-a  and  rkw<,(K) =Y ca(K)-a=rkw(K) —rkw>p(K).

a>p a<p
Equivalently, if X is a W-optimal generating set of K, then
rhws,(K)= Y W) and rhkwe,(K)= > W().
z€X, W(x)=>B zeX, W(z)<B

By Lemma 3.14(b) for each 8 > 0 the sequence rky,>,(U;) eventually stabilizes and
rhw,>p(H) = lim; 00 7hw,>, (U;). This implies (a).
To establish (b) it suffices to show that for any € > 0 there exists § > 0 and M € N
such that rkw,<,(Uy) < € for all n > M.
Lemmas 3.16 and 3.15 imply that there exist real numbers {a;};>0 such that
. 1—a?f
(1) T'kw(Ui+1> < 1_21_ Tkw(UZ)
. 1—a?f
(i) [G: H]w = Hizo 1—722
(iii) TkVV,Zﬁ(Ui—I—l) > TkWZﬁ(Ui> — «y for any B e (O, 1).
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Recall that [G : H]w < oco. By (i) and (ii) this implies that lim sup,_, . rkw (U;) < oo and

also that the series ) a; converges. Choose M such that > «; < e/3 and rky (Upy) >
i>M

lim sup;_, o, 7hw (U;) — /3. Choose B > 0 such that rkw,>,(Un) > rkw (Unr) — /3. Then

for all n > M we have

rhw,>,(Un) > rkw,>,(Unr) — Z a; > limsup rky (U;) — ¢,

M<i<n 1—00
which yields (b). O
Putting everything together we can now prove Theorem 3.12.

Proof of Theorem 3.12. In Lemma 3.16 we have already established W-Schreier formula
for [G : H] = p, and by multiplicativity of W-index (Proposition 3.11(c)) the formula
extends to arbitrary open subgroups. Finally, the general case follows from Lemma 3.15
and Lemma 3.17. O

We finish this section with an analogue of Lemma 3.17 dealing with weighted ranks of
quotient groups. It will be used in the next section.

Lemma 3.18. Let G be a pro-p group, W a valuation on G, and {Hy,}nen a descending
chain of closed normal subgroups of G with NH,, = {1}. Then

ILm T'kw(G/Hn) = T’kw(G)

Proof. First note that if K, L are closed normal subgroups of G, with K C L, then
rkw(G/L) < rkw(G/K). This implies that lim,_,o rkw (G/Hy,) exists (finite or infinite)
and limy, oo 7kw (G/Hy,) < rkw (G).

By a standard argument (see, for example, [RZ, Proposition 2.1.4 (a)]) for each 8 >
0 there exists n = n(f) such that Hy C G.g for all &k > n. Then, in the notations
of Lemma 3.17, rkw >g(G/Hy) = rkw>g(G) for all k& > n. This proves the opposite
inequality limy, o0 rkw (G/Hy) > rkw (G). O

4. WEIGHTED PRESENTATIONS AND WEIGHTED DEFICIENCY

In this section we introduce several variations of the notion of weighted deficiency for
pro-p groups and their presentations. We will not give a separate name for each type of
weighted deficiency, as it should always be clear from the context and notations what we
are talking about. We start in § 4.1 by defining the deficiency of a pro-p presentation with
respect to a weight function and the weighted deficiency of a pro-p group. In § 4.2 we
consider the more involved notion of the deficiency of a pro-p group with respect to a finite
valuation. In § 4.3 we introduce virtual valuations which will play a key role in the proof of
Theorem 1.5, and in § 4.4 we define the deficiency associated to a finite virtual valuation.
Finally, in § 4.5 we introduce pro-p groups of positive virtual weighted deficiency (PVWD)
which naturally arise in the proof of Theorem 1.5.

Before talking about weighted deficiency we need to define what it means for a valuation
on a pro-p group to be finite. In the case of weight functions, the definition is the obvious
one.

Definition. A weight function W on a free pro-p group F' will be called finite if rky (F) <
0.

Somewhat surprisingly, the extension of this definition to arbitrary valuations is more
complex:
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Definition. A valuation W on a pro-p group G will be called finite if there exists Y ¢ G
such that {LT (y) : y € Y} generate Ly (G) and W(Y) = 3_ -, W(y) is finite.

Remark: The fact that the two definitions coincide in the case of weight functions follows
from Proposition 3.2. In general, if a valuation W on G is finite, then rky (G) < oo, but
the converse need not hold.

We will see in § 4.2 why the above definition of a finite valuation is convenient to use.

4.1. Weighted deficiency of pro-p presentations and pro-p groups.

Definition. Let (X, R) be a pro-p presentation by generators and relators. Let F' = F(X)
be the free pro-p group on X.

(a) Given a finite weight function W on F with respect to X, the quantity
defw(X,R)=W(X)-W(R) -1

is called the W-deficiency of (X, R).

(b) The weighted deficiency of the presentation (X, R), denoted by wde f,(X, R) is the
supremum of the set {defy (X, R)} where W runs over all finite weight functions
on F' with respect to X.

Remark: The subscript p in the notation wdef,(X, R) is used to avoid confusion in the
case when R is a subset of Fy;s(X) (the free abstract group on X) since in this case we
can consider (X, R) as a pro-p presentation for different primes p.

Definition. Let G be a pro-p group. The weighted deficiency of G denoted by wdef(G) is
the supremum of the set {wdef,(X, R)} where (X, R) runs over all (pro-p) presentations
of G.

Lemma 4.1.

(a) The weighted deficiency of the trivial group E (considered as a pro-p group) is
equal to —1.

(b) Let G be a finitely generated pro-p group and d(G) its minimal number of genera-
tors. Then wdef(G) < d(G) — 1.

Proof. (a) Clearly, wdef(E) > —1. To prove the reverse inequality, let (X, R) be any
pro-p presentation of E and W a finite weight function on F' = F(X) with respect to
X. Then R generates F' as a (closed) normal subgroup and hence R also generates F' as
a pro-p group. Since X is a W-optimal generating set for F', we have W(R) > W(X),
whence W(X) - W(R) —1< —1.

(b) Let (X, R) be a presentation of G and W a weight function on F' = F(X) with
respect to X. Let Y C F be a generating set of G with |Y| = d(G). Then (X,RUY) is a
presentation of the trivial group, so by (a) W(X)—-W(RUY)—1 < —1. Since W(RUY) =
W(R)+W(Y) < W(R) + d(G), we obtain that W (X) — W(R) — 1 < d(G) — 1. O

Next we define weighted deficiency corresponding to a slightly different notion of a (pro-

p) presentation, where we will specify only a free pro-p group and its normal subgroup,
but not generators and relations.

Definition.

(i) A weighted presentation is a triple (F, N,W) where F is a free pro-p group, N is
a (closed) normal subgroup of F' and W is a finite weight function on F'.
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(ii) Given a weighted presentation (F, N, W), we define defyy (F, N) to be the supre-
mum of the set {defy (X, R)} where X is a W-free generating set of F' and R is
a set of normal generators of V.

We have the following “closed” formula for de fy (F, N):

Lemma 4.2. Let (F,N,W) be a weighted presentation. The following hold:

(a) If R is a set of normal generators for N, then W(R) > rkw (N/[N, F]), and there
exists R for which equality holds
(b) defw(F, N) = rkw(F) — rhy(N/[N, F]) — 1.

Proof. (a) is a direct consequence of the following well-known fact: if R is a subset of IV,
then R generates N as a normal subgroup of F' if and only if the image of R in N/[N, F|
generates N/[N, F| as a subgroup.

(b) follows from (a) and the fact that rky (F) = W(X) for any W-free generating set
X (since W-free = W-optimal by Proposition 3.9). O

Proposition 4.3. Let F be a free pro-p group, W a finite weight function on F and
(F,N,W) a weighted presentation. Let F' be a closed subgroup of F containing N, and
assume that [F : F'lyy < co. Then

(4.1) defw (F',N) > defw(F,N)-[F : F'ly.

Proof. Case 1: F' has index p in F. In view of Theorem 3.12, we only have to show that
for any subset R C N with (R)¥ = N there exists a subset R’ C N with (R} = N such
that

W(R) <[F:Flw-W(R).
So assume that R generates IV as a normal subgroup of F', and set
R ={r,[r,z],....[r, z,...,2] }: r € R}.
N——
p—1 times
Then by the Schreier rewriting process R’ generates N as a normal subgroup of F’. Since
W([ra,...,x]) < W(r)W(z)*, using Lemma 3.16 we get
~—
k times
1 —W(z)?
1—W(x)

Case 2: F' has arbitrary finite index in F. In this case the proposition follows from Case 1
by multiplicativity of W-index.
Case 3: F' is of infinite index in F. By Lemma 3.18,

rhw (N/IN, F')) = lim by (N/[N, U))

W(R') < W(R) —W(R)-[F: Flw.

F

Hence, using Lemma 3.15, Lemma 3.17, Lemma 4.2 and the result in Case 2 we have

defw (F',N) = rkw (F') =rkw (N/[N,F') =1 = _lim _(rkw(U)~rkw(N/[N,U]) ~1)
= lim Fdefw(U,N) > /<11U12 Fdefw(F,N) : [F : U]W = defw(F,N) . [F : FI]W.

F'<U<, F

0
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Remark: The part of the argument dealing with the case [F' : F'] < oo essentially
appears in the proof of [EJ, Theorem 3.11].

As an immediate consequence of Proposition 4.3, we deduce that the class of PWD
pro-p groups is closed under taking open subgroups, a fact we stated in the introduction.
Proposition 4.3 also yields a very simple proof of the infiniteness of PWD groups; in fact,
the argument applies to groups of non-negative weighted deficiency.

Corollary 4.4. A pro-p group of non-negative weighted deficiency must be infinite.

Proof. Let G be a pro-p group of non-negative weighted deficiency. By Lemma 4.1(a) G
is non-trivial, so we can find a proper open subgroup H of G. By Proposition 4.3 H also
has non-negative weighted deficiency, and we can apply the same argument to H. This
process can be continued indefinitely, so G must be infinite. U

4.2. Presentations of valued pro-p groups. Let G be a pro-p group and (F, N, W) a
weighted presentation of G, and fix an epimorphism 7 : F' — G with Kerm = N. Recall
that W induces a valuation W on G given by

W(g) = min{W(f) : =(f) = g}.
We shall show (see Proposition 4.7 below) that each valuation W on a pro-p group G arises
from some weighted presentation (F, N, W) of G in such way. If in addition we want F' to
be of finite W—rank, we need to assume that the valuation W is finite — this explains the
definition of a finite valuation given at the beginning of the section.

We start with two auxiliary lemmas.

Lemma 4.5. Let ¢ : K — G be a homomorphism of pro-p groups, W a valuation on
K and W a valuation on G. Assume p(Ky) C Go for all a. Then the induced map

? : Ly (K) = Lw(G) is a homomorphism of restricted Lie algebras. Moreover if © is

surjective, then o(K,) = Gy, and so W induces W.

Proof. The first assertion of the lemma is standard. Let us show that ¢(K,) = G,. Since

LW(K) maps onto Ly (G), we have G, = ¢(K,)G<q. Let @« = ag > a1 > ag > ... be all

possible values of W which are < o, so that G, = G<q, , for ¢ > 1. Then we have

Go = SO(KOZ)G<O<0 = SO(KQ)GOQ = @(Ka)()o(Koq)GQll = SO(KOZ)G<061 == @(Kot)'
O

Lemma 4.6. Let 7 : ' — G be a homomorphism of pro-p groups where F' is free, W a
weight function on F' and W a wvaluation on G. Suppose that F' has a W—free generating
set X such that W(x) > W(n(x)) for any x € X. Then W(f) > W(n(f)) for any f € F
and therefore w(Fy) C Gy for all .

Proof. This is an easy consequence of the implication “(i)=(ii)” in Proposition 3.2. O

Definition. Let G be a pro-p group and W a valuation on G. A presentation of (G, W)

is a triple (F,m, W) where F is a free pro-p group, 7 : F' — G is an epimorphism and W
is a weight function on F' which induces W under .

Proposition 4.7. Let G be a pro-p group and W a valuation on G. Then there exists a

presentation (F,W,W) of (G,W). Moreover, the weight function W can be chosen finite
if and only if W is finite.
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Proof. Let Y be a countable subset of G \ {1} such that S = {LT (y) : y € Y} generates
Ly (G). Then Y generates G, and if Y is infinite, we can assume that Y converges to 1.
Consider the free pro-p group F' = F(Y) and let 7 : F' — G be the natural epimorphism
that extends the map ¥ — G. Let W be the weight function on F(Y') with respect to Y
such that W (y) = W(r(y)) for all y € Y.

By Lemma 4.6, 7(F,) C Gy for all o. Furthermore, 7(LT (y)) = LT (y) for all y € Y
(where LT denotes the leading term in L (F)), and so by the choice of S we have

7(Ly(F)) = Lw(G). Hence by Lemma 4.5, W induces W under 7.

By our construction, if W is finite, then the weight function W is finite. On the other
hand, if (F,m, W) is any presentation of (G, W) with W finite, then clearly W is finite. [

Proposition 4.7 enables us to define the deficiency of a pro-p group with respect to a
finite valuation.

Definition. Let G be a pro-p group and W a finite valuation on G. The deficiency of
G with respect to W, denoted by defy (G), is defined to be the supremum of the set

{de f7(F,Kerm)}, where (F,m, W) runs over all presentations of (G, W), with W finite.
We can now give a useful reformulation of Proposition 4.3 (see Corollary 4.9).

Lemma 4.8. Let 7 : G — G be an epimorphism of pro-p groups. Let W be a valuation
on G and W a valuation on G which induces W under m. Then for any closed subgroup

H of G we have o N
G : Hlw =[G : H]g  where H=7"Y(H).

Proof. Let N = Kerm. By Lemma 3.13(c) we have cq(G) = co(G/N) = ca(é): ca(N),
and similarly co(H) = ca(H) —ca(N). Therefore, co(G) — ca(H) = ca(G) — ca(H), which
implies the equality [G : Hlw = [G : H]j; by definition. O
Corollary 4.9. Let G be a pro-p group, W a finite valuation on G, and let H be a closed
subgroup of G with |G : H]w < oco. Then

Proof. This follows directly from Proposition 4.3 and Lemma 4.8. g

4.3. Virtual valuations. In our analysis of PWD groups we will need to deal with sit-
uations when a pro-p group G does not necessarily have PWD, but some open subgroup
U of G does have positive deficiency with respect to some valuation W on U (note that
by Corollary 4.9 we can then assume that U is normal). As we will see, the group G
will still satisfy key properties of PWD groups under the additional assumption that W is
G-invariant, as defined below. In fact, we may even allow G to be a virtually pro-p group
(the open subgroup U must be pro-p).

Definition. Let G be a profinite group and U an open normal pro-p subgroup of G. A
valuation W on U will be called G-invariant if
W(u?) = W(u) for any g € G and u € U.
We will also refer to such W as a virtual valuation of G defined on U.
If G is a pro-p group, W is a valuation on G and U is an open normal subgroup of G,

then W restricted to U is a G-invariant valuation on U. Here is another simple way to
produce virtual valuations:
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Observation 4.10. Let G be a finitely generated profinite group, U an open normal pro-p
subgroup of G and W a uniform valuation on U. Then W is G-invariant, so W is a
virtual valuation of G.

Proof. This is a direct consequence of Proposition 2.4. O

Remark: A virtual valuation of G may not be extendable to a valuation on G, even
if G is pro-p and the hypotheses of Observation 4.10 hold. For instance, let X be any
finite set with |X| > 2 and G = F(X) the free pro-p group on X. Fix z € X, and let
U be the unique normal subgroup of index p in G which contains X \ {z}. Let W be a
uniform weight function on U. Then W is a virtual valuation of G by Observation 4.10.
By Proposition 2.3, W is constant on the set U\ [U, U]UP; in particular, W (y) = W ([, y])
for any y € X \ {z}. On the other hand, if W was extendable to G, we would have had
W([z,y]) < W)W (y) < W(y).

In the case of weight functions invariance can often be checked using the following
criterion.

Lemma 4.11. Let F' be a profinite group and U an open normal free pro-p subgroup of
F. Let W be a weight function on U and X a W-optimal generating set of U. Then W
is F-invariant if and only if W (zf) < W(z) for allz € X and f € F.

Proof. The forward direction is obvious. For the reverse direction fix f € F and let
X/ = {2/ : f € F}. First of all note that we must have equality W (/) = W(x) for all
x € X for otherwise X will not be W-optimal.

Next define W’ : F — [0,1) by W(g) = W(g/ ™). Then clearly W’ is weight function
with respect to the set X7. On the other hand, for each z € X we have

W'(z)=W(!) =W(z) = W' ()

Hence, X is also W’-optimal and W'(z) = W(z) for all x € X. Therefore, W = W as
functions, which is equivalent to f-invariance of W. O

1

If W is a weight function on a free pro-p group F', one can construct another weight
function W’ on F with respect to the same free generating set X by dividing the weights
of all elements of X by the same constant ¢ > 1. This simple-minded operation, called the
c-contraction proved to be very useful in [EJ] and will again play a key role in this paper.

Definition. Let F' be a free pro-p group and W a weight function on F. Let ¢ > 1 be a
real number. Choose any W-free generating set X of F', and let W’ be the unique weight
function on F with respect to X such that W'(z) = W(x)/c for all € X. Then we will
say that the pair (F,W’) is obtained from (F,W) by the c-contraction. It is easy to see
that W’ is independent of the choice of X.

The next result shows that c-contractions can be applied not only to weight functions,
but also to virtual weight functions.

Lemma 4.12. Let F' be a profinite group, U an open normal free pro-p subgroup of F
and W an F-invariant weight function on U. Let ¢ > 1, and let (U,W) — (U, W’) be the
c-contraction. Then the weight function W' is also F-invariant.

Proof. First note that W'(g) < W(g)/c for all ¢ € U. This follows, for instance, from
the formula for the weight of an element given by its power-commutator factorization (see
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Proposition 3.2(ii)). Now if X is a W-optimal generating set for U, then for any x € X
and f € I we have

W) W
W'(2f) < (cx ) _ im) = W'(a).
Thus, W' is F-invariant by Lemma 4.11. O

4.4. Presentations of virtually valued virtually pro-p groups.

Definition. Let G be a profinite group and W a virtual valuation of G defined on an
open normal pro-p subgroup U. A presentation of (G, W) is a triple (F,, W) where F is
a profinite group, 7 : F' — G is an epimorphism such that 7=(U) is a free pro-p group
and W is an F-invariant weight function on 7~ *(U) which induces W under 7.

The following result generalizes Proposition 4.7 to the case of virtual valuations.

Proposition 4.13. Let G be a virtually pro-p group and W a virtual valuation of G.

Then there ezists a presentation (F, 7, W) of (G,W). Moreover, W can be chosen finite
if and only if W is finite.

Proof. Assume that W is defined on an open normal pro-p subgroup U of G. Let Y7 be
a countable subset of U \ {1} such that S = {LT (y) : y € Y1} generates Ly (U) (as in
Proposition 4.7 we can assume that Y7 converges to 1 if Y is infinite). By definition we can
make W (Y1) finite if and only if W is finite. Let Yo C G\ U be a finite set that generates
G/U. Let Y = Y7 UYs. The rest of the proof is divided in two steps — constructing a
presentation (F,7) for G' (Step 1) and then constructing a weight function W on 7=1(U)
which induces W under 7 (Step 2).

Step 1: Constructing F' and m. Let Faps = Fyups(Y) be the free abstract group on Y
and let mups @ Fups — G be the natural homomorphism that extends the map Y — G. For
i =1,2 let Fj 45 be the subgroup of Fis generated by Y; (so that Faps = Fi gbs * Fo gbs)-
Let Vaps = WC:(,IS(U) and Vv2,abs = Vabs N FZ,abs'

Let Z be any free generating set of V5 455. Note that |Z| < oo since V5 g5 has finite
index in Fy gps. Let T'= {t; = 1,...,ts} be a Schreier transversal of V5 445 in Fb g5 with
respect to Yo. Then T is also a Schreier transversal of Vs in Fje, and it is easy to see
that Vs is freely generated by the set

X = (I_Ileylti) Uz (% % %)
(simply apply the Schreier rewriting process to the generating set Y of Fgs and the
transversal T' to obtain a free generating set of Vyps).

Now let F be the free profinite group on Y “and let V be the closure of Vs in F. Let
V= V/ H be the maximal pro-p quotlent of V observe that V' is a free pro-p group on
X. Also note that H is normal in F (since V is normal in F and H is characteristic in
17), and thus we can consider the virtually pro-p group F = F /H (containing V' as an
open subgroup). Let F; be the closed subgroup of F' generated by Y; (for i = 1,2) and
Vo =V N F,. Note that T is a transversal of V' in F' (and also of V5 in F3).

Flnally, let # : F — G be the natural epimorphism that extends 7y, : Fyups — G. Since
’fF(V) U is pro-p, we can factor 7 through the map 7 : F — G. Note that V = 7= }(U).

Step 2: Choosing W . Recall that V' is free pro-p on X. Let ap = max{W(g) : g € U},
fix aqp < @ < 1, and let W be the weight function on V' with respect to X Such that
W(y):W( (y)) for any y € UL, Y} andW( ) =« for any z € Z.
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We will now show that W is F -invariant. Let f € F, and write f = tv, where ¢ € T'
and v € V. Since W is G-invariant and W is V-invariant, for any y € Y7 we have

W(y') = W((y')") = W(y') = W(n(y")) = W(x(y)"") = W(n(y)) = W(y).

Since f is arbitrary, we deduce that W(yf) = WN/(y) for any y € UleYfi as well.
The restriction of W to V4 is Fy-invariant by Observation 4.10, so for any z € Z we
obtain . . .
W(l) = W((z")") =W(") = W(2).
Hence W is F-invariant by Lemma 4.11.
By Lemma 4.6 we have 7(V,) C U, for all v, and by the same argument as in Propo-

sition 4.7 we have 7(Lg;(F1)) = Lw(U). Hence by Lemma 4.5 W induces W. Thus
(F,m, W) is a presentation of (G, W), and W is finite if and only if W is finite. O

We can now define the notion of deficiency with respect to a virtual valuation:

Definition. Let GG be a profinite group and W a finite virtual valuation of G defined on
an open normal pro-p subgroup U. The G-invariant deficiency of U with respect to w,
denoted by def§(U) is the supremum of the set {defw(w_l(U), Ker )}, where (F, 7, W)
is a presentation of (G, W).

The following elementary result describes how weighted deficiency may change when
a profinite group G is replaced by its quotient. It will be applied very frequently in the
sequel.

Lemma 4.14. Let G be a profinite group and W a finite virtual valuation of G defined
on an open normal pro-p subgroup U. Let S be a subset of U and N the normal subgroup
of G generated by S. Then

de /N (U/N) > de G (U) =[G UIW(S).

Proof. Let T be a transversal of U in G. Then the set S’ = {s' : s € S,t € T'} generates N
as a normal subgroup of U and W (S") < |T|W(S) = [G : UJW(S) since W is G-invariant.
This yields the assertion of the lemma. O

We also point out two simple consequences of Lemma 4.14 that will be needed later.

Lemma 4.15. Let G be a profinite group and W a finite virtual valuation of G defined on
an open normal pro-p subgroup U. Let A and A be abstract subgroups of G which have the
same closure in G. Then for any € > 0 there exists a normal subgroup N of G such that

defv?,/N(UN/N) > def§(U) — e and AN/N = AN/N, that is, A and A have the same

image in G/N.

Proof. Let ¢/ = ﬁ Let {a;}i>1 (resp. {bi}i>1) be a countable dense subset of ANU
(resp. ANU). Since A and A have the same closure, for each i > 1 we can choose

b, € ANU and a, € ANU such that W(a;(b;)™1) < ;—; and W (b;(a})™!) < ;—i Applying
Lemma 4.14 to the set S = {a;(b})~,bi(al) " }i>1, we get the desired result. O
Lemma 4.16. Let G be a profinite group, W a finite virtual valuation of G defined on an
open normal pro-p subgroup U and I' a dense abstract subgroup of G. Then for any e > 0

there exists a normal subgroup N of G with N C U such that

(i) defyy/™ (U/N) > def§(U) — ¢
(ii) TN/N s finitely generated (so G/N is finitely generated)
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(iii) (CNU)N/N is p-torsion

Proof. Let A be a generating set of U with W(A) < co. By Lemma 4.15 without loss of
generality we can assume that the abstract subgroup generated by A coincides with I'.
Now let & = ﬁ We can find a subset S; C A such that A\ Sy is finite and
W (S1) < €’. Next we enumerate elements of TNU : ¢1,¢2,...,... and choose a subset Sy
of the form {gfnl 1 € N} with W(Ss) < &',
Let N be the normal subgroup of G generated by S = S; U S2. Condition (i) holds by
Lemma 4.14, (ii) holds since N contains S; and (iii) holds since N contains Ss. O

4.5. Profinite groups of positive virtual weighted deficiency.

Definition. Let GG be a virtually pro-p group. We will say that G has positive virtual
weighted deficiency if there exist an open normal pro-p subgroup U of GG and a G-invariant
valuation W on U such that der?,(U) > 0.

Groups of positive virtual weighted deficiency (PVWD) will appear naturally in the
analysis of quotients of PWD groups (see Section 5), and their consideration is necessary
for the proof of our main results about PWD groups. Moreover, it seems that all the
interesting properties of PWD groups extend to PVWD groups. At least this is true for
the results formulated in the introduction; in fact, in Section 8 we will restate and prove
most of these results for PVWD groups (this requires almost no extra work).

We point out that having PVWD is a stronger condition than being virtually of PWD
(that is, having an open subgroup of PWD). For instance, let F' be a non-abelian pro-p
group and G the wreath product of F' and Z/nZ (with Z/nZ being the active subgroup).
Then G has an open subgroup F' X ... X F which is clearly of PWD. On the other hand,

—_—

n times
G does not have PVWD - this will follow from Proposition 8.11(a) and Theorem 8.9.

5. KEY STEP

The following theorem is the key step in the proof of Theorem 1.5. It can be thought
of as a pro-p analogue of Theorem 1.1 with some technicalities added.

Theorem 5.1. Let G be a profinite group and W a finite virtual valuation of G defined on
an open normal pro-p subgroup U. Assume that der?/(U) > 0. Let H be a closed subgroup
of G. Then the following hold:
(a) If [U : (UN H)|w < oo, then there exists a normal subgroup N of G such that
der?,/N(UN/N) >0 and HN/N s open in G/N.

(b) If[U : (UNH)]w = oo and rky (UNH) < oo, then there exists an open subgroup V
of U which is normal in G, a finite G-invariant valuation W' on V' and a normal

subgroup N of G such that defG{N(VN/N) >0 and HN/N is finite.

The two parts of Theorem 5.1 will be established using rather different arguments. The
argument in part (b) is more involved, but the key idea behind it is very old and goes
back to the original paper of Golod [Go]. We present it as a separate lemma.

Lemma 5.2. Let G be a profinite group and W a finite virtual valuation of G defined on
an open normal pro-p subgroup U. Let H be a closed subgroup of U with rky (H) < 1.
Then for any € > 0 there exists a normal subgroup N of G such that der?,/N(U/N) >

def§(U) — e and HN/N s finite.
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Proof. Let Y be a W-optimal generating set for H, so that W(Y) = rky (H) < 1.
Case 1: H 1is finitely generated. For m € N let

Y = {yiys - v, Y, € Viu{y" cyeY}

be the set consisting of all left-normed commutators of degree m in Y and all p™-powers
of elements of Y. Clearly, W(Y(™)) < W(Y)™ + |Y[6™ — 0 as m — oo (where § =
max{W(y) :y € Y}).

Choose m for which W (Y(™)) < ﬁ, and let N be the normal subgroup of G generated
by V(™). Then by Lemma 4.14,

defii/N (U/N) > de fG(U) =[G : UIW (Y ™) > defS (U) - e.

On the other hand, HN/N is nilpotent and generated by a finite set of torsion elements,
hence finite.
General case: Fix 0 < &' < ﬁ, and write Y as disjoint union Y7 U Y5 where Y

is finite and W (Ys2) < ¢’. Let K be the normal subgroup of G generated by Y2. Then

defv?,/K(U/K) > def§(U) —e (again by Lemma 4.14), while rky (HK/K) < rkw (H) < 1
and HK/K is finitely generated. Thus, we are reduced to Case 1. U

Remark: In Section 8 we will need the following generalization of Lemma 5.2, which
can be proved by the same argument. Let G,W and U be as above, and let {H;} be a
countable collection of closed subgroups of U with rky (H;) < 1 for each i. Then for any

€ > 0 there exists a normal subgroup N of G such that de fVC[;,/ Y(U/N) > de f5(U) — ¢ and
H;N/N is finite for each .

Proof of Theorem 5.1. Replacing H by H N U if needed, we can assume without loss of
generality that H C U.

Case (a): U : Hlw < o0.

Let € = def§-(U)/|G : U]. Since [U : Hlw < 0o, by Lemma 3.15 we can find an open
subgroup V' of U containing H such that log,([V : H]w) < €. Since log,(1 + ) > « for
any a € (0,1), we get

D afca(V) = ca(H)) <e.

«

By Lemma 3.13, |VoH/V o H| = pte(V)=calH) for each a € ImW. Take a subset T}, of

Vo whose image forms a basis in Vo, H/V.oH, and put T = UT,. Then V = (H,T) and

W(T) < e. Let N be the normal subgroup of G generated by 7. By Lemma 4.14,
defS/N(U/N) > def§(U) — [G: UW/(T) > 0.

On the other hand, HN/N = V. N/N by construction and so HN/N is open in G/N.

Case (b): [U : Hlw = 0.

Let (F,m, W) be a presentation of (G, W) such that defz (7 (U),Kerm) > 0. Since
[U : Hlw = oo, by Proposition 3.11(a) there exists « € Im W such that
def(m N U), Ker m)[U : Unw

rkw(H) —1

[H : Ha]w <
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Then Theorem 3.12 implies that
rkw(Hea) — 1 < [H : Holw (rkw (H) — 1) < de fi (v~ (U), Ker ) [U : Uow -
Thus, by Proposition 4.3 and Lemma 4.8,
rkw (Hqy) < defw(ﬂ'il(Ua), Kerm) + 1.

If rkw (Ha) < 1, we are done by Lemma 5.2, so let us assume that rky (Hy) > 1. Then
we can choose ¢ > 1 with

rkw(Hy) < ¢ < defW(W_I(Ua), Kerm) 4+ 1,

and let W’ be the weight function on 7~ 1(Uy,) obtained from W by the c-contraction.
Then

vk, (17N (Ua)) = rhg (n71(Ua)) /e and W' (f) < W(f)/c for any f € n ' (Ua), (%)

whence
defw,(ﬂfl(Ua),Ker )+ 1> (defw(ﬂfl(Ua),Ker ) +1)/c ()

It is casy to see that 7 1(Uy) = U,Ker 7 where U, = {f € 7= X(U) : W(f) < a}. Since
W is F-invariant, U, is normal in F, whence 7—!(U,) is also normal in F. Thus we can

apply Lemma 4.12 and deduce that W' is F-invariant.
Let W' be the virtual valuation of G induced by W’. Then (**) implies that

defii(Ua) > defy, (1 (Ua), Kerm) > (defip (77 (Ua), Kerm) + 1) /c — 1> 0

while (*) yields
rkw (Hy) < rkw(Ha)/c < 1.
We can now finish the proof by applying Lemma 5.2 to the virtual valuation W’. U

6. WEIGHTED DEFICIENCY OF ABSTRACT GROUPS

In this section we define weighted deficiency for abstract groups and explain how results
about weighted deficiency of pro-p groups obtained in the previous sections can be applied
to abstract groups.

Definition. Let I' be a finitely generated abstract group.
(i) For each prime p the weighted p-deficiency of I' is the quantity wdef(I'p), the
weighted deficiency of the pro-p completion of I’
(ii) The weighted deficiency of T' is the supremum of its weighted p-deficiencies over
all primes p.

The reader may find this definition slightly unsatisfactory for two reasons. First, we
indeed have to require that I" is finitely generated for otherwise the pro-p completion I's
need not be countably based (and therefore falls outside of our considerations). Second,
it may be desirable to define the weighted deficiency of an abstract group I' using only
abstract presentations of I' (not pro-p presentations). Both problems would be resolved if
instead of wdef(I'5) we considered the related quantity wdef,(I") defined as follows:

Definition. Let I" be an abstract group. For each prime p define wdef,(I') to be the
supremum of the set {wdef,(X, R)} where (X, R) runs over all abstract presentations of
', that is, presentations where R lies in the abstract group generated by X. (Recall that
the quantity wdef,(X, R) is defined at the beginning of § 4.1.)
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However, there are important technical advantages in defining the weighted p-deficiency
of a finitely generated abstract group I' to be wde f(I'5) (and not wde f,,(I")). For instance,
the former quantity does not change when I' is replaced by its image in the pro-p comple-
tion.

We will not use the quantity wdef,(I") in this paper, but for completeness we will briefly
discuss its relationship with wdef(I'5). It is clear that wdef,(I') < wdef(I'5), but we do
not know if the opposite inequality holds. Moreover, we do not know if wdef,(I') > 0
whenever wde f(I';) > 0. However, the following weaker statement holds:

Proposition 6.1. Let I' be a finitely generated abstract group of positive weighted p-
deficiency. Then T' has a quotient T with wde f,(I") > 0.

To prove Proposition 6.1 (which will not be needed in the sequel) it suffices to show
that given a presentation (X|R) of a pro-p group G, a weight function W on F(X) with
respect to X and £ > 0, one can find a presentation (X|R’) for some quotient of G such
that R’ lies in the abstract group on X and W(R') < W(R) + . The latter is an easy
consequence of the following observation, which will also be used for other purposes.

Observation 6.2. Let G be a countably based pro-p group, W a pseudo-valuation on G,
I' a dense abstract subgroup of G, and € > 0 a real number. Then any g € G can be written
as an infinite product g = [[:2, gi s.t.

(a) each g; € T (b) > Wi(g)<e (c) W(g0) = W(9g).
=1

Remark: Recall that a pseudo-valuation is defined in the same way as a valuation except
that we may have W(g) = 0 for g # 1.

Proof. First suppose that W(g) # 0, and let § = min{WW(g),e/2}. Since W is continuous
and G is countably based, there is a descending chain {G;}3°, of open subgroups of G
which form a base of neighborhoods of identity such that W (h) < §/2° for all h € G;.

Since I is dense in G, there is gg € I' such that go_lg € Gy, so that W(go_lg) < 6. This
implies that W (go) = W (g): indeed, W(go) = W(g(gy'9)™") < max{W(g), W(gy'9)} =
W(g), and on the other hand, W (g) < max{W (go), W(gy'9)}, whence W(g) < W(go)
(since W(g) > W(g5g)).

Next, choose inductively elements g; € I" for ¢ > 1 such that g, ! gi_ 11 .90 lg € G; for
each i. By construction, g = [[>°;¢;. Since g; = (gi__l1 . .go_lg) . (91'_1 . .go_lg)_l, we
have W (g;) < max{6/2°"1,§/2'} = §/2°~1. Therefore, > 52, W(g;) < 2§ < ¢, so all the
required conditions hold.

Finally, in the case W (g) = 0 we let 6 = ¢/2 and go = 1 and repeat the above argument.
]

Suppose now that an abstract group I sits densely inside a pro-p group G of PWD.
If we manage to construct a quotient of G with some prescribed property (P), we can
consider the corresponding quotient of T', which will often have a property similar to (P).
However, the reverse transition (obtaining quotients of G from quotients of I') may not be
possible unless we know that G is the pro-p completion of I'. Our next result essentially
resolves this problem.

Theorem 6.3. Let G be a pro-p group, W a finite valuation of G and I' a dense abstract
subgroup of G. Then for any € > 0 there exists a normal subgroup N of G such that
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defw(G/N) > defw(G) — e and G/N is naturally isomorphic to the pro-p completion of
I'N/N.

Proof. First, by Lemma 4.16 without loss of generality we can assume that I" is finitely
generated. Let ¢ : I'; — G be the epimorphism induced by the embedding of I' into
G. Choose a countable set {ry,rs,...} of normal generators of Kert. Applying Ob-
servation 6.2 to the pseudo-valuation W o+ on I'y; we deduce that there are elements
{’I“iJ' € F}izl,jZO such that

(i) Ty =Ti,07,174,2 - - -

(if) 2272 W(t(riy)) < 5 for i > 1.
Let N be the normal subgroup of G' generated by S = {1 (75 )}ij>1. Then W(S) < e and
so defw (G/N) > defw(G) — ¢ by Lemma 4.14.

We claim that the natural epimorphism (I'N/N); — G/N is an isomorphism. Since
G/N is hopfian (being a finitely generated pro-p group), it suffices to construct a (contin-
uous) epimorphism G/N — (I'N/N)z. By definition of N we have

G/N = Tp/({ri,rij}ig=1)"? = Tp/({rijtiz120)"7 = (T/K)p,

where K = ({r; j}i>1,>0)". On the other hand, K is clearly contained in 'NN, so (I'/K);
surjects onto (I'/T' N N)z = ('N/N)s3. O

Corollary 6.4. Let I' be a dense abstract subgroup of a pro-p group of positive weighted
deficiency. Then I' has a quotient with positive weighted deficiency.

Similarly to pro-p groups, analysis of abstract groups of positive weighted deficiency
(PWD) can be easily extended to abstract groups of positive virtual weighted deficiency
(PVWD) defined below.

Definition. Let I' be a finitely generated abstract group, A a finite index normal subgroup
of I' and p a prime. Consider the topology on I' whose base of neighborhoods of identity
consists of (all) normal subgroups of A of p-power index. The completion of I" in this
topology will be called the wvirtual pro-p completion of I relative to A and denoted by

Fp/K' Note that the canonical image of A in F;,TK is naturally isomorphic to Ag.

Definition. Let I' be a finitely generated abstract group.
(a) Given a prime p, we will say that T' has positive virtual weighted p-deficiency if
there is a finite index normal subgroup A of I' such that if G = F;K and U = Ay

(considered as a subgroup of G), then de f§ (U) > 0 for some G-invariant valuation
W on U. Any such A will be referred to as an invariant PWD subgroup of .

(b) We will say that I' has positive virtual weighted deficiency (PVWD)if T has positive
virtual weighted p-deficiency for some p.

Here is the “virtual” version of Corollary 6.4 (whose proof is analogous):

Theorem 6.5. Let I' be a dense abstract subgroup of a profinite group of PVWD. Then
I' has a quotient with PVWD.

We note that there are many natural examples of PVWD abstract groups which do not
have PWD. The key to producing such examples is the following observation:

Observation 6.6. Let I' be a finitely generated abstract group and A a finite index normal
subgroup of I'. Suppose that de fyy (As) > 0 for some uniform valuation W on Az. Then
I' has positive virtual weighted p-deficiency.



GROUPS OF POSITIVE WEIGHTED DEFICIENCY AND THEIR APPLICATIONS 36

Proof. This follows directly from Observation 4.10. O

Corollary 6.7. The following classes of groups have positive virtual weighted p-deficiency
for every prime p:

(a) wvirtually free groups (which are not virtually cyclic)
(b) fundamental groups of (orientable) hyperbolic 3-manifolds

Proof. (a) is clear by Observation 6.6.

(b) This fact is essentially known, but for completeness we give a proof. Fix a prime p,
and let I" be the fundamental group of a hyperbolic 3-manifold M. It is well known that
I' has a presentation (X|R) with |X| — |R| = 0 or 1, and the same is true for all finite
index subgroups of I" (see e.g. [Lul]). Moreover, I' is linear and not virtually solvable, so
[Lu2, Theorem B| implies that for each n € N there is a finite index subgroup A of I" such
that d(As) > n.

Let G = Aj and d = d(G). By [Lul, Lemma 1.1], G has a pro-p presentation (X'|R’)
where |X'| — |R'| = 0 or 1, |X'| = d and all elements of R’ lie in the Frattini subgroup.
Now let W be the uniform weight function on F(X') such that W (z) = § for all z € X/,

and let W be the induced valuation on G. Then defy (G) > W(X') — W(R') — 1 >
d(3 —1)—1=49 -1, so in particular defw (G) > 0 if d > 5.

If A is normal in T, we are done by Observation 6.6. In the general case we proceed
as follows. Assume (as we may) that d > 20, so that defiy(G) > 4, and let A be a finite
index subgroup of A which is normal in I'. Let H be the closure of the image of A in G.
Then defw (H) > defw(G) > 4 by Proposition 4.1, whence d(H) > defw(H) +1 > 5
by Lemma 4.1(b). Since Ay surjects onto H, we have d(Az) > 5. We can now finish the
proof by applying the earlier argument to A instead of A. d

7. LERF QUOTIENTS OF PWD GROUPS
7.1. Property LERF.

Definition. A finitely generated abstract group I' is said to be LERF if every finitely
generated subgroup of I' is closed in the profinite topology.

Historically, the groups first shown to be LERF were the free groups — this follows from
a classical result of Hall [Hall2]. However, property LERF was not formally introduced and
studied until very recently when it naturally arose in several problems in geometric group
theory and 3-manifold topology. We refer the reader to [LLR] and [LR] for a discussion of
some geometric applications of LERF.

Many important classes of groups do not have LERF — for instance, if I' is any group,
which has a proper finitely generated subgroup that is dense in the profinite topology on
I', then I' cannot be LERF, and the former property holds, for instance, in any arithmetic
group with the congruence subgroup property. On the contrary, proving that a given group
does have LERF is usually difficult, and the list of known examples of LERF groups is
not very long.

In this section we prove Theorem 1.2 whose statement (in a slightly generalized form)
is recalled below as Theorem 7.1. It produces a large class of LERF groups constructed
as quotients of PWD groups.

Theorem 7.1. Let I' be a group of positive weighted p-deficiency. Then I' has a quotient
which is LERF and p-torsion and still has positive weighted p-deficiency.
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While Theorem 7.1 probably cannot be used to prove LERF for any naturally defined
group, it does have interesting applications. For instance, it yields an answer to a ques-
tion of Long and Reid about the existence of LERF groups with property (T') (see [LR,
Question 4.5]):

Corollary 7.2. There exists a LERF group with property (T).

Corollary 7.2 is a direct consequence of Theorem 7.1 and the existence of Kazhdan
groups of positive weighted deficiency established in [Er].

7.2. Properties p-LERF and p-WLERF and a useful corollary of Theorem 7.1.
In this subsection we establish a simple consequence of Theorem 7.1 (see Corollary 7.4
below) which will be needed for the proofs of Corollary 1.6 and Theorem 1.8.

Definition. Let I' be a finitely generated group. We will say that I" is p-LERF if every
finitely generated subgroup of I' is closed in the pro-p topology.

In general being p-LERF is stronger than being LERF; however, a p-torsion group
which is LERF is automatically p-LERF (since the profinite topology on a p-torsion group
coincides with the pro-p topology). Thus, groups in the conclusion of Theorem 7.1 have
p-LERF.

Neither of the properties LERF and p-LERF is preserved by quotients; however, there
is a weaker version of p-LERF which is preserved by quotients.

Definition. Let I' be a finitely generated group. We will say that I is weakly p-LERF (or
p-WLERF) if for any infinite index subgroup A of T its pro-p closure A is also of infinite
index in I' (note that A is not assumed to be finitely generated).

Lemma 7.3. The following hold:

(a) The property p-WLERF is inherited by quotients
(b) Every p-LERF group is p-WLERF
(¢) An infinite p-WLERF group has infinite pro-p completion.

Proof. (a) Let w : T' — I be an epimorphism, and assume that I' is p-WLERF. Let A be
an infinite index subgroup of I'V. Then m~!(A) is an infinite index subgroup of I', so by
assumption there exists an infinite strictly descending chain H; D Hs D ... of open (in
the pro-p topology) subgroups of I' with 7= 1(A) C H; for all i. Note that m maps open
subgroups to open subgroups (since open subgroups are precisely subnormal subgroups of
p-power index), so w(Hy) D w(Hz) D ... is an infinite strictly descending chain of open
subgroups of I containing A. Thus, the pro-p closure of A has infinite index in I, and
we have shown that IV is p-WLERF.

(b) Let T' be p-LERF and A a subgroup of I whose pro-p closure A is of finite index in
. Then the group A/[A, A]JA” is finite, so there exists a finitely generated subgroup A’ of
A which surjects onto A/[A, X]Kp . By a standard pro-p argument the latter implies that
A = A, Since A’ is finitely generated and T is p-LERF, we must have A’ = A’. Hence
A=A =A CA, and thus A = A must be of finite index.

(c) follows by applying the definition of p-WLERF to the trivial subgroup. O

Corollary 7.4. Let I" be a p-LERF group. Then any infinite quotient of I' has infinite
pro-p completion.

Combining Theorem 7.1 and Corollary 7.4 we can now prove Theorem 1.3:
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Proof of Theorem 1.3. Let I' be an abstract group of positive weighted p-deficiency. By
Theorem 7.1 T has a p-LERF quotient I which still has positive weighted p-deficiency.
By [EJ, Theorem 4.6] I'" has an infinite quotient 2 with (7), and by Corollary 7.4 Q has
infinite pro-p completion. Replacing 2 by its image in the pro-p completion, we obtain an
infinite residually-p group with (7') which is a quotient of T'. O

Remark: In [Wil2], Wilson constructed finitely generated residually finite p-torsion

groups which are N-groups and all of whose subgroups are Z-groups. It is easy to see that
groups with these properties have p-WLERF.

7.3. Proof of Theorem 7.1.

Lemma 7.5. Let I' be a group of positive weighted p-deficiency. Then I' has a p-torsion
residually-p quotient of positive weighted p-deficiency.

Proof. First, replacing I' by its image in its pro-p completion, we can assume that I' is
residually-p. By Lemma 4.16 applied with G = U = T, there is a quotient I of T
which is p-torsion and sits densely inside a PWD pro-p group. By Corollary 6.4, I has
a quotient I'” of positive weighted p-deficiency. Finally, replacing I’ by the image in its
pro-p completion, we can assume that I is residually-p. ]

Proof of Theorem 7.1. Let G = T'; be the pro-p completion of I', so by assumption
defw (G) > 0 for some finite valuation W. By Lemma 7.5, we can assume that I' is a
subgroup of G and T is p-torsion. The latter implies that the pro-p topology and profinite
topology on I' (and any of its quotients) coincide.
We start by reformulating the assertion of the theorem in a more convenient language.
Let P be the set of pairs (g, A) where g € I" and A is a finitely generated subgroup of I
If H is any pro-p group defined as a quotient of G, let w7y : G — H be the natural
projection and Ny = Ker7g. Given a pair (g,A) € P, we will say that
(g,A) is of type I for H if g (g) lies in 7 (A)
(g,A) is of type II for H if my(g) does not lie in the closure of g (A)
(g,A) is of type III for H if my(g) does not lie in wg(A), but lies in its closure.

To prove Theorem 7.1 it will be enough to establish the following claim:

Claim 7.6. The group G has a normal subgroup N s.t.
(1) defi(G/N) >0
(2) N is normally generated by a subset of T’
(3) all pairs in P are of type I or II for G/N

Indeed, since G is the pro-p completion of I', condition (2) implies that G/N is the
pro-p completion of ’N/N. Thus, 'N/N has PWD by (1), and the pro-p topology on
I'N/N is induced from G/N. Therefore, 'N/N has LERF by (3).

If all pairs in P are of type I or II for G, there is nothing to prove. Here is the basic
technique for eliminating pairs of type IIL. If a pair (g, A) is of type III for some pro-p
group H, then for any € > 0 we can write g = Inr where [ € A, n € Ny and W (r) < e. If
we now impose the relation r = 1, that is, consider the group

H' =H/(ry(r))? = G/(Ny,7)°,

then g/ (g) = g (1), and so (g, A) is of type I for H'.
Since the set P is countable, this technique enables us to replace the group G with its
quotient G’ which still has positive weighted deficiency and such that all type III pairs
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for G have type I for G’. The problem is that this process may create new type III pairs,
that is, some of type II pairs for G may be of type III for G’. Another problem is that
the defining relations in the obtained presentation of G’ do not necessarily come from T,
and thus G’ may not coincide with the pro-p completion of the abstract group m¢g(T'). To
avoid these problems we proceed slightly differently.

First, we need one more notation. Given a pro-p quotient H of GG, define the pseudo-
distance function dg on G by
dp(a,b) = inf{W(g) : g € G, 7u(g) = mu(a'b)}.
Given subsets A and B of G, we put diy(A, B) = inf{dy(a,b) : a € A,b € B}. Note that
a pair (g, A) is of type III for H if and only if 7y (g) & mu(A) and du(g,A) = 0.
Fix ¢ < defw(G). We shall construct a sequence of pro-p groups and epimorphisms
G =Gy — Gy = G2 — ... with the following properties:
(a) Gip1 = Gi/<7rGi(Ri)>Gi where R; is a subset of T’
(b) W(R;) < 551 (in particular, W(U; R;) < ¢)
(c) For each pair (g,A) € P one of the following holds:
(i) There exists n such that (g, A) is of type I for G,, (hence also of type I for G;
for all i > n)
(ii) (g,A) is of type II for G,, for all n, and infdg, (g,A) > 0.

We now describe the construction. First we enumerate all pairs in P: (g1, A1), (92, A2), .. ..
Fix n > 0, and suppose we have constructed pro-p groups Gg, G1,...,Gy, and their pre-
sentations such that

(1) (a) and (b) hold for all 0 <i < n,

(2) each of the pairs (g1,A1), ..., (gn, An) is of type I or II for G,,.
We now construct G,41 so that (1) and (2) still hold with n replaced by n + 1. If
(gn+1, Any1) is of type L or II for G,,, we set R, = 0 and G, 11 = Gy If (gny1, Apt1) is of
type III for Gy, choose 0 < § < 557 such that

(3) 6 <dg,(gi,Ai) for all i <n such that (g;, A;) has type II for G,,.

Since (gn+1, Ant1) is of type III for G,,, we can write g,4+1 = lhr where l € A,,11, h € Ng,,

and W(r) < 6/2. By Observation 6.2 we can write r as an infinite converging product

r = [[[Z,rj with r; € T such that > W(r;) < d. Let R, = {r; : j > 1} and let
J

Gny1 = Gn/(mc, (Rn))S.

Conditions (a) and (b) hold for ¢ = n by construction. Also by construction, the pair
(9n+1, An+1) has type I for G, 1. Condition (3) ensures that each of the pairs (g;, A;) with
i < n which had type II for G,, will also have type II for G,,+1, and moreover, dg, (gi, A;) =
da,..(9i,A;) for each such pair. The latter ensures that the obtained sequence of groups
{G,,} satisfies condition (c).

Thus, we have constructed a sequence of groups {Gy} satisfying (a)-(c). Let N =
U, Ng,. By condition (a) NN is normally generated by a subset of I', condition (b)
implies that defy (G/N) > 0 by Lemma 4.14, and (c) ensures that all pairs in P are of
type I or II for G/N. Thus, we proved Claim 7.6 and hence also proved Theorem 7.1. [

We finish this section with the “virtual version” of Theorem 7.1:

Theorem 7.7. Let I be an abstract group of positive virtual weighted p-deficiency with
invariant PWD subgroup A. Then there is an epimorphism 7w : T' — I s.t. T has positive
virtual weighted p-deficiency with invariant PWD subgroup w(A), and w(A) is p-LERF.
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Proof. The proof is similar to that of Theorem 7.1, apart from a few minor changes
described below.
Let G = Fﬂ be the virtual pro-p completion of I' relative to A and U = A; (thought

of as a subgroup of G. By definition de fg,(U ) > 0 for some G-invariant valuation W on
U. As usual, we can assume without loss of generality that A is p-torsion.

Essentially repeating the proof of Claim 7.6, we construct a closed normal subgroup N
of G, with N C U, such that def5/™ (U/N) > 0, U/N = (AN/N)z and AN/N is p-LERF.
Now let IV = ’'N/N. It is easy to check that G/N is the virtual pro-p completion of T’
relative to AN/N. Thus, by definition of positive virtual weighted p-deficiency for abstract
groups I has the required property. ]

8. PROOFS OF THE MAIN RESULTS

In this section we prove Theorem 1.5, Corollary 1.6 and Theorem 1.7 generalized to
groups of positive virtual weighted deficiency.

8.1. Constructing locally zero-one groups. We start with a simple corollary of Lemma 4.15.

Corollary 8.1. Let G be a profinite group and W a finite virtual valuation of G defined
on an open normal pro-p subgroup U. Let " be a dense abstract subgroup of G and A a
subgroup of I' whose closure A is open in G. Then for any € > 0 there exists a normal
subgroup N of G such that if m : G — G /N is the natural projection, then

(i) defi® (n(U)) > def§ (V) —
(i) m(A) = 7(ANT), so in particular w(A) is of finite index in w(T).

Remark: Note that Theorem 5.1 and Corollary 8.1 immediately imply Theorem 1.1 (in
fact, a stronger version of it).

We now prove Theorem 1.5 using iterated applications of Theorem 5.1 and Corollary 8.1.

Theorem 8.2 (generalization of Theorem 1.5). Let G be a virtually pro-p group of positive
virtual weighted deficiency and I' a dense abstract subgroup of G. Then G has a quotient
H such that the image Q) of T in H is a locally zero-one group.

Remark: Note that 2 is automatically residually finite since H is profinite.

Proof. First, by Lemma 4.16, we can assume that I' is finitely generated and virtually p-
torsion. Let {A;}5°, be the set of finitely generated subgroups of I' (ordered arbitrarily).
By Theorem 5.1 we can construct a sequence of pro-p groups G = Gg = G1 — G2 — ...
such that

(1) Git1 is a quotient of G; for each 4
(2) Each G; has positive virtual weighted deficiency
(3) If m; : Go — G is the natural projection, then either m;(A;) is finite or the closure
of mi(A;) in G; is open.
Corollary 8.1 enables us to replace condition (3) by its stronger version (3’) below while
preserving (1) and (2):
(3”) mi(A;) is either finite or has finite index in m;(I").
Now let N; = Kerm;, let Noo = U2 N; and Goo = Go/Noo. Since each of the groups G;
is infinite by (2) and Gy is finitely generated, G+ must also be infinite. Let 7o : Gog — Goo
be the natural projection and ©Q = 7. (I'). By construction € is an infinite torsion group
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(in particular, it is not virtually cyclic), and condition (3’) implies that every finitely
generated subgroup of € is finite or of finite index. Thus €2 is a locally zero-one group. [

We finish this subsection with a brief discussion of the problem of existence of residually
finite globally zero-one groups mentioned in the introduction. This is a well known question
(see e.g. [SW, Question 1] and [Kou, Problem 12.43]), which appears to be very difficult.
As a special case, one may ask if for a given prime p there exist p-torsion groups with this
property. We note that there are no such groups for p = 2 — this fact is well known to
experts and follows, for instance, from Shunkov’s theorem [Shu] which asserts that if I' is a
torsion group containing an involution with finite centralizer, then I' is virtually solvable.
For completeness we will give a short self-contained proof:

Proposition 8.3. There is no residually finite globally zero-one group which is 2-torsion.
Proof. We start with a general claim:

Claim 8.4. IfI' is a 2-group and f is an automorphism of I' of order 2, then I' has a
(non-trivial) fixed point.

Proof. Take any g € I'\ {1}. If f(g) = g, we are done. If f(g) # g, then f(g)g~! has even
order n, and direct computation shows that f fixes (f(g)g~")"/? O

Now let I' be a residually finite globally zero-one group which is 2-torsion. We claim
that for any g € T' of order 2, the centralizer Cr(g) is infinite. If not, then by residual
finiteness of I we can find a finite index normal subgroup A of I" such that Cr(g)NA = {1}.
This is impossible by the above claim applied to the conjugation action of g on A. Thus,
since I is globally zero-one, Cr(g) has finite index for any g € I' of order 2.

Now let N be the subgroup of I' generated by all elements of order 2. Then N is clearly
infinite, so it is also of finite index (and finitely generated). It follows that the centralizer of
N in T is of finite index. Thus I is virtually abelian and hence finite, a contradiction. [

8.2. Constructing hereditarily just-infinite quotients. We start by formulating Grig-
orchuk’s version of Wilson’s classification theorem for just-infinite groups (see [Gr2] and
[Will] for more details).

Theorem 8.5. (a) Let I be a just-infinite abstract group. Then one of the following holds:
(i) T is virtually simple
(ii) T is hereditarily just-infinite
(iii) T' has a finite index subgroup isomorphic to a direct power A™ where n > 2 and A
is simple or hereditarily just-infinite
(iv) T is a branch group.
(b) Let G be a just-infinite profinite group. Then one of the following holds:
(i) G is hereditarily just-infinite
(ii) G has an open subgroup isomorphic to a direct power L™ where n > 2 and L is
hereditarily just-infinite
(iii) G is a branch group.

Remark: By definition any branch group also has a finite index subgroup which is a

(non-trivial) direct power of another group, and thus Theorem 8.5 yields the classification
statement from § 1.5.

Theorem 8.5 is a very minor refinement of [Gr2, Theorem 3]. The only difference is
that [Gr2, Theorem 3| leaves the possibility that there exist just-infinite groups which
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are virtually hereditarily just-infinite, but not hereditarily just-infinite. That this cannot
happen was shown by C. Reid [Re, Lemma 5].

We proceed with the proofs of (generalized versions of) Corollary 1.6 and Theorem 1.7.
Observation 8.6. Let I' be a residually finite locally zero-one group. Then I' is LERF.

Proof. Finite index subgroups are open (hence closed) in the profinite topology by defini-
tion, and finite subgroups are closed since I' is residually finite. ]

Corollary 8.7 (generalization of Corollary 1.6). Let I' be an abstract group of positive
virtual weighted p-deficiency. Then I' has a hereditarily just-infinite quotient, which is
virtually p-torsion.

Proof. By definition, I' has a finite index normal subgroup A such that if G = I'+ is the
virtual pro-p completion of I" relative to A, then G has positive virtual weighted deﬁciency.
Now apply Theorem 8.2 to G and T' (where T is the image of I' in G), and let  be the
locally zero-one quotient of I' constructed in the proof. Note that ) is virtually p-torsion
by construction and LERF by Observation 8.6. In particular, Q) is virtually p-LERF.

Let Q' be any just-infinite quotient of . Then Q' is also locally zero-one, and by
Corollary 7.4, € has infinite profinite completion.

By Theorem 8.5(a) (and a remark after it) € is virtually simple, hereditarily just-
infinite, or a finite extension of a direct power of some infinite group. Since € is a locally
zero-one group, it clearly cannot have a finite index subgroup of the form A x B with
A, B infinite, and since 2 has infinite profinite completion, it cannot be virtually simple.
Hence ' is hereditarily just-infinite. O

In order to prove Theorem 1.7 (the pro-p version of Corollary 1.6), we need one more
lemma.
Let H be a virtually pro-p group. We will say that H satisfies condition (**) if

(**) For every positive integer k there exists an open pro-p subgroup V (k) of H and a
dense abstract subgroup A(k) of V' (k) such all k-generated subgroups of A(k) are
finite.

Lemma 8.8. Let G be a virtually pro-p group of positive virtual weighted deficiency. Then
G has a quotient G’ of positive virtual weighted deficiency such that all quotients of G’
satisfy condition (**).

Proof. Fix a dense abstract subgroup I' of G. Let W be a finite virtual valuation of G
defined on an open normal pro-p subgroup U for which defS.(U) > 0.

By the remark following Lemma 5.2 we can find a normal subgroup N of G such that
def§/™N(U/N) > 0 and for every finite set Y C TN U, with W(Y) < 1, the image of (V)
in G/N is finite. Let G’ = G/N.

Note that for each k the group U.y/, = {g € U : W(g) < 1/k} is open in G, and for
each Y C Ucy g, with |Y| =k, we have W(Y)) < 1. Hence any quotient H of G’ satisfies
(**) where we let V' (k) be the image of Uy, in H and A(k) the image of ' N Uy, in
H. ]

With the aid of Lemma 8.8, we can now prove Theorem 1.7.

Theorem 8.9 (generalization of Theorem 1.7). Let G be a virtually pro-p group of positive
virtual weighted deficiency. Then G has a hereditarily just-infinite quotient.
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Proof. As before, we can assume that G is finitely generated. Next, by Lemma 8.8 we
can assume that all quotients of G satisfy condition (**). By Theorem 8.2 there exists a
quotient H of G which contains a dense locally zero-one subgroup. Replacing H by its
quotient (if necessary), we can assume that H is just-infinite.

Suppose that H is not hereditarily just-infinite. Then by Theorem 8.5(b) there exists
an open subgroup M of H which decomposes as M = A x B with A and B infinite. Let
w4: M — Aand g : M — B be the projection maps.

Let k = d(A) be the minimal number of (topological) generators of A. Since by con-
struction H satisfies (**), there exists an open pro-p subgroup V of H and a dense abstract
subgroup A of V such that

(8.1) all k-generated subgroups of A are finite.

By making V' smaller (if necessary) we can assume that V' = C' x E where C' C A and
ECB.

Since A is dense in V, its projection mp(A) is dense in 75(V) = E. Hence
E has no open subgroups which are (topologically) generated by & elements.

Indeed, if E' had an open k-generated subgroup O, then since O is a pro-p group, we could
find a generating k-tuple for O inside mp(A), which is impossible by (8.1).

Now consider the group Z = A x E. Recall that H contains a dense locally zero-one
subgroup, call it . Since QN Z is dense in Z and k = d(A), there exists a k-generated
subgroup K C QN Z such that m4(K) is dense in A. In particular, K must be infinite.
Since Q is locally zero-one, we conclude that K has finite index in Q, so its closure K
must be open in H. But then 7g(K) D mg(K) is an open subgroup of 75(Z) = E. Hence
mp(K) is an open subgroup of E topologically generated by k elements. This contradicts

our earlier conclusion. O

As an immediate consequence of the proof of Theorem 8.9, we obtain a positive answer
to Problem 20 from Chapter I in [dSSS]:

Corollary 8.10. There exist hereditarily just-infinite pro-p groups of infinite lower rank.

Our last result in this section shows that there is a large class of groups which cannot
have hereditarily just-infinite quotients, except for virtually cyclic ones. Combining this
result with Theorems 8.7 and 8.9 we deduce that branch groups cannot have positive
virtual weighted deficiency.

Proposition 8.11.

(a) Let G be a virtually pro-p (resp. abstract) group, and assume that some open
(resp. finite index) normal subgroup H of G is isomorphic to Ly X ... x Ly where
k > 2, all L;’s are isomorphic to each other, and the conjugation action of G on H
permutes the L;’s transitively. Then all hereditarily just-infinite quotients of G are
virtually procyclic (resp. wvirtually cyclic). Therefore, by Theorem 8.9 G cannot
have positive virtual weighted deficiency.

(b) Now let G be a virtually pro-p (resp. abstract) branch group. Then open (resp.
finite index) subgroups of G do not have non-virtually procyclic (resp. non-virtually
cyclic) hereditarily just-infinite quotients. Therefore, by Theorem 1.7 open (resp.
finite index) subgroups of G cannot have positive weighted deficiency.

Proof. We will deal with the pro-p case; the abstract case is analogous.
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(a) Let @ be a hereditarily just-infinite quotient of G and 7 : G — @ an epimorphism.
Then 7(H) is just-infinite, so for each i the group 7(L;) is either trivial or open in @, and
since L;’s are conjugate, 7(L;) must be open for all i. On the other hand, the subgroups
m(L;), 1 <i <k, commute with each other. Combining these two properties, we conclude
that @ must be virtually abelian. Since @) is just-infinite, it must actually be virtually
procyclic.

(b) Suppose that G has an open subgroup H which has a non-virtually procyclic hered-
itarily just-infinite quotient ). Note that every open subgroup of H also has such a
quotient. Since G is branch, by making H smaller we can assume that H = L; X ... X Ly,
where each L; is branch. Then at least one of the subgroups L; surjects onto an open
subgroup of ), which is also hereditarily just-infinite and non-virtually procyclic. This is
a contradiction since branch groups satisfy the hypothesis of part (a). ([l

The last result naturally brings up the following question:

Question 8.12. What can one say about groups which contain a finite index subgroup of
positive weighted deficiency?

We just proved that such groups cannot be branch. A simple observation is that such
groups also cannot be just-infinite. Indeed, Theorem 8.5 implies that if G is a finite index
subgroup of a just-infinite group, then G has finitely many commensurability classes of
normal subgroups, and it is easy to see that a PWD group cannot have such property.

9. JUST INFINITE PRO-p GROUPS WITH THE ASSOCIATED GRADED ALGEBRA OF
EXPONENTIAL GROWTH

9.1. Discussion of the result. In [Sm] Smoktunowicz constructed examples of (graded)
Golod-Shafarevich algebras all of whose infinite-dimensional homomorphic images have
exponential growth. In this section we prove an analogous result for pro-p groups (Theo-
rem 9.1 below).

Definition. Let G be a finitely generated pro-p group, and let w be the augmentation
ideal of F,[[G]]. By grF,[[G]] we denote the algebra & qw"/w™1, the graded algebra of
[F,[[G]] with respect to powers of w.

Theorem 9.1. Let G be a pro-p group of positive weighted deficiency. Then G has a
quotient G' which also has positive weighted deficiency and such that for every infinite
quotient H of G’ the graded algebra grFp[[H]| has exponential growth. In particular, by
Theorem 1.7 there exists a hereditarily just-infinite pro-p group H for which grF,[[H]| has
exponential growth.

Remark: The last assertion of Theorem 9.1 is the pro-p analogue of Theorem 1.8.
Theorem 1.8 itself will be established at the end of the section as an easy consequence of
Theorem 9.1 and Corollary 7.4.

In spite of the apparent similarity of Theorem 9.1 to the main result of [Sm], the
techniques used in the two papers are completely different. In addition, the construction
from [Sm] is only valid for algebras over fields of infinite transcendence degree, and it
would be interesting to see if our techniques could be used to extend the result of [Sm] to
arbitrary fields.

To prove Theorem 9.1 we relate the growth of graded algebras associated to pro-p groups
to the concept of W-index:
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Lemma 9.2. Let G be a finitely generated pro-p group, W a finite valuation on G and N
a normal subgroup of G of infinite W -index. Then the algebra grF,[[G/N]] has exponential
growth.

Lemma 9.2 will be proved at the end of § 9.2. Theorem 9.1 is a consequence of this
lemma and the following theorem which is the main result of this section:

Theorem 9.3. Let G be a pro-p group and W a finite valuation on G such that de fyy (G) >
0. Then G has a quotient G’ such that defy (G') > 0 and each closed normal subgroup of
G’ of infinite index is also of infinite W -index.

There is an obvious “naive” approach to Theorem 9.3 — one needs to make sure that
all closed normal subgroups of G of finite W-index map to finite index subgroups of G'.
According to Case 1 of Theorem 5.1 the latter can be achieved for any single closed
normal subgroup of G and more generally for any countable collection of such subgroups,
but this is far from sufficient. Instead, we address the analogous problem on the level of
Lie algebras.

One can define W-index for subalgebras of the Lie algebra Ly (G) in complete analogy
to the group case; then a subgroup H has finite W-index in G if and only if Ly (H) has
finite W-index in Ly (G). The key Lemma 9.5 below implies that every graded ideal® of
Ly (G) of finite W-index contains a finitely generated graded ideal of finite W-index, and
clearly there are countably many of those, call them M (1), M(2),.... Arguing similarly to
Case 1 of Theorem 5.1, we construct a quotient G’ of G such that de fy (G') > 0 and each of
the ideals M (i) maps onto a finite index ideal under the induced map Ly (G) — Lw (G’).
It follows easily that the group G’ has the required property.

9.2. Growth in restricted Lie algebras. In this subsection we prove Lemma 9.2 and
two other lemmas needed for the proof of Theorem 9.3.

Lemma 9.4. Let Q be a subsemigroup of ((0,1),-) s.t. QN (a, 1) is finite for all o > 0. Let
L = ®acqlLa be a graded restricted Lie Fy-algebra with finite-dimensional homogeneous
components, and let A =T, ® (Bacda) be the universal enveloping algebra of L with the
associated grading by QU {1}. Let ¢, = dim L, and a, = dim A, for o € QU {1}. The
following hold:

(i)

1 —aPs\
s _
Saet =T (25)
el a€el)
where both sides are considered as Dirichlet series in a formal variable s.
(ii) For any o € Q we have co < aq

(iii) The numerical series ) cq acq converges if and only if Y .o aaq converges.

Proof. (i) is obtained from the Poincare-Birkhoff-Witt theorem for graded restricted Lie
algebras by dimension counting, and (ii) and (iii) are direct consequences of (i). O

Lemma 9.5. Let L = @La be a finitely generated Q2-graded restricted Lie IFy-algebra,
aefl
where Q is a finitely generated subsemigroup of ((0,1),-). Let D = @Da be a graded

acf
ideal such that

Z a(dim L, — dim D,,) < co.
agQ)

3Recall that by an ideal of a restricted Lie algebra we mean a restricted ideal
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Then D contains a graded ideal M = @ M,, of L which is finitely generated as an ideal

a€el)
and satisfies the inequality

Z a(dim L, — dim M,,) < oo.
a€el)
Proof. Let A be the universal enveloping algebra of L with its natural grading by QU {1}:

A=F,® (P Ad).

a€ef)

Let I be the ideal of A generated by D; it is then a graded ideal: I = @ 1.

acl
Note that A/I is the universal enveloping algebra for L/D. Thus, by Lemma 9.4 the

condition
> a(dim L, — dim D) < 00
acq)

is equivalent to the condition
Z a(dim A, —dim I,) < oo.
ac

In particular, there exists 5 > 0 such that
> a(dim Ay — dim I,) < 1. (% % %)
a<p

Since L is finitely generated, A is also finitely generated and so

B=F,o( A
B>a€ef

is finitely generated. Choose v > 0 such that B is generated by graded elements of

degree greater than 7. Let M C D be the ideal of L generated by {D, : « > v} and

J = ®aJo C I the ideal of A generated by M. Put A = A/J = F, + @(@ A,) and
acf)

B=F, + &( @ Ag). We shall show that

Z adim A4, = Z a(dim A, — dim J,) < oo.
(139 ae
Since A/J is the universal enveloping algebra for L/M, this will finish the proof by
Lemma 9.4(ii).
Let {y1,...,m} = {a € Q: 8> a >~} Since B is generated by {A,,,..., A}, we
obtain that dim A, < f, for all a < 3, where f, are the coefficients of the Dirichlet series

1
9.1 ol = _ .
O za: ! 1= Zf:l dim A7

Since 7; > v, we have dim 4,, = dim A, — dim J,, = dim A,, — dim I,,. On the other
hand ~; < 8, so (***) implies that

k
> yidim A, < 1.
=1
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Hence (9.1) holds as a numerical equality for s = 1, and we get

Zadim[lag Z adim A,+ Z afe, = Z adim A,+ 1

k . 1
acQ B<a€eN B>aeN B<aeN 1- ZiZI i dim A’}’i

We finish this subsection with the proof of Lemma 9.2.

Proof of Lemma 9.2. First of all note that [G : N]w = [G/N : {1}]w by Lemma 4.8, so
without loss of generality we can assume that N = {1}.
Consider the Lie algebra Ly (G) = @ La, and let ¢, = dim L, = logp[Ga 1 Geql
aclm W

for « € ImW. By definition of W-index we have [G : {1}jw = ][] (11—7%5)0‘1. Hence
aclm W

2aetmw @Ca = 00
Let ¢ = max(ImW) € (0,1) be the maximal value of W on G, and for k € N let

dp = > ca. Thus Y 72, drq"® = oo, whence
qk+1<a§qk
limsup v/dj, > 1 ( * )
k—o0

Now let w be the augmentation ideal of IF,[[G]], and let {D;G}ren be the Zassenhaus
filtration of G. Recall that DyG = {g € G : g — 1 € w*}. It is clear that DG C
G 4», whence log ,[G : DiG] > 3, . dn. On the other hand, we have an embedding
DyG/Dyy1G — w*/w*l. Thus if we put b, = dimw”/w* L, then 3 _, b, > log ,[G :
DipG] = ¥, dn, s0 limsupy_, . /b > 1 by (¥**).

Finally, since the sequence {by} is submultiplicative (bgy; < bgby), the limit limg oo /0y
must exist. Therefore, limy_,oo /b > 1, so the algebra grF,[[G]] = & w"/w*T is of
exponential growth. ([l

9.3. Proofs of Theorem 9.3 and Theorem 1.8.

Proof of Theorem 9.3. As usual, without loss of generality we can assume that the Lie
algebra Ly (G) is finitely generated.

Let Z be the set of graded ideals M = ®,ctmw M, of infinite index such that M is
finitely generated as an ideal and

Z a(dim L, — dim M,,) < oco.
aclm W

It is clear that Z is countable, so we can enumerate its elements: Z = {M (1), M (2),...}.
For each 7 we can find «; > 0 such that

> a(dim Lo — dim M(i),) < defZV(G)
a;>aclm W
Let S; be a subset of G such that {LT (g)+M (i) (g) : g € Si} is a basis of EB Lo /M(i)q.

a;>aclm W
Note that W(S;) = Y.+ aermw @(dim Lo — dim M (i),) < 29,
Let S = U;>15; and let N be the normal subgroup of G generated by S. We have that
W(S) < defq(W) and so by Lemma 4.14, de fy(G/N) > 0.
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Now let us show that all closed normal subgroups of G//N of finite W-index are open.
By Lemma 9.5 and the choice of S for every graded ideal P = &, P, of Ly (G/N) = ®La,
either

(i) P is of finite index or

(ii) >, a(dim Ly — dim P,) = oc.
Let K be a closed normal subgroup of G/N of finite W-index and put P = Ly (K). Then
P is an ideal of Ly (G/N). Since the W-index of K is finite, we have

> a(dim Ly — dim Py) = Y _ a(ca(G/N) = ca(K)) < oo.

« «

(where integers c,(-) are defined as in Section 3). Thus by the above dichotomy P is of
finite index in Ly (G/N), so K must be open in G/N. O

Proof of Theorem 1.8. By Theorem 7.1 there exists a PWD group I' which is p-LERF.
Let G =T, and let G’ be a group satisfying the conclusion of Theorem 9.1 applied to G.
By Theorem 6.3 we can replace G’ by another quotient G” such that G” has PWD and
G" = (I'")p where I'" is the image of I" in G”’.

Let A be any infinite quotient of T, Since I' is p-LERF and A is also a quotient of
I', by Corollary 7.4 the pro-p completion Ay is infinite. The natural projection I'" — A
induces the corresponding epimorphism G” = (I'"); — Aj, and so by the choice of G’ and
by Lemma 9.2 the graded algebra grF,[[As]] has exponential growth. It is easy to show
that grlF,[A] is naturally isomorphic to grlF,[[Ap]] as graded algebras, and thus griF,[A]
also has exponential growth. Finally, by Theorem 1.6 A can be chosen hereditarily just-
infinite. g
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