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We consider a simplified model for a 1-D fluid containing a finite
number N of point particles floating in it and located at the points z =

hi(t),i =1, ---, N moving with the fluid. Without loss of generality
we may assume that, in the absence of collision,
hi(t) < ho(t) < --- < hy(t), (1)

holds for some time 0 <t <T'. The complete system under consider-
ation reads as follows:

(’U,t—’u,xx—l—lﬁ',(UQ)g;:O, LEG]Z(t), ’i:O,"',N, t>0

y mihl(t) = [ua](hi(t),t), i=1,---,N, t>0 (2)
u(z,0) = up(z), z € R

| hi(0) = hy, h,(0) =h;1, i=1,---,N.

Here and in the sequel, I;(t) stand for the intervals occupied by the
fluid, separated by the point particles. The massesm;,+1=1,---, N, of



the particles are positive real numbers. The coefficient kK measures the
ratio between convection and diffusion, which for the heat equation
It is zero.

[f](xzg) denotes the jump of a space function f(x) at the point xq,

[F1(z) = IIm(f(z +s) = flz = s)).

The velocities of the fluid and the particles coincide, and each particle
IS accelerated by the difference of the velocity gradient on both sides
of it. Thus, the velocity gradient acts as a pressure.



The system can be viewed as a free-boundary problem. One may
construct local in time solutions with the regularity that corresponds
to the usual strong solutions of fluid flow theory. That is to say:
e C([0,T]; HY) n L2(0,T; H?)).

MAIN RESULT: the particle trajectories of these solutions never meet
in finite time, so that the strong solution can be uniquely continued
for all time.

The occurs for the Dirichlet problem in a bounded interval or on the
half line, whose boundary represents a rigid wall. In that case, we
prove that no finite-time collision with the wall occurs and the strong
solution exists globally in time.



Once no-collision is proved, solutions are global in time: We can the
also obtain their asymptotic form as t — oo:

* The fluid solution converges to a self-similar solution of the Burgers
equation. Thus, to a first order, the effct of the masses vanishes.

* Then, the particles, float freely in the fluid, following parabolic
trajectories that we can explicitly compute.



T he problem of collision for fluids governed by the Navier-Stokes equa-
tions is open in both variants: whether two rigid bodies may collide
or whether one rigid body may collide with the exterior boundary.
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Theorem 1 (Existence of strong solutions without collision) Let
uo € HY(R), and let us fori = 1,--- , N have quantities h; o, hi1,m; € R
be such that

—o0 < h170 < hgyo < - < hN,O < 0o, (3)

and m; > 0. Under the compatibility conditions

uO(hi,O) :hi,17 1= 17 7N7 (4)
there exists a unique global solution (u,h1(t),---,hyn(t)) of Problem
(P) such that

u e C([0,00); HY(R)), wuge € L2(QY), i =0, ..., N, (5)

where Q' = {(z,t) : x € I,(t),0 < t < T}, while the h;’s satisfy
hz(t) EC]'([0,00),R),Z: 17 7N7 h;/ELQ(OaT)a (6)



for all finite T' > 0O, and the initial data are taken. Moreover, the
particles do not collide in finite time,

hi(t) < ho(t) < --- < hpn(t), Vt>O0. (7)



Theorem 2 (Asymptotic behavior) Under the assumptions of The-
orem 1 and assuming further that ug € L1(R) it follows that

tA=1/P)/2 || () — U(t) ||zp— O, as t — oo (8)
for all 1 < p < oo, Where
1
U(z,t) = me(x/\/f) (9)

is the self-similar solution of Burger’s equation, satisfying

ut —uge + k(W) =0, z€R, t>0 (10)
u(x,0) = Mg,

where dg denotes the Dirac delta at the origin and the asymptotic
momentum M is given by

N
M:/RUO(x)dCU‘I‘i;mihi,l- (11)



If M > 0, we also have

;—1/2

hi(t)—C\/%'—>O, ast—oo,1=1,--- N (12)
where ¢ > 0 is uniquely determined by the equation

fau(e) =c/2. (13)

Moreover,

41/2

h;(t)—ﬁ‘eO,tﬁoo,izl,u.,N. (14)



STRATEGY:

Assuming that the point particles are located at different points at
the initial time (which is one of the main assumptions of Theorem
1 above), a change of variables allows to reduce it to finding a fixed
point in a suitable functional setting. Methods of the theory of evolu-
tion equations and fixed point arguments allow us to prove the local
in time existence and uniqueness. Then, solutions may be extended
to the maximal existence time [0, T). Global existence is then equiv-
alent to the fact that T'= oo. The study of global solvability needs
uniform global estimates.

The energy

B = [ wde z i 1150 (15)



IS dissipated along trajectories according to the dissipation law

dE(t) _ 2
= —/R|u;,;(:c,t)| dx. (16)

This shows that the energy does not blow-up while solutions exist.

The existence of strong solutions needs additional estimates which
are obtained essentially by using ugz; as test function.

However, these facts are not sufficient to guarantee global existence.
Indeed, the classical continuation argument allowing to extend the
solution for all ¢ > O requires of knowing a priori that the particles
do not collide. Thus, the key point in the proof of Theorem 1 is
establishing the lack of collision property (7). Our proof of that



fact is based on the simple observation that the particle dynamics is
governed by the ordinary differential equation (ODE):

hi(t) = u(hi(t), t),t >0, i=1,---,N. (17)

Thus, if two particles collide in, say, time ¢t =T > 0, (without loss of
generality we may assume that the colliding particles are |located at
the points hq1(t) and ho(t)), both solve the Cauchy problem

h(T) = ho(T). (18)

Problem: to show uniqueness of solutions backwards in time. It is
sufficient to show that w(h,t) is Lipschitz continuous in the space
variable h, since u enters in (18) as the nonlinearity of the ODE,
together with some integrability property in time. This regularity is

{ Pi(t) = u(hi(t), t), 0<t<T,i=12



proved by means of a local H%—estimate, which is a crucial step in our
result.

It is basically the same estimate we needed before to construct the
strong solutions but with the key observation that there is a version
which is valid up to the possible collision time with bounds indepen-
dent of the distance between consecutive particles. Collision is then
eliminated as a consequence of the obtained regularity.



