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Abstract

We consider the two and three-dimensional system of linear thermoelasticity in a bounded
smooth domain with Dirichlet boundary conditions. We analyze whether the energy of solutions
decays exponentially uniformly to zero as t — co. First of all, by a decoupling method, we reduce
the problem to an observability inequality for the Lamé system in linear elasticity and more precisely
to whether the total energy of the solutions can be estimated in terms of the energy concentrated
on its longitudinal component. We show that when the domain is convex the decay rate is never
uniform. In fact, the lack of uniform decay holds in a more general class of domains in which there
exist rays of geometric optics of arbitrarily large length that are always reflected perpendicularly
or almost tangentially on the boundary. We also show that, in three space dimensions, the lack of
uniform decay may be also due to a critical polarization of the energy on the transversal component
of the displacement. In two space dimensions we prove a sufficient (and almost necessary) condition
for the uniform decay to hold in terms of the propagation of the transversal characteristic rays,
under the further assumption that the boundary of the domain does not have contacts of infinite
order with its tangents. We also give an example, due to D. Hulin, in which these geometric
properties hold. In three space dimensions we indicate (without proof) how a careful analysis of
the polarization of singularities may led to sharp sufficient conditions for the uniform decay to hold.
In two space dimensions we prove that smooth solutions decay polynomially in the energy space to
a finite-dimensional subspace of solutions except when the domain is a ball or an annulus. Finally
we discuss some closely related controllability and spectral issues.
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1 Introduction: the non-uniform decay

Let ©Q be a bounded smooth domain of R"™ with n = 2 or 3 and consider the linear system of
thermoelasticity with Dirichlet boundary conditions:

U — pAu — (A + p)Vdivu +aVe =0 in  Qx(0,00)
0y — AO + Bdivu =0 in  Qx(0,00) (1)
u=20,0=0 on 08 x (0,00)

u(z,0) = u?(2), ue(z,0) = ul(x),0(x,0) = %) in Q.

In (1), A,x > 0 are the Lamé coefficients and «, 5 > 0 the coupling parameters. The displacement
u = (ur,ug,u3), u; = uj(x,t),z = (x1,22,23) € Q,t > 0 is a vector field (v = (u1,u2),u; =
uj(x,t),x = (x1,22) € Q when n = 2) and 6 = 6(x,t), the temperature, is a scalar function.

System (1) is well-posed in H = (H}(2))" x (L3(Q))" x L*() and the energy

B(t) = ;/Q {p | V(e 6) 240+ ) | diva(s, ) P+ | we,t) 2 +% 0t Plde @)



decreases along trajectories. More precisely,

dE
diﬂ :_% [ VoG, 1) [2 do <0, (3)

C. Dafermos in [D] studied the problem of whether the energy of every solution of (1) converges

to zero as t — oo, i.e.
E(t)—0, as t — o0 (4)

which is equivalent to the convergence of solutions to zero in H. He proved that (4) holds if and only
if the domain 2 satisfies the following condition:

If o € (H}(Q))" is such that
—Ap=7%¢0 in Q
(@) divp =0 in Q (5)
p=0 on 0N
for some v € IR, then ¢ = 0.

Condition (C') guarantees that the Lamé system has no eigenfunction with null divergence. One
can also interpret (C') in terms of Stokes system. Indeed, (C') guarantees that there is no eigenfunction
of the Stokes system with constant pressure (we refer to [LiZ] for an application of this property to
the approximate controllability of Stokes system).

Condition (C') holds generically with respect to the domain . Indeed, (C') holds as soon as the
eigenfunctions of the Dirichlet Laplacian are simple and this is known to be a generic property among
smooth domains (see [A], [M] and [U]). On the other hand, condition (C') fails when € is a ball of R".
In this case there exists an infinite number of linearly independent vector fields ¢ satisfying (5) and
for each of them (u,0) = (e7¢(x),0), with ¢ solution of (5), is a solution of (1) of constant energy.
In two space dimensions C. A. Berenstein [B] proved that the only simply connected C*® domain in
which (1.5) holds for an infinite number of linearly independent eigenfunctions is the ball.

Therefore, roughly speaking, one can say that, generically with respect to 2, every solution of (1)
tends to zero in H as t — oo.

We are interested on whether the decay rate is uniform or not. In other words, we analyze the
existence of positive constants C,w > 0 such that

E(t) < Ce ' E(0), ¥Vt >0 (6)

holds for every solution of (1).
It is easy to check that (6) holds if and only if there exists a time 7" > 0 and a constant C' > 0
such that

E(0) < C/OT/Q V0 2 dudt, (7)

for every solution of (1).

Therefore, in order to prove the uniform decay one has to show that the total energy of solutions
can be estimated in terms of the energy concentrated on the heat component.

By using the decoupling method introduced by D. Henry, O. Lopes and A. Perissinotto in [HLP]
we reduce this problem to the analysis of the Lamé system:

o — A — A+ p)Vdive =0 in  Qx(0,7T)
=0 on 00 x (0,7) (8)
p(x,0) = P°(x), pr(2,0) = p(x) in Q.



More precisely, our first result reads as follows:

Theorem 1.1 Assume that n = 2 or 3. In the class of domains Q0 satisfying condition (C), the
uniform decay property (6) for system (1) holds if and only if there exists T > 0 and C' > 0 such that

T
I® IEza@pn + 10" -1 (e < C/O | dive 71 () dt )

holds for every solution of the Lamé system (8).

Therefore the problem is reduced to analyze whether the total energy of the solutions ¢ of the
Lamé system (8) can be estimated uniformly in terms of the energy concentrated on the component
div .

This allows to prove that, for a large class of domains, the decay rate is not uniform:

Theorem 1.2 Assume that € is convex or such that there exists a ray of geometric optics in 2 of
arbitrarily large length which is always reflected perpendicularly on the boundary. Then, the observ-
ability inequality (9) for the Lamé system fails for any T > 0 and therefore the decay of solutions of
(1) is not uniform.

Remark 1.1

1. In the next section we give a sharper sufficient condition (see (Hr) in (16)) that guarantees that
the decay rate is not uniform.

2. In three space dimensions the uniform decay may also fail because of the critical polarization
along rays. This will be discussed in detail in section 5.3.

3. When © is convex the observability inequality (9) for the Lamé system fails for two different
reasons:

(a) Because of the existence of solutions of (8) exponentially concentrated on an arbitrarily
small neighborhood of the boundary for an arbitrarily large time and such that the en-
ergy concentrated on the longitudinal component div ¢ of the solution is arbitrarily small
compared to the total energy.

(b) In every convex smooth domain there exists a ray of infinite length which is always reflected
perpendicularly on the boundary (see Figure 1):

Figure 1.



In this case the observability property (9) fails since there are solutions whose energy is
concentrated along this ray on the transversal component of the solution, curl ¢, and this
for an arbitrarily large time interval.

In both cases the proof of the existence of these solutions requires a geometric optics
construction in the spirit of Ralston [R1,2].

4. In view of Theorem 1, convex domains may be classified in two sets:

(a) Those in which property (C) fails. In this case there are solutions that do not decay as
t — o0.

(b) Those in which (C) holds. In this case every solution converges to zero but without an
uniform decay rate.

Of course, convex domains are generically in class (b). To our knowledge it is unknown whether
the class (a) contains any convex domain other than the ball.

5. As we have stated in Theorem 2, the uniform decay fails in many non-convex domains with the
property that there exists a ray of infinite length which is always reflected perpendicularly on
the boundary (see Figure 2):

Figure 2.

6. There are domains in which the two geometric properties of convex domains indicated in point
1 above do not hold. The following two-dimensional example is due to D. Hulin [Hul:

Figure 3.

This domain €2 can be obtained by removing from the half ball of radious one centered at the
origin {(z1,22) : z2 > 0,27 + 23 < 1} the ball of radious 1/3 centered at (—2/3,0) and the ball of
radious 2/3 centered at (1/3,0) and then regularizing the three vertices (—1,0), (—1/3,0), (1,0).



In this case one can check that for any T sufficiently large every ray of geometric optics of length T'
intersects the boundary at some point with an angle v between two constants 0 < ¢; < ¢g < /2
(i.e. 0 <1 <7 < ¢ <7/2) which are independent of the ray.

7. We recall that when the energy of every solution converges to zero but there is no uniform
decay rate, then the decay may be arbitrarily slow. More precisely, in those cases, for every
continuous function h : [0,00) — [0,00) such that h(t) — 0 as t — oo there exists an initial
data (u’,u!,6°) € H and a sequence of times ¢,, — oo such that the energy of the corresponding
solution of (1) satisfies E(t,) > h(t,) for all n > 1.

We shall show however that for most two-dimensional domains for which the energy does not decay
uniformly, smooth solutions decay polynomially. This will be discussed in section 7.2. As we shall see,
the polynomial decay corresponds to a weaker version of the inequality (1.9), namely,

T
1% 172y + 1" (1 Ea-1i@n < C/o | div e (172 dt- (10)

Observe that in the right hand side of (1.10) we use an extra derivative of dive than in (1.9). The
main difficulty for proving the polynomial decay for smooth solutions of (1.1) will be precisely to show
that (1.10) holds for most two-dimensional domains.

In order to state the main results that provide sufficient conditions for the uniform and polynomial
decay to hold, some notation has to be introduced. This will be done in the following section.

2 Main results on the uniform decay

2.1 Preliminaries

In order to state the sufficient condition for the uniform and polynomial decay of (1) we have to
introduce some notation that is valid in dimensions n = 2 and n = 3.

We assume that € is of class C°° without contacts of infinite order with its boundary.

We denote by ¢ = /A + 2 and er = /p the longitudinal and transversal velocities of propaga-
tion. We also set vy, = 1/¢r, and vy = 1/ep. Considering these two different velocities of propagation is
motivated by the fact that, when ¢ solves the Lamé system (8), its transversal component w = curl ¢
satisfies

wy — pAw =0 in Q x (0,00) (11)

and the longitudinal one, p = div ¢, solves
pie — (A +2u)Ap =0 in Q x (0,00). (12)

Obviously both equations are coupled on the boundary 9f2.
We introduce now the transversal characteristic manifold Char 7 = (Char 7' )q U (Char 7') g where

(Char7T)q = {(x,t,f,T) cx €N t>0, =72 T # 0} (13)
(Char T)pq = {(y,,1,7) 1y € 09, ¢ > 0, n* < 720}, 7 £ 0} (14)



Char7 is endowed with a generalized hamiltonian flow. For any pg € Char7 there exists an
unique generalized bicharacteristic s € IR — p(s) such that p(0) = pg. We have 7(p(s)) = 70 =
const ., t(p(s)) = t(p(0)) — 2mosva and (z(p(s)), £(p(s))) is a generalized geodesic curve in Q. In the
interior of 2, since we are dealing with constant coefficients, s — z(p(s)) is a stright segment and
it is reflected on the boundary following Descartes’ laws when s — x(p(s)) intersects transversally
0f). Thus a transversal ray is a continuous parametrized curve s — y(s) = (t(s),z(s), 7(s),£(s))
with values in the transversal characteristic manifold Char(7). We have z(s) € Q,£(s) € IR™ and
cr | €(s) |=| 7(s) | while 7(s) is independent of s and 7 # 0. When z(s) = y € 9Q then 7(s), the
tangential component of £(s), is well defined and the normal component may take one of the following
two values &4(s) = :l:\/7'2(s) —c& | n(s) |> when | n(s) |< vr | 7(s) |. Obviously £(s) = 0 when
| n(s) |=vr | 7(s) |. In this limit case the ray is tangent to the boundary of .

Under the assumption that the domain has not contacts of infinite order with its tangents all rays

have the following structure (see L. Hormander [H], section 24.3). It is constituted by segments in
such that

i(s) = 2¢er; t(s) = =27 (15)
& and 7 being constant, that intersect the boundary 92 x IR in one of the following two ways:

e Transversally, i.e. x(s;) € 99, | n(si) |< vr | 7(si) |. Those points are isolated, i.e. they do not
have accumulation points. At these points li/m &(s) = (n(si),ff(si)), li\m &(s) = (n(si),ﬁi(si))

with &£ (s;) = —€1(s;) and £ (s;) - W > 0, where T denotes the unit inner normal vector to Q.

e Tangentially at a diffractive point, i.e. z(s;) € 9Q and for £ > 0 small enough z(s) € Q, for all
0 <| s —s; |<e. Moreover, £&-(s;) = 0 and cr | n(s;) |= 7.

These segments may be connected to arcs of curves J(s) = (t(s), z(s), 7(s),&(s)) ,§ € [a, b] such that
x(s) € 00,61 (s) = 0,7(s) is constant (7 = 0),%(s) = —27, 72 = e | n(s) |2, @(s) = 2crn(s) and
Dr(s) = 0, where D denotes the covariant derivative over 92. In other words s € [a,b] — z(s) € I
is a geodesic curve such that @(s) = 2epn(s).

Let us also recall that the characteristic manifold of the Lamé system is the union of the transversal
and longitudinal one. Thus Char = Charg U Chargg where

CharQ:{(x7§7ta7_):$€Qv|7—’:cL’5‘ or |T|:CT’§‘}7
Charpg = {(y,t,n,7) :cr | n|<| 7| and y € 0Q}.

In the sequel the generalized bicharacteristics will be referred to as “rays”.

The following two basic results on rays will be used (see L. Hormander [Ho], section 24.3, p. 441):

(a) The uniform limit of rays is a ray;

(b) Every ray s € [a,b] — p(s) is the limit of rays having only transversal intersections with
0.

Note that, at this level, we use the fact that {2 has not contacts with infinite order with its boundary.
Let us introduce the set:

L={(yt,nT1):yecd, 0<|n|<|7T|ve}.

It represents the subset of the boundary that “couples strongly” the longitudinal and transversal
waves.
In the exterior of £ the following two subregions have to be distinguished:



(i) n = 0 corresponds to rays that intersect 02 perpendicularly. At these points, a transversal wave,
by reflection, generates a more smooth longitudinal wave.

(ii) | 7| vr <| n|<| 7 | vr. In this region the transversal wave does not generate longitudinal waves
by reflection.

When | n |=| 7 | vz the angle is critical.
These situations are illustrated in the following figures:

0<[nl<|7lvg |7 lve <[nl<[7|vr
Figure 4 Figure 5

Observe that we do not discuss the case | n |[>| 7 | vp. Indeed we will never enter the elliptic
region for the transversal waves in our arguments below since singularities may not concentrate in
that region.

The situation we have considered in section 1 above corresponds to the case in which 7" > 0 and
Q are such that the following assumption holds:

There exists a ray s € [a,b] — p(s) € Char 7 without contacts of infinite
(Hr) 4 order with 02 such that (16)
[t (p(b)) =t (p(a))| > T and p(s) & L, Vs € [a, b].

Indeed, as we will see in section 5, under assumption (Hr) the proof of Theorem 1.2 applies and
provides a sequence of solutions ¢y, of Lamé’s system (8) such that

/0 | div ex 131y dt — 0 as k — oo

In particular, when Q is a convex smooth domain there are two types of rays satisfying (16) for all
T>0:

(a) The rays that always intersect perpendicularly the boundary with n = 0;

(b) The rays that are sufficiently close to the boundary of the domain so that they enter in the
class described in Figure 5 above.

Obviously there are domains in which (16) holds because of the existence of rays that have both
perpendicular and almost tangential reflections (see figures 6 and 7 below).



Figure 6

In this Figure 6 the ray starts from A € 02 in the direction perpendicular to 02 and hits again the
boundary almost tangentially at B. It then enters the boundary at C' € 92 and quits the boundary
at D to hit the boundary perpendicularly again at E. Then the ray is reflected backwards along the
same trajectory. In figure 7 below we exhibit a case of a ray that is always reflected perpendicularly
or tangentially on the boundary.

Figure 7

2.2 Uniform decay in two space dimensions

As we mentioned in Remark 1.1 above there are smooth domains in which there is no T' > 0 such that

(Hr) holds. In those cases one cannot exclude the fact that (9) holds for some 7" > 0 and therefore

the solutions of the system of thermoelasticity (1) might decay uniformly. In this section we give a

sufficient and almost necessary condition for the uniform decay to hold in two space dimensions.
The following is proved:

Theorem 2.1 Assume that ) is a bounded C™ domain in R? such that
(a) There is no contact of infinite order between Q and its tangents;
(b) There exists Ty > 0 such that every ray s € [a,b] — p(s) € Char(7) such that

| t(p(b)) —t(p(a)) |> Tov satisfies that for some so € [a,b], p(so) = (y,S0,m,T) with y € 02 and
0<|n|<|1|ve.

Then, for any T > Tpy, there exists a constant C' > 0 such that
T
H SOO H?L2(Q))3 + ” 901 H?H—I(Q))3S C l/o H diVSO ”?{*1(9) dt + HK(@Oa(Pl)H?LQ(Q))SX(H—1(Q))3 (18)

for every solution ¢ of the Lamé system (8) with K : (L2(Q))3 X (H*1(£2))3 — (LQ(Q))5 X (H*I(Q))3
a suitable linear and compact map.
Consequently, the set of eigenvalues ¥ of the Lamé system

—pAp — (AN +p)Vdive =+%20  in (19)
p=0 on 0S)

such that it exists a non-trivial eigenfunction ¢ with dive =0 in €, is finite

If we further assume that Q) satisfies condition (C), then (9) holds for solutions of Lamé’s system (8)
and the energy of solutions of the linear system of thermoelasticity (1) decays exponentially uniformly
to zero as t — oo.



Remark 2.1 The assumption (b) of Theorem 2.1 guarantees that every transversal ray of sufficiently
large length intersects the boundary in the region £ in which transversal and longitudinal waves are
strongly coupled. This guarantees a uniform rate of transmission of energy from the transversal to the
longitudinal component of every solution of the Lamé system. This implies that, up to an additive
compact perturbation, the longitudinal component suffices to observe the total energy of solutions
(see (18)).

From (18) the fact that the number of eigenvalues of the Lamé system such that dive = 0 holds is
finite follows by a classical compactness argument (see for instance J. Rauch and M. Taylor [RT] and
Appendixes I and II in J.-L. Lions [Li]). Under the assumption (C') this compact perturbation may
be removed from (2.7). Note however that, as indicated in the introduction, when 2 is a 2d smooth
simply connected domain and it is not a ball, from [B] it is known that the number of eigenvalues of
the Lamé system such that divp = 0 is finite.

Remark 2.2 Under the assumptions (a) and (b) of Theorem 2.1 and without assuming that (C') holds
the following more general result may be proved.

Let us denote by F' the finite dimensional subspace of (H&(Q))2 X (L2(Q))2 x L%(Q) constituted
by elements of the form (ap(zx), Be(x),0) with a, 8 € R and ¢ being an eigenfunction of the Lamé
system (18) such that dive =0 in Q.

Then, there exist C' > 0 and w > 0 such that

dist ((u(t),u(t),0(t)), F) < Ce “*E(0), ¥t > 0 (20)

for every solution of (1).

In (20) dist denotes the distance in the energy space (H&(Q))2 X (L2(Q))2 x L?(Q2). In other words,
(20) guarantees the uniform exponential decay of the projection of solutions of (1) into the orthogonal
complement of F.

If, as we have done in the statement of Theorem 2.1, we assume also that (C) holds, F' = {0} and
therefore (20) is equivalent to (6).

Remark 2.3 Observe that the assumption (b) of Theorem 2.1 is of open nature. Therefore if (b) holds
for ©, it also holds for small perturbations of €2, for instance, of the form Q+a = {y = z+a(z) € R":
r € Q} with a € C3(2, R") small enough in the C® norm. On the other hand, as we have mentioned
in the introduction, (C) holds as soon as the eigenvalues of the Laplacian are simple, and therefore
(C) is a generic property of smooth domains.

Consequently, if (a) and (b) hold there exists a domain Q, arbitrarily close to 2, such that the
solutions of the linear system of thermoelasticity (1) in Q decay exponentially uniformly to zero as
t — oo.

Remark 2.4 Assume that the domain 2 is such that, as in Figure 3, there exist Ty, a > 0 and
B € (0,1) so that for every transversal ray s € [a,b] — p(s) € Char(7 ) such that [t(p(b))—t(p(a))| > To,
there exists sg € [a, b] such that p(sg) = (y,t,n,T) with y € 00 satisfying

O<a<|n|<|7|1=7p)vr. (21)

10



Then, if the Lamé constants A, u > 0 are such that
VALHG gy < (22
VI
it also follows that
O<a<|nl<|T|vL
and therefore the assumption (b) of Theorem 2.1 is satisfied.

In view of the remarks above this implies that the uniform decay of solutions of (1) holds for the
values of the Lamé constants as in (22) by possibly doing an arbitrarily small perturbation in © so
that (C) holds. Note that condition (22) is equivalent to assuming that A/u is sufficiently close to
—1. This requires A to be negative. Along this paper, for simplicity, we have assumed that A, u > 0.
However, all the results hold if A+ > 0 and @ > 0. In this larger class one can find Lamé coefficients
p>0and A > —pu with A + p sufficiently small such that (22) holds. Note that A+ p > 0 and x> 0
implies that A + 2u > p or, equivalently, ¢;, > cr which is essential for the obtention of our results.
[

Remark 2.5 Condition (b) is not sufficient in three space dimensions. Indeed, as we will see in
section 5.2 when n = 3 transversal rays that allways remain in the region 0 <| n |<| 7 | vz may led
to a sequence of solutions of the Lamé system satisfying (17) due to critical polarization. A sharp
sufficient condition for the uniform decay to hold will be stated without proof in section 6.2 below.

The proof of Theorem 2.1 combines the techniques developed in [BLR] for the study of the observ-
ability of the classical scalar wave equation and the analysis of the interaction between the transversal
and the longitudinal components of solutions of the Lamé system.

The rest of the paper is organized as follows. In section 3 we prove Theorem 1.1. This reduces
the decay problem to the analysis of the Lamé system (8). In section 4 we introduce some basic
definitions and results related to the propagation of singularities. In section 5 we prove Theorem 1.2
on the non-uniform decay and a refined 3-d version. In section 6 we prove Theorem 2.1 that provides
a sufficient condition for the uniform decay in two space dimensions and indicate without proof what
the corresponding 3-d result should be. In section 7 we prove the polynomial decay rate in 2-d.
Finally, in section 8, we discuss some controllability and spectral problems. We prove in particular
that, under the assumptions of Theorem 1.2, the Lamé system is not exactly controllable with curl-free
volume forces acting on the whole domain Q2 and we derive some results on the finiteness of the set
of eigenvalues of the Lamé system with divergence free eigenfunctions in 2-d. In two Appendixes we
give the proofs of some technical results stated without proof in previous sections.

3 Reduction to the analysis of the Lamé system

3.1 Uniform decay

First of all, following the decoupling method introduced in [HLP], we introduce the decoupled system
of thermoelasticity

ug — pAu — (A + p)Vdivu + afPuy =0 in  Qx(0,00)
0y — AO + Bdivu, =0 in Q2 x(0,00) (23)
u=20,0=0 on 09 x (0,00)

u(z,0) = u’(z), u(r,0) = ul(z), 0(z,0) = °(x) in Q,

11



where P € L ((LQ(Q))3 : (LQ(Q))?’) is the orthogonal projection from (L2(€2))* into the closed subspace

H={Vp:pe H}Q)}.
Observe that Pu = V if and only if

—Ap=—divy in
{ =0 on 0. (24)
It is clear that
/ Pu - udz :/ Vo - udr = —/ pdivudx :/ | Vo |? do ~|| divu H%{*l(ﬂ) . (25)
Q Q Q Q

Therefore P in (23) plays the role of a damping term acting on the system of wave equations satisfied
by u but, in principle, the damping mechanism is only effective on the longitudinal component div u,
of the velocity field wuy.

System (23) is decoupled in the sense that the displacement u satisfies a damped Lamé system

U — pAu — (A + p)Vdivu + afPusy =0 in Qx(0,00)
u=0 on 990 x (0,00) (26)
u(z,0) = u®(z), u(x,0) = ul () in Q.

Once the solution u of (26) is computed one can obtain the temperature 6 by solving the heat equation

0 — A =—Fdivu; in Qx(0,00)
0=0 on 99 x (0,00) (27)
9(x,0) = 0°(x) in Q.

The decoupled system (23) is also well-posed in H. Let us denote by {S(t)},5 and {Sa(t)}>, the
semigroups generated by the original system (1) and the decoupled system (23) respectively.
The following result holds (see [HLP] and [Z1] for the details of the proof):

Lemma 3.1 For any 0 < T < oo the difference of the two semigroups S(t) — S4(t) is compact from
H into C([0,T]; H). In order words, for any bounded set B of H the set of trajectories

{[S(t) — Sa(1)] (W0, ut, 0°) : (O, ut,8°) € B}

is relatively compact in C([0,T]; H).

This compact decoupling result plays a crucial role in the proof of Theorem 1.1.
We divide the proof of Theorem 1.1 in two parts.

Part 1. First we prove that (9) guarantees the exponential decay of solutions of (1).
Indeed, from (9) it is immediate to see that

IN

T
C [ diven v de

T
C/ / Pyt - pedxdt (28)
0 JQ

” ‘PO H%Hé(g))” + | Spl H%LQ(Q))”

IN

12



holds true for the same time T and a different positive constant C' > 0 for every solution ¢ of the
Lamé system (8). To deduce (28) it is sufficient to apply (9) to » = ¢ that also solves (8) and to
observe that

14(0) [IEceiaym + 190 -1y =1l @' 722y + | A" + (A + 1)V dive® [[F5-1 gy

R [ Y [P .

From (28) it is easy to see that there exists C' > 0 such that

T
E.(0) < C'/ / Puy - updxdt (29)
0 JQ
for every solution of the damped Lamé system (26) with
1
Bu0) = 5 [ [lwnte.t) P | Ve, t) P 4O+ ) | divate, o) ) de. (30)

Indeed, the solution u of (26) can be decomposed as u = ¢ + 7 where ¢ solves (8) with initial data
(u®, u') and 7 solves

e — pAn — A+ p)Vdivyg = —afPu; in Qx(0,7)
n=2~0 on 00 x(0,7) (31)

From (28) it follows that

T T
E,(0) < C/o I div e [[7-1qy dt < C/o {H divug [[F-1(0) + || dive ||%{—1(Q)} dt

T T
< C/ / Puy - updxdt + C/ / | 7 ]2 dxdt.
0 Ja 0o Ja

On the other hand, classical energy estimates for the Lamé system (31) allow us to show that

(32)

16 1220 0.0 < C Il Pt 12 0x (0.1 -

But in view of (25) we also have

T
H Puy H%? Qx(0.17)"~ Puy - updxdt.
@)™ Ji Jq

Therefore, from (32) it follows that (29) holds.
From (29) and the semigroup property applied to the damped Lamé system (14) it follows that
there exists C' > 0 and w > 0 such that

E.(t) < Ce ' E,(0), ¥t >0 (33)

for every solution of (26) since
dE,(t)
dt

= —aﬁ/ Puy - updz.
Q
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Let us consider now the energy Ey corresponding to the temperature:

[0
En(t) = 55 /Q 6%(z, t)da. (34)
We have JE (¢
o(t) = —2/ | VO(z,t) | da;—l—a/ ue - VOdx
dt # Ja Q
a af
< _25/9 | V6(x, 1) |? dz+7/gu§dx (35)

@ 2
g_w/ﬂwe(:ﬂ,m dz + CEy(t).

Applying Poincaré’s and Gronwal’s inequalities in (35) and the fact that the energy F, decays
exponentially we deduce that
Eg(t) < Ce™" [Ey(0) + Ep(0)] (36)

with, possibly, a different decay rate w.
Combining (35) and (36) we deduce that (6) holds for the solutions of the decoupled system (23).
As a consequence of (6) for (23) we deduce the existence of "> 0 and 0 < v < 1 such that

E(T) < vE(0) (37)

for every solution of (23).
In view of Lemma 3.1 this implies the existence of a compact linear map K : H — H such that

E(T) < ~vB(0) + || K (u’, u', 0°)|I% (38)

for every solution of the original system (1).
Combining (3) and (38) we deduce the existence of C' > 0 such that

E0)<C

T
/ / V6 |2 dedt + ||K(u0,u1,¢90)|\%{] . (39)
0 JO
We claim that there exists C' > 0 such that
T
1K (0, ul, 8|12 < c/ / V6 |? dedt (40)
0o Jao

for every solution of (1).
Let us assume for the moment that (40) holds. Then, combining (39) and (40) we get

E(0) < C/OT/Q V0 2 dudt (41)

for every solution of (1). Thus in view of the semigroup property, (3) and (41) it follows that (6) holds
for the original system (1).

Let us finally check that (40) holds.

Arguing by contradiction and using the compactness of K : H — H, the proof of (40) can be
reduced to show that the unique solution of (1) such that VO = 0 in Q x (0,7T) is identically zero, i.e.

Or = {(u°,u!,0%) € H : the solution of (1) satisfies V0 = 0 in @ x (0,7) } = 0. (42)
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Indeed, this is a classical argument. Let us recall the main steps. First of all, (39) and the
compactness of K allows to show that U7 is finite-dimensional (see Appendixes I and II in [Li]). But
19T decreases with T', so one can select T} > 0 such that 19T does not depend on T" > Ty. For T' > T}
and w € Ur, one has w(t+e¢,-) € U for e > 0 so that d/dt maps Y7 into itself. If U7 # 0, by
selecting an eigenfunction of d/dt on Y7, we conclude the existence of an element (u°, u!, %) € 1 such
that the corresponding solution (u, ) of (1) is of the form (u,8) = e (p(x),n(x)) for some A € €' and
(o,m) € (H(2))" x L*(9).

However, since VO = 0 in €2 x (0,7") and # vanishes on the lateral boundary we conclude that
n =0 and then divy = 0 and ¢ € (H}(2))" solves (5) with v = =A% /u. Since 2 has been assumed
to be such that the generic property (C') holds, this implies that ¢ = 0 too and therefore we are led
to a contradiction.

Part 2. Let us see now that the uniform decay of solutions of (1) implies (9).

In view of the uniform decay (6) of the solutions of (1) we deduce the existence of constants C' > 0
and T > 0 such that (41) holds for every solution of (1).

The compact decoupling result of Lemma 2.1 implies then that (38) holds with 0 < v < 1 and K
as above.

Taking #° = 0 we deduce, in particular, that

Eu(T) < vEu(0) + ||K (u”,u')|; (43)

for every solution u of the damped Lamé system (26) with K : H = (H}(2))" x (L*(Q))" — H linear
and compact.
On the other hand (43) implies the existence of 7' > 0 and C' > 0 such that

E,(0)<C [/OT/QPut'utdxdt—i- ||K(u0,u1)\|%]1 (44)

for every solution of (26).
Using the decomposition u = ¢ 4+ 7 of Part 1 of the proof we conclude that

T
|| (8007(101) ||%H&(Q))”><(L2(Q))n§ ¢ l/{) || div ¢y ||§{*1(Q) dt + ||K(u07u1)||%¥] (45)

for every solution of the Lamé system (8).
Finally we show the existence of C' > 0 such that

T
1K (u®, uh)I < C/O I div e [13-1(q) dt (46)

by the same argument used in Part 1 to prove (40) and always under the assumption that  verifies
the condition (C).
This concludes the proof of (28) for solutions of (8). It is then easy to see that (9) holds too. Given

¢ solution of (8) with data (¢°,¢!) € (L2(Q))" x (H~1(Q))" we set o(z,t) = /T o(x,t) + x(x) with
0
x € (HE(Q))" such that

—pAY — A+ p)Vdivy =9 in  Q (47)
x =0 on 0.
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Then 1) solves (8) with initial data (y,¢"). Applying (28) to ¢ and taking into account that v, = ¢
we see that

T
X By ey + 16" = € [ I divep sy e

and this is equivalent to (9) since the norms || x H(Hl(ﬂ))" and || ¢! |(7r-1(q)) are equivalent.
0

3.2 Polynomial decay

As we shall see in section 7, for most smooth 2-d domains, although an inequality of the form (9)
might possibly not hold, the following holds true

T
1 T2y + 1 @' -2 < C/o | dive 172 dt, (48)

for all solution of the Lamé system.

Note that on the right hand side of (48) we introduce an extra derivative with respect to (9). This
means that the total energy of solutions may be estimated in terms of the energy of solutions of one
more degree of regularity concentrated on the longitudinal component.

In fact, as we shall see, the only obstruction for (48) to hold is the fact that (C) has to be assumed.

Roughly speaking, when (48) holds, solutions of the 2-d system of thermoelasticity decay polyno-
mially provided the data are smooth enough.

In addition to the energy space H we introduce the domain D of the generator of the semigroup
S(t) associated to (1):

D= (1 nHy@) x (Hy©) x (1 N HY®). (49)

endowed with the natural norm. We also introduce the space V', dual of D with respect to the pivot
space H. It then follows that

s (2000, = [0} v o
for all (u®,u!,0%) € D and also,
R O [ N PR
As we shall see in section 7, for most 2d domains the following holds

There exist T and C' > 0 such that
[S(T) (W0, ul, 6)|f3, < C [|I(u0,ut, 60) |5 = [IS(T) (w0, 6%)[] (52)
for all (u%,ul,0°) € H.

The following result shows that (3.30) suffices to obtain an explicit polynomial decay rate for
smooth solutions of (1):

16



Theorem 3.1 Let Q be a bounded smooth domain of R* such that (3.30) holds for some T > 0.
Then, there exists C' > 0 such that

E(t) < % | (w0 6%) 3 ¥t >0 (53)
for every solution of (1) with initial data in the domain
D= (B nHYQ) x (HY©) x (H N H(9).
Proof of Theorem 3.1 Let us introduce the sequence of positive numbers

ap = HS(nT) (uo,ul,ﬁo) Hj{

In view of (3.30) we have
U — Qi1 > % |s @+ 1T (w0, 6°) HQV

which combined with (3.28)-(3.29) gives

a2 1 052 1
nt > nt 5, Vn > 1. (54)
CS((n+1)T) (u®,ut, %) — C[[(u®ut, 095

Qp — Qpg1 =

Without loss of generality we may assume that H (uo, ul, 90) H p = 1. Then, (3.32) becomes

2
Ont1 + OLTLCJrl <ap,Vn >1
a; < 1.

It is then easy to see that «,, < 3, for all n > 1 where 3,, solves

2
{ﬁn—f—l""ﬁg—l:ﬁnavnzl
pr=1

that clearly verifies 3,, < C’/n, for some C’ > 0 and all n > 1.

|
Let us now analyze condition (3.30). The following holds:
Lemma 3.2 Assume that Q2 satisfies condition (C) and that there exists T > 0 such that
If (u,0) solves (1) and 0 € L? (0,T; H}(Q)), then
{ueL2(Qx(o,T). (55)

Then, (3.30) holds.
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Proof. We introduce the following Hilbert spaces of solutions (u, ) € (D'(Q x (0,T)))* of (1):
F = {(u,0) € (D'(@x (0,1)))° : (u,0) satisfy (1) and (56)
1 3
(u,0) € (H7'(2x (0,7))) "
Fl' = {(u,0) € F : VO € L2(Q x (0,T))}; (57)

GT=Fl'n {u € (L2(Q X (O,T)))3} , (58)

endowed with their natural norms.
In view of the assumption (3.33) the range of the embedding F{l — F{ is included in G Thus
GT = FI and by the closed graph Theorem there exists C' > 0 such that

(w,)llgr < C 1 (u,0)pr ¥, 0) € F (59)
Let us now introduce the following subspace of G*:
NT ={(u,0) € GT: 0 =0}, (60)

i.e. the subspace of solutions of (1) with null temperature.

Inequality (3.37) and the compactness of the embedding L? < H~! imply that N7 is finite-
dimensional. Since N7 decreases as T increases we deduce the existence of some Ty > 0 such that N7
is independent of T for all T > Ty, i.e. NT = N for all T > Ty. Clearly

N = {(u,@) . (u,0) solves (1), # =0 and u € L3, (0, oo;L2(Q))} .

Developping solutions (u, ) € N of (1) in Fourier series and using the fact that

1 T . .
lim — / ¢TIt — 0 3f A £ 1
T Jo

it is then easy to see that condition (C) implies that N = {0}.

Therefore, for T > 0 large enough N7 = {0}. This fact combined with (3.36) allows us to prove
by a classical compactness-uniqueness argument that for T' > 0 large enough there exists C' > 0 such
that

T
2 2
|| U H(L?(QX(O,T)))ZS C/O /Q ‘ Y ’ dl‘dt,

for all solution (u,8) of (1).
Taking into account that

[t )} = sy () = 5 [ [ 190 dwd

and that the projection of V' over the first two components (u,u;) of the unknown coincides with
(L2())* x (H1(22))? we deduce that (3.30) holds.
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The following Lemma provides a sufficient condition for (3.33) to hold:
Lemma 3.3 Let us assume that Q is such that there exists T > 0 such that

Every solution ¢ of the Lamé system (8) such that
divp € L2 (Q x (0,T)) satisfies p € (L?(Q x (0,T)))2.

Then (3.33) holds.

Remark 3.1 Lemmas 3.2 and 3.3 show that in order to obtain the polynomial decay rate (3.31) it
suffices to check that (3.39) holds for the Lamé system and to assume that the spectral condition (C')
holds.

As we have seen in the proof of Lemma 3.2, according to Lemma 3.3 and even if (C) does not
hold, one can prove that the number of eigenvalues for which (C') fails is finite as soon as (3.39) holds.
Consequently one deduces that

dist (a0, us(0),00)) . 1) < & (2,1, 0)

for all (u® u!',0%) € D, where F denotes the subspace of solutions (u,6) = (u,0) of (1) such that u
belongs to the subspace generated by the eigenfunctions that do not fulfill (C').

|
Proof of Lemma 3.3.
We shall prove that if (3.39) holds true with 7" — ¢ (¢ > 0), (3.33) holds trues for T
We decompose the elastic component u of the solution (u, ) of (1) as u = v + w where
wi — pAw — A+ p)Vdivw = —aVe in Qx(0,7T)
w=0 on 00 x(0,T) (62)
w(0) = w(0) =0 in Q
and
v — AV — A+ p)Vdive =0 in Q2 x(0,7)
v=20 on 0Qx (0,7) (63)
v(0) = u®, v;(0) = u! in Q.
Observe that the heat equation satisfied by 6 can also be written as
O [dive +0/8+ divw] = A0/5 in Q x (0,T). (64)

First we note that V6 € (L?(£2 x (O,T)))2 automatically implies that w € (H(Q x (0,7)))".

In view of the structure of the system (3.41) we deduce that WF,(v) C Char, where Char de-
notes the characteristic manifold of the Lamé system (see section 4 below for the definition and
basic properties). Therefore W Fy(divv) C Char as well. Notice that divv solves the wave equation
(07 — 2 A) (divv) = 0. Therefore, the fact that W F,(div) C Char when x €  is trivial. However,
since the boundary conditions that divv satisfies are unknown, the fact that W Fy(div) C Char, does
indeed provide some information when y € 0f).

Let J = [¢/2,T — ¢/2], Chary = Charn{t € J}. In view of the fact that W Fj(div(v)) C Char,one
has div(v) € L?(Q x (0,T)) if div(v) € Lf, microlocally for every p € Char;. Taking into account that
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9y is elliptic over Char the latter is equivalent to d;(div(v)) € H, ! for all p € Char;. But this can be
casily derived from (3.42) taking into account that 6§ € L? (0,T; H}(Q)) and w € H'(Q x (0,T)).

We have proved that dive € L2(2 x (0,7)). In view of (3.39) we deduce that v € (L2(Q x J))
which implies by equation (3.41) v € (L2(Q x (0,T)))”. Since on the other hand w € (H'(22 x (0,T)))?,
we deduce that u = v+ w € (L?(£2 x (O,T)))Q. Thus (3.33) holds.

4 Preliminaries on geometry and the propagation of singularities

In this section we recall concepts and properties related to the propagation of singularities. We also
state the basic result (Theorem 4.1) that will be used in section 6. We refer to Appendix B for a
proof. In order to state a sharp result in dimension n = 3 (see Theorem 5.1 and Conjecture 6.2), we
also introduce the notion of polarization in the 3-d system of elasticity.

Let u be a solution of

{utt—,uAu—()\—l—u)Vdivuzo in QxR (65)

u=20 on 00 x R.

Let us first recall that given a point p € T*(2 x IR) we say that u € H, if and only if Au € L?
for a pseudo-differential operator of order s which is elliptic at p. When p € T*(9Q2 x IR) lies on the
boundary, A has to be replaced by a pseudo-differential operator in the tangential directions. Similarly
W Fy(u) is defined by the condition: p & W Fy(u) if and only if there exists A elliptic at p such that
Au € C*. By classical results on boundary value problems, we have for any solution of (4.1):

W Fy(u) C Char (66)

where Char is the characteristic manifold of the Lamé system defined in section 2.1.
If moreover, u satisfies the additional condition

divu € L} (R; L*(Q)) (67)

then one has
u € H; for any p ¢ Char7T (68)

where Char7 is the transversal characteristic manifold defined in section 2.1.

In view of (4.4), the study of the H!-regularity of solutions of equations (4.1)-(4.3) is reduced
to the H/}—regularity on Char(7). The following propagation Theorem holds. It will be proved in
Appendix B:

Theorem 4.1 Assume that Q is a C*° domain of R"™ with n = 2 or 3 which does not have contacts
of infinite order with its boundary.

Let u be a solution of (4.1),(4.3) and let s — ~(s) be a transversal bicharacteristic ray.

Then u € H;(Sl) if and only if u € H;(S2) for any s, s3.

Let us recall that the set £ that couples strongly the longitudinal and transversal waves is defined

by
L={(yt,n,7):ycdQ,0<|n|<|7|vr}.
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As we shall see in the proof of Theorem 6.1 of uniform decay in two space dimensions, one has u € H;
for any p in the interior of £ for any solution of (4.1),(4.3) in two space dimension, and so in that
case, Theorem 4.1 is sufficient to understand the global H' regularity of u. However when n = 3,
the scalar condition divu € L? gives only an information on the polarization of the vector field u at
points p in the interior of £. We recall that the propagation and reflection of C'*°-polarization for
solutions of systems with scalar principal part has been studied by N. Dencker [De] and C. Gérard
[G], but to our knowledge, no general result extending Theorem 4.1 on propagation of the polarization
along bicharacteristic rays is known near points where the ray is tangent to the boundary. Thus, we
restrict ourself to the description of the geometry of the propagation in order to state Theorem 5.2
and Conjecture 6.2.

Given p € Char(7) such that z(p) € Q and e € €%, we say that u € H} . if there exists a vectorial
pseudo-differential operator A = (A, Ag, A3) of order 1 with symbol o(A) such that A-u € L/QJ and
e € (ker(a(A)(p)))* = € (A)(p). In this case we say that the vector field u is polarized perpendicularly
with respect to e.

For example the condition (4.3) implies that u € H;,g( )

When p = (y,t,n,7), y € 9Q, |n| < vr|r| is an hyperbolic point of the boundary, and under the
condition Au € L%, with A = A' 4 A°9, where the A7 are tangential pseudodifferential operators
of order j, we will write u € H;iﬁi with p* = (y,t,&%,7), &€& = (5, £/vrm2 —7?) and et €
(Kera(A)(pT))*. Due to the fact that we always have u € H;,f(p) by condition (4.3), we restrict
ourself to the study of the polarization in directions lying in the plane 7, orthogonal to £(p).

When p = (y,t,n,7) is in the interior of £, and for u solution of (4.1), (4.3), the algebraic study

of the system (5.26) gives the property
u e leiﬁi (69)

where e* are the directions perpendicular to £ (p) in the plane (¢, 7 (p)). In other words, for p in
the interior of £ the condition (4.3) implies that the vector field u is polarized in the direction tangent
to the boundary and perpendicular to the propagation, i. e. in the direction 7T;r Um,, where ﬂpi are
the planes orthogonal to £*(p).

We shall now describe the geometric law of evolution of the polarization along a characteristic ray
s — p(s) which is used in the statement of Theorem 5.2 and Conjecture 6.2.

1.- When z(p(s)) € Q, then the polarization e(s) remains constant, due to the fact that (4.1) is a
constant coefficient equation.

2.- When p(s) = (y,t,0,7), with y € 99 is a point of perpendicular reflection, the polarization e
is preserved by reflection.

3.- When p(s) = (y,t,0,7), with vz|7| < |n| < vp|T| is a point of transversal reflection with p(s)
outside the interior of £, let v+ be the two half-bicharacteristics issued from p*. We can choose

coordinates so that
&1 + &1
n=< 0 > & = 0
+&3

with €2 + ¢ = 1/%7'2. Let 6 be the solution of §%2 + n? = I/%TQ with Imd > 0. Then if u is polarized
perpendicularly to e~ on 7, u is polarized perpendicularly to et on v where e* are perpendicular
to the planes (¢*,v%) with

+

§3a~ —&za™
'U_ — b N ’U+ = b
§ra™ &at
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are related by the equation a™(£2 + £36) = a= (&2 — &36) (this law of reflection is a consequence of
formula (5.30)).

4.- When p(s) is a tangent point of the boundary, the polarization is continuous at p(s).

5.- Finally on intervals where the ray lives on the boundary, the polarization direction evolves as
follows

e(s) = am(s)+ B (s)

where «a evolves according to the equation & = tk4/1 — V% / 1/%, k being the geodesic curvature, (3 is

constant and 7(5) = T'(s) A T(s), T (s) being the tangent vector to the geodesic in the boundary
s — x(s) € 0N.

Remark 4.1 In Theorem 5.2, we will only use rays which intersect the boundary at points p =
(y,t,n, 7) where |n|? # vi|7| and |n| # vr|7|, so the analysis of system (5.26) will be sufficient to take
care of the polarization. Notice however that to prove the Conjecture 6.2 one needs a suitable definition
of the polarization at points tangent to the boundary and a propagation statement compatible with
the law given by the description above.

5 Proof of the non-uniform decay

This section is devoted to prove Theorem 1.2. In view of Theorem 1.1 it is sufficient to consider the
Lamé system
o — pAp — A+ p)Vdivp =0 in  Q x (0,00)
=0 on 00 x (0,00) (70)
p(2,0) = ¢*(2), pr(2,0) = p'(x) in  Q

and to show that there is no C' > 0 and 7" > 0 such that

T
H 900 ”?LQ(Q))?) + H 901 H?H—l(g))iig C/O ” div o H%{*l(Q) dt (71)

holds for every solution of (70).

The proof of the fact that (71) does not hold is inspired by the, by now classical, construction of
gaussian beams by J. Ralston [R1,2]. Roughly speaking, by a geometric optics construction we will
exhibit the existence of a family of solutions of Lamé’s system (70) with most of its energy concentrated
on its transversal component.

First of all we recall some basic issues related to this construction of geometric optics.

5.1 Preliminaries on geometric optics with complex phase

Let © be a bounded smooth domain of IR" with boundary & = 99 of class C*°. In a neighborhood
of a given xzy € S we denote by = = (2/,z,,) the system of normal geodesic coordinates where 2/ € S
and z, € IR are characterized by

| 2, |= dist(z,8); Q = {z, > 0} ;dist(a’, x) = dist(z, S).

In this system of coordinates the metric on 7% R™ takes the form &2 + g(xn, 2/, ') where g(0,2,¢") =||
¢ ||%. is, by definition, the induced metric over S.

22



Let ¢ = ¢(t,z") be a C* function with values in €; defined near (to,z() € R x S and satisfying

Im V2p(tg, zh) > 0; dp(to, ) # 0

where V2 and d denote the Hessian and the gradient in the coordinates (t,z2') € R x S. In (4.3) by
ImV2p > 0 we mean that the Hessian matrix is positive definite.
In view of (5.3) it follows that Imdp(to, ) = 0. Thus, we set

Re dp(to, z) = dp(to, z) = (70,&p) # 0. (73)

When F'is a closed set we denote by S(F') the set of symbols a(y, k) = ;0:1 a;(y)k™7 with jo < oo
such that a; is of C*°—class in a neighborhood of F' for each j =1,---, jo.
We want to solve, in an approximate way, the system

{ (07 — 2A) (eikwa) =0 in QxR (74)

Y=p,0=acS(ty,xp) on SxR
in the following cases:
(i) The hyperbolic case :c || & ||x'<]| 70 |;
(i) The elliptic case : ¢ || & ||x>| 70| -

Given Ny large enough (it will be clear from the construction that Ny = 2 suffices), given a closed
set I and a C*° function f on a neighborhood of F', we say that f ~ 0 in F' if f vanishes at order
2Np in F'. On the other hand, given a symbol b = Z;OZO bjk:_j we write b ~ 0 in F' if b; vanishes at
order 2(Ny — j) in F for each j =1,---, jo.

Hyperbolic case

In this case the equation &2 + g (0, z(, &) = 7¢/c? has two real distinct roots. Let us choose one of
them, &,, and denote 29 = (2(,0) € R" and & = (£,&,) € Ty R
The null bicharacteristic of the operator 7 — ¢?A passing through (to, o, 70, o) is given by

{00 70.60)3 2() = a0~ (¢~ 1) ,TngQ} | (75)

We set F' = {(t,z(t)) ;t € R}.
The following holds:

Proposition 5.1 There exists a C* function ¥ = 1(t,x) in a neighborhood of F' such that
(0 ‘Rxg —@~0in (t07376) (76)
(¥")? — (V)% ~ 0 in F.

The development of ¥ over F' is given by

¥(t, ) = p(to, zp) + (x — 2(t)) - &0 + q(t, )
q(t,z(t)) = 0, Vaq(t, z(t)) = 0; (77)
Im VZ2q(t,z(t)) > 0
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d
" [det Im (V?@mp) (to, xi))] V2 ccosf (det Im (V?ﬂb) (to, 330))1/2 (78)

where 0 denotes the angle between & and the normal to S at xg.
On the other hand, for every symbol a € S (to,x(), there exists o € S(F) such that

olsxmr—a~0in (to, xp)

. . (79)
(07 — 2A) (ell‘“/’a) = k2e™r, withr ~ 0 in F.

Moreover, given a C* function x = x(t,z) such that x =1 near F and with supp x contained in
a small neighborhood of I, the sequence of functions

wp = x(t, )k~ (80)
1s exponentially concentrated near F' and

(02 — 2A) ukHHl([—T,T}xR") —0ask —

bl

By the energy identity it follows that

4
dt

Oouy,

_1/2 (81)
B |

, }
+ ¢ [Vuy[* | dz — 2072 | 70 | [oo (t, 2(1)] |det Tm Vg (¢, 2())

[ ~1/2
o0 |? [det (Im v2q)] " (t,x(t))] ~0 (82)
where o s the first term in the development of 0 : 0 = Eajk:_j

The elliptic case
2
In this case the equation 5721 +g(0,2(,&)) = Z—% has two complex roots 5,?:

8

— . T
& ==& =i\ I3, -5

We set zg = (z(,0) and F' = {(to,z0)}
The following holds:

Proposition 5.2 There ezists a C™ function 1 = ¢ (t,x) in a neighborhood of (to, xo) such that

P — @ ~0in (to, x0)
{ ‘Rxs (83)
(¥1)* = (Vo) ~ 0 in (to, zo).
In the system of normal geodesic coordinates we have
B(t,2,2n) = 9(t,2) + & 2n + O (|2n’] + lont] + 224 | 2 [F). (84)
On the other hand, for every symbol a € S(to, () there exists o € S(to,xg) such that
O“BXS —a~0in (to, ()
(85)

(07 — 2A) (eik¢a> = k2e*r, with r ~ 0 in (to, zo).
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Given x = x(t,x) a C° function such that x =1 near (tg,xy), the sequence
u = x(t, 2)k~ Ak 5 (86)
in view of (84) satisfies

H(at2 - CzA) Uk ’mn>0HH1 —0ask — 00,

sup /
t Tn>0

Remark 5.1 Note that, in contrast with (81), (87) provides a polynomial decay rate for the energy.

Ouy, (87)

ot

2
+ |quk|21 dr < Ck™' as k — oo.

For the proof of Propositions 5.1 and 5.2 we refer to J. Ralston [R2]. We recall that the construction
of the phase ¥ and the symbol ¢ only involves the Taylor expansion on F and also that Im?V2¢ > 0
implies that there is no caustics in 1 in Proposition 5.1.

5.2 Non-uniform decay

Let us recall the definition given in section 2 of the region £ C Char(7) that couples strongly the
longitudinal and the transversal waves:

L={(y,t,n,7):y €I 0<|n|<|T|vr}. (88)

Assume that €2 is as in Theorem 1.2 or, more generally, as described in section 2, let us assume that
for any T > 0 the assumption (Hr) holds, i.e. there exists a ray s € [a,b] — p(s) € Char(7) without
contacts of infinite order with 02 such that ¢(p(b)) — t(p(a)) > T and p(s) ¢ L for any s € [a,b].
Under this assumption we are going to prove the existence of a family of solutions {¢y} of the Lamé
system (5.1) such that

H (‘pg’ dﬂ) H(LQ(Q))”X(H*(Q))" =1, Vke v (89)

T
/ | divepy %10y dt — 0, as k — oo, (90)
0
More precisely, the following holds:

Theorem 5.1 Assume that Q is a C*° domain of R"™ with n = 2 or 3. Assume also that, given
T > 0, the condition (Hr) holds.
Then, there exists a sequence of solutions ¢y of (5.1) such that (89)-(90) holds.

Proof of Theorem 5.1.
To fix ideas we assume that n = 3.
First of all we observe that it suffices to construct, for any € > 0, a C°°—function ¢ = ¢, such that

¢ llz2(@xor)> 1 107 = 1A = (A + )V div) @l 120 -1 (y) < &5
T e ) (91)
H ¢ HL%@QX(O,T))S € H div ¢ HH—I(Q) dt <e°.
0
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Indeed, if the sequence {¢.} satisfying (91) exists it suffices to take as initial data for the Lamé
system (5.1):

(i k) = (#:(0), 6-4(0)) / e

with a. = ||(¢<(0), ¢€¢(0))||(L2(Q))3x(H—1(Q))3 and € = 1/k and ¢y, the corresponding solution of (5.1).
One has a. > ¢y > 0, otherwise we would have that ||¢:||72(Qx(0,7)) — 0 and this would contradict
the first statement in (5.22). It is then easy to see that (89)-(90) holds.

Indeed,
Y 7 d 2|5 " 7
i _ t < —_— i _
Jy Naven B < 2| g+ [l o
C
S mtCllw I72x (0.7
where w, = ¢ — 21—;2 solves

(02 — uA — (A + p)V div] wy, = —ﬁ (07 — pA = A+ p)Vdiv] ¢y = fr in Qx(0,T)
(e —zii: = 9k on 00Qx(0,T)
wg(0) = Opwi(0) =0 in Q.

In view of the results of [Li] we know that

| wk (Lo 0,1:22(02) < C [H Tellziome—1) + |l gk HL%@QX(O,T})}

and the right hand side of this equality tends to zero as k — oo due to (91).

Thus, let us focus on the construction of the sequence {¢.},, satisfying (91).

Let s € [a,b] — p(s) € Char(7) be a ray satisfying the hypothesis (Hr) above. Let J =
{s €[a,b] : p(s) € 9Q}. Clearly J is a closed set that can be split J = J U J,, where

Ji={s:p(s) = (y.t,n,7), y € 09, n=0};

J// = {S : p(S) = (yvtaan)’ y € 09, | n ‘>‘ T | VL}'
The set J, is finite. Indeed it corresponds to the points where the ray intersects the boundary
perpendicularly and the distance between two perpendicular reflections is bounded below by a positive
constant depending only on the geometry of 2. Therefore J,, is closed as well and there exists § > 0
such that | n [>| 7 | (v + J) for every s € J,,.

Given £ > 0 and taking into account that every ray is the uniform limit of rays having only transver-

sal intersections with 0f2, there exists a ray p : [a,b] — p(s) such that J = {s € [a,b] : p(s) € N} is
finite, J = J, U j// with # (jJ_) < # (J.) and moreover:

t(p(a)) < 0;¢(p(b)) > T', a,b ¢ J;
seJi=|n(p(s) < e

s€dy = (p(s) (v +6/2) < |n(p(s)] < |7 (5(s))] (vr — €2)
seJ,se j// =|s—s|> %dist (JJ_7J//) > 0.

(92)
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Note that, at this level we have used the fact that the ray has not contacts of infinite order with 0f).
Let N = N(e) = #(j> Then J = {s1,"-,sny} with a = s9g < 51 < --- < sy < b= sy4+1 and
let Fj be the segment in Q x IR projection over (t,x) of {p(s) : s € [sj,sj4+1]}. We can assume that
ﬁ(Sj) = (tj,xj,7j7§j) with T = —1/2 and tj = Sj5.
We look for ¢ = ¢ solution of (91) of the form

N
6= ¢;; ¢; =k (Vo; + curlwy)
vj = xjLeitop swy = xetiol

(93)

with & > 0 large and x;(¢,z) € C2° such that x; = 1 near F; and with support in a small neighborhood
of F;. We choose xo,;, = 0 and therefore vg = 0. On the other hand, x; 1 € CZ° is such that x;;, =1
in a neighborhood of (¢;,z;) and has its support in a neighborhood of (¢;,z;), for j =1,---,N.

The first term e**¥00q is constructed with the help of Proposition 5.1 with speed of propagation
¢ = cp. Notice however that zg has been assumed to belong to the interior of €2. Thus, in this
case, the hypersurface S is taken to be the hyperplane perpendicular to &y at x¢ and ¢ any function
satisfying the conditions (77). Obviously, (79,&p) is determined by the segment Fj mentioned above
with o =cp | & | and 79 = —1/2.

Thus ¢g = kY4 curl (eik%ao).

We then construct u; for j > 1 by recurrence. We set ¢ = ;1|50 R, that is well defined
near (tj,x;). On the system of normal geodesic coordinates (z',2%) near z; we set dy¢ (t;,7;) =
nj, dgj—1 (tj,z;) = (771‘7 _§§‘3))~ In view of the third statement of (92) we have 5](3) # 0. We
denote by 1; the function given by Proposition 5.1 with speed of propagation cr and such that

dy; (tj,x5) = (nj, 5](3)). In what concerns the construction of v; ;, we distinguish two cases:

o If t; € j/ ; we have | n; |> v | 7o | and we apply Proposition 5.2 with speed c, that provides

;.1 in a neighborhood of (¢, x;).

o Ift; € J. we have | n; |< e? << g | 7o | and we apply Proposition 5.1 with speed c;, and the

choice of the ray such that d,v; 1, (t;,2;) = (m,{fi) = ¢ 1 with sign (§§3L)> = sign (5;-3)) that
defines v; 7, in a neighborhood of the segment

FjL= {(tv«%’(t)) ra(t) =a;— (= 1) L } : (94)

0
| & |?

The symbols are built so to satisfy the boundary condition ¢|y ~ 0 and therefore are determined by
recurrence from Propositions 5.1 and 5.2 and the choice of the traces such that:

ik [V;100 + Vi Aol | + Vol + curl o

: -1 (95)
+(ik (Vipj_1 AN oj1) 4+ curlo? )| 5, ~ 0 on (t5,2;5).
System (95) is solvable due to the fact that
Vi Vi (t.45) = 1 + 7% # 0. (96)

Obviously (95) has not to be understood as a pointwise identity but rather in the sense of the
definition of f ~ 0 given in Section 5.1.
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The solution of (95) is not unique. We impose to it the compatibility condition

Vi - o (tj,2;) =0, ¥j > 0. (97)
This guarantees that 4
Vi -o) =0on F;, Vj > 0. (98)
Let us compute the solution of (95) at first order approximation. We have
&1 ‘ &1 , &1 .
52 Ué,L+ 52 /\O'(]):* 52 /\0'67 .
0 1§ —&3

By (&1, &2, &3) we denote the three components of the vector (773‘, 5](-3)). Notice that the third component

4 of the vector multiplying oo, 1, may be purely imaginary when ¢; € J,,.
Modulo a rotation and without loss of generality we can assume that £& = 0. By the normalization
(97) we can write

, 0 €3 , 0 €3
oy=ar | 1 | +p5¢ 0 ;0671 =a_| 1 |+06-| O
0 —&1 0 &
The system reduces to
—a4&3 , &1 a_&3
B ll€IP | +ogr| 0 | =—| -B-1¢I?
481 0 a-&1
or equivalently to ‘
oo &1 —ayés = —a-&3
By =8
apér + 067L5 =—a_&.

We get

& 2088, o <€35 - f%) ‘ (99)

Br=Bosons = (v —a) g =~ @i =a- | 5o

It remains to build the cut-off functions.

The functions x; are chosen to be in C§°® and equal to one near Fj. For ¢; € j/ /> Xj,L 1s chosen
to be in C§° and equal to one in a small neighborhood of (¢;,z;). For t; € J . we choose Y € C§°
such that x;r (t,z(t)) = 0(t —t;) for (t,z(t)) € Fjr with 6(t) = 1 for | ¢ |< a and 6(t) = 0 for
| t |> 2a where 6 is a fixed function (independent of j and ¢) and a > 0 is small enough such that
when |t —t; |< 2a,dist (x(t),00Q) > C|t —t;|.

Let us show that for k large enough (k = k(g)) the function ¢ given in (93) satisfies (91) provided
the integer Ny that enters in the identities ~ 0 is large enough:

e The traces on the boundary are concentrated near the points (¢;,x;). System (95) and the
conditions (76)(1) and (83)(1) imply

dm {1622 a0 0,9 = 0- (100)
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For t; <t < tj;1, let e; be the energy density (see (82)) (which is a constant independent of ¢):

. —1/2
e =727 | o} [ (det TnV20,) " (ta(t)  (ta(t)) € F (101)
and for t; € Ji, t; <t <tj1,
2 ~1/2
e = 7r3/27'0 vi |o ‘ (J)L‘ (det Im V?;%’,L) (t,z(t)), (t,z(t)) € Fj 1. (102)

By an appropriate choice of o (o, 79) we can suppose that eg = 1. We have

leH.EO | k=14 curl w; H%Q(Q) (t) =¢; for t; <t <tjq,

- (103)
Jim | kYA (T2 (8) = 10 (t— )P e for t; < t,t; € .
In view of identity (99) it is easy to see that
| Vi Aooj [=] V-1 Ao | o (t,a)) (104)

for t; € J 4, since ¢ is purely imaginary in this case.

On the other hand, for ¢; € J1, in view of (99) and (92)(2), we have
(V4 + Vpjoa) (8, 25)] < 2€°
and therefore there exists Cy > 0 such that
Vo A | (t5,25) = (1= Coe?) [V A | (1)

‘va}LUO,L‘ (tj,mj) < C()E ‘V’lﬁj_l A UO_ ‘ (tj,acj) , Vt; € jJ_.

In view of (78) and taking into account that J| is a finite set, we deduce the existence of a
constant C7 that only depends on #.J; such that

Vi,ej >1— C1€2; Vt; € jj_, e L < 0162.

Therefore
{6 1132@uor)= T (1 - 0().

On the other hand, in view of (87)(2) and (102)(2) we deduce that

limsup/ || div ¢ ||H o) dt < hmsupZ/ EV2 ) Yy, |12 @)= 0(e h.
0

k—o0
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e Finally, we have

2
liiisip H (83 — A — (A4 p)V div) gb‘ 20T H= ()
< likmsupZ/OT k172 H (8152 - C%A) vj’ 22(9) dt
—00 :j«l

2
L2(Q)

k—oo

T . .
= lim SupZ/ k172 H (83 - c%A) XLLeW’Z’ijUJL’
— Jo
J1

< CZe% /R | 0'(s) |* ds = O(£%).
J1

This concludes the proof of the non-uniform decay under the hypothesis (Hr).
|

Remark 5.2 Note that part of the technical difficulties of the proof are related to the fact the ray
provided by (Hr) has to be slightly modified to guarantee that only transversal intersections with the
boundary arise. Then we have to make sure that the estimates do not blow up as € — 0. This is done
by taking limits as £k — oo and making use of the conservation of energy.

Remark 5.3 The C'°° assumption on the regularity of the domain ) is unnecessary. It is easy to
see that the construction above applies when € is of class C® along rays that only have transversal
intersections with the boundary. Thus, Theorem 5.1 applies for domains of class C? provided we
assume the existence of a family of rays p. satisfying (5.1) for 0 < & < €.

Remark 5.4 In view of the construction above it is natural to consider the problem of whether there
exists a family of solutions of the Lamé system (5.1) such that

H (cpg, @,ﬁ) =1,Vke N (105)

H(LQ(Q))?’X(H*(Q))3

and .
/0 leurl g |71 gy dt — 0, as k — oc. (106)

It is easy to check that our construction can be done at points of perpendicular reflection but it
does not apply when a longitudinal ray intersects the boundary almost tangentially since a transversal
wave is reflected provided A + 2p > pu.

Thus, in the range A\+2u > p, a sequence of solutions {¢x} of (5.1) can be built so that (105)-(106)
holds provided there is a longitudinal ray in €2 along the time interval (0,7") that is always reflected
perpendicularly on the boundary. Obviously, when €2 is a smooth convex domain this holds for all
T > 0.
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Remark 5.5 Similar problems can be considered when 0 < A 4+ 2 < p. In this range of Lamé
coeflicients div ¢ and curl ¢ play reverse roles. It is then easier to build sequences of solutions satisfying
(105)-(106) than those verifying (89)-(90).

5.3 A refined result in three space dimensions

A careful analysis of the construction above yields to the following remark showing that the assumption
(Hr) is not sharp in three space dimensions when constructing the sequence of solutions {¢y} of the
Lamé system (5.1) satisfying (89)-(90).

Indeed, let us analize the solutions (99) of system (95). Clearly,

ay =a_ =0

By = 0=
is always a solution, independently of the nature of the ray. This corresponds to a purely transversal
wave that is polarized in the “critical direction” 7[';_ nr,. If this polarization propagates along the ray
so that it coincides with the critical polarization direction at every reflection in which the construction
of section 5.2 fails, i.e. essentially when 0 <| n |< vz, | 7 |, then the same construction with this choice

of the polarization direction yields the desired sequence of solutions.
Thus, we introduce the following refined version of (Hr) in three space dimensions:

There exists a transversal bicharacteristic ray of length T such that
(a) When 7(s) € 02, | n [ vy, | 7| and || vr |7 ;
(b) Let G = {s:v(s) € 0 and 0 <|n(s) |[<wvr | T|}.

Clearly G = {s1,---,sny} with N =01if G = 0.

. . . . . + —
Then the polarization directions e; € T(s2) N T (s2)

(H7)

are connected by the propagation .

Obviously (H2) is less restrictive than (Hr) since it allows the ray to enter the region 0 <| n |< vz, | T |.
However at those points we need to impose the polarization directions 7rfyr N m, to be connected by
the propagation to be able to proceed as mentioned above. Notice that in (a) we have imposed the
condition | n(s) |# vr | 7(s) | when ~v(s) € 9. Thus the ray never meets tangentially the boundary.
We did not do that in (Hr) but in that case using the fact that the ray does not have contacts of
infinite order with 02, the ray v was approximated by rays 7. fulfilling this condition and preserving
the other essential properties. In this case, by imposing this condition (a), we avoid the analysis of
the stability of condition (b) with respect to perturbations of the ray.

It is straightforward to see that if we proceed as in section 5.2 by choosing the polarization direction
given by e; € 7T7+( s5) VT s0) for any s; € G the following holds:
Theorem 5.2 Let Q be a bounded domain of class C* of R such that (H3) holds. Then there exists
a sequence of solutions {¢r} of the Lamé system (5.1) satisfying (89)-(90) in the time interval (0,T).
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6 Uniform decay

6.1 Uniform decay in two space dimensions

In this section Q denotes a bounded, smooth, open set of IR? without contacts of infinite order with
its tangents. We also assume that

(i) Q satisfies the spectral condition (C);
(ii) There exists Tp > 0 such that every transversal ray of length T} intersects (107)

L={(y,t,m,s):y€o0<cr|nl|<|T]}
The main result of this section is as follows:

Theorem 6.1 Under these assumptions, there exist C,w > 0 such that every solution (u,0) of the
system of thermoelasticity (1) of finite energy satisfies

E(t) < Ce “'E(0), ¥t > 0. (108)
Theorem 6.1 is a consequence of the following result:

Theorem 6.2 Assume that Q satisfies (6.1). Then, if T > Ty for any solution (u,8) of (1) such that
(u,0) € (L*(Q x (O,T)))3 and satisfying

0 e L? (o,T; H&(Q)) (109)

it follows that
we (H'@x (0,7)". (110)

Assuming for the moment that Theorem 6.2 holds true let us see that Theorem 6.1 holds true as
well. The proof is similar to that of Lemma 3.3.
We introduce the following Hilbert spaces of solutions (u, ) € (D'(Q x (0,T)))* of (1):

Al = {(u, ) € (122 (O,T)))S} :
FlT:{(u,@)EFOT:/OT/Q|V9|2dxdt<oo};
GT — {(u,e) e Fl iue (H'(@x <o,T)))2}.

In view of Theorem 6.2 the image of the imbedding F{f — F{ is contained in G*. Then GT = F
and by the closed graph Theorem the existence of C' > 0 such that

I (u,0) llgr< C || (u,0) |l pr, ¥(u,0) € FY

follows. Since () satisfies (C'), by the compactness of the embedding H (2 x (0,T)) < L?(Q2 x (0,T))
it follows that, for T" > 0 large enough, there exists C' > 0 such that

T
| w H%Hl(QX(QT)))ZS C/O /Q | VO |? dedt
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for every solution of (1).
Thus

E(0) — B(T) = Z/OT/Q V0 |? dedt > c/OT E(t)dt > CTE(T).

This inequality implies the exponential decay property (108).

In order to prove Theorem 6.2 we need the following auxiliary result:

Theorem 6.3 Assume that Q satisfies (6.1). Let T > Ty. Then, if u is a solution of the Lamé system

uy — pAu — A+ p)Vdivu =0 in  Qx (0,7), (111)
u=0 on GQ X (07 T)
such that
divu € L*(Q x (0,T)) (112)
it follows that
2
we (H'@x 0.7))". (1)

The proof of the fact that Theorem 6.3 implies Theorem 6.2 is analogous to the one of Lemma 3.3.
Let us finally prove Theorem 6.3:

Proof of Theorem 6.3.

Let I = (a,b) be an open interval such that [a,b] C (0,T"). It is easy to see that (113) follows from
the fact that v € (H*(Q x I))°.

To prove this we first observe that, as a consequence of (111), W F,(u) C Char. (Here and in the
sequel we keep the same notations of previous sections). Thus, it is sufficient to check that

u € H}, for all p € Char such that ¢(p) € [a,b]. (114)

When z(p) € Q and | 7(p) |=cr | £&(p) |, (114) is a consequence of (112). Thus, we may assume
that p € Char(7). Let v be the transversal ray passing through p. In view of assumption (115)

(ii), there exists a point p; of v such that p; € £ and t(p1) € (0,T). From Appendix A, u can be
decomposed as u = Vu + curl w near z(p;). Since divu € L? we deduce that Av € L? and therefore
v E Hgl since 7(p1) # 0 and (97 — c2A)v = 0. Since p; is of hyperbolic type for 97 — ¢ A we have
Volgaxom) € H;l. Therefore, since u = 0 on 90 x (0,T), we also have that curlw|yq, o) € lel.

Since | n(p1) |> 0 we deduce that %?Z’ € H, and W|g0 (0.1) € H3,. Since py is of hyperbolic

0 (0,T)
type for 97 — c2A we deduce that w € Hgl and therefore u € H /}1‘ The propagation Theorem of
Appendix B allows us to conclude that u € H ;.
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6.2 Uniform decay in three space dimensions: A conjecture

In order to extend the results of section 6.1 above to three space-dimensions the polarization phenom-
ena has to be taken into account. We conjecture that the following is true:

Conjecture: Assume that Q is a bounded, smooth, open set of IR® without contacts of infinite order
with its tangents. Assume also that

(i) Q satisfies the spectral condition (C);
(ii) There exists Ty > 0 such that every transversal ray of length Ty intersects

L={(y,t,n,s):y€0N0<cr|nl|<|7l} (115)
twice at points where the critical polarization directions 77; Um,
are not connected by the propagation.

Then, solutions of the 3d system of thermoelasticity (1.1) decay uniformly as t — oo.

7 Polynomial decay in two space dimensions

All along this section we assume that 2 is a bounded smooth domain of IR? without contacts of infinite
order with its tangents.
We also assume that

2 is not a ball neither an annulus of the form O/AO with O a ball and 0 < A < 1. (116)

This section is divided in two paragraphs. In the first one we derive some estimates of the total
energy of solutions of the Lamé system in terms of its longitudinal component but with a loss of
one derivative. In the second one, combining these results and those of section 3.2 we deduce some
polynomial decay rates.

7.1 Inequalities with deffect

The main result of this paragraph is as follows:

Theorem 7.1 Let Q satisfy assumption (116) above. Let T, be the geometric control time in Q from
the boundary with velocity cr. Assume that T > 27T,.
Then, if u € (D'(Q x (0,T)))* solves

u — pAu— A+ p)Vdivu =0 in Q2 x (0,7), (117)
UZO on aQX (O,T)a
and
divu € L* (2 x (0,T)) (118)
it follows that
we 2@ x (0.1)). (19

Remark 7.1 T is the supremum of the lengths of the characteristic rays for 97 — c%A in Q x R,
before they intersect the boundary at a non-diffractive point. From [BLR] we know, for instance, that
T. is the minimal controllability time for the scalar wave equation (97 — ¢2A)u = 0 in H} () x L*(Q2)
with L? (09 x (0,7))) Dirichlet boundary controls.
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Proof of Theorem 7.1.
Recall that Char = Charg U Chargg and let us decompose Charyq in the following disjoint subsets:

Chargg = Chargg U LUZ
where
Charazg = {(y,t,7,7) € Chargg : 1 = 0} ;
L= {(yvtﬂlﬁ) € Chargg : 0 <[ n|<cp!| T |};

7 = {(y,t,’r),T) € Charpq : czl |7 |<|n|< c}l | 7 |}

Let us also recall that the transversal characteristic manifold is given by Char(7) = Charq(7 )UCharsn
with Charq(7) = {z,t,&,7) :x € Ut € (0,T),| 7 |=cr | €|}
In view of (117) we have W F,(u) C Char. Thus (119) is a consequence of the assertion

9\ 2
u € (Lp) ,Vp € Char. (120)
By virtue of the decomposition Lemma of Appendix A, we can decompose u as
_ . 2 2 —n. 2 2 _
u = Vv + curlw; (8t - CLA) v =0; (Ot - CTA) w=0 (121)

near any point (xg, o).

We have divu = Av € L?(Q x (0,T)). Therefore, we also have 0?v € L? (Q x (0,7)). When
zo €  and p € Char is such that xz(p) = z¢ we have v € Hg. Thus (117) is immediately true for
p € Char \ Char(7).

When zg € 092 and p € Charyg is such that z(p) = x, taking into account that J; is a tangential
elliptic operator of order 1 in p we have v € Hg. We deduce that

2
o0x(0,T) © <H;) !

1/2\2
pEZ= Vlso.om € (Hp/ ) :

p € Chargo UL = Vo

(122)

The first assertion in (122) is due to the fact that the points p under consideration are hyperbolic with
respect to 92 — ¢4 A. The second one is a trace result.
Taking into account that u vanishes on the boundary we deduce that (122) implies

Lo 1)

p € Chargg U L = curlw € (Hp) ;

2% (0,T) ) (123)
1/2
p € Z = curlwl|yg, o) € (Hp/ ) .
This is true for every decomposition (121).
Therefore it is sufficient to show that

w e H;,Vp € Char(7). (124)
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In view of previous results, assertion (124) is independent of the decomposition (121).

We have (07 — c;A)w = 0 and in view of (123) it follows that w|gox (0.1) € Hg/z when p ¢ Chara,
and dw/0n|sox 1) € H ; when p € Charg, and these boundary conditions guarantee that the H'
regularity of w propagates along transversal rays.

Let p € Char(7) and let v : (0,7) — Char(7) be the unique transversal ray (time ¢ being its
parameter) satisfying v(¢(p)) = p. Since, by hypothesis, T" > T, there exists t; € (0,7 such that
~v(t1) = p1 € Charpg is a non-diffractive point of the boundary. We now distinguish three cases:

Case 1. If p; ¢ Charﬁg, by (123) we have curl w|sox(o,7) € H,%{Q and this is equivalent to
Ow/on|aaxo,1) € Hp11/2

and w|gax(o,1) € HS'I/ . Thus, since p1 is non-diffractive, by the lifting Lemma of [BLR], we have
w’aQX(O7T) € H§{2 and by propagation w € Hg.
Case 2. If p; € Charég, we denote by I' the connected component of 92 containing z(p;) and by
0y the tangential derivative along I'. In view of (123) we have curlw|sqxo,1) € H{ and therefore
Oywlaax 0,1y € H} for all & in a neighborhood of Charé‘Q. Then the H! regularity of g = wlaax (0,7)
propagates along the bicharacteristics of 0, (i. e. along the curves (y,t = t1,n = 0,7 = 11)). We
set p1 = (y1,t = t1,n = 0,7 = 7). If there exists a point o0 = (y,t = ¢1,0,71) with y € I' where the
argument of Case 1 may be applied we will have w € H} and therefore g = wla0x(0,1) € H} as well
(since o is of hyperbolic type). Thus w|sqx(0,7) € H,}l and since curl w|pox (0,7) € H;l we deduce that
Ow/0n|sax o) € L/2)1' Since p; is non-diffractive, by the lifting Lemma of [BLR|, we deduce that
w E H;l and by propagation w € H;.

Since t; € (0,T) and T > 27T, there exists a sign ¢ = £1 such that ¢t;+es € (0,T") for all s € [0,T¢).
If there is no point o = (y,t1,0,71), y € v where the argument of Case 1 can be applied, the first point
of intersection of the half-line {y + Iny;l > 0} with 0Q has to be a point of perpendicular intersection
for all y € I'. Since €2 is not a ball, € is then necessarily an annular domain

Q={reR*:x=y+in,:ycT,0<<lp} (125)
Case 3. To finish the proof of Theorem 7.1 we may suppose that 2 is of the form (125) and that
the curvature of I' is not constant. We may also assume that I' is the interior boundary of €2 and
we denote by s the curvilinear abscissa of I'. Let yo(s = 0) € T and w a cylindrical neighborhood of

{yo +iny, : 0 <1 <lp} in Q. Let po = (yo,to;n = 0,70), to € (0,7"). We denote by z(s) the curvature
of I' at s with the convention that < 0 when I' is concave with respect to €2 as in Figure 8 below.

Figure 8
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The proof of Theorem 7.1 will be complete once the following Lemma is proved:
Lemma 7.1 If dx(0)/ds # 0 then w € H,,

Indeed in view of this Lemma, as soon as the curvature x varies w € H ;0. We have also shown that

the H' regularity propagates along transversal rays. This shows that w € H ; unless €2 is a spherical
annulus.
Proof of Lemma 7.1. We may suppose that to € (0,7/2) (otherwise it is sufficient to change the
time variable t — T —t). Let u = Vv + curlw a decomposition of u in (to — 4, to + lcp' + ) X w, with
§ > 0 small enough. We have (87 — 2A)w = 0 and near Char3g, curlwl|pox o) € H' (in view of
(123)). On the normal geodesic system, the Laplacian over w can be written as:

1 1.1
A= Eﬁl(aﬁl) + 585(563), a=1-1lx(s). (126)

Since py is of hyperbolic type, the solution w of (8 — c¢2A)w = 0 near py can be decomposed into an
incoming wave w_, an outoming wave w4 and a smooth function r:

w=w-+wqy+r
po ¢ WFb((&t2 — A A)wy) UW Fy(r) (127)
Wy = ﬁ [ e¥toLgy(n, )dndr

where the phases o+ (l,t,s;n,7) = 7t + |7|Y+ (I, s,n/T) satisfy the eikonal equation
1
G| @0 /017 + 25 @0/05P| = 15 blico = su/Irls - 200 /0l > 0 (128)

and are defined for a = n/|7| near 0, and where the symbols ¢ = Z o"(l,s,a)(i|T|)"™ satisfy the
n>0
transport equations

{ i0¢p/0l00 |0l + 10,(ado /Ol + iacdp/Ol) + 50¢/0s00 |0s + 20,(L00 /0s + L0 /Dsa) ~ O

oli—o =1

(129)

with ¢ = ¢4 for o = o4.

In view of (128) we have
O Ol = Dt |Ol|1—g = £(1/cF — n? /7)) (130)
P+ln=0 = Tt L |7|l/cT (131)
and using (129) and (131) the leading terms o of the symbols o satisfy
1
8hi/8l + ac‘)(ahi)/ﬁl =0; hi|l:0 =1

with hy = 09 |,—0. Thus

0% |y=0 = h(l,s) = (1 — lz(s)) Y2 = a=1/2. (132)

We have w+|i—g = g+, Ow /0l|j—g = E*(g+) where E* is a pseudodifferential operator of degree
1 of principal symbol o1 (E*) = i|7]0¢+ /9l|1=0 = +i(|7|?/cE —1?)/2. Thus —(E~)'Et = Id+ R_,
where R_1 denotes a pseudodifferential operator of order —1.
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Condition curl w|;—g € H;O is equivalent to

d(g4 +9-)/9s € Hy, E*(94)+E (9-) € H, (133)

0?

and this implies the existence of pseudodifferential operators of order —1 such that
(0s+R_1)g4 € H), (0s+R_1)g- € H, . (134)

When o = n/|7| is close to zero the phases and symbols 91, o1 are defined in a neighborhood of
[ € [0,1p] so that wy will be the incoming part of w at y; at time t; = ¢ty — sign(79)lp and w_ the
outcoming part of w at y; at time to + sign(7o)lb. If sign(m) < 0 (the other case can be treated in a
similar way), using (134) in yi, in a neighborhhod of p1 = (y1, 1,0, 70) there exists a pseudodifferential
operator R_; such that (95 + R_1)[wy |i—, € H},.

Let us denote ¢g = ¢4 |1—;,. Given a symbol ¢ = Z ™ (s,n/|7))(@|7))*™ of degree d defined near

n>0

s =0,n/|r| = 0, the operator g — Ay(g) = 2z [ €"¥°qgdndr is a Fourier integral operator of degree d
and we have (see [Ho], vol. 3)

Agg) € H3 Y VgeH . (135)
Moreover, if ¢ is elliptic, i. e. if ¢°(0,0) # 0, we have
Aq(g) € H3 ®,  ifand only if g€ Hj . (136)

On the other hand, if R is a pseudodifferential operator of degree d defined near p; there exists a
pseudodifferential operator S defined near py of degree d such that

RAq(g) = Aq(Sg) (137)

and o4(R)(p1) = a(5)(po)-
Thus, for gp = o4|;=;, we have

(0s+ R-_)g+ € Hy; (05 + Ry)Agy(g+) € H) . (138)

On the other hand, 0,44, = A, with p = i0p4/0s|i1=1,q0 + 0q0/0s = q1 + ¢2. In view of (131) we have
O0p /0s|y—o = 0. Thus ¢1 = ign where ¢ is a symbol of degree 0. The second statement of (138) and
(137) imply that
Ag(0sg+) + Agy(94)Agy(R_gy) € H) .

We now denote by R any pseudodifferential operator of order —1. Thus using the first statement of
(138) and (135), we obtain

Ag,(9+) + ARyt + AgRgy € H,. (139)
From the fact that dz(0)/ds # 0 we deduce that go = dqo/ds = Joy/0s|1—, satisfies ¢3|,—0,s=0 # 0 in
view of (132). Taking into account that g2 is elliptic in pg and (135), (136) and (139) we deduce that

9+ € H),. (140)
Indeed, this can be proved by a classical bootstrap argument: The fact that g+ € H o0 DY (135) implies
that AgRgs € H5™ and then by (139) Ag,(g+) € Hp ") which, in view of (136), implies that

min(1,s+1
g+ € Hp, (bs )'

As a consequence of (140) we obtain E™(g) € L%O and therefore, by (133), g— € H;O which implies

that w|aqx(0,7) € H;O and Ow/0n|aqx(0,1) € L%O, Thus, by the lifting Lemma of [BLR], w € H;O.
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7.2 Polynomial decay rates

As an inmediate consequence of Theorem 3.1, Lemmas 3.2 and 3.3 and Theorem 7.1 the following
holds:

Theorem 7.2 Let Q be a bounded smooth domain of IR? without contacts of infinite order with its
tangents. Assume that Q satisfies the spectral condition (C) and (7.1).
Then, there exists C' > 0 such that

E(t) < % | (w0t 6°) I3 ¥t >0 (141)

for every solution of (1) with initial data in the domain D = (H? N H} (Q))Qx (H(%(Q))2 x (H*N H{(Q)).

8 Related controllability results and spectral properties

In this section we consider two controllability problems that can be reduced to the observability
inequality (9) for the Lamé system (8). First we address the controllability of Lamé’s system in
elasticity with potential controls. Then we address the null-controllability of the linear system of
thermoelasticity with a scalar control acting on the heat component of the system. Finally we discuss
the existence of divergence-free eigenfunctions of the Lamé system in two space dimensions.

8.1 Exact controllability of the Lamé system

Let us consider the controlled Lamé system

up — pAu — A+ p)Vdivu = f  in Qx(0,7)
u=0 on 00 x(0,T) (142)
u(z,0) = u%(z), ug(z,0) =ul(z) in Q.

We assume that (u®,ul) € (H(Q))" x (L3(Q))" and f € (L? (2 x (0,7)))" with n = 2 or 3. Then
the system (142) admits an unique solution u € C ([O,T]; (H&(Q))n) nct ([O,T]; (LQ(Q))n)

The exact controllability problem can be stated roughly as follows: Given (u®,ul) € (H{(Q))" x
(L2(Q))" find f € (L (2 x (0,T)))" such that the solution of (142) satisfies

u(T) = w(T) = 0. (143)

If do not impose any restriction on the control f it is easy to see that this controllability property
holds for any T' > 0.

There are several results in the literature for the case in which some restrictions are imposed on
the control:

(a) When the support of f is assumed to be contained in a neighborhood w of the boundary 02
the methods of [Li] allow to show that the controllability holds for any 7" > diam(Q\w)/ /.

(b) More general subsets w of Q2 and sharper estimates on the control time can be obtained by
microlocal methods in the spirit of [BLR] and [Ma).
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(¢) The case in which f, = 0 has been considered in [Z2] and it has been shown
that, generically with respect to €2, the system is approximately controllable if
T > 0 is large enough, i.e. for any e > 0 there exists a control such that

In this section we address the problem under the assumption that
f=Vp, peL?(0,T; H}()), (144)

i.e. we consider the case in which the control is a potential vector field acting everywhere in €.
In view of (144) we write the system (142) under the form

uy — pAu — A+ p)Vdive =Vp in - Qx(0,T)
u=0 on 00 x(0,T) (145)
u(z,0) = u’(z), w(x,0) =ul(x) in Q.

We say that the system (145) is ezactly controllable at time T > 0 if for every (u®,u') € (H(Q))" x
(L2(2))" there exists p € L2 (0,T; H}(Q)) such that the solution of (145) satisfies (143).

Using J.-L. Lions” HUM (see [Li]) it is easy to prove that system (145) is exactly controllable if
and only if there exists C' > 0 such that inequality (9) holds for every solution of the Lamé system
(8).

Observe that this is true for every domain ) independently of the fact that it satisfies the generic
condition (C') or not. Thus the controllability problem above for the Lamé system, as the uniform
decay problem for the system of thermoelasticity, can be reduced to the observability inequality (9)
for system (8). Therefore the results of Theorems 5.1, 5.2 and 2.1 apply and provide both necessary
and sufficient conditions for the exact controllability of (145) to hold.

Note also that the results of section 7 allow us to deduce that for most two-dimensional domains
excat controllability does hold with controls p € L?(Q2 x (0,T)) instead of p € L?(0,T; Hi(9)).

Similar questions may be formulated when the control is a divergence free vector-field. Indeed, let
us consider the system

up — pAu — (A 4+ p)Vdive =curlp in Q2 x (0,7)
u=0 on 002 x(0,7) (146)
u(z,0) = u®(z), ug(x,0) = ul(x) in Q.

In this case, system (146) is said to be exactly controllable in time T > 0 if for any (uo,ul) €
(HI ()" x (L2(Q))" there exists p € L? <O,T; (H&(Q))n) such that the solution of (146) satisfies
(143).

By HUM it is easy to see that the exact controllability property above is equivalent to the following
observability inequality for the uncontrolled Lamé system (8):

T
1@ 13 ann + 11 @ H%LZ(Q))nS C | curl o |? dadt. (147)
3@) o

As we pointed out in Remark 5.4, (147) does not hold if there exists a transversal ray with only
perpendicular intersections with 9€) during a time interval of length greater than T.
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8.2 Null controllability of the linear system of thermoelasticity

We consider the controlled linear system of three-dimensional thermoelasticity:

uyg — pAu — (A + p)Vdive + aVe =0 in Qx(0,7)
0y — AQ + Bdivu, = 0f /0t in Qx(0,7) (148)
u=0,0=0 on 002 x(0,7)

u(z,0) = u®(z), us(z,0) = ul(x),0(z,0) = °(z) in Q.

In (148) the control f = f(x,t) € L*(0,T; H () acts on the system as a heat source. We
assume that f is of compact support with respect to time in (0, 7).

We say that system (148) is null-controllable in time T if and only if for every (u®,u',6°) €
(L2(Q)" x (H™1())" x (H2 N HY(Q)) (n =2 or 3) there exists f € L? (0,T; HY(Q)) such that the
solution of (148) satisfies

u(T)=w(T)=0, 0(T)=01in Q (149)

and
0,1 o 0,1 o
| f HL2(0,T;H*1(Q))S e (u su, ) ”(LZ(Q))3X(Hfl(Q))g’X(HQmHOl(Q))/7v(u su, 0 ) (150)

By (H?N H(Q))" we denote the dual of H? N HA(Q).

Of course there are other functional settings that make sense for this null-controllability problem.
We have chosen this one since, first, problem (148) is well-posed in those spaces, i.e. under the
assumptions above on the initial data and the control there exists an unique solution (u,u,6) €
C ([O,T]; (L2())" x (H71(Q))" x (H*N H&(Q))/) and second, this controllability problem can be
reduced easily to the decay properties for the system of thermoelasticity considered above.

We refer to [LZ1] for the null-controllability problem for the linear system of elasticity when periodic
boundary conditions are considered (or in the more general case in which the system is considered
on a manifold without boundary). Obviously, in this case, the null controllability does not hold since
w = curlw satisfies the uncontrolled wave equation wy — pAw = 0 with periodic boundary conditions.

However, in the present situation in which Dirichlet boundary conditions are imposed one can not
exclude automatically the null controllability since the control acts on curl v too through the boundary
due to the interaction between the longitudinal and transversal components of wu.

The null controllability problem can be reduced to an observability estimate for the adjoint system:

Y — pAY — A+ p)Vdivey + fVn, =0 in Qx(0,7T)
—n — An—adivy =0 in Qx(0,7) (151)
Yp=0,n=0 on 90 x (0,T)

¢($7T) = ¢0($)>¢t($7T) = ¢1($)»U(93>T) = 770(33) in €

System (8.10) is well posed in (¥, 1, 1) € (HE(Q))3 x (L2(Q))? x (H2 N HL(2)). On the other
hand, multiplying in (8.7) by (¢, ) and integrating by parts it follows that

T
/ (Yeu — Yug + BVnu — n0)dx|d — / / fmdxdt = 0.
Q 0o Jo

Note that when deriving this identity we have used the fact that f has compact support in time.
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More precisely it can be proved that the null-controllability property above in time T implies the
existence of a positive constant C' > 0 such that

T
2 2 2 2
100) 12y g+ 1 00) [+ [ 000) o= @ [ [ 19m Pt (152

holds for every solution of (151). On the other hand, if (152) holds for the adjoint system (151), then
system (148) is null controllable for any 7" > T in the sense of (149)-(150).

In order to prove the last statement, given (u%, u',6%) € (L2(Q))" x (H~1(Q))" x (H>N HY(Q))’
and p a non-negative smooth function such that p = 1 in an interval of length T" and p(0) = p(T") =0
we consider the functional

1 (T
J(0wt) = 5 [ [ o) 9n? dud
+ < n(0),0° 4+ Bdivu’ > + < ¢(0),u' > —/szt(()) ~uldz, (153)

where < -, - > denotes both the duality pairing between H2NH}(Q) and its dual and between (H{ (9))"
and (H~1(Q))" and (¢, n) solve (151) in the time interval ¢ € [0, T"].

The functional J : (HZ(Q))" x (L2(Q))" x H> N H}(2) — R is continuous and strictly convex.
On the other hand, from (152) and the properties of p, J is also coercive. Therefore, J has a unique

minimizer (@,@,ﬁ) in (HE())" x (L2(Q)" x H2 N HE(Q). It is easy to check that the control
g= % (p(t)Anz) where (12, ﬁ) solves (151) with this minimizer as data fulfills the control requirements
(149) and (150) at time t = T".

The main result on the null-controllability of system (148) is as follows:

Theorem 8.1 Under the assumptions of Theorems 5.1 and 5.2 there is no T such that (152) holds
for solutions of (151). Therefore, system (148) is no null-controllable.

Proof. It is sufficient to observe that (1, n) solve (151) if an only if

cp(x,t) = ¢($’T - t);&(x,t) = nt(va - t)

satisfy
o — A — (AN+ p)Vdivp + VE=0 in  Qx(0,00)
& — A+ adivpy =0 in  Qx(0,00) (154)
p=0,=0 on 00 x (0,00)
p(2,0) = 9°(2), pe(2,0) = P! (2),&(2,0) = —An°(2) — adivy®(z) n Q.
On the other hand, (152) is equivalent to
1 oT) I s+ 1T Brayys + 160 +adive(T) [z
T
< 0/ / | VE |? dadt
0o Ja
or, equivalently, to
T
E(T) < c/ / | V€ |? dadt (155)
0 JQ
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where E' denotes the energy

1 . B
EB(t) = 5/9 {! or P 4+u | Vo P +(A+p) [ dive + | € 7| da. (156)

Taking into account that
dE B 9
—_— == Ve |“d
dt o /Q | Vel da

we deduce that (155) is equivalent to

E(0) < C/OT/Q | Ve |? dedt. (157)

This is precisely the inequality we have shown does not hold under the assumptions of Theorems 5.1
and 5.2.

The results of sections 3.2 and 7 allow to deduce that null controllbility holds for most two-
dimensional domains provided the control g is taken in H~2(0,T; H~1(f2)) instead of taking it in
H=Y0,T; H *()). This is due to the fact that the following weaker version of (8.11) holds:

T
2 2 2 2
1600 1y e+ 16000 gy + 1000) o< © [ [ 1 [ dwde. (159)

8.3 Divergence-free eigenfunctions of the Lamé system

In this section we discuss the existence of divergence-free eigenfunctions for the Lamé system, i. e.
the existence of vector-valued functions ¢ and real numbers ~ such that

—Ap = 72@ inQ; divp=0inQ; ¢ =0 on 9. (159)

When 2 si a ball or a spherical annulus, system (159) admits infinitely many linearly independent
solutions in any space dimension. The results of section 7.1 show that for most two-dimensional
domains the subspace of solution of (159) is of finite dimension. Indeed, as we have seen in section 7.1
this holds as soon as €2 is a two-dimensional bounded smooth domain without contacts of infinite order
with its tangent and such that it is not a ball or a spherical annulus of the form Q = O\AO, O being
a ball and 0 < A < 1. Thus, roughly speaking, a necessary and sufficient condition for the subspace of
solutions of (159) to be of infinite dimension is {2 to be a ball or a spherical annulus. This is essentially
a result due to C. A. Berenstein [B]. Indeed, in [B] it was proved that if €2 is a two-dimensional simply
connected C*% domain in which (8.18) has an infinite number of linearly independent solutions, then
Q is a ball.

The characterization of the domains such that the set of non trivial eigenfunctions satisfying (159)
is non-empty is an open problem.

]
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Appendix A: A decomposition Lemma

The object of this Appendix is to give a detailed proof of a decomposition result for vector fields
into solenoidal plus potential ones that will be used in Appendix B below.

Let I be an interval in IR. Let us denote by A the elliptic operator associated with the Lamé
system A = —puA — (A + p)Vdiv. Let u € (H*(Q x I))" be a solution of

ug + Au=0in (D'(QxI))" (A1)

with n =2 or 3.

When n = 2 we set n’ = 1. Then, given a scalar function w = w(x1,2z2) we denote by curlw =
(Ow, —1w) the curl of w. When n =3 we set n’ = 3.

Let J be a compact interval strictly contained in I.

The following holds:

Lemma A.1 The vector field u can be decomposed as

u=Vov+curlw in (D'(Q x J))" (A.2)

with
ve LX(JxQ),vy —c2Av=0inD'(Q x J); (A.3)
w e (Lz(Q X J))n swi — cpAw =0 in (D'(Q x J))n/ (A4)

with
divw = 0 when n = 3. (A.5)

Moreover, (v,w) can be chosen such that (v,w) = R(w) where R is a linear continuous operator
from (HY(Q x I))" into (L*(Q x J))H_n .
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Proof. Let k = k(z,t) be the solution of
Ak=uin Qx I; k=0 on 09 x I. (A.6)

Taking into account that w e (H'(€2 x I))" solves (A.1) it is easy to see that &/u € L2 (I; (Hlfj(Q))n)
for j =0,1,2. Therefore & k € L2 (I; (HS*J'(Q))”) for 7 =0,1,2. We set

f= (af - c%A) (divk) € L2(Q x I);
g = (8152 - C%A) (—curlk) € (LQ(Q X I))n/ )

Given ¢ € D(I) such that ¢ = 11in J, let @ and 3 be the solutions of d?a = ¢f, 9?3 = g such that
a = =0 for t << 0 small enough. We define

v=divk —a; w = —curlk — 3. (A7)

Let us check that (u,w) as in (A.7) satisfy the conditions of the Lemma.
Taking into account that A = —c% V div +c% curl curl we deduce that

Vf +curlg = (9 + A) (Vdivk — curleurl k) = (97 + A) (Ak) = 0.
This implies that Va + curl 8 = 0. Therefore,
Vv + curlw = Vdivk — curlcurl k = Ak = w.
On the other hand
(2 —cia)v = (97 —ctA) (divk) - (97 —2A)a
= f-da+cEAa=0inD(Qx H),
since 9?a = f and Va + curl@ = 0 implies Aa = 0.
Equation (A.4) can be checked in a similar way.
When n = 3,divw = —div 3 satisfies 9?(div3) = ¢divg = 0 and div3 = 0 for t << 0. This
implies that div 3 = 0.

The fact that (v,w) = R(u) with R linear and continuous from (H(2x (0,7)))" into
(L2(Q2 x (0, T)))Hn is clear from the construction above.

Appendix B: H' propagation along transversal rays.

In this Appendix 2 denotes an open, bounded, smooth set of IR"™ with n = 2 or 3 without contacts
of infinite order with its tangents.

As in Appendix A, A denotes the elliptic operator associated with the Lamé system. We will
also use the notions of characteristic manifold Char and transversal characteristic manifold Char(7)
introduced in previous Sections.

Let us also recall that, as we said in Section 4, for any p € Char(7) there is a unique ray
s+ (s) € Char(7) such that v(0) = p.
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The object of this Appendix is to prove the following result that guarantees that the H ; microlocal
regularity of solutions of the Lamé system with homogeneous Dirichlet boundary conditions propagates
along transversal rays:

Theorem B.1. Let u € (D'(2 x (0,T)))" be a solution of
ug + Au =0 in (D'(Q2x (0,7)))";u =0 on 00 x (0,7) (B.1)

with
divu € L2(Q x (0,7)). (B.2)

Then, H'-regularity propagates along transversal characteristic rays. In other words, if s — ~y(s) €
Char(7) is a transversal characteristic ray

UGH v(s1) <=>'U,€H v(s2)? VSl,SQ. (B?))

Proof. Equation (97 + A)u = 0 guarantees that WF,(u) C Char. On the other hand, for p =
(7,€&,t,8) € Char such that x € Q and | 7 |= cf, | £ |, condition divu € L?(2 x (0,T)) implies that
u € H;. In order to prove (B.3) we use the decomposition u = Vv + curlw of Lemma A.1.

For p € Char(7), Av = divu € L? and therefore vy € L as well. Thus v € H2 since 7(p) # 0.
Consequently, u € H, 1 if and only if curlw € H, ! or, equlvalently, ifwe H, 2 because of the fact that,
when n = 3,divw = O

The statement (B.3) is of local nature. Thus, it is sufficient to analyze the propagation near each
p in one of the following four situations:

(i) p=(@tEs),zeQ[T]=cr|E];
() p=(y,t,n,8),y €0Q, [n]ecL <|T];
(#3) p=(y,t,m,5),y €0 |n|cL=|T];
(i) p=(y,t,n,8),y€0Q, |T|<cL|n]l.

Case (i): This case is a consequence of the classical result on the propagation of singularities in
the interior: We have u € H) if an only if w € H} and since (97 — ¢;A)w = 0, the microlocal H?
regularity propagates along transversal rays.

Case (ii): In this case we are led to analyze the propagation near the boundary over points that are
hyperbolic both for 82 — c2A and 92 — ¢2 A. Since v € H2 we also have Vg, o1y € le and since

ul aax o) = 0, curl w| a0x(0,1) € H as well. Let v and v~ be the outcoming and incoming open half

rays at p. Suppose for instance that u € H1 onvy~. Then w € H2 on v~ . Thus, if w = wy +w_ is the
decomposition of w solution of (8t — CTA) w = 0 near p in outcommg and incoming waves, we have
w_ € H}. Then since p is hyperbolic with respect to (97 — ¢;A) we have curl (w+)laax o, € H)

and divwy |y 0 € Hy- !, Taking into account that both curl (w,) and divw satisfy an equation of
the form (07 — c2A)h € C°° we deduce that curlwy € H1 and divw, € H1 over v+ as well.

Case (iii): It corresponds to those points that are hyperbolic for 97 — c2.A and glancing for 67 — 2 A.
This situation is described in the following figure:
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Figure B1.

We have to check, with the notations of the previous case, that w € Hg when w € H? over ~_.
We have again w = w4 +w_ with w_ € Hg. Then

VU|3QX(0’T) + (curl w+)|an(0,T) € H;; (B.4)
(divws)lpax o) € Hys (B.5)
5w+
—_ = E1 W60 BG
n oo (w+laax(o,1)) (B.6)
where Fj is a pseudo-differential operator of degree 1 with principal symbol ie; =4 Z—;— | n |2
T

From (B.4) — (B.6) we deduce that

ov
Vlpaxom — E-1 (ém

> € Hg
9 % (0,T)

where E_; is a pseudo-differential operator of degree —1 an principal symbol ie1/ | 1 |2.
Therefore, the scalar function v satisfies

Ov (B7)

02v — 3 Av=0;v € Hg
U|8Q><(0,T) —E. <8n

) € H2.
ANx(0,T) p

The boundary condition in (B.7) satisfies the Lopatinski condition at the glancing point p. There-
fore, as a consequence of (B.7), we deduce that

v
2
v’aQX(O,T) € Hp; %

€H),. (B.8)
o0%(0,T)

Using now (B.4) — (B.5) we deduce, as in case (ii) above, that wy € Hg.
Case (iv): It corresponds to elliptic points for 97 —c3 A. At these points the Theorem of propagation
of the wave front set for solutions of

uy + Au = 0; u‘an(o,T) =0

by K. Yamamoto [Y2] is reduced to the propagation along transversal characteristic rays. On the
other hand, it is by now well known that the propagation result for the wave front set for systems that
are well posed in L? implies the propagation of the H*® regularity for any s (see, for instance, Th. 3.3,
p. 1045 of [BLR]).
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