
The \simplest" ellipti urve
E : y2 + y = x3 � x2 � 10 x� 20

Hasse-Weil L-funtion �! L(E; s) =X annsGraph of P ann7=4 sin(nx) in [0; �℄
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A loser look around zero and �

-0.2

-0.1

0

0.1

0.2

-0.4 -0.2 0.2 0.4

-0.15

-0.1

-0.05

0

0.05

0.1

0.15

3 3.1 3.2 3.3



0.03

0.04

0.05

0.06

0.07

0.08

0.09

0.1

0.11

0.5 0.52 0.54 0.56 0.58 0.6 0.62 0.64

0.28

0.3

0.32

0.34

0.36

0.38

0.4

0.42

0.44

1.08 1.1 1.12 1.14 1.16 1.18 1.2

1.18

1.2

1.22

1.24

1.26

1.28

1.3

1.32

1.34

1.36

1.5 1.52 1.54 1.56 1.58 1.6 1.62 1.64

1.28

1.3

1.32

1.34

1.36

1.38

1.4

1.66 1.68 1.7 1.72 1.74 1.76 1.78

1.32

1.34

1.36

1.38

1.4

1.42

2.04 2.06 2.08 2.1 2.12 2.14 2.16

1.22

1.24

1.26

1.28

1.3

1.32

1.34

2.22 2.24 2.26 2.28 2.3 2.32 2.34

0.2

0.22

0.24

0.26

0.28

0.3

0.32

0.34

0.36

2.8 2.82 2.84 2.86 2.88 2.9 2.92



0.03

0.04

0.05

0.06

0.07

0.08

0.09

0.1

0.11

0.5 0.52 0.54 0.56 0.58 0.6 0.62 0.64

2�=11
0.28

0.3

0.32

0.34

0.36

0.38

0.4

0.42

0.44

1.08 1.1 1.12 1.14 1.16 1.18 1.2

4�=11

1.18

1.2

1.22

1.24

1.26

1.28

1.3

1.32

1.34

1.36

1.5 1.52 1.54 1.56 1.58 1.6 1.62 1.64

2�=4
1.28

1.3

1.32

1.34

1.36

1.38

1.4

1.66 1.68 1.7 1.72 1.74 1.76 1.78

6�=11

1.32

1.34

1.36

1.38

1.4

1.42

2.04 2.06 2.08 2.1 2.12 2.14 2.16

2�=3
1.22

1.24

1.26

1.28

1.3

1.32

1.34

2.22 2.24 2.26 2.28 2.3 2.32 2.34

8�=11

0.2

0.22

0.24

0.26

0.28

0.3

0.32

0.34

0.36

2.8 2.82 2.84 2.86 2.88 2.9 2.92

10�=11
Why an we observeosillation onlyat these pointsto the naked eye?



Can we extrat arithmeti information from thiskind of graphis?
f(x) = 1Xn=1 ann2 sin(nx) (?)) f 0(x) (?)= 1Xn=1 ann os(nx)
(This latter does not even make sense in L2)

f 0(0) (?)= 1Xn=1 ann (?)= L(E; 1)
f is at at x = 0 ) E ontains in�nitelymany rational points



Seeing (weak) B{S-D onjeture with our own eyesE : y2 + y = x3 � x2 � 10 x� 20X ann2 sin(nx)f 0(0) 6= 0 )L(E; 1) 6= 0
rk(E) = 0
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E : y2 + y = x3 + 4 x� 6X ann2 sin(nx)f 0(0) 6= 0 )L(E; 1) 6= 0
rk(E) = 0
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What is the general theorem?Th. Let E=Q be an ellipti urve,P ann�s itsHasse-Weil L-funtion andA�(x)=Xann� os(2�nx); B�(x)=Xann� sin(2�nx):Thena) For 3=2 < � < 2 these funtiones are di�er-entiable in Q and non-di�erentiable in R n Q .b) For 1 < � < 2 the graphs of this funtionsare fratal sets of dimension 3� �.) B02(0) = 0 , L(E; 1) = 0 () rk(E) > 0).
b) ) Generi lose views are highly osillatory.a) ) The osillation is tamed around rationalpoints.Remarks: dimension = Minkowski dimension.� < 1 ) A�; B� 62 L2 (they are not even ontinu-ous).� > 2 ) A0�; B0� 2 L2 (they are a.e. di�erentiable).



What is the even more general theorem?Th. Let f(z) =P ane(nz) be an automorphiform of weight r > 0 (non neessarily integral) withrespet to � ([SL2(Z) : �℄ < 1, unit. trans.2 �)and let
f�(x)= 1Xn=1 ann� e(nx); A�=Re f�; B�=Im f�

a) It is possible araterize in some ranges thefuntional spaes (Sobolev spaes, loal and globalLisphitz spaes) to whih f� belongs.b) For r+12 < � < r2 + 1A� is di�erentiable at x0 , f is uspidal at x0B� is di�erentiable at x0 , f is uspidal at x0) The graphs of A� and B� are ommonly fra-tal sets. For instane, if f is a usp formdim = max �1; 2� �+ r2�:



A historial example
Riemann (non-zeta) funtion : f(x) = 1Xn=1 sin(n2x)n2
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Aording to Weierstrass (1872), Riemann laimedin 1861 that f is nowhere di�erentiable.Wrong proof, wrong answerf 0(x) =P os(n2x)doesn't onverge for anyx 2 R (?)) it is nowheredi�erentiableRiemann was right (?)
Wrong proof, right answerf 0(x) =derivative oflimy!0 �X e�n2y sin(n2x)n2 �
= limy!0 �( x2� + iy)� 12 =� 12for x = a�=b, 26 ja; b



Hardy (1916) ! It is not di�erentiable at any irra-tional.Gerver (1970)! f is di�erentiable at x = ab �, 26 ja; b.(30 pages long elementary proof. Butit is just Poisson summation!)More reent results:Ch, C�ordoba (1993) ! dim(graph of f) = 54 .Conrey, Farmer, Soundararajan (2000)! f appearsin the asymptotis ofX2j6 nX2j6 m� nm�.



Di�erentiability properties
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at the cusp

Horocycle

Decaying
at infinity

2

1) Automorphic bound

2) Asymptotic expansion

3) Contour integral

f�(h)� f�(0) = (2�)��(�) Z 10 t��1�f(h+ it)�f(it)�dt
1) f usp form ) jIm zjr=2jf(z)j bounded in �nH .In general jf(h+ it)j � hrt�r + h�r.2) f(z) � C1z�re(�C2=z)3) f(h+ it)� f(it) = hf 0(� + it) and move the lineof integration.f�(h)�f�(0)=h (2�)��(�)Z 10 t��1f 0(it)dt+O(h2��r+h2)



Fratal dimension
g = Ref�; Imf�dim = logNlog�x = 1 + logP j�gjlogh�1

Upper boundControl of Fourier oe�.Large sieve=) Control of P j�gj
Lower bound1. Cuspidal ase:X j�gj � h�1kg(�+ h)� g(�)k1 � k � k22k � k1upper bound forP ane(n�)+asymptotis ofP janj2.2. Non uspidal ase:Lower bound for f(�+ ih) at h�spaed points) lower bound for P j�gj.(Poisson integral representation + overing lemma).f(x+ ih) is large for x = ab 62 fuspsg with b small:



One again: Why ould we observe osillationto the naked eye, in our example, only at rationalswith very small denominator or 11?� = �0(11) [SL2(Z) : �℄ = 12

Cusps equiv. to 0width = 11Deaying as e�t=11
Cusps equiv. to 1=11width = 1Deaying as e�t

We an see \eleven times" further at a=b when 11jb.



E : y2 + y = x3 � x Condutor = 37
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