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Theorem (Pearcy, Kim)

Let K be a compact operator on Hilbert space and A a complex number.

If T is an operator satisfying KT = ATK, then T has a nontrivial
hyperinvariant subspace.
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Theorem (Pearcy, Kim)

Let K be a compact operator on Hilbert space and A a complex number.
If T is an operator satisfying KT = ATK, then T has a nontrivial
hyperinvariant subspace.

Remark: The set of all such operators T is not an algebra.
Idea: Consider an algebra that contains all such operators (for |A| < 1).

A.Lambert: Spectral Radius Algebras.
J.Deddens: Deddens Algebras.
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Deddens Algebras

(1970s) A is invertible,

Da=A{T € L(H) :sup ||A"TA™"|| < cx}.
neN
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Deddens Algebras

(1970s) A is invertible,

Da=A{T € L(H) :sup ||A"TA™"|| < cx}.
neN

(1990s) T € Dy if there exists M = M(T) > 0 such that
|A" Tx|| < M||A"x||, for all n € N and for all x € H. (1)

A need not be invertible!

Remark: If |\| <1 and AT = ATA then T € Da. In particular,
{A}/ C Dy
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Theorem (Lambert, Petrovic)

If K is a nonzero compact operator on Hilbert space, then Dk has a
nontrivial invariant subspace.
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Theorem (Lambert, Petrovic)

If K is a nonzero compact operator on Hilbert space, then Dk has a
nontrivial invariant subspace.

Project: Describe (the weak closure of) the algebra D.

Project: Describe the lattice of invariant subspaces of Dk.
Weighted shifts (not necessarily compact)

e Multiplicity 1 [Petrovic]
e Finite multiplicity [Sievewright]

o Infinite multiplicity [Petrovic, Sievewright]
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D — the unit disk,

Hardy space H? = H2(D),

¢ : D — D analytic,

the composition operator C,: C,f = f o ¢, for f € H2.

Srdjan Petrovic, Daniel Sievewright Deddens algebras Universidad Auténoma de Madrid, October, 2



D — the unit disk,

Hardy space H? = H2(D),

¢ : D — D analytic,

the composition operator C,: C,f = f o ¢, for f € H2.
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D — the unit disk,

Hardy space H? = H2(D),

¢ : D — D analytic,

the composition operator C,: C,f = f o ¢, for f € H2.

We assume that C, is compact.

Theorem (Caughran, Schwartz)

If C, is compact composition operator, then ¢ has a fixed point in D
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D — the unit disk,

Hardy space H? = H2(D),

¢ : D — D analytic,

the composition operator C,: C,f = f o ¢, for f € H2.

We assume that C, is compact.

Theorem (Caughran, Schwartz)

If C, is compact composition operator, then ¢ has a fixed point in D

WLOG: ¢(0) = 0.
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Multiplication operators belong to Dc,,.
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|A" Tx|| < M||A"x]||, for all n € N and for all x € H.
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Recall: T € D4 if AM such that

|A" Tx|| < M||A"x]||, for all n € N and for all x € H.
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Multiplication operators belong to Dc,,.

Cth = Mhocpccp = C(ZMh = Mho<p,, C(g
Recall: T € D4 if AM such that

|A" Tx|| < M||A"x]||, for all n € N and for all x € H.

In particular, the unilateral shift belongs to D, .

If M is invariant for D¢, then M = 6H? for some inner function
(Beurling). Let 8 = BS, with B a Blaschke product and S a singular inner
function.
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The antiderivative operator Vf(z) = [5 f(w) dw belongs to Dc,.
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The antiderivative operator Vf(z) = [5 f(w) dw belongs to Dc,.

C,V=VMyC, = CIV=VM,Ch

(Take derivatives and notice that both sides vanish at z = 0).
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The antiderivative operator Vf(z) = [5 f(w) dw belongs to Dc,.

C,V=VMyC, = CIV=VM,Ch

(Take derivatives and notice that both sides vanish at z = 0).

Fact: VM, is a bounded operator on H? if g € BMOA (Pommerenke).
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Let @ = BS. If a # 0 is a zero of B, then the subspace M = @H? cannot
be invariant for D¢, .
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Let @ = BS. If a # 0 is a zero of B, then the subspace M = @H? cannot
be invariant for D¢, .

Proof:
If M is invariant for Dc,, and n > 0, then 0(z)z" € M, so

/H(W)W"dWEM = /G(W)W"dW:O.
0 0
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Let @ = BS. If a # 0 is a zero of B, then the subspace M = @H? cannot
be invariant for D¢, .

Proof:
If M is invariant for Dc,, and n > 0, then 0(z)z" € M, so

/H(W)W"dWEM = /G(W)W"dW:O.
0 0

Change of variables w = sa:

1
/ O(sa)s"ds =0, for n=10,1,2,....
0

Contradiction!
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Let 6(z) = z"S(z). If S is not a constant then the subspace M = OH?
cannot be invariant for D¢, .
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Let 6(z) = z"S(z). If S is not a constant then the subspace M = OH?
cannot be invariant for D¢, .

Proof:

) =ep {/:W Sl du(t)} ,

e't — z

w a finite measure on [0,27], 1 L m (Lebesgue measure).
Fact: 3E C T, u(E) =0, V¢ € T\ E, limy41 S(r¢) = 0.
Therefore, if f € M, and I is its inner factor, then lim 4 l¢(r¢) = 0.
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Let 6(z) = z"S(z). If S is not a constant then the subspace M = OH?
cannot be invariant for D¢, .

Proof:

S(z) = exp {/027r Sl du(t)} ,

et — z

w a finite measure on [0,27], 1 L m (Lebesgue measure).
Fact: 3E C T, u(E) =0, V¢ € T\ E, limy41 S(r¢) = 0.
Therefore, if f € M, and I is its inner factor, then lim 4 l¢(r¢) = 0.

If meN, gn(z) =2"""S(z) € M, so Fp, = Vg, € M. Therefore,

IiTrrl1 Ir,,(r() =0, forall(e€T\E, and all me N.
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Proof: (cont'd)

Fact: the outer factor of F, is given by

2m it
0r,(r0) =ew { o [ S0

oit

If ¢ = e and P is the Poisson kernel, then

1 [ :
06,16 = o0 { 5 [ Pile ~ o) tog Fin(e) .

log |Frm(e™)| dt} .
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Proof: (cont'd)

Fact: the outer factor of F, is given by

21 i
OFm(rC)—eXp{l/O etfig |og\Fm(e"f)ydt}.

27 eft

If ¢ = e and P is the Poisson kernel, then

1 [ :
06,16 = o0 { 5 [ Pile ~ o) tog Fin(e) .

Fn=V(z"™S) = ||Fmllooc <1 = log|Fm(e)| <0, for a.e. t € [0,27].
P, >0= |0, (r{)| <1, forall(€T\E, andall me N.
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Proof: (cont'd)

Fact: the outer factor of F, is given by

21 i
oFm(rg)_exp{l/O etfig |og\Fm(e"f)ydt}.

27 eft

If ¢ = e and P is the Poisson kernel, then

1 [ :
06,16 = o0 { 5 [ Pile ~ o) tog Fin(e) .

Fn=V(z"™S) = ||Fmllooc <1 = log|Fm(e)| <0, for a.e. t € [0,27].
P, >0= |0, (r{)| <1, forall(€T\E, andall me N.

Now, lim1 /g, (r{) = 0 implies

”ﬁ Fm(r() =0, forall¢eT\E, and all me N.
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Proof: (cont'd)
Substitution: w = s¢,

r¢
Fm(r¢) :/ w™S(w) dw
0
— / rsm+"5(sg)gm+”+1 ds
0
= ¢mtntl /r s™t"S(s¢) ds.

0
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Proof: (cont'd)
Substitution: w = s¢,

r¢
Fm(r¢) :/ w™S(w) dw

0

_ / Sm+n5(SC)Cm+n+l ds
0

:C’"Jr"H/ s™t"S(sC) ds.

0
Let r + 1. Obtain that S(s¢) =0, forall ( € T\ E and all s € (0,1).

It follows that E = T. Recall that u(E) =0, so u(T) =0, so p is the zero
measure, which means that S must be constant.

V.
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Conclusion: if M is a n.i.s for D¢, then M = z"H? for some n € N.
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Conclusion: if M is a n.i.s for D¢, then M = z"H? for some n € N.

What about the converse?
Will assume that ¢’(0) # 0 and that C, is compact.
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Conclusion: if M is a n.i.s for D¢, then M = z"H? for some n € N.

What about the converse?
Will assume that ¢’(0) # 0 and that C, is compact.

Let ¢ : D — D be a nonzero analytic function that satisfies ©(0) = 0,
¢'(0) # 0, and such that C, is a compact composition operator. Then M
is a nontrivial invariant subspace for D¢, if and only if M = z"H?, for
some n € N.
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Conclusion: if M is a n.i.s for D¢, then M = z"H? for some n € N.

What about the converse?
Will assume that ¢’(0) # 0 and that C, is compact.

Let ¢ : D — D be a nonzero analytic function that satisfies ©(0) = 0,
¢'(0) # 0, and such that C, is a compact composition operator. Then M
is a nontrivial invariant subspace for Dc, if and only if M = z"H?, for
some n € N.

What does this say about (the weak closure of) D¢,?

Dc, is weakly dense in (LT), the algebra of all lower triangular matrices.
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Future research:

o Generalize to the case ¢/(0) =0

@ Replace H? by another space of analytic functions (Bergman,
Dirichlet, ...)

@ Replace H? by L?

@ Consider the case when C, is not a compact operator.
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Future research:

o Generalize to the case ¢/(0) =0

@ Replace H? by another space of analytic functions (Bergman,
Dirichlet, ...)

@ Replace H? by L?

@ Consider the case when C, is not a compact operator.

Thank you!
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