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Abstract. In this work, we study an approximate control problem for
the heat equation, with a nonstandard but rather natural restriction on
the solution. It is well known that approximate controllability holds.
On the other hand, the total mass of the solutions of the uncontrolled
system is constant in time. Therefore, it is natural to analyze whether
approximate controllability holds supposing the total mass of the solution to be a given constant along the trajectory. Under this additional
restriction, approximate controllability is not always true. For instance,
this property fails when Ω is a ball. We prove that the system is generically controllable; that is, given an open regular bounded domain Ω,
there exists an arbitrarily small smooth deformation u, such that the
system is approximately controllable in the new domain ΩCu under this
constraint. We reduce our control problem to a nonstandard uniqueness
problem. This uniqueness property is shown to hold generically with
respect to the domain.
Key Words. Boundary controllability, heat equation, spectral theory,
shape differentiation.

1. Introduction and Main Results
This work is devoted to studying a constrained approximate controllability problem for the heat equation.
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Let Ω⊂⺢d be an open bounded set of class C 2, with d ¤1 and TH0 a
given time. Let Γ0 be a nonempty subset o the boundary ∂Ω, and let χ Γ 0 be
the characteristic function,

χΓ0G

on Γ0 ,
on ∂Ω\Γ0 .

冦0,

1,

We consider the following heat equation with Neumann control:
ytA∆yG0,

in ΩB(0, T ),

(1a)

∂y兾∂nGû χ Γ 0 ,

on ∂ΩB(0, T ),

(1b)

y(0)Gy0 ,

in Ω,

(1c)

where y0 ∈L2(Ω ). We also fix a target y1 ∈L2(Ω ) such that

冮 y G冮 y .
0

Ω

(2)

1

Ω

We are interested in the following constrained approximate controllability
problem:
Let (H0. Is there a control function û∈L2 (Γ0B(0, T )) such that
兩兩y(T )Ay1兩兩L2(Ω) ⁄(

(3)

and

冮 y(x, t) dxG冮 y dx,
0

Ω

∀t∈[0, T ]?

(4)

Ω

Observe that, when û ≡ 0, i.e. when no control acts on the system, the
total mass of the solution is conserved, i.e. (4) holds. Then, when the initial
and final data have the same mass, i.e. when y0 and y1 satisfy (2), it is
natural to ask whether the controllability property (3) may be achieved with
a solution that fulfills the constraint (4) for all time.
Notice that, if we do not impose the additional condition (4), this is
the classical problem of approximate controllability. By now, it is well
known that this approximate controllability property [without the constraint (4)] holds in any bounded domain Ω, for any TH0 and any open
nonempty subset Γ0 of ∂Ω.
On the other hand, it is well known that each approximate control
problem for a linear system can be reduced to a unique continuation problem for the adjoint system. This can be done in at least two different ways.
First, as a direct consequence of the application of Hahn–Banach theorem
and then by the variational approach developed in Ref. 1. Very often, this
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uniqueness problem is analyzed in the context of the theory of the classical
noncharacteristic Cauchy problems.
However, when the restriction (4) is added to the trajectory, the uniqueness problem turns out to be nonstandard, i.e. it does not fit in the classical
context of the noncharacteristic Cauchy problems mentioned above. More
precisely, the uniqueness problem that arises when analyzing the constrained
approximate controllability problem above is as follows:
Let ϕ be a solution of the adjoint system

ϕtC∆ϕ G0,

in ΩB(0, T ),

(5a)

∂ϕ兾∂nG0,

on ∂ΩB(0, T ).

(5b)

Assume that

ϕ Gc(t),

on Γ0B(0, T ),

with cGc(t) a function which is independent of x. Does this imply that ϕ G
c(t) everywhere?
In the sequel, this uniqueness property will be referred to as the
enhanced uniqueness property.
Using the analyticity in time of the semigroup generated by the heat
equation, this problem may be reduced to analyzing the spectrum of the
Laplacian:
Let w∈H 1(Ω ) be an eigenfunction of
−∆wGλ w,

in Ω,

(6a)

∂w兾∂nG0,

on ∂Ω,

(6b)

such that wGc on Γ0 , c being a constant. Does this imply that w is constant
everywhere?
Obviously, this property fails when Ω is a ball or an annulus. Indeed,
let w be a radially symmetric eigenfunction of the Neumann Laplacian in
the ball. Except for the first eigenfunction, it is not a constant. However,
the trace of the eigenfunction is constant on the boundary.
Our first result asserts that this uniqueness property holds generically
with respect to the domain Ω. More precisely, the following theorem holds.
Theorem 1.1. Let Ω ⊆ ⺢d be an open bounded set of class C 2, and
let Γ0 ⊂∂Ω be a nonempty open subset of the boundary. Then, the set of
perturbations u∈W 3,S(Ω, ⺢d ), such that uG0 on ∂Ω\Γ0 and the uniqueness
property
−∆yGλ y,

in ΩCu,

(7a)

∂y兾∂nG0,

on ∂ΩCu ⇒ y ≡ c,

(7b)

yGc,

on Γ0Cu,

(7c)

32

JOTA: VOL. 108, NO. 1, JANUARY 2001

holds for every eigenvalue λ ≠ 0 simultaneously, is residual in
W0 G{u∈W 3,S(Ω, ⺢d ): uG0 on ∂Ω\Γ0}.
In other words, it is a countable intersection of dense open sets of W0 .
In particular, it is dense in W0 . As a consequence of this generic spectral
uniqueness result, we deduce that the enhanced uniqueness property above
for the heat equation also holds.
Corollary 1.1. Let Ω and Γ0 as in Theorem 1.1 above. Let the deformation u∈W 3,S(Ω, ⺢d ) be such that the spectral uniqueness property (7)
holds in ΩCu. Then, the enhanced uniqueness property also holds in ΩCu
for the adjoint heat equation (5).
Consequently, we get the following desired approximate controllability
result.
Theorem 1.2. Let Ω⊂⺢d be an open bounded domain of class C 2, and
let Γ0 ⊂∂Ω such that the spectral unique continuation property holds. Then,
the problem (1)–(4) is approximately controllable for all TH0. Moreover,
if the boundary of Ω is analytic, the control may be chosen to be of bang–
bang form.
In this case, we define the bang–bang controllability as follows:
Definition 1.1. We say that the control û is bang–bang iff û(x, t)G
± µCc, almost everywhere in Γ0B(0, T ), for some µ ∈⺢ and a function cG
c(t), independent of x.
On the other hand, we say that the control û is quasi-bang–bang if
û∈µ sign(ϕ )Cc(t),
for a regular function ϕ.
Notice that a quasi-bang–bang control is bang–bang when the zero set
of ϕ, that is, {(x, t): ϕ (x, t)G0}, has zero measure.
Remark 1.1. Usually, the control is said to be of bang–bang form if
there exists a constant µ such that
ûG± µ,

almost everywhere in Γ0B(0, T ).

However, in our case, we have a slightly different definition, since we allow
an extra term c(t) on the control.
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The constant µ and the function c will be chosen such that the control
function verifies that

冮

û d ΓG0,

a.e. t∈[0, T],

Γ0

in order to guarantee that the mass of the solution is preserved.
The rest of this paper is organized as follows. In Section 2, we give
some basic results on the variational formulation of the problem (1) and
shape differentiation. In Section 3, we prove the existence of smooth
branches of eigenvalues and eigenfunctions depending on the deformation
u. In Section 4, we reduce our control problem to a unique continuation
question. In Section 5, we prove Theorem 1.1 and Corollary 1.1. In Section
6, we prove Theorem 1.2. Finally, in Section 7, we discuss some related
problems.

2. Preliminaries
2.1. Baire Lemma. Firstly, we recall the Baire lemma, which will be
a useful tool.
Lemma 2.1. Baire Lemma. Let X be a complete metric space, and let
An be an open dense subset of X for all n∈⺞. Then, )n ∈⺞ An is dense in X.
A direct consequence of the Baire lemma is the following result.
Lemma 2.2. Let X be a complete metric space, and let {An }n ¤ 0 be a
sequence of open subsets of X such that:
(ii) A0 GX.
(ii) AnC1 is a dense subset of An , for all n¤0.
S

Then, )n G1 An is dense in X.
2.2. Basic Results on the Laplace and Heat Equation with Neumann
Boundary Conditions. First, let us consider the uncontrolled system
ytA∆yG0,

in QT GΩB(0, T ),

(8a)

∂y兾∂nG0,

on ΣT G∂ΩB(0, T ),

(8b)

y(0)Gy0 ,

in Ω.

(8c)
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By the classical semigroup theory, we know that, for any y0 ∈L2(Ω ), there
exists a unique solution of (8) in the class y∈C([0, T );
L2(Ω ))∩L2(0, T; H 1(Ω )).
The adjoint problem associated to (8) is
− ϕtA∆ϕ G0,

in QT ,

(9a)

∂ϕ兾∂nG0,

on ΣT ,

(9b)

ϕ (T )Gϕ0 ,

in Ω.

(9c)

The change of variables t → TAt reduces (9) to (8). Thus, (9) is well posed
in the same spaces. Moreover, by the regularizing effect of the heat equation, we have
兩兩ϕ (t)兩兩H s(Ω) ⁄[C兾(TAt)s/2]兩兩ϕ 0兩兩L2(Ω) , for t∈[0, T ) and sH0,

(10)

and consequently,
兩兩ϕ (t)兩兩H sA1/2(∂Ω) ⁄[Cs 兾(TAt)s/2 ]兩兩ϕ 0兩兩L2(Ω) ,

when sH1兾2.

(11)

Hence,
兩兩ϕ (t)兩兩L2(∂Ω) ⁄[Cs 兾(TAt)s/2 ]兩兩ϕ 0兩兩L2(Ω) ,

∀sH1兾2.

(12)

Thus, applying (12) with s∈(1兾2, 1) we deduce that, if the final datum ϕ 0 ∈
L2(Ω ), then ϕ ∈L2(∂ΩB(0, T )).
Now notice that, from (10) with sG1, we do not obtain that
ϕ ∈L2(0, T; H 1(Ω )). However, multiplying the equation by ϕ, we obtain that
ϕ ∈L2(0, T; H 1(Ω )). In fact,
(1兾2)(d兾dt)

冮 ϕ A冮 兩∇ϕ 兩 G0
2

2

Ω

Ω

T

⇒

冮 冮 兩∇ϕ 兩

2

Ω

0

G

冮 ϕ (T )A冮 ϕ (0)
2

Ω

⁄

2

Ω

冮 ϕ (T )
2

Ω

G

冮ϕ.
2
0

Ω

(13)
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On the other hand, for each f∈L2(Ω ) with

冮 f (x) dxG0,
Ω

there exists a unique solution y∈H 2(Ω ) of the elliptic problem
−∆yGf,

in Ω,

∂y兾∂nG0,

on ∂Ω,

(14a)
(14b)
1

with zero average. From the compactness of the embedding H (Ω ) @ L2(Ω ),
we can see that the problem
−∆yGλ y,

in Ω,

(15a)

∂y兾∂nG0,

on ∂Ω,

(15b)

admits a sequence of eigenvalues 0 Gλ 1 ⁄ λ 2 ⁄ · · · → S. Moreover, each
eigenvalue has finite multiplicity and the eigenfunctions yi ∈H 2(Ω ) can be
chosen to form an orthonormal basis of L2(Ω ). The eigenfunctions associated to the first eigenvalue λ 1 G0 are constant.
2.3. Shape Differentiation. Shape differentiation is an important tool
to study generic properties with respect to the domain. Given a domain Ω
and a function u: Ω→ ⺢d, we define the new domain ΩCu by
ΩCuG{y∈⺢d : yGxCu(x), x∈Ω}.

(16)

Let us consider perturbations u in the space W k,S(Ω, ⺢d ) with norm
兩兩u兩兩k,S G sup ess

0 ⁄ 兩α 兩 ⁄ k, x ∈Ω

兩Dα u(x)兩.

The following results are well known. For more details, we refer the reader
to Refs. 2, 4, 5, and their references.
Lemma 2.3. See Ref. 2. Let u∈W k,S(Ω, ⺢d ) and k¤1 be such that
兩兩u兩兩k,S ⁄1兾2. Then, the map (ICu): Ω → ΩCu is invertible. Furthermore,
there
exists
w∈W k,S (Ω, ⺢d )
such
that
(ICu)−1 GICw
and
兩兩w兩兩k,S ⁄Ck兩兩u兩兩k,S , where Ck is a constant independent on u.
Lemma 2.4. See Ref. 2. Let k¤1 and consider the function

γ : W k,S (Ω, ⺢d ) → W kA1,S (Ω, ⺢),
u →γ (u)GJac(ICu)G兩det[∂j (ICu)i ]兩.
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This function γ is differentiable at uG0. Furthermore, the directional
derivative in the direction w at the point uG0 is div w, that is,
〈Dγ (0), w〉Gdiv w,

∀w∈W k,S (Ω, ⺢d ).

Lemma 2.5. See Ref. 2. Let k¤1. The map

β : W ⊂W k,S (Ω, ⺢d ) → M dBd (W kA1,S (Ω, ⺢)),
u → t [∂ j (ICu)i ]−1,
where W is a neighborhood of uG0 on W k,S (Ω, ⺢d ), is differentiable on
uG0. Its directional derivative on uG0 in the direction w is given by the
matrix − t[∂j wi ], where t [∂j wi ] denotes the adjoint of [∂j wi ],
t

[∂j (ICu)i]−1 G[I ]At [∂ j ui ]Cθ (u),

where the matrix θ (u) satisfies
兩兩θ (u)兩兩kA1,S 兾兩兩u兩兩k,S → 0,

as 兩兩u兩兩k,S → 0.

Now, we consider a function
y: W k,S (Ω, ⺢d ) → W m,r (ΩCu),

u → y(u),

where m⁄k is an integer to be chosen later and y(u) is the solution of a
suitable problem, which depends on the perturbation function u (for
instance, a solution of our eigenvalue problem in a new domain ΩCu).
We are interested in the study of the regularity of the function y(u)
with respect to the perturbation parameter u.
Definition 2.1. See Ref. 2. Let k¤m¤1. We say that the function y(u)
has a first-order local variation at uG0 in W mA1,r
(Ω ), if y(u)∈W m,r(ΩCu),
loc
k,S
d
for all u∈W (Ω, ⺢ ), and if there exists a linear map y′(Ω; u) defined
from u∈W k,S (Ω, ⺢d ) to W mA1,r
(Ω ) such that, for all open sets ω ⊂⊂Ω,
loc
y(u)Gy(0)Cy′(Ω; u)Cθ (u),

in ω ,

when 兩兩u兩兩k,S is small enough and

θ (u)兾兩兩u兩兩k,S → 0,

in W mA1,r (ω ),

as 兩兩u兩兩k,S → 0.

Remark 2.1. From Definition 2.1, it follows that the first local variation can be defined as
y′(Ω; u)Glim [ y(tu)兩ω Ay(0)兩ω ]兾t,
t→0

in ω ,

(17)
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where ω ⊂⊂Ω and y(tu)兩ω , y(0)兩ω are the restrictions of the functions y(tu),
y(0) to ω .
In what follows, to simplify the notation, we will write y′(u)Gy′(Ω; u).
The following theorem provides sufficient conditions for the existence
of the first local variation for functions which depend on the deformation
u. Furthermore, it provides an expression for the local variation on the
boundary in terms of the normal derivative of y(0).
Theorem 2.1. See Ref. 3. Let Ω be a C 0,1 domain. Consider a map
u → y(u)∈W m,r(ΩCu), defined on a neighborhood of uG0 in W k,S (Ω, ⺢d ),
with k¤m¤1 and 1⁄rFS. Let us assume that there exists a linear continuous map u → ẏ(u) defined on W k,S (Ω, ⺢d ) with values in W m,r(Ω) such
that
y(u) ª (ICu)Gy(0)Cẏ(u)Cθ (u),

in W m,r(Ω),

for all u∈k,S(Ω, ⺢d ) small enough, where

θ (u)兾兩兩u兩兩k,S → 0,

on W m,r (Ω ),

as 兩兩u兩兩k,S → 0.

Furthermore, assume that, for each u∈W k,S(Ω, ⺢d ) small enough,
y(u)G0, on ∂(ΩCu).
Then, for each ω ⊂⊂ Ω, the function u → yω (u)Gy(u)兩ω , defined on a neighborhood of uG0 in W k,S(Ω, ⺢d ) with values in W mA1,r (ω ), is differentiable
at uG0. Moreover, the map u → y(u) has a local derivative at uG0 (see
Definition 2.1) and the local derivative at uG0, in the direction u, denoted
by y′(u), verifies y′(u)∈W mA1,r(Ω ) and
y′(u)G−(u · n)[∂y(0)兾∂n],

on ∂Ω,

where n is the outward unit normal vector to Ω.
In what follows, we will use the notation

W

G{u∈W k,S (Ω, ⺢d ): 兩兩u兩兩k,SFcΩ},

where k¤1 and cΩF1兾2 is small enough such that all the previous results
hold.
Lemma 2.6. See Ref. 4, Lemma 9. Let u∈W . If f∈H 1(ΩCu), then
there exists a unique g∈H 1(Ω ), such that f ª (ICu)Gg. Moreover,
(∂f兾∂zi ) ª (ICu)G∑ Mij (u)(∂g兾∂x j)GDi (u)g,
j

(18)
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where the matrix M(u) is defined as
M(u)G[Mij (u)]Gt [(∂兾∂x j)(ICu)i ]−1
and
zi GxiCui (x),

∀x∈Ω.

Since we consider Neumann boundary conditions, we need some results
of shape differentiation for the normal unit outward vector n(ΩCu). Notice
that an expansion such as
n(ΩCu)Gn(Ω )Cn′(Ω; u)Cθ (u)
does not have sense, because the vectors n(ΩCu) and n(Ω ) are defined in
different sets. To solve this problem, for each vector field n(ΩCu), we define
an extension to ⺢d that depends regularly on the deformation u (see
Ref. 5).
Definition 2.2. Let Ω⊂⺢d be an open bounded set of class C 2, and let
w∈C 1(∂Ω ). Let w̃∈C 1(⺢d ) be an extension of w to ⺢d. We define the tangential gradient of w as
grad∂Ω wGgrad w̃A(grad w̃ · n)n,

on ∂Ω.

We can extend this definition by continuity for all w∈W 1,1(∂Ω) so that
grad∂Ω w∈(L1(∂Ω ))d. Moreover, w → grad∂Ω w is a linear continuous map
from W 1,1(∂Ω) into (L1(∂Ω ))d.
Thus, we have the following result.
Theorem 2.2. See Ref. 2. Let Ω⊂⺢d be an open bounded set of class
C . Let u → y(u) be a map defined from a neighborhood of uG0 in
W 2,S(Ω, ⺢d ) with values in W 2,1(Ω). Assume that the map u → y(u) ª (ICu),
defined in a neighorhood of uG0 in W 2,S(Ω, ⺢d ) with values in W 2,1(Ω), is
differentiable at uG0 and verifies
2

y(0)∈W 3,1(Ω ),

∂y(u)兾∂n(ΩCu)Gg,

on ∂ΩCu,

for all u∈W 2,S(Ω, ⺢d ) in a neighborhood of uG0, where g∈W 2,1(⺢d ). Then,
for each open set ω ⊂⊂ Ω, the map u → y(u) has a local derivative at uG0.
The local derivative y′(u) in the direction u verifies
y′(u)Gẏ(u)Au · ∇y(0),

y′(u)∈W 2,1(Ω ),

(19)
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where ẏ(u) is the total derivative of the map u → y(u) at uG0 in the direction
u, defined by
ẏ(u)Glim [ y(u) ª (ICu)Ay(0)]兾y.
t→0

Furthermore,
∂y′(u)兾∂nG(u · n)(∂g兾∂nA∂2y(0)兾∂n2)C∇y(0) · grad∂Ω(u · n),
on ∂Ω.

(20)

Lemma 2.7. See Ref. 6, Chapter 2, Lemma 12. Let u∈W . Consider
the map that associates, to each k∈L20 (ΩCu),
K(x)Gk(xCu(x))A(1兾兩Ω兩)

冮 k(xCu(x)) dx.
Ω

This map is a bijection between the spaces L20 (ΩCu) and L20 (Ω ), where

冦

L20 (Ω )G f∈L2(Ω ):

冮 f (x) dxG0冧 .
Ω

3. Smooth Dependence of the Spectrum on the Perturbation
In this section, we study the regularity of the eigenvalues and eigenfunctions of the Laplacian with Neumann boundary conditions with respect
to the deformation function u.
Lemma 3.1. See Ref. 7, Lemma 4.1. Suppose that X and Z are Hilbert
spaces and that A: X → Z is a continuous linear operator. Let U: X → N(A),
E: Z → R(A) be the orthogonal projections from X and Z on the kernel
and range of A, respectively. Then, there exists a bounded linear operator
Q: R(A) → N(A)⊥, called the right inverse of A, such that
AQGI: R(A) → R(A),

QAGIAU: Z → N(A)⊥.

Now, we have the following result, which is a slight variation of a
theorem due to Albert; see Ref. 8.
Theorem 3.1. See Ref. 9. Let E be a Hilbert space with inner product
〈·, ·〉, and let Λ be a Banach space. Let P: D(P)⊂E → E be a self-adjoint
map densely defined in E. Assume that λ is an eigenvalue of multiplicity h
of P, and let φ 1 , . . . , φ h be the orthonormal eigenfunctions associated to λ .

40

JOTA: VOL. 108, NO. 1, JANUARY 2001

Moreover, assume that there exists a bounded linear map Q: E → E such
that QΠN G0 and Q(PCλ )GIAΠN , where ΠN is the orthogonal projection
in NGKer(PCλ ).
Let R(u) be an analytic self-adjoint map in B(E, F ) for every u in a
neighborhood of uG0 in Λ, such that R(0)G0 and P(u)GPCR(u). Then,
there exist h analytic functions, defined in a neighborhood of uG0 in Λ with
values in ⺢, u →λi (u), and h analytic functions u →φ i (u), with values in E,
iG1, . . . , h, defined in a neighborhood of uG0 in Λ, such that:
(i)

λ j (0)Gλ ,

(ii)

For all u small enough, (λ j (u), φ j (u)) is a solution of the eigenvalue problem

jG1, . . . , h.

P(u)φ j (u)Gλ j (u)φ j (u).
(iii) For all u small enough, the set {φ 1(u), . . . , φ h (u)} is orthonormal
in E.
(iv) For each interval I⊂⺢ such that Ir contains only the eigenvalue λ
of P, there exists a neighborhood U of uG0 such that there are
exactly h eigenvalues (counting the multiplicity) λ 1 (u), . . . , λ h (u)
of Pu contained on I.
As a consequence of these abstract results, we have the following result
for the Neumann eigenvalues of the Laplacian.
Theorem 3.2. Let Ω⊂⺢d be an open bounded domain of class C 2. Let
λ be an eigenvalue of multiplicity h of the Laplacian with Neumann boundary conditions (15) with associated eigenfunctions y1 , . . . , yh . Then, there
exist h analytic functions with values in ⺢, u →λ i (u), and h analytic functions u → yi (u), with values in H 2(ΩCu), iG1, . . . , h, defined in a neighborhood of uG0 in W 3,S(Ω, ⺢d ), such that:
(i) λ j (0)Gλ ,
jG1, . . . , h.
(ii)

For all u small enough, λ j (u) is an eigenvalue with associated
eigenfunction yj (u) in the new domain ΩCu, i.e.,
−∆y j (u)Gλ j (u)yj (u),

in ΩCu,

(21a)

∂y j (u)兾∂nG0,

on ∂(ΩCu).

(21b)

(iii) For all u small enough, the set {y1 (u), . . . , yh (u)} is orthonormal
in H 2(ΩCu).
(iv) For each interval I⊂⺢ such that Ir contains only the eigenvalue λ
of (21), with uG0, there exists a neighborhood U of uG0 such
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that there are exactly h eigenvalues (counting the multiplicity)
λ 1 (u), . . . , λ h (u) of (21) contained on I.
Proof of Theorem 3.2. We can see clearly that the first eigenvalue is
λ 1 (u)G0, for all u in U and that y1(u)G兩ΩCu兩−1/2 is an associated eigenfunction. Moreover, yj (u), jG2, . . . , verifies

冮

y j (u)G

ΩCu

冮 y (u) ª (ICu) Jac(ICu)G0,
j

Ω

because it is orthogonal to the first eigenfunction. Thus, from Lemma 2.7,
for each ϕ ∈L20 (ΩCu), we define the map

νu (ϕ )Gϕ̂ Gϕ ª (ICu)A(1兾兩Ω兩)

冮 ϕ ª (ICu)∈L (Ω ),
2
0

(22)

Ω

which is a bijective map from L20 (ΩCu) into L20 (Ω ) and is analytic in a
neighborhood of uG0 in W 3,S(Ω, ⺢d ).
Firstly, we observe that finding ϕ ∈H 2(ΩCu)∩L20 (ΩCu) and λ ∈⺢ such
that
−∆ϕ Gλϕ,

in ΩCu,

∂ϕ兾∂nG0,

on ∂(ΩCu),

(23a)
(23b)

is equivalent to finding ϕ̂ ∈H (Ω )∩L (Ω ) and λ ∈⺢ such that
2

2
0

− ∑ ∂k (Mik (u)Di (u)ϕ̂ Jac(ICu))Gλϕ̂ Jac(ICu),

in Ω,

(24a)

∑ Di (u)ϕ̂Mik (u)nk G0,

on ∂Ω.

(24b)

ik

ik

W

of uG0 in W 3,S(Ω, ⺢d ), the

P: W → L (H 2(Ω )∩L20 (Ω ); L20 (Ω )),

(25a)

Thus, we can define, in a neighborhood
map

−1

P(u)(ϕ̂ ª (ICu) )G∆ϕ ,

(25b)

where ∆ denotes the Neumann Laplacian operator defined in ΩCu, that is,

冮 D(u)ϕ̂ · D(u)ψ̂ Jac(ICu),

〈P(u)ϕ̂, ψ̂ 〉G

Ω

D(u) being the operator defined in (18), which satisfies
(∇ϕ ) ª (ICu)GD(u)[ϕ ª (ICu)]GD(u)ϕ̂ ,
for every ϕ ∈H 1(ΩCu).

(26)
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Notice that

冮

〈P(u)ϕ̂, ψ̂ 〉G

∇ϕ · ∇ψ ,

ΩCu

where ϕ̂ Gν (ϕ ) and ψ̂ Gν (ψ ) are defined in (22).
From (26), it is clear that P(u) is self-adjoint with compact inverse in
L20 (Ω ). Moreover, if λ is an eigenvalue of the Neumann Laplacian, in the
domain Ω, with multiplicity h, we consider the eigenspace N associated to
λ , and let ΠN be the orthogonal projection from N into EGL20 (Ω ). From
Lemma 3.1, we have that the map (P(0)Cλ ) has a right inverse
Q: L20 (Ω ) → L20 (Ω ), which verifies
Q(PCλ )GIAΠN ,

QΠN G0.

The proof of the analyticity of the operator P(u) is analogous to the
one of the Dirichlet Laplacian (see Ref. 9), and it is a consequence of the
analyticity of the mappings u → D(u) and u → Jac(ICu) in a neighborhood
U of uG0 in ΛGW 3,S(Ω, ⺢d ).
䊐
4. Reduction to the Spectral Unique Continuation Property
4.1. Preliminaries. When analyzing the constrained approximate controllability problem, without loss of generality we may assume that y0 ≡ 0,
and therefore,

冮 y G0.
1

Ω

Indeed, if y0 ≡
兾 0, let z be the solution of the uncontrolled problem
ztA∆zG0,

in ΩB(0, T ),

(27a)

∂z兾∂nG0,

on ∂ΩB(0, T ),

(27b)

z(0)Gy0 ,

in Ω.

(27c)

Then, y satisfies (1) if and only if wGyAz solves
wtA∆wG0,

in ΩB(0, T ),

∂w兾∂nGû χ Γ 0 , on ∂ΩB(0, T ),
w(0)G0,

in Ω.

On the other hand, y satisfies (3) if and only if w satisfies
兩兩w(T )A(y1Az(T ))兩兩L2(Ω) ⁄(.

(28a)
(28b)
(28c)
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However,

冮 (z(T )Ay ) dxG0,
0

Ω

or in other words,

冮 z(T ) dxG冮 y dx,
0

Ω

Ω

since z satisfies (27) and the mass is conserved for the solutions of the uncontrolled system. This argument shows that, without loss of generality, we
may assume that y0 ≡ 0 and

冮 y (x) dxG0.

(29)

1

Ω

Let y be the unique solution of the problem (1), and let ϕ be the solution
of the adjoint system (9) with final datum ϕ0 ∈L20 (Ω ). Then, we have that
T

0G

冮冮
0

( ytA∆y)ϕ G

Ω

冮

T

y(T )ϕ0A

Ω

冮冮

ϕ û.

(30)

Γ0

0

On the other hand, integrating (1) in Ω, we see that (4) is equivalent to

冮

û(t) d ΓG0,

a.e. t∈(0, T ).

(31)

Γ0

Thus, (30) can be written as
T

冮 冮 û冤ϕA(1兾兩Γ 兩) 冮 ϕ冥 dΓ dtA冮 y(T )ϕ dxG0.
0

0

0

Γ0

Γ0

(32)

Ω

We are going to build the controls û satisfying (32) as minimizers of
suitable quadratic functionals, viewing (32) as the Euler–Lagrange equations associated to these minimization problems. To do this, we consider
the functional
J: L20 (Ω ) → ⺢,

ϕ0 → J(ϕ0),

(33)

such that
2

T

J(ϕ0)G(1兾2)

冮冮冤
0

Γ0

ϕA(1兾兩Γ0兩)

C(兩兩ϕ0兩兩L2(Ω)A

冮 冥 d Γ dt

冮 y ϕ dx,
1

Ω

0

ϕ

Γ0

(34)
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or its bang–bang version
Ĵ: L20 (Ω ) → ⺢,

ϕ0 → Ĵ(ϕ0),

(35)

where
T

Ĵ(ϕ0)G(1兾2)

冤冮 冮 冨
0

ϕA(1兾兩Γ兩)

Γ0

C(兩兩ϕ0兩兩L2(Ω)A

冮

ϕ d Γ dt

Γ0

冥

2

冮 y ϕ dx,
1

(36)

0

Ω

ϕ being the unique solution of the adjoint problem (9) with final datum ϕ0 .
4.2. Analysis of the Functionals J and Ĵ. Notice that the functionals J
and Ĵ are well defined, since the map ϕ0 ∈L20 (Ω ) →ϕ ∈L2(∂ΩB(0, T )) is continuous as shown in (12). Moreover, if the enhanced unique continuation
property holds, then J strictly convex and coercive.
Let us first analyze the functional J.
Lemma 4.1. Let Ω⊂⺢d be an open regular bounded domain, and let
Γ0 ⊂∂Ω be such that the enhanced uniqueness property holds. Then, given
(H0 and y1 ∈L20 (Ω ), the functional J defined in (33) and (34) is continuous,
strictly convex in L20 (Ω ), and satisfies
lim inf J(ϕ0)兾兩兩ϕ0兩兩L2(Ω) ¤(,

(37a)

兩兩ϕ0兩兩L2(Ω) → S,

(37b)

ϕ0∈L20 (Ω ).

(37c)

Moreover, J achieves its minimum at a unique point ϕ̂0 ∈L (Ω ) and
2
0

ϕ̂0 G0 ⇔ 兩兩y1兩兩L2(Ω) ⁄(.
Proof. To simplify the notation, we define the map
L: L20 (Ω ) → L2(∂ΩB(0, T )),

ϕ0 → L(ϕ0 GϕA(1兾兩Γ0兩)

冮

ϕ,

(38)

Γ0

ϕ being the solution of the adjoint problem (9) with final datum ϕ0 .
Therefore,
T

J(ϕ0)G

冮冮
0

Γ0

(L(ϕ0))2C(兩兩ϕ0兩兩L2(Ω)A

冮 yϕ.
1

0

Ω

It is clear from the definition that the functional J is convex; moreover, it
is strictly convex. Indeed, since J is the sum of three convex functionals, in
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order to show that J is strictly convex, it is sufficient to check that the first
term is strictly convex. This is easy to check, due to the strict convexity of
the norm in L20 (Γ0B(0, T )) and the fact that the following unique continuation property holds for the solution of the adjoint system as a consequence
of the enhanced uniqueness property:
If L(ϕ0)G0 on Γ0B(0, T ) and ϕ0 ∈L20 (Ω ), then ϕ0 ≡ 0.
From the continuity of the map

ϕ0 ∈L20 (Ω ) →ϕ 兩∂ΩB(0,T ) ∈L2 (∂ΩB(0, T )),
we obtain that the functional J is continuous.
Now, we prove the coercivity inequality (37). We proceed by contradiction. If (37) does not hold, there exists a sequence of functions
{ϕ n0}n ⊂L20 (Ω ) such that
兩兩ϕ n0 兩兩L2(Ω) → S and lim inf J(ϕ n0)兾兩兩ϕ n0兩兩L2(Ω)F(.

(39)

n→S

Let

ϕ̃ n0 Gϕ n0兾兩兩ϕ n0 兩兩L2(Ω) ,
and let ϕ̃ n be the solution of (9) such that ϕ̃ n(T )Gϕ̃ n0 . Since
兩兩ϕ̃ n0 兩兩L2(Ω) G1.
there exists a subsequence which converges weakly to ϕ̃0 ∈L20 (Ω ). Since
{ϕ̃ n0}n converges weakly to ϕ̃0 in L20 (Ω ), the sequence of solutions {ϕ̃ n}n
associated to the final data ϕ̃ n0 , converges weakly in L2(0, T; H 1(Ω )) to a
function ϕ̃, which is a solution of (9) with final datum ϕ̃0 . Thus, we have
that {ϕ̃ n }n converges weakly to ϕ̃ in L2 (0, T; H1兾2(∂Ω )). On the other hand,
from (39) and since

冨冤(兩兩ϕ 兩兩

n
0 L 2(Ω)

A

冮 y ϕ 冥冫兩兩ϕ 兩兩 冨 ⁄(C兩兩y 兩兩
1

n
0

n
0 L2(Ω)

,

1 L2(Ω)

Ω

we deduce that the quotient
2

T

(1兾2)

冤冮 冮 冨
0

Γ0

ϕ nA(1兾兩Γ0兩)

冮 冨

ϕ n dΓ dt

Γ0

冥冫兩兩ϕ 兩兩

n
0 L 2(Ω)

is uniformly bounded. From (40), we deduce that
T

(1兾2)

冤冮 冮 冨
0

Γ0

ϕ̃ nA(1兾兩Γ0兩)

冮 冨

2

ϕ̃ n dΓ dt

Γ0

T

G[1兾2兩兩ϕ n0 兩兩2L2(Ω)]

冤冮 冮 冨
0

Γ0

ϕ nA(1兾兩Γ0兩)

冥

冮 冨

2

冥

ϕ n dΓ dt → 0,

Γ0

(40)
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as n → S. Hence,
T

(1兾2)

冮冮冨
0

Γ0

ϕ̃A(1兾兩Γ0兩)

冮 冨

2

ϕ̃ dΓ dtG0,

Γ0

and from the enhanced uniqueness property, we have that

ϕ̃ Gc(t),
and therefore,

ϕ̃0 Gc(T ).
Since ϕ̃0 ∈L20 (Ω ), we deduce that

ϕ̃0 Gc(T ) ≡ 0.
On the other hand, it is clear that

冤 冮 y ϕ̃ 冥 .

J(ϕ n0)¤兩兩ϕ n0兩兩L2(Ω) (A

1

n
0

Ω

Since ϕ̃ n0 converges weakly to zero, we have that
lim inf J(ϕ n0)兾兩兩ϕ n0 兩兩L2(Ω) ¤(,
n→S

which is in contradiction with (39). Thus, (37) holds and there exists a minimum point of J in L20 (Ω ). The uniqueness of the minimum point is an
immediate consequence of the strict convexity of J.
Now, if
兩兩y1兩兩L2(Ω) ⁄(,
then
J(ϕ0)¤0,

for each ϕ0 ∈L20 (Ω ),

and the minimum is achieved in ϕ̂0 G0. On the other hand, if ϕ̂0 G0, then
for each ϕ0 ∈L20 (Ω ),
lim J(tϕ0)兾t¤0,

t → 0+

and taking

ϕ0 Gy1 兾兩兩y1兩兩L2(Ω) ,

(41)
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we have that
兩兩y1兩兩L2(Ω) ⁄(.
䊐

This completes the proof of Lemma 4.1.

Analogously, we have the following result for the functional Ĵ defined
in (35)–(36).
Lemma 4.2. Let Ω be an open bounded domain with boundary of
class C 2, and let Γ0 ⊂∂Ω be such that the spectral unique continuation property (7) holds. Then, for each (H0 and y1 ∈L20 (Ω ), the functional Ĵ defined
by (35)–(36) is continuous, strictly convex in L20 (Ω ) and satisfies
lim inf Ĵ(ϕ0)兾兩兩ϕ0兩兩L2(Ω) ¤(,

(42a)

兩兩ϕ0兩兩L2(Ω) → S,

(42b)

ϕ0 ∈L (Ω ).
2
0

(42c)

Moreover, Ĵ achieves its minimum at some ϕ̂0 ∈L (Ω ) and
2
0

ϕ̂0 G0 ⇔ 兩兩y1兩兩L2(Ω) ⁄(.
In Section 6, we shall show in detail why the minimizers of J and Ĵ
provide the controls that we are looking for.
4.3. Enhanced Unique Continuation. The developments of Section 4.2
above show that the functionals J and Ĵ are coercive provided the following
unique continuation property holds for the zero average solutions of the
adjoint system:

ϕtC∆ϕ G0,

in ΩB(0, T ),

(43a)

∂ϕ兾∂nG0,

on ∂ΩB(0, T )

(43b)

on Γ0B(0, T )

(43c)

ϕ G(1兾兩Γ0兩)

冮

ϕ dΓ,

Γ0

ϕ (T )Gϕ0 ∈L20 (Ω ),

(43d)

implying ϕ ≡ 0.
Note that the constant solution ϕ ≡ 1 for which obviously (43) fails is
ruled out by the fact we are dealing only with solutions with data of zero
average in L20 (Ω ).
This enhanced uniqueness problem for the heat equation may be
reduced to another one on the spectrum of the Neumann Laplacian. Indeed,
let {λ k }k ¤ 2 be the nonzero eigenvalues of the Laplacian with Neumann
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k
boundary conditions with multiplicity mk . Let {w kj} mj G1
be the eigenfunctions associated to the eigenvalue λ k constituting an orthonormal basis
of L20 (Ω ). Then, the Fourier expansion of ϕ is given by

mk

S

ϕ (x, t)G ∑ ∑ a kj e −λ k(TAt)w kj (x),

(44)

k G2 j G1

where
a kj G

冮 y (x)w (x) dx.
k
j

0

(45)

Ω

Assume that the solution ϕ of (9) is such that

ϕ G(1兾兩Γ0兩)

冮

ϕ (x, t) d ΓGc(t),

on Γ0B(0, T ).

(46)

Γ0

Due to the analyticity of the semigroup generated by the heat equation and
the fact that Ω is of class C 2, which allows to use elliptic regularity results,
we know that ϕ (x, t) is an analytic function of t∈(−S, T ) for every x∈Ω̄.
Then, as a consequence of (46), we deduce that the same identity holds for
all t∈(−S, T ); i.e.,

ϕ G(1兾兩Γ0兩)

冮

ϕ (x, t) dΓGc(t),

on Γ0B(−S, T ).

(47)

Γ0

On the other hand,
S

ϕ (x, t)G ∑ e −λ k(TAt)zk(x),

in ΩB(−S, T ),

(48)

k G2

with
mk

zk G ∑ a kj w kj .
j G1

As a consequence of (47),
∇∂Ω G0,

on Γ0B(−S, T ).

(49)

Multiplying (47) and (48) by e λ 2(TAt), we have that
S

∇∂Ω z2C ∑ e (λ 2Aλ k)(TAt)∇∂Ω z k (x),

in Γ0B(−S, T ),

(50)

k G3

and taking limit t → −S, we conclude that
∇∂Ω z2 G0,

on Γ0B(−S, T ).

(51)
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Analogously, we prove that, for all k¤2,
on Γ0B(−S, T ).

∇∂Ω zk G0,

(52)

Hence, we obtain that, for all k¤2, zk verifies
−∆zk Gλ k zk ,

in Ω,

(53a)

∂zk 兾∂nG0,

on ∂Ω,

(53b)

on Γ0 .

(53c)

zk G(1兾兩Γ0兩)

冮

zk dΓ,

Γ0

If the spectral uniqueness property of Theorem 1.1 holds in the domain Ω
for the subset Γ0 of the boundary, we deduce that
zk ≡ 0,

for all k¤2.

Then, ϕ ≡ 0 and the enhanced uniqueness property for the parabolic equation (5) holds as well.

5. Proof of Theorem 1.1
In this section, we prove the generic, spectral unique continuation property of Theorem 1.1. To prove this result we show that set of deformations
u∈W 3,S (Ω, ⺢d ), such that the unique continuation property (7) holds for
all nonzero eigenvalues in ΩCu simultaneously, is a countable intersection
of dense open subsets of W 3,S(Ω, ⺢d ).
We define A0 GW0 and, for each n∈⺞, we consider the set
An G{u∈W0 : (7) holds for the branches of eigenvalues
λ 2(u), . . . , λ n (u) in ΩCu}.
We will prove that, for each n¤0, An is an open subset of W0 and AnC1 is
dense in An . Thus from the Baire lemma (see Lemma 2.1 and Lemma 2.2),
we complete the proof.
(a) An Is Open. Let u∈An ; that is, u is such that the unique continuation property (7) holds for the first n branches of nonzero eigenvalues in
ΩCu.
If An is not an open set, there exists a sequence of deformations {uk }k
such that
uk → u, in W 3,S(Ω, ⺢d ),

and

uk ∉An , for all k∈⺞.

50

JOTA: VOL. 108, NO. 1, JANUARY 2001

Therefore, for each k, there exists an eigenvalue λ (uk ) and an associated
eigenfunction z(uk ) verifying
−∆z(uk )Gλ (uk )z(uk ),

in ΩCuk ,

(54a)

∂z(uk )兾∂n(uk )G0,

on ∂ΩCuk ,

(54b)

on Γ0Cuk ,

(54c)

z(uk )G[1兾兩Γ0Cuk 兩]

冮

z(uk ),

Γ 0Cuk

and
兩兩z(uk )兩兩L2(ΩCuk) G1,

(55)

u →λ (u) being one of the branches λ 2 , . . . , λ n of positive eigenvalues.
Since u →λ (u) and u → z(u) ª (ICu) are continuous functions from a
neighborhood of uG0 in W 3,S(Ω, ⺢d ) with values in ⺢ and H 2(Ω ), respectively, we deduce that, for a subsequence,

λ (uk) →λ (u) and z(uk ) ª (ICuk ) → z(u) ª (ICu),

in H 2(Ω ),

where λ and z are the eigenvalues and eigenfunctions in the limit domain
ΩCu belonging to one of the first n branches.
One can also pass to the limit in the constraint that the eigenfunctions
z(uk ) satisfy on Γ0 . By compactness, we also have that
兩兩z(u)兩兩L2(ΩCu) G1.
We deduce that
−∆z(u)Gλ (u)z(u),

in ΩCu,

(56a)

∂z(u)兾∂n(u)G0,

on ∂ΩCu,

(56b)

on Γ0Cu,

(56c)

z(u)Gcu G[1兾兩Γ0Cu兩]

冮

z(u),

Γ 0Cu

and
兩兩z(u)兩兩L2(ΩCu) G1.

(57)

Since the unique continuation property (7) holds in the domain ΩCu, as a
consequence of (56) we have that z(u) ≡ 0, which is in contradiction with
(57). This proves that An is open.
(b) AnC1 Is Dense in An . Let u∈An \AnC1 . Without loss of generality,
we may suppose that uG0. In what follows, to simplify the notation, we
will write

λ (u)Gλ nC1 (u),

z(u)GznC1 (u),

(58)
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and

λ Gλ nC1 (0),

zGznC1 (0).

(59)

We proceed by contradiction. Assume that there exists a neighborhood U
of uG0 such that U⊂An \AnC1 ; that is, for all u∈U, there exists a nonzero
function z(u) which satisfies (56)–(57), with λ (u)Gλ nC1(u). Since u → z(u) is
a C 1 map from a neighborhood of uG0 in W 3,S(Ω, ⺢d ) with values in
H 2(ΩCu), the function
u → Cu G[1兾兩Γ0Cu兩]

冮

z(u),

Γ 0Cu

is of class C 1 as well.
Notice that, if cu G0, from the classical uniqueness theorem of
Holmgrem, we have that z(u)G0. Therefore, for each u∈U, we have that
cu ≠ 0.
Let y(u)Gz(u)兾cu . Then, y(u) satisfies
−∆y(u)Gλ (u)y(u),

in ΩCu,

(60a)

∂y(u)兾∂n(u)G0,

on ∂ΩCu,

(60b)

y(u)G1,

on Γ0Cu.

(60c)

From Theorem 2.2, we have that the local variations of (λ (u), y(u)) verify
−∆y′(u)Gλ ′(u)yCλ y′(u),

in Ω,

∂y′(u)兾∂nG−(u · n) ∂ y兾∂n C∇y · ∇∂Ω (u · n),

on ∂Ω,

y′(u)G−(u · n) ∂y兾∂nG0,

on Γ0 .

2

2

Hence, if we consider deformations u such that uG0 on ∂Ω\Γ0 , we have that
in Ω,
(61a)
−∆y′(u)Gλ ′(u)yCλ y′(u),
∂y′(u)兾∂nG−(u · n) ∂2y兾∂n2 ,

on Γ0 ,

(61b)

∂y′(u)兾∂nG0,

on ∂Ω\Γ0

(61c)

y′(u)G0,

on Γ0 .

(61d)

On the other hand, multiplying (61) by ϕ ∈H (Ω ), we obtain that
2

λ ′(u)

冮 yϕCλ 冮 y′(u)ϕ
Ω

G

Ω

冮 ∇y′(u) · ∇ϕA冮
Ω

G−

[∂y′(u)兾∂n]ϕ

∂Ω

冮 y′(u)∆ϕC冮
Ω

∂Ω

(∂ϕ兾∂n)y′(u)A

冮

∂Ω

[∂y′(u)兾∂n]ϕ.

(62)
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Thus, with ϕ Gz, we have that

λ ′(u)

冮 y Cλ 冮 y′(u)y
2

Ω

G−

Ω

冮 y′(u)∆yC冮
Ω

(∂y兾∂n)y′(u)A

∂Ω

冮

[∂y′(u)兾∂n]y.

∂Ω

That is,

λ ′(u)

冮 y G−冮
2

Ω

[∂y′(u)兾∂n]y

∂Ω

G

冮

(u · n)(∂2y兾∂n2)y

冮

(u · n)(−λ y)

Γ0

G

Γ0

G−λ

冮

(u · n).

(63)

Γ0

Taking into account that y is an eigenfunction of the Neumann problem
(60), it follows that

λ

冮 y′(u)yG−冮 y′(u)∆yC冮 (∂y兾∂n)y′(u)y.
Ω

Ω

Ω

Therefore, if we consider deformations u such that

冮

(u · n)G0,

(64)

Γ0

we have that λ ′(u)G0 and y′(u) satisfies
A∆y′(u)Gλ y′(u),

in Ω,

(65a)

∂y′(u)兾∂nG0,

on ∂Ω\Γ0 ,

(65b)

y′(u)G0,

on Γ0 .

(65c)

Moreover, taking into account of the fact that, as a consequence of (60),
∇y(u)G0,

on Γ0Cu,

we have
∂y′(u)兾∂nG−(u · n)(∂2y兾∂n2),

on Γ0 .

(66)
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Note that (65) is a new eigenvalue problem for the Laplacian with
mixed Dirichlet-Neumann boundary conditions. Every eigenvalue λ of (65)
has finite multiplicity. According to (66), the space {(u · n)(∂2y兾∂n2)兩Γ 0} is
finite dimensional when u runs over the space of functions such that uG0
on ∂Ω\Γ0 and (64) holds. Taking into account that the latter is infinitedimensional, we deduce that necessarily
∂2y兾∂n2 G0,

on Γ0 ,

but that

λ yG−∆yG−∂2y兾∂n2 G0 ,

on Γ0 .

That is, y is a solution of the problem
A∆yGλ y,

in Ω,

(67a)

∂y兾∂nG0,

on ∂Ω,

(67b)

yG0,

on Γ0 .

(67c)

Hence, by the Holmgrem uniqueness theorem, we have that y ≡ 0 in Ω,
which is in contradiction with the fact that yG1 on Γ0 . Hence, there exist
arbitrarily small deformations u∈AnC1 . This completes the proof of the density of AnC1 in An . Now, applying the Baire lemma to the sequence of sets
{An }n, the proof of Theorem 1.1 is complete.
䊐
Remark 5.1. Note that, in the above proof, we cannot consider deformations u such that uG0 on Γ0 . Indeed, if we consider deformations u such
that the set Γ0 is kept fixed, the local derivative of z, namely z′(u), is not an
eigenfunction of (65) associated to the eigenvalue λ .
As described in Section 4, as an immediate consequence of Theorem
1.1, Corollary 1.1 holds as well and the argument above does not apply.

6. Proof of Theorem 1.2
First of all, we prove the approximate controllability of the system (1)–
(4). We shall then discuss the existence of bang–bang controls. According
to the developments of Section 4 and Corollary 1.1, it is sufficient to check
that the minimizer of the functional J introduced in (33)–(34) provides the
control that we are looking for.
It is straightforward that the following proposition holds.
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Proposition 6.1. Let ϕ0 , ψ 0 ∈L20 (Ω ), ϕ0 ≡
兾 0. Then, the functional J is
Gâteaux differentiable at ϕ0 in the direction ψ 0 . Moreover, the Gâteaux
derivative at ϕ0 in the direction ψ 0 , denoted by (∂J兾∂ψ 0 )(ϕ0 ), is
T

(∂J兾∂ψ 0 ) (ϕ0 )G

冮冮

L(ϕ0 )L(ψ 0 )

Γ0

0

C[(兾兩兩ϕ0 兩兩L2(Ω)]

冮 ϕ ψ A冮 y ψ ,
0

0

1

Ω

(68)

0

Ω

where the map L is defined by (38).
Since the unique continuation property (7) holds in the domain Ω, from
Lemma 4.1, for each (H0, there exists a unique minimum point ϕ̂ 0 for the
functional J. Assume that ϕ̂ 0 ≠ 0. Otherwise, 兩兩y1 兩兩L2(Ω) ¤( and the control
ûG0 suffices. The Gâteaux derivative of J in ϕ̂ 0 in the direction ψ 0 vanishes
(see Proposition 6.1), that is, according to Proposition 6.1,
T

冮冮
0

Γ0

L(ϕ̂ 0 )L(ψ 0 )C[(兾兩兩ϕ̂ 0 兩兩L2(Ω)]

冮 ϕ ψ A冮 y ψ G0,
0

0

1

Ω

0

Ω

∀ψ 0 ∈L20 (Ω ).

(69)

We define
ûGϕ̂A(1兾兩Γ0 兩)

冮

ϕ̂,

on Γ0 ,

(70)

Γ0

ϕ̂ being the solution of (9) with the minimizer ϕ̂ 0 as the final datum.
We consider the control defined in (70). We multiply (1) by ψ , the
solution of (9) with the final datum ψ 0 . We have that

冮

T

y(T )ψ 0 G

Ω

冮冮

T

ûψ G

Γ0

0

冮 冮 û冤ψ A(1兾兩Γ 兩) 冮 ψ 冥 d Γ dt,
0

0

Γ0

Γ0

since û is of zero average. Thus, from (69) and (71), we obtain that

冮 ( y Ay(T ))ψ
1

0

dxG(

Ω

for all ψ 0 ∈L20 (Ω ). Therefore,
兩兩y1Ay(T )兩兩L2(Ω) ⁄(,

冤冮 ϕ̂ ψ dx冥冫兩兩ϕ̂ 兩兩
0

Ω

0

0 L2(Ω)

⁄(兩兩ψ 0 兩兩L2(Ω) ,

(71)
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since

冮 ( y Ay(T ))ψ
1

0

dxG0.

Ω

This completes the proof of the constrained approximate controllability.
To prove the bang–bang controllability, we proceed as in Ref. 1.
Firstly, from Lemma 4.2, we have that the functional Ĵ is strictly convex
continuous in L20 (Ω ); thus, it possesses a subdifferential at every
ϕ0 ∈L20 (Ω ). At its minimum ϕ̂ 0 , we have that 0∈∂Ĵ(ϕ̂ 0 ). Moreover, we have
the following result.
Proposition 6.2. Let Ω⊂⺢n be an open bounded set of class C 2, and
let Γ0 be an open nonempty subset of the boundary. For every
ϕ 0 , ψ 0 ∈L20 (Ω ), ϕ 0 ≡
兾 0, we have that the subdifferential ∂Ĵ(ϕ̂ 0 ) verifies

冦

冤

∂Ĵ(ϕ 0)G ξ ∈L20 (Ω ): ∃û∈sign ϕA(1兾兩Γ0 兩)

冮

ϕ dΓ

Γ0

冥

such that, for every ψ 0 ∈L20 (Ω ),

冮

Ω

T

ξψ 0G

冤冮 冮 冨ϕA(1兾兩Γ 兩) 冮 ϕ 冨 dΓ dt冥
0

0

Γ0

Γ0

T

B

冤冮 冮 冢ψ A(1兾兩Γ 兩) 冮 ψ 冣 û dΓ dt冥
0

0

Γ0

Γ0

C[(兾兩兩ϕ 0 兩兩L2(Ω)]

冮 ϕ (x)ψ (x) dxA冮 y (x)ψ (x) dx,
0

Ω

0

1

0

Ω

ψ and ϕ being the solutions of (9) with the final datum ψ 0 and ϕ 0 ,
respectively.
The proof of Proposition 6.2 is analogous to the proof of Proposition
2.3 in Ref. 1.
Now, let ϕ̂ 0 ∈L20 (Ω ) be the minimizer of the functional Ĵ. Then, 0∈
∂Ĵ(ϕ̂ 0 ), that is, there exists a function

冤

w∈sign ϕ̂A(1兾兩Γ0 兩)

冮

Γ0

冥

ϕ̂ dΓ
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such that, for every ψ 0 ∈L20 (Ω ),
T

冤冮 冮 冨 ϕ̂A(1兾兩Γ 兩) 冮 ϕ̂ 冨 dΓ dt冥

0G

0

0

Γ0

Γ0

T

B

冤冮 冮 冢ψ A(1兾兩Γ 兩) 冮 ψ 冣 w dΓ dt冥
0

Γ0

0

Γ0

冮 ϕ̂ (x)ψ (x)A冮 y ψ

C[(兾兩兩ϕ̂ 0 兩兩L2(Ω)]

0

0

1

Ω

0

Ω

T

G

冮 冮 冤ψ A(1兾兩Γ 兩) 冮 ψ 冥 û dΓ dt
0

0

Γ0

Γ0

冮 ϕ̂ (x)ψ (x) dxA冮 y ψ

C[(兾兩兩 ϕ̂ 0 兩兩L2(Ω)]

0

0

1

Ω

0

(72)

dx,

Ω

with the control function
T

冤冮 冮 冨 ϕ̂A(1兾兩Γ 兩) 冮 ϕ̂ 冨 dΓ dt冥冤wA(1兾兩Γ 兩) 冮

ûG

0

0

0

Γ0

Γ0

冥

w dΓ .

Γ0

(73)

On the other hand, the solution y of the problem (1) satisfies
T

冮 冮 冤ψ A(1兾兩Γ 兩) 冮 ψ 冥 û dΓ dtA冮 y(T )ψ
0

0

Γ0

Γ0

0

dxG0.

(74)

Ω

Hence, from (73)–(74) we have that

冮 ( y Ay(T ))ψ
1

0

dx⁄(

Ω

冤冮 ϕ̂ ψ 冥冫兩兩ϕ̂ 兩兩
0

Ω

0

0 L2(Ω)

⁄兩兩ψ 0 兩兩L2(Ω) ,

(75)

for all ψ 0 ∈L20 (Ω ). Therefore,
兩兩y1Ay(T )兩兩L2(Ω) ⁄(.
This proves that the control can be chosen to be of quasi bang–bang form.
Note that the control that we have obtained in (73) is of the form
ûGµ[wAc(t)],
with µ a positive constant, cGc(t), and

冤

w∈sign ϕ̂A(1兾兩Γ0 兩)

冮

Γ0

冥

ϕ̂ dΓ .
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Of course, if we are able to show that

冦

meas ϕ̂A(1兾兩Γ0 兩)

冮

冧

ϕ̂ dΓG0 G0,

Γ0

we will have that wGJ1, a.e. on Γ0B(0, T ), and therefore the control will
be of bang–bang form.
When Ω is analytic, we can indeed obtain a bang–bang control. Indeed,
if Ω is analytic, the zero set of the function

ϕA(1兾兩Γ0 兩)

冮

ϕ,

Γ0

that is, the set

冦

ZG (x, t)∈Γ0B(0, T ): ϕA(1兾兩Γ0 兩)

冮 ϕ冧
Γ0

has zero measure on Γ0B(0, T ), when ϕ is a nontrivial solution of the
adjoint system with datum in L20 (Ω ).
Notice that, if Z does not have zero measure, from the analyticity of
the solution ϕ (x, t) of the adjoint problem (9) with final datum ϕ 0 ≡
兾 0 in
Ω̄B(0, T ), we have that the function ϕ is independent of x on ∂ΩB(0, T ).
Then, by the enhanced uniqueness property, ϕ ≡ 0.
This proves that the control can be chosen to be of bang–bang form
when Ω is analytic.
Remark 6.1. When the domain Ω is of class C 2, the argument above
provides a control of quasi-bang–bang form. In this case, we do not know
if the set

冦(x, t)∈Γ B(0, T ): ϕ̂(x, t)G(1兾兩Γ 兩) 冮
0

0

Γ0

ϕ̂(s, t) ds

冧

(76)

has zero measure.
7. Further Comments
In this section, we discuss some related control problems.
7.1. Approximate Dirichlet Control Problem for the Heat Equation.
We consider the heat equation with Dirichlet boundary conditions
ytA∆yG0,

in ΩB(0, T ),

(77a)

yGû χ Γ 0 ,

on ∂ΩB(0, T ),

(77b)

y(0)Gy0 ,

in Ω,

(77c)
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with y0 ∈L2(Ω ). Let y1 ∈L2(Ω ) such that

冮 y φ G冮 y φ ,
0

Ω

1

1

1

Ω

where φ 1 is the first eigenfunction of the Laplacian with Dirichlet boundary
conditions.
The following problem is the Dirichlet analog of the problem discussed
above: Given (H0, is there a control function û such that
兩兩y(T )Ay1兩兩L2(Ω) ⁄(,

(78)

and

冮 y(x, t)φ (x) dxG冮 y (x)φ (x) dx,
1

0

Ω

1

∀t∈[0, T ]?

(79)

Ω

Notice that this problem consists in obtaining an approximate control
of the solution preserving (along the trajectory) the projection of the solution on the first eigenspace of the Direchlet Laplacian for all time tH0.
This control problem can be reduced to the following unique continuation problem: If ϕ is the solution of the problem
AϕtA∆ϕ G0,

in ΩB(0, T ),

(80a)

ϕ G0,

on ∂ΩB(0, T ),

(80b)

ϕ (T )Gϕ 0 ,

in Ω,

(80c)

satisfying
∂ϕ兾∂nGα (∂φ 1兾∂n),

on Γ0B(0, T ),

(81)

where α Gα (t), then is ϕ Gα (t)φ 1 ?
As above, we can reduce our unique continuation problem to a unique
continuation property for the eigenfunctions of the Laplacian with Dirichlet
boundary conditions. More precisely: Let φ be an eigenfunction of the
Laplacian
A∆φ Gλφ ,

in Ω,

φ G0,

on ∂Ω,

satisfying
∂φ 兾∂nGα (∂φ 1兾∂n),
Can we guarantee that φ Gcφ 1 ?

on Γ0 .

JOTA: VOL. 108, NO. 1, JANUARY 2001

59

When Ω is a ball, this property fails. However, one may expect a generic positive answer.
This is a nonstandard unique continuation property. The methods that
we have developed in the above sections seem to be insufficient to give an
answer to this question. Therefore, this is an open problem.
7.2. Internal Control. Let ω ⊂ Ω be an open nonempty set, and let χ ω
be the characteristic function of ω , f∈L2(ΩB(0, T )), and y0 ∈L2(Ω ). We
consider the problem
ytA∆yGf χ ω ,

in ΩB(0, T ),

(82a)

yG0,

on ∂ΩB(0, T ),

(82b)

y(0)Gy0 ,

in Ω.

(82c)

Let y1 ∈L (Ω ) be such that
2

冮 y φ G冮 y φ ,
0

Ω

1

1

(83)

1

Ω

φ 1 being the first eigenfunction of the Laplacian with Dirichlet boundary
conditions and (H0.
We consider the following control problem: Can we find f∈
L2(ω B(0, T )) such that
兩兩y(T )Ay1 兩兩L2(Ω) ⁄(

(84)

and

冮 y(x, t)φ (x) dxG冮 y (x)φ (x) dx,
1

Ω

0

1

∀t∈(0, T )?

(85)

Ω

This problem is similar to the one that we have presented in Section
7.1 above. But this time, the control acts on an open subset ω of Ω.
This problem has a positive answer for all domain Ω ⊂ ⺢d and for every
open nonempty set ω ⊂ Ω. To see this, first of all, we prove a simple unique
continuation result.
Lemma 7.1. Let Ω ⊂ ⺢d be an open bounded set of class C 2 and TH0.
Let ω ⊂ Ω be a nonempty open set. Then, if ϕ is a solution of
AϕtA∆ϕ G0,

in ΩB(0, T ),

(86a)

ϕ G0,

on ∂ΩB(0, T ),

(86b)
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such that

冤 冫冮 φ (x) dx冥冮 ϕ(x, t)φ (x) dx,

ϕ (x, t)G 1

1

ω

1

ω

in ω B(0, T ),

(87)

necessarily ϕ ≡ 0.
Proof. Since

ϕ (x, t)Gρ(t),

in ω B(0, T ),

we have that
∆ϕ (x, t)G0,

in ω B(0, T ).

Therefore,

ϕt (x, t)G0,

in ω B(0, T ),

that is,

ϕ (x, t)Gc,

in ω B(0, T ).

Thus,

ψ (x, t)Gϕt (x, t)
is a solution of the following problem:
Aψ tA∆ψ G0,

in ΩB(0, T ),

(88a)

ψ G0,

on ∂ΩB(0, T ),

(88b)

ψ G0,

in ω B(0, T ).

(88c)

Applying the Holmgrem uniqueness theorem in (88), we deduce that

ψ (x, t)G0, in ΩB(0, T ) ⇔ ϕ (x, t)Gc(x), in ΩB(0, T ).

(89)

Since ϕ satisfies (86), we deduce that
∆cG0,

in Ω,

and
cG0,

on ∂Ω,

which implies that

ϕ (x, t)G0,

in ΩB(0, T ).

This completes the proof of Lemma 7.1.

(90)
䊐
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As a consequence of Lemma 7.1, we obtain the following result for
every regular domain Ω and for every nonempty open set ω ⊂ Ω.
Theorem 7.1. Let Ω ⊂ ⺢d be an open bounded set of class C 2, and let
ω ⊂ Ω be a nonempty open set. Let y0 , y1 ∈L2(Ω ) be such that (83) holds.
Then, for every (H0 and TH0, there exists f∈L2(ΩB(0, T )) such that the
solution of (82) verifies (84) and (85).
Proof. We consider the homogeneous adjoint problem of (82),
AϕtA∆ϕ G0,

in ΩB(0, T ),

(91a)

ϕ G0,

on ∂ΩB(0, T ),

(91b)

ϕ (T )Gϕ 0,

in Ω.

(91c)

Then, we consider the functional J: L (Ω ) → ⺢,
2

2

T

J(ϕ 0 )G(1兾2)

冮 冮 冨 冢冮
ϕA

ω

0

ϕφ 1

ω

C(兩兩ϕ 0 兩兩L2(Ω)A

冫冮 冣冨 dx dt
φ1

ω

冮 yϕ
1

0

(92)

dx,

Ω

or its bang–bang version
T

J(ϕ 0 )G(1兾2)

冤冮 冮 冨 冢冮
ϕA

0

ω

ϕφ 1

ω

冮 yϕ

C(兩兩ϕ 0兩兩L2(Ω)A

1

冫冮 冣冨

φ 1 dx dt

ω

0

dx.

冥

2

(93)

Ω

Note that the coercivity of the functionals (92) and (93) is a direct consequence of Lemma 7.1. Moreover, if we consider the functional defined in
(93), we can obtain a bang–bang control, due to the analyticity of solutions
of (82) in Ω(0, T ).
䊐
7.3. Constrained Finite-Approximate Controllability. The approximate controllability condition (3) may be replaced by the following finiteapproximate controllability, introduced in Ref. 10. Let Ω ⊂ Rd be an open
bounded set of class C 2, and let Γ0 ⊂ ∂Ω be an open nonempty subset of the
boundary. Let û∈L2(Γ0 B(0, T )), y0 , y1 ∈L2(Ω ), and TH0 be such that

冮 y G冮 y .
0

Ω

1

Ω
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Let y be the solution of (1) with initial datum y0 . We consider the following
problem: Is there a control û such that the system (1) is approximately
controllable and simultaneously
ΠE ( y(T ))GΠE ( y1),

(94)

E being a finite dimensional subspace of L2(Ω ) and ΠE the corresponding
orthogonal projection?
We have the following result.
Theorem 7.2. Let Ω ⊂ Rd be an open bounded set of class C 2, and let
Γ0 ⊂ ∂Ω be an open nonempty set such that the spectral unique continuation
property (7) holds. Let E be a finite dimensional subspace of L2(Ω ), y0 , y1 ∈
L2(Ω ), and TH0 such that

冮 y G冮 y .
0

Ω

1

Ω

Then, for each (H0, there exists a control function û∈L2(∂ΩB(0, T )) such
that the solution y(x, t) of (1) verifies
ΠE ( y(T ))GΠE ( y1),

兩兩y(T )Ay1 兩兩L2(Ω) ⁄(,
and

冮 y(x, t) dxG冮 y dx,
0

Ω

∀t∈[0, T].

Ω

The proof is analogous to the proof of Theorem 1.2. It is sufficient to
consider the functional J defined by
T

J(ϕ 0)G(1兾2)

冮冮冤
0

Γ0

ϕA(1兾兩Γ0 兩)

C(兩兩(IAΠE )ϕ 0 兩兩L2(Ω)A

冮 冥

2

ϕ

Γ0

冮 yϕ .
1

0

(95)

Ω

We refer to Ref. 10 for the details of the proof in the unconstrained case.
7.4. An Open Problem. Notice that we have obtained a generic
approximate controllability result with respect to the domain Ω. Moreover,
in the case where Ω is a ball, we have shown that Theorem 1.1 is false.
The characterization of the domains Ω, in which these results hold, is
an interesting problem.
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We can see that the controllability result of Theorem 1.2 holds if and
only if the following unique continuation property for the eigenfunctions of
the Laplacian with Neumann boundary conditions holds:
A∆ϕ Gλϕ,

in Ω,

(96a)

∂ϕ兾∂nG0,

on ∂Ω,

(96b)

ϕ Gc,

on Γ0 ,

(96c)

implying ϕ ≡ 0.
As far as we know, the characterization of the domains Ω and the sets
Γ0 ⊂ ∂Ω such that (96) holds for all eigenfunctions simultaneously is an open
problem.
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